Cryptography and Communications (2024) 16:629-645
https://doi.org/10.1007/512095-023-00691-x

RESEARCH

®

Check for
updates

Low-hit-zone frequency hopping sequence sets under
aperiodic Hamming correlation

Xing Liu’

Received: 1 February 2023 / Accepted: 18 December 2023 / Published online: 3 January 2024
© The Author(s) 2024, corrected publication 2024

Abstract

The study of aperiodic Hamming correlation (APC) of frequency hopping sequences (FHSs)
is a hard problem that has not been paid enough attention in the literature. For low-hit-zone
(LHZ) FHSs, the study of APC becomes more difficult. We call them LHZ FHSs under APC
(LHZ-APC FHSs). LHZ-APC FHSs are studied for the first time in this paper. First, we
establish a bound on the family sizes of LHZ-APC FHS sets. Then we present a method
for constructions of LHZ-APC FHS sets based on conventional FHS sets under periodic
Hamming correlation (conventional PC FHS sets). By choosing different conventional PC
FHS sets, we obtain three classes of LHZ-APC FHS sets whose family sizes are optimal or
near optimal according to this new bound. Further, we modify the construction method and
get more new LHZ-APC FHS sets with optimal family sizes.

Keywords Frequency hopping sequences - Aperiodic Hamming correlation - Low hit zone -
Theoretical bound - Quasi-synchronous frequency hopping systems
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1 Preliminaries

Aperiodic Hamming correlation (APC) of frequency hopping sequences (FHSs) provides a
better evaluation for frequency hopping (FH) spread-spectrum (SS) systems than periodic
Hamming correlation (PC). However, it is hard to find mathematical tools to design FHSs
with good APC properties. APC of FHSs has not been paid enough attention in the literature
compared with PC. There are a lot of constructions for FHSs with good PC [1-3, 6-9, 12,
24,27, 29]. Recently, several results on APC of conventional FHSs have emerged [13, 14,
17, 31]. We call them conventional FHSs under APC (conventional APC FHSs). For quasi-
synchronous FH SS systems, low-hit-zone (LHZ) FHSs are necessary as the time delay can
be controlled within the LHZ. The interference is reduced as the time delay is kept in the
LHZ [30]. There are some results on PC of LHZ FHSs [4, 16, 19, 20, 22, 23, 25]. For APC

B Xing Liu
liuxing4 @126.com

! College of Electrical Engineering, Sichuan University, Chengdu 610065, China

@ Springer


http://crossmark.crossref.org/dialog/?doi=10.1007/s12095-023-00691-x&domain=pdf
http://orcid.org/0000-0003-0814-8192

630 Cryptography and Communications (2024) 16:629-645

of LHZ FHSs, however, there are still not good results [21]. The study of APC of LHZ FHSs
is very difficult.

This paper focuses on the APC of LHZ FHSs. We call them LHZ FHSs under APC (LHZ-
APC FHSs). We first derive a bound on the family sizes of LHZ-APC FHS sets. Then we
present a method for constructions of LHZ-APC FHS sets based on conventional FHS sets
under PC (conventional PC FHS sets) and get three classes of LHZ-APC FHS sets. Further,
we modify the construction method and get another class of LHZ-APC FHS sets. All of the
LHZ-APC FHS sets in this paper have optimal or near optimal family sizes according to this
new bound.

Next we give some notations and definitions.

Let QO ={q0,491,--- ,q,.—1} be a set of frequency slots. Let G = {GO, Gl ..., GM_I}
be an FHS set over Q, where Gk = (gg, g'l‘, . ,g’]‘v_]) fork =0,1,--- , M — 1. For any
integers x, y, let (y), satisfy that y = (y), mod x and 0 < (y)y < x — 1. For Gk Gk e G,
0 < ki, ky < M — 1, their PC function is

N—-1
Potigia(§) = Y (g, 87 o) ¢))
t=0

where c(u, v) = 0 for u # v and c(u, v) = 1 for u = v, and ¢ is the time delay. Their APC
function at time delay ¢ (0 < ¢ < N — 1) is

N—¢—1
Cohiga(s) =Y cg' g o). @
t=0

Let P,, P, P, be the maximum periodic Hamming auto-correlation (PAC), maximum
periodic Hamming cross-correlation (PCC), and maximum PC of G respectively, which are
given as follows:

Py =max{Pgi g (s):0<kg<M-1,¢=1,2,--- ,N—1},
P.=max{Psiigh(§) : 0 <ki,ko <M —1, k1 #kp, ¢ =0,1,--- ,N — 1},
P, = max {P,, P.}.

