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Dr. Thierry Huillet of CY Cergy Paris University (per-
sonal communication, November 25, 2021) kindly pointed 
out an error in the last line of Eq.  (5) in my attempt to 
prove the portion of Theorem 1 pertaining to the quad-
ratic generalization of Taylor’s law (QTL), Eq.  (2), 
log Var(X(p)) = log a + b1log E(X(p)) + b2(log E(X(p)))2  . 
I made the same mistake in the last line of Eq. (8) in my 
attempt to prove a generalization of Theorem 1.

Happily, both Theorem 1 and the generalization of Theo-
rem 1 remain true under additional conditions on the coef-
ficients, which were omitted in the original statements. The 
claims follow immediately from Theorem 3, the proof of 
which is valid. Independent of Theorem 3, I give here a 
direct, elementary proof of Theorem 1 with additional condi-
tions on a, b1, b2 and P.

For real-valued random variables X, Y  , define X ∼ Y  if 
and only if, for some real c, d ≠ 0,X has the same distribu-
tion as c + dY .

Theorem 1  Let Z be any real-valued random variable with expec-
tation EZ ∶= � ∈ (0,∞) and variance Var Z ∶= �2 ∈ (0,∞). 
Let a, b1, b2 be nonnegative real numbers such that a > 0 and 

at least one of b1, b2 is positive. If b2 > 0 , then there exists a 
family of random variables {X(p)|p ∈ P ⊂

[

p0,∞
)

, p0 > 0} 
such that the QTL holds for the chosen a, b1, b2 and X(p) ∼ Z 
for every p ∈ P . If    b1 > 0, b2 = 0 , then TL, namely, 
log Var(X(p)) = log a + b1log E(X(p)) , holds.

Proof  Given a, b1, b2 , pick a positive number g that is 
large enough to guarantee that log a + b1gp + b2g

2p2 > 0 
for every p ∈ P . Such a choice is possible because of our 
assumptions about a, b1, b2 and P. Define, for every p ∈ P,

Then for each p ∈ P , X(p) is a linear function of Z , so 
X(p) ∼ Z , EX(p) = egp , log EX(p) = gp ≠ 0 , and the QTL 
holds because

A polynomial Taylor’s law generalizes Theorem 1. The 
variance function

follows similarly by defining

under conditions on a, bi, and P sufficient to guarantee that 
log a +

∑∞

i=1
bi
�

gp
�i
> 0.
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(1)X(p) ∶= egp +

√

log a + b1gp + b2g
2p2(Z − �)∕�

(2)
VarX(p) = log a + b1gp + b2g

2p2

= log a + b1log E(X(p)) + b2(log E(X(p)))2

(3)log Var(X(p)) = log a +

∞
∑

i=1

bi
[

log E(X(p))
]i

(4)X(p) ∶= egp +

√

√

√

√log a +

∞
∑

i=1

bi
[

gp
]i
(Z − �)∕�

The original article can be found online at https://​doi.​org/​10.​1007/​
s12080-​019-​00445-7.
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