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                    Abstract
Despite enormous success of mass immunization programs in reducing incidence of infectious diseases, vaccine-escape strains have emerged perhaps as a consequence of strong selection pressures exerted on parasites by vaccines. Pertussis presents a well-documented example. As a childhood infection, it exhibits age-specific transmission biased to children. Assuming different transmission rates between children and adults, I study, by means of an age-structured epidemic model, evolutionary dynamics of parasite virulence in a vaccinated population. I find that the age-structure does not affect the evolutionary dynamics of parasite virulence. Also, based on empirical data reporting antigenic divergence with vaccine strains and mutations in virulence-associated genes in pertussis populations, I allow for parallel occurrence of mutations in parasite virulence and associated immune evasion. I conclude that this simultaneous adaptation of both traits may substantially alter the evolutionary course of the parasite. In particular, higher values of virulence are favoured once the parasite is able to evade the transmission-blocking vaccine-induced immunity. On the other hand, lower values of virulence are selected for once the parasite evolves the ability to evade the virulence-blocking vaccine-induced immunity. I emphasize the importance of multi-trait evolution to assess the direction of parasite adaptation more accurately.
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Appendix
Appendix
Basic reproduction number R
                              0 for the model (1)
The model (1) has a disease-free equilibrium \([S_{c}, S_{a}, {S^{\prime }_{c}}, {S^{\prime }_{a}}, I_{c}, I_{a}, {I^{\prime }_{c}}, {I^{\prime }_{a}}, R_{c}, R_{a}] = [S_{c}^{*}, S_{a}^{*}, {S^{\prime }_{c}}^{*}, {S^{\prime }_{a}}^{*}, 0, 0, 0, 0, 0, 0]\) with 

$$\begin{array}{@{}rcl@{}} S_{c}^{*} = \frac{\nu(1-p)}{\mu_{c} + l_{c}}, && {S^{\prime}_{c}}^{*} = \frac{\nu p}{\mu_{c} + l_{c}}, \\ S_{a}^{*} = \frac{l_{c}}{\mu_{a}}S_{c}^{*}, && {S^{\prime}_{a}}^{*} = \frac{l_{c}}{\mu_{a}}{S^{\prime}_{c}}^{*} \end{array} $$

I use the Next Generation Theorem to calculate R
                              0 as a spectral radius of the next generation matrix (van den Driessche and Watmough 2002). I split the right-hand side of the model (1) into two vectors, the vector of new infection rates 

$$\textbf{F} = \left( \begin{array}{c} \frac{S_{c}}{N_{c}}h_{c} \\ \frac{S^{\prime}_{c}}{N_{c}}h^{\prime}_{c} \\ \frac{S_{a}}{N_{a}}h_{a} \\ \frac{S^{\prime}_{a}}{N_{a}}h^{\prime}_{a} \\ \end{array} \right) $$

and the vector of all other rates 

$$\textbf{V} = \left( \begin{array}{c} (\gamma+\alpha+\mu_{c}+l_{c})I_{c} \\ (\gamma^{\prime}+\alpha^{\prime}+\mu_{c}+l_{c})I^{\prime}_{c} \\ -l_{c} I_{c}+(\gamma+\alpha+\mu_{a})I_{a} \\ -l_{c} I^{\prime}_{c}+(\gamma^{\prime}+\alpha^{\prime}+\mu_{a})I^{\prime}_{a} \\ \end{array} \right) $$

so it holds 

$$\frac{d\textbf{I}}{dt} = \textbf{F} - \textbf{V} $$

where \(\textbf {I} = (I_{c}, I^{\prime }_{c}, I_{a}, I^{\prime }_{a})^{T}\) is the column vector of infected classes. The matrices of partial derivatives of elements of F and V about the disease-free equilibrium are 

$$F = \left( \begin{array}{cccc} A\mu_{a}\beta_{cc} & A\mu_{a}\beta^{\prime}_{cc} & A\mu_{a}\beta_{ca} & A\mu_{a}\beta^{\prime}_{ca} \\ E B\mu_{a}\beta_{cc} & E B\mu_{a}\beta^{\prime}_{cc} & E B\mu_{a}\beta_{ca} & E B\mu_{a}\beta^{\prime}_{ca} \\ l_{c} A\beta_{ac} & l_{c} A\beta^{\prime}_{ac} & l_{c} A\beta_{aa} & l_{c} A\beta^{\prime}_{aa} \\ E l_{c} B\beta_{ac} & E l_{c} B\beta^{\prime}_{ac} & E l_{c} B\beta_{aa} & E l_{c} B\beta^{\prime}_{aa} \\ \end{array} \right) $$

where E=(1−(1−e
                              1)r
                              1), A=(1−p)/(μ
                              
                      a
                     + l
                              
                      c
                    ), B = p/(μ
                              
                      a
                     + l
                              
                      c
                    ) and

$$V = \left( \begin{array}{cccc} \gamma+\alpha+\mu_{c}+l_{c} & 0 & 0 & 0 \\ 0 & \gamma^{\prime}+\alpha^{\prime}+\mu_{c}+l_{c} & 0 & 0 \\ -l_{c} & 0 & \gamma+\alpha+\mu_{a} & 0 \\ 0 & -l_{c} & 0 & \gamma^{\prime}+\alpha^{\prime}+\mu_{a} \\ \end{array} \right) $$


                           The basic reproduction number R
                              0 is now numerically calculated as the spectral radius λ of the next generation matrix F
                              V
                              −1.
Mutant invasion fitness of the model (1) for the evolution of α
                           