By considering the PC in above definitions, we call G a conventional PC FHS set.

Let G be an LHZ FHS set whose LHZ is Z. Let C,, C¢, C;, be the maximum aperi-
odic Hamming auto-correlation (APAC), maximum aperiodic Hamming cross-correlation
(APCC), and maximum APC of G respectively, which are given as follows:

Co =max{Cq6(5): 0=k =<M-1, ¢=12,---,Z},
C. :maX{Clesz(g)ZOSkl,kz <M-1, ky #kz, ¢ =0,1,---,Z},
Cm = max {Cua Cc}

By considering the APC in above definitions, G isan LHZ-APC FHS set. When Z = N—1,
G becomes a conventional APC FHS set.

In the remainder, we denote an LHZ-APC FHS set with family size M, sequence length
N, frequency slot number A, and LHZ Z, by [N, M, X, Z], a conventional APC FHS set with
family size M, sequence length N, frequency slot number A, by [N, M, 1], and a conventional
PC FHS set with family size M, sequence length N, frequency slot number A, by (N, M, ).

By utilizing the Singleton bound, Ding et al. [5] and Yang et al. [28] obtained a bound on
conventional PC FHS sets.
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Lemma 1 (Singleton bound on conventional PC FHS sets) For an (N, M, 1) FHS set with
maximum PC P,,, we have

)\P"’+1
M <

3)
Liu et al. [15, 18] then improved this bound.

Lemma2 Foran (N, M, A) FHS set with maximum PC P,,, we have

P +1
> ewrTF = MN “
Kk|ged(Pm+1,N)

where ¢ (k) is the Mobius function, i.e.

1, k=1
@(k) = 1 (=1)!, k is equal to the product of i different primes
0, otherwise.

Definition 1 Let G’ be an (N', M’, A") FHS set with maximum PC P,,. If M = M’ is the
largest integer satisfying (3) or (4), then the family size of G’ is optimal.

2 A bound on LHZ-APC FHS sets

We establish a bound on the family sizes of LHZ-APC FHS sets in this section.

Theorem 1 For an [N, M, A, Z] LHZ-APC FHS set with maximum APC C,,, we have
)\Cm—}—l

< — ) 5)
min{N — Cy,, Z + 1}
Proof LetG = {G°, G, ... ,GM~1}bean [N, M, 1, Z] LHZ-APC FHS set with maximum
APC C,,, where G* = (g&, g%, .-, gk ) fork=0,1,--- ,M—1.For0 < ki, ky < M—1
and 0 < ¢ < Z, the APC between Gk and G*2 at time delay ¢ is
N—¢—1
ko k
Congh(s)= Y clg' &l (6)
1=0
Since the maximum APC of G is C,,;, we have
N—¢—1
ko k
Y e gte) < Cnm )
t=0

for (k1 — kp)? + ¢% # 0.
Case 1: N — C,, < Z + 1. For two vectors (gfl‘,gfl‘H, e ,gfllJrCm) and (gf?,gfzzﬂ,

g2 ywhere0 <1 <1 < N — Cp — 1, (1 — 12)> + (ki — k2)? # 0, we have

Cm N—t)—1
ky %) ki ko
Z (814> 811) = Z (8111 8141
=0 1=—1
N—(n—n)-1

= Y @t g, ®)

t=0
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Since0 <t —1;] <N —Cp — 1< Zand (k; — k2)> + (ty — 11)> # 0, by (7) and (8) we
have

Cnp

k k
Z C(g,l]+,, g122+;) < Cn. )
t=0

This means that in the vector set

(8. 8t 8, )it =0,1,-+- N=Cp—1, k=01, M—1)

the elements are distinct. Since it is up to AS»+1 different sequences with length C,, + 1, we
have (N — Cp)M < A% *1 which leads to

Acr11+l
M< 2 (10)
N — Cm
k k k k k k
Case2: N —Cy > Z + 1. Let (g, 8,41 &,4c,) and (&1, gz22+1’ L 8hhe,)

be two vectors, where 0 < 1] < 1 < Z, (t] — 0)* + (k| — k)2 # 0. Note that C,,, <
N—Z7Z—1<N —1 — 1. Similar to Case 1, we have

Cin

k k
> (@i &) < Cm (11)
t=0

which means that in the vector set
(&F ghy o gbe )it =01, Z k=0,1,--- . M—1}

the elements are distinct. Thus, we have (Z + 1)M < A2Cmt1 Tt follows that

)Lcm+l
M < . (12)
Z+1
Case 1 and Case 2 imply that M < mm{]\;\fnié,:lzm o

Let Z = N — 1 in (5). It degenerates into the bound on conventional APC FHS sets. It
was first derived by Liu and Peng [13] in 2014.

Corollary 1 For an [N, M, 1] conventional APC FHS set with maximum APC C,,, we have

)\’Cm"rl

M< ——.
T N-Cp

13)

Definition2 Let G’ be an [N, M’, 1/, Z'] LHZ-APC FHS set with maximum APC Cj,.
If M = M’ is the largest integer satisfying (5), then the family size of G’ is optimal. If
M = M’ + 1 is the largest integer satisfying (5), then the family size of G’ is near optimal.

Definition 3 Let G’ be an [N', M’, '] FHS set with maximum APC C},. If M = M’ is the

largest integer satisfying (13), then the family size of G’ is optimal. If M = M’ + 1 is the
largest integer satisfying (13), then the family size of G’ is near optimal.
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Example 1 For a frequency slot set Q = {0, 1,2, 3,4,5,6,7, 8}, a[l0, 20,9, 3] LHZ-APC
FHS set G is
G=1{473,8,57170,8,3,573), (7,0,8,3,5,3,3,1,6,8),
(5,3,3,1,6,8,4,0,6,1), (6,8,4,0,6,1,8,1,1,5),
6,1,8,1,1,5,2,6,3,0), (1,5,2,6,3,0,2,5,6,5),
(3,0,2,5,6,5,5,8,7,2), (6,5,5,8,7,2,1,0,7,8),
(7,2,1,0,7,8,2,8,8,6), (7,8,2,8,8,6,4,7,5,0),
(8,6,4,7,5,0,4,6,7,6), (5,0,4,6,7,6,6,2,3,4),
(7,6,6,2,3,4,8,0,3,2), (3,4,8,0,3,2,4,2,2,7),
(3,2,4,2,2,7,1,3,6,0), (2,7,1,3,6,0,1,7,3,7),
6,0,1,7,3,7,7,4,5,1), (3,7,7,4,5,1,2,0,5,4),
(5,1,2,0,5,4,1,4,4,3), (5,4,1,4,4,3,8,5,7,0)}.

It can be verified that the maximum APC of the LHZ-APC FHS set G is 1. By (5)

1
< Vijﬂo,
4

which implies that the family size of LHZ-APC FHS set G is optimal.

3 A new method for constructions of LHZ-APC FHS sets

Now a new method which is suitable for constructions of LHZ-APC FHS sets is given. Then
we construct LHZ-APC FHS sets, whose family sizes are optimal/near optimal with respect
to the new bound.

A construction method:

Step 1: Choose an (N, M, 1) conventional PCFHS set 7 = {T°, T, ... , TM~1} where
Tk = (t(’)‘, t{‘, cee ,tllf,fl) fork=0,1,---, M — 1. P, is the maximum PC of T.

Step 2: Let Z, [ be two integers such that Z+ 1 | Nand P, <l < N—Z — 1. An
LHZ-APC FHS set S is given by

k k k .
§= [(’i(zm’ iz lizen+z4)

i:O,l,---,L—l,k:o,l,---,M—l} (14)
Z+1
where the subscripts are performed modulo N.

We illustrate this construction method by Fig. 1. We choose Z = 2, [ = 5 by giving a con-
ventional PC FHS set T with sequence length N = 12. Forasequence (t(])‘, t{‘, tf , t\é‘, tff, t§ , té‘,
té‘, té‘, té‘, t{‘o, tlkl) e T, select red square parts in Fig. 1 as sequences SO0 gl g2 ¢3 respec-
tively. Note that the red square parts of S, S, §2, §3 overlap each other partially. The size
of each overlapping area is [. We can get other sequences in this way from each sequence
of T. Then a sequence set S = {SO, Sslo§2 .63 ... } can be obtained. Next we will discuss the
fact that S is an LHZ-APC FHS set whose family size is optimal under some conditions.

For the LHZ-APC FHS set S obtained by the construction method, the following result is
obtained.

Theorem2 Sisan [l + Z + 1, 2%, %, Z] LHZ-APC FHS set with maximum APC P,,.
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I, N ;I
k—Z+1 e

" _:[__Lg[_n_[__[__[__[__[:’ff ------
' [ [ | Y - [ [ [ [ 1}
s [0 [o o [ N - [ [ | -
seln oo [a]e oo [+ .

Fig. 1 Construction method for LHZ-APC FHS sets

Proof Obviously, the sequence length and family size of S are [ + Z + 1 and éﬁvl
respectively. The frequency slot number is also A. For $/! = (t”(ZH), zl(Z+1)+l’
k] j k ko
gz S = gy g lyzenz4n) € S- the APC function
between them at time delay ¢ is
I+Z—¢
o — ka
Csinsin(§)= Z c(tzl(Z+1)+m’ttz(Z+l)+m+§)
m=0
N-1
ki ko
= Z W za1y4me liy(Z4+1)4msc)
m=0
N-1
_ ki k2
= Z s bygiy (24 1) =i (Z+ 1)) (15)
m=0

Case 1: iy = i, ki = ko, 1 < ¢ < Z. In this case, (15) becomes Cgj ¢, (5) <
SN et 1k ) < P

Case 2: ki # k2,0 < ¢ < Z. Similarly, we can get Cyj, 5j, () < Pp.

Case 3: iy # i2,0 < ¢ < Z.Since (i2(Z + 1) —i1t(Z + 1) + ¢)y # 0, we have
C5j15j2(§) < Pu.

Thus, within LHZ Z, the maximum APC of S is Py,. ]

Then we discuss the optimality of S.

Theorem 3 The LHZ-APC FHS set S has optimal family size by (5) if 7 has optimal family
size by bound (3) and V;'j: J = ZLH . LXP;’\'IH J

Proof 1If the conventional PC FHS set T has optimal family size by (3), then

)\Pm+1
M= L . J . (16)
Since V;TJJ = ZLH . L)‘P;HJ, we have
MN APt
— = . 17
7| an
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MN 3Pt
741 — Lm holds for / > Pm. O

In order to illustrate the construction method by a concrete example, we choose a con-
ventional PC FHS (1,0, 1, 1, 2, 0, 2, 2) whose maximum PC is 2. By choosing Z = 3 and
| = 3, an LHZ-APC FHS set {(1,0,1,1,2,0,2),(2,0,2,2,1,0, 1)} can be obtained. It is
easy to verify that the set is a [7, 2, 3, 3] LHZ-APC FHS set with maximum APC 2. Note
that this example only illustrates the construction method without considering its optimality.

Next we give three classes of conventional PC FHS sets which will be used to generate
LHZ-APC FHS sets which have optimal or near optimal family sizes. A finite field with
prime power ¢ is defined by F,.

A. First Class

For Fy, let o be its generator and 8 be a primitive n’th root of unity in F, where n’ | ¢ — 1.
Let

e
U=1{> ajx/:a;€Fy j=12- e (18)
j=1
and
) ) , . —1
V= {(M(Ol'), u(Ba'), - u(B" ') sux)eU,i=0,1, -, 1 7 _1} . (19
n
where 1 < e <min{x : x | n/, x > 1}.
Definition 4 For a sequence g = (g0, g1, , gn—1), define 0'(8) = (i, &ui+1yn- " " »

8(i+N-1)y) fori =0,1,--- N — 1.

Definition 5 For two different sequences x, y, if there exists ¢ making x = @S (y), then x
and y are cyclic equivalent.

Partition V into cyclic equivalence classes V1, V5, V3, - .- [26], that is, all the sequences
that are cyclic equivalent constitute some V;, i = 1,2,3,---. Note that the cycle lengths
of each cyclic equivalence class can be different. We only consider the cyclic equivalence
classes whose cycle lengths are n’. Select one element from each cyclic equivalence class
with cycle length n’, and put them together as set V*.

Take V* as a conventional PC FHS set in Step 1 of the construction method. Let Z, [ be
two integers such that Z + 1 | n’ ande — 1 <1 <n’ — Z — 1. Then an LHZ-APC FHS set
S1 can be obtained by Step 2 of the construction method.

Theorem4 Sjisan[/+Z +1, qZPT_ll, q, Z) LHZ-APC FHS set with maximum APC ¢ — 1

and has optimal family size by (5).

Proof V*isan (n’, ?, q) conventional PC FHS set with maximum PC e — 1 by Lemma 20
in[28], and has optimal family size by bound (3). By Theorem 2, Sy isan [[+Z+1, quT_II, q,7Z]
LHZ-APC FHS set with maximum APC ¢ — 1. Since Z + 1 | n’ and n’ | ¢ — 1, we have
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gle=+1 ¢ —1+1

{ZHJ:{ Z+1 J

q¢ —1 1
:Z+1+LZ7+1J

n og¢—1

Z+1

n gt —1 1
Z+1 n’ n’
n q(e71)+1
- Z+1 ’ n’ '

By Theorem 3, S; has optimal family size by (5). O

Z+11]q°—1.Then

Example 2 Forqg = 512,n" = 511,e =3, Z = 72,1 = 427, we can obtain a [500, 1838599,
512, 72] LHZ-APC FHS set with maximum APC 2. By (5)

5123
M < | == | =1838599.
73

Hence, it has optimal family size.

B. Second Class
For F 2 with prime power ¢, let § be a primitive n'th root of unity in F > where n’ is odd
and n’ | ¢ + 1. Define

n —1

Eo={0}, Ej={j.n' = jhj=12-,— (20)
For an integer ¢/, 1 < e’ < —min{x“l";’ e Va1,
A(x) :A%feurl(xm%fg%z(x)”'A"’T—‘(x) 2n
where
=1 -1 -1
A,~(x)=k]€_[E.(x—(s’<),i:”2 1, —e/+2,~-,”2 .

Let A(x) be the parity-check polynomial of D whose length is n’. Partition I into cyclic
equivalence classes Dy, Dy, D3, - - -, that is, all the codewords that are cyclic equivalent
constitute some D;, i = 1,2, 3, ---. We only consider the cyclic equivalence classes whose
cycle lengths are n’. Select one codeword from each cyclic equivalence class with cycle
length n’, and put them together as set D* which is a subset of D.

Take D* as a conventional PC FHS set in Step 1 of the construction method. Let Z, [ be
two integers such that Z +1 | n’ and 2¢’ — 1 <[ < n’ — Z — 1. By Step 2 of the construction
method, an LHZ-APC FHS set S, can be generated.

Theorem5 Syisan[/+Z+1, ‘7;%11, q, Z] LHZ-APC FHS set with maximum APC 2¢’ — 1
and has optimal family size by (5).
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2¢/
Proof In [17], we can deduce that D* is an (n’, 4 nfl , q) conventional PC FHS set with
maximum PC 2¢’ — 1. It is clear that
q2e' —1 q26’ —1 1
n’ - n’ n'

q(23’71)+1
n' '
20/ _

Thus, D* has optimal family size by (3). By Theorem 2, Sp isan [/ + Z + 1, quHl’ q, 7]
LHZ-APC FHS set with maximum APC 2¢’ — 1. Since Z + 1 | n’ and n’ | ¢ + 1, we have
Z+1|¢* — 1. Then

q(2e’—1)+1 B qu’ — 141
Z+1 - Z+1

qu’_l 1
= +

Z+1 Z+1

n q2e’_1

Z+l. n’
n/

B qu’ 1 N 1
T Z+1 n' n’
n q(Ze'—1)+1

T Z+1 n '

By Theorem 3, S, has optimal family size by (5). O

Example3 For g = 64,n" = 65,¢ = 2,Z = 12,1 = 47, a [60, 1290555, 64, 12] LHZ-
APC FHS set with maximum APC 3 can be obtained. By bound (5), we have

644
M < 5 = 1290555.

Thus, it has optimal family size.

C. Third Class
For F,> with prime power g, let « be its generator and f = a?~!. Let tr(x) be a trace
function from F 2 to F;. Define a one-to-one mapping from {0, 1, - - - , g — 1} to Fg, by 7 (x).

Let B ={(b},b],--- ,b}):0 < j <q(g—1)— 1} where
b9 = w(Bla?) + 7 (x)

for0<x<¢g-1,0<y<¢g—2,0<i<gq.

Take B as a conventional PC FHS setin Step 1 of the construction method. Let Z, [ satisfy
that Z+1|g+1,7Z > % —1l,and 2 <[ < g — Z. By Step 2 of the construction method,
an LHZ-APC FHS set S3 can be generated.

Theorem 6 S3 is an [/ + Z + 1, 2451 ¢, 7] LHZ-APC FHS set with maximum APC 2

and has near optimal family size by (5).
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Proof In [17], it is known that B is a (¢ + 1, g(¢ — 1), ¢) conventional PC FHS set with

maximum PC 2. By Theorem 2, S is an [/ + Z + 1, 2451 ¢, 7] LHZ-APC FHS set with

maximum APC 2. Since Z > 4 —land2 <[ < g — Z, we have LZLHJ = 1. For the
LHZ-APC FHS set S3, by (5)

+1
me{l—i—Z—i—l—Z Z—i—l}J
_ Lq3—q+qJ
g’

Z+1

_ 9 —q q
T Z+1 J{ZHJ

3
q° —4q

= 1.
Zi1

This implies that S3 has near optimal family size. (]

Example4 Forq = 11,Z = 5,1 =5,an[11, 220, 11, 5] LHZ-APC FHS set with maximum
APC 2 is obtained. By (5)
5]
M <|— | =221.
6

Thus, it has near optimal family size.

4 A modified method for constructions of LHZ-APC FHS sets

In this section, we modify the construction method for LHZ-APC FHS sets which was
presented in Section 3.

A modified construction method:

Step 1: Let n, N satisfy that n | N. The number of frequency slots is A. Choose a

sequence set T = {U°, U, ... M-l yOo yl ... yM—ly yith sequence length N,
where UX = (uf!, ub', - ul_ 1)forlq =0,1,---,M; —1and V2 = (02, v}2, -,
vﬁz l,vg ,vlf2,--- ,vi?_l,-n vgz,vllq,--« ,vn_l)forkz =0,1,---, My—1.1tisclear that
VK2 has cycle length 1. Here, Py (6) < Ppforl <¢ < N—-1,k; =0,1,---, M -1,
and Pyiy ik (6) < Py forl <¢ <n—1,kp =0,1,---, My — 1. The maximum PCC of
T is Py,,.

Step 2: Let Z, [ be two integers suchthat Z+ 1 | nand P, <1 < N—Z — 1. An
LHZ-APC FHS set S is given as

S =

k k k . N
l(”i(lzms Wiziy41o " 5 Wiczanyaze) =0, 1, Tﬂ_l’ ki1=0,1,---, M;— 1} U

k » n
{(U i(Z+1)° %Z_H)_;’_lv ) UJ%Z+1)+Z+[) <J :07 15 N} Z+1 - 13 k2 :Ov 13 T MZ_ 1}7(22)
where the subscripts of uk , and v©
N and n, respectively.
We illustrate the LHZ-APC FHSs generated by a sequence with cycle length n as follows.

i’=0,1,---, Z+1,are performed modulo

(Z+l)+z J(Z+])+l”
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In Fig. 2, the sequence set T has sequence length N = 12. For V¥ = (vg, v'l‘, v’z‘, v]3‘,
vﬁ,vg,vo, /} v2,v§,v4,v5) eT, k=01, ,M> — 1, we choose Z = 2,/ = 5.1tis
clear that V¥ has cycle length n = 6. Select red square parts in Fig. 2 as sequences S°, §'
respectively. It is easy to see that SO and S' overlap each other partially within the cycle
length n = 6. The size of each overlapping area is [. Note that/ > n — Z — 1 in Fig. 2. The
other sequences generated by U°, U, - .., UM1~1 are performed in the same way as that in

Section 3. Then § = {SO, sto... } can be generated.

Theorem?7 Sisan[l+Z+1, L5502 3 7] LHZ-APC FHS set with maximum APC P,,.

MiN+Mon
. y Z+1
: : mi 21 21 .
rekspectlvely. The numberkof frequezlcy slots is also A. For $"! = (v, (z41) Vi (Z41)410 ,
21 my 2 2 k22 :
Uiz +z40)> 5" = Whyizin Viszan410 7 Vig(zen+z40) € S, their APC function at
time delay ¢ is

Proof Obviously, the sequence length and family size of S are [ + Z + 1 and

I+Z—¢
k k
Comsma () = D Witz tm Viizsiyimes)
m=
N—1
ka1 k2o
< D O tm Visizenpmes)
m=0
_ Z C(Uk21 v k2o )
m+jp(Z+1)—ji(Z+1)+¢s
=< kazlvkzz (p(Z+ 1) = j(Z+1)+¢). (23)

The subscripts are performed modulo 7.

Case 1: ji1 = ja, ka1 = ka, 1 < ¢ < Z. In this case, (23) becomes Cgmigm (¢) <
Pyiay i (6) < P

Case 2: kyy # ko, 0 < ¢ < Z. Similarly, we can get Cgm; gm (5) < Py,.

Case 3: j1 # j»,0 < ¢ < Z. Note that ji, jp =0,1,---, ZLH — 1. If j; < jp, then
Z41 < jp(Z+1)—j1(Z+1)4+¢ < n—1whichleadsto Cgm gm> (¢) < Pp,.1f j1 > jo,then
Z+1l—n < p(Z+1)—ji(Z+1)+g < —1.Since Pyiy yro (2(Z+ 1) — ji(Z+ 1) +¢5) =
Pyisyiar (=(2(Z + 1) = ji(Z + 1) + 6)), we have Csmgn () < Pyin yis (—(a(Z +
D)= ji(Z+ 1D +9) < Py

¢ N {
¢ n g
—Z+ 1 —k z 4

Fig.2 LHZ-APC FHSs generated by a sequence with cycle length n
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k1 ki _ ke k>
For §™ = (“z(z+1)’ HZ D)1 Wiz gz ST = Wiiz41y Viizany1 7
ok i (z 4147+ € S, the APC function between them at time delay ¢ is
I+Z—¢
— vk
Csmsm(s) = Z C(”z(z+1>+m’ Vi(z+1)+mte)
m=0
N—1
k1 ko
= 2 Wizt ime Vizaytm+s)
m=0
N—1
= ek v*2 )
m> “m+j(Z4+1)—i(Z+1)+¢
m=0
< Puyu J(Z+ 1) —i(Z+ 1) +¢)
< P (24)

The subscripts ofuf(lz+])+m and vfz, r=jZ+1)+m+¢m+jZ+1)—i(Z+1)+g,
are performed modulo N and n, respectively.

k k k

mi . 11 my _ 12 12

For §™ = (Wil{zany i {zanar MilzinazeD) S = Wiz Uiz
R ug(zZH)JrZJr!) € §, we can gf_:t the same{ results in a similar way.

Thus, the maximum APC of S is P, within LHZ Z. O

Next we give a class of sequence sets which was described by Step 1 of the modified
construction method. Then a class of LHZ-APC FHS sets can be generated.

In(18),wesetmin{x : x |n’, x > 1} <e <min{y:y |n/, y > min{x : x | n/, x > 1}}.
Letn’ = g—1in(19). Select an element from each equivalence class of V, and H' is obtained.
Define a set consisting of those elements x € H' which have cycle length ¢ — 1, by U’. Let
V ={V:V e H\U, V # (0,0, ---,0)}. By Theorem 3.3 in [26], the elements in V’
have cycle length - Next we will determine the sizes of U" and V'.

min{x: xlq 1 x>1
For simplicity and convenience, let @ = min{x : x | ¢ — 1, x > 1}.

Lemma 3 The size of H' is

0—1glil —o -1
= RO Pt (s)

Proof Let o be defined in Definition 4. By the Polya’s counting formula [10], we have
1 q—1
| = — > 1@ () (26)
q llg—1

under the cyclic group {0, 02, - - - , 077}, where ¢ (-) is the Euler ¢-function and I (¢') the
number of elements in V fixed by o’. Let J,, be the number of equivalence classes whose
cycle lengths are m. Thus, / (o) = Zmll mJ,,. For a codeword with cycle length m | [, we
have

() =u(h, j=0.1,---.q -2,

which leads to

e
a1 =0, j=01, g 2.
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Then Y ¢_; a; (B! — 1)x’ = 0 has ¢ — 1 different roots. Since e < ¢ — 1, we have
gl —1)=0,i=12,--- e

For il # 0 mod g — 1, since B/ — 1 # 0, we have a¢; = 0. Thus any codeword with cycle
length m | [ can be given as follows

ux) = Y ax’ (27)

g—llil,1<i<e

Note that the size of {i 1 ¢ — 1 | il, 1 <i < e} is Lqe—_llJ.Forl | ¢ — 1 we have
el
[(Ql) = Zm_]m = q\fl*lJ_
m|l
Thus
1 o | g1 1 .
= Y gl o L s lilsa, (28)
q-1 lig—1 ! q-1 lig—1

By the properties of the Euler’s function [10, 11], ¢ (p) = p — 1 for a prime p, ¢ (1) = 1,
and Z”q_l ¢()=q —1.Sinced <e <min{y:y|qg—1, y > 0}, we have

1 e e
B == ¢ +o@qlil+ > pwglt]

llg—1,1#1,0

1 e
—— g+ 0 -Dglil —p)—p@) + Y o)

q—1 llg—1
L (e 5]
=qj(q +@- gl —0+4-1).
o
Theorem 8 The size of U is
e _4l%]
=49 (29)
qg—1

Proof We have

/ 1 €
U= 2 v()glt]

llg—1

by Lemma 19 in [28], where ¢ (/) is the Mobius function. By the properties of the Mobius
function [10, 11], ¢(1) = 1 and Z”q_l ¢() =0.Sinced <e <min{y:y|g—1, y > 0},
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we have
l e e
|U|=qi qe—qu*‘ Z ‘P(l)‘lLTJ
lg—1,1#1,0
I A
= 7|t e —e@ + 37 ey

llg—1

_q%l(e_qm),

|
Theorem 9 The size of V' is
|V’|:w_ (30)
qg—1
Proof We have
|V |=|H|-|U|-1
_ 't @-glil —orq -1 ¢ —glil
g—1 g —1
oglil — o
_ P
|

Take U’ | V’ as a sequence set in Step 1 of the modified construction method. It is easily
checked that the sequence set meets the conditions in Step 1 with P,, = e — 1. Let Z, [ be
two integers such that Z + 1 | = ande — 1 <1 < q—Z —2.Then an LHZ-APC FHS set
S4 is obtained by Step 2 of the modified construction method.

Theorem 10 Sjyisan[/+Z+ 1, qz%ll, q, Z] LHZ-APC FHS set with maximum APC e — 1

and has optimal family size by (5).

Proof By Theorems 7, 8, and 9, Sy isan [l + Z + 1, (12%11’ q, Z] LHZ-APC FHS set with
maximum APC e¢ — 1. Since Z + 1 | qT_l, we have Z + 1 | ¢¢ — 1. By bound (5), S4 has

optimal family size. O

Remark 1 The parameters of S4 are different from those of S| in Theorem 4, since the
restrictions for Ss include # < e <min{y : y |g—1, y>0}lande—-1<I1<qg—-Z -2
which are not same as S.

Example5 For g = 11,e = 4,Z = 4,1 = 4, one can obtain a [9, 2928, 11, 4] LHZ-APC
FHS set with maximum APC 3. By bound (5), we have

114

Then it has optimal family size.

Note that by setting g = 11,n’ = 5,e¢ =4, Z = 4, we can still not get a [9, 2928, 11, 4]
LHZ-APC FHS set with maximum APC 3 by First Class in Section 3. This is because [ is
restricted by I < n’ — Z — 1 in Section 3. But by utilizing the modified construction method
in this section, an LHZ-APC FHS set with these parameters can be obtained.
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5 Conclusion

In this paper, a bound on the family sizes of LHZ-APC FHS sets was established. Then
a method for constructions of LHZ-APC FHS sets was proposed, which is based on con-
ventional PC FHS sets. By choosing different conventional PC FHS sets, three classes of
LHZ-APC FHS sets were obtained. Moreover, the construction method was modified, which
generated another class of LHZ-APC FHS sets. It should be noted that all of the LHZ-APC
FHS sets in this paper have optimal or near optimal family sizes with respect to the new
bound.
Table 1 lists the parameters of the LHZ-APC FHS sets in this paper.
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