Assume that a rare mutant \(\hat {\alpha }\) emerges within the resident population α. Such a mutant can invade the resident if its invasion fitness is greater than zero. The dynamics of resident and mutant strains is

$$ \begin{array}{l} \displaystyle{\frac{dS_{c}}{dt}} = \nu(1-p)-\frac{S_{c}}{N_{c}}(h_{c}+\hat{h}_{c})-\mu_{c} S_{c}-l_{c} S_{c} \\ \displaystyle{\frac{dS^{\prime}_{c}}{dt}} = \nu p-\frac{S^{\prime}_{c}}{N_{c}}(h^{\prime}_{c}+\hat{h}^{\prime}_{c})-\mu_{c} S^{\prime}_{c}-l_{c} S^{\prime}_{c} \\ \displaystyle{\frac{dS_{a}}{dt}} = l_{c} S_{c} - \frac{S_{a}}{N_{a}}(h_{a}+\hat{h}_{a})-\mu_{a} S_{a} \\ \displaystyle{\frac{dS^{\prime}_{a}}{dt}} = l_{c} S^{\prime}_{c} - \frac{S^{\prime}_{a}}{N_{a}}(h^{\prime}_{a}+\hat{h}^{\prime}_{a})-\mu_{a} S^{\prime}_{a} \\ \displaystyle{\frac{dI_{c}}{dt}} = \frac{S_{c}}{N_{c}} h_{c}-\gamma I_{c}-\alpha I_{c}-\mu_{c} I_{c}-l_{c} I_{c} \\ \displaystyle{\frac{dI^{\prime}_{c}}{dt}} = \frac{S^{\prime}_{c}}{N_{c}}h^{\prime}_{c}-\gamma^{\prime} I^{\prime}_{c}-\alpha^{\prime}I^{\prime}_{c}-\mu_{c} I^{\prime}_{c}-l_{c} I^{\prime}_{c} \\ \displaystyle{\frac{dI_{a}}{dt}} = l_{c} I_{c} + \frac{S_{a}}{N_{a}}h_{a}-\gamma I_{a}-\alpha I_{a}-\mu_{a} I_{a} \\ \displaystyle{\frac{dI^{\prime}_{a}}{dt}} = l_{c} I^{\prime}_{c} + \frac{S^{\prime}_{a}}{N_{a}}h^{\prime}_{a}-\gamma^{\prime} I^{\prime}_{a}-\alpha^{\prime}I^{\prime}_{a}-\mu_{a} I^{\prime}_{a} \\ \displaystyle{\frac{d\hat{I}_{c}}{dt}} = \frac{S_{c}}{N_{c}}\hat{h}_{c}-\hat{\gamma}\hat{I}_{c}-\hat{\alpha}\hat{I}_{c}-\mu_{c}\hat{I}_{c}-l_{c}\hat{I}_{c} \\ \displaystyle{\frac{d\hat{I^{\prime}}_{c}}{dt}} = \frac{S^{\prime}_{c}}{N_{c}}\hat{h}^{\prime}_{c}-\hat{\gamma}^{\prime}\hat{I^{\prime}}_{c}-\hat{\alpha}^{\prime}\hat{I^{\prime}}_{c}-\mu_{c}\hat{I^{\prime}}_{c}-l_{c}\hat{I^{\prime}}_{c} \\ \displaystyle{\frac{d\hat{I}_{a}}{dt}} = l_{c}\hat{I}_{c} + \frac{S_{a}}{N_{a}}\hat{h}_{a}-\hat{\gamma}\hat{I}_{a}-\hat{\alpha}\hat{I}_{a}-\mu_{a}\hat{I}_{a} \\ \displaystyle{\frac{d\hat{I^{\prime}}_{a}}{dt}} = l_{c}\hat{I^{\prime}}_{c} + \frac{S^{\prime}_{a}}{N_{a}}\hat{h}^{\prime}_{a}-\hat{\gamma}^{\prime}\hat{I^{\prime}}_{a}-\hat{\alpha}^{\prime}\hat{I^{\prime}}_{a}-\mu_{a}\hat{I^{\prime}}_{a} \\ \displaystyle{\frac{dR_{c}}{dt}} = \gamma I_{c} + \gamma^{\prime}I^{\prime}_{c} + \hat{\gamma}\hat{I}_{c} + \hat{\gamma}^{\prime}\hat{I^{\prime}}_{c} - \mu_{c} R_{c} - l_{c} R_{c} \\ \displaystyle{\frac{dR_{a}}{dt}} = l_{c} R_{c} + \gamma I_{a} + \gamma^{\prime}I^{\prime}_{a} + \hat{\gamma}\hat{I}_{a} + \hat{\gamma}^{\prime}\hat{I^{\prime}}_{a} - \mu_{a} R_{a} \\ \end{array}  $$

                    (16)
                

where

$$\begin{array}{@{}rcl@{}} \alpha^{\prime} &=& (1-(1-e_{2})r_{2})\alpha \\ \hat{\alpha}^{\prime} &=& (1-(1-e_{2})r_{2})\hat{\alpha} \\ h_{c} &=& \beta_{cc}I_{c}+\beta^{\prime}_{cc}I^{\prime}_{c}+\beta_{ca}I_{a}+\beta^{\prime}_{ca}I^{\prime}_{a} \\ h^{\prime}_{c} &=& (1-(1-e_{1})r_{1})h_{c} \\ \hat{h}_{c} &=& \hat{\beta}_{cc}\hat{I}_{c}+\hat{\beta}^{\prime}_{cc}\hat{I^{\prime}}_{c}+\hat{\beta}_{ca}\hat{I}_{a}+\hat{\beta}^{\prime}_{ca}\hat{I^{\prime}}_{a} \\ \hat{h}^{\prime}_{c} &=& (1-(1-e_{1})r_{1})\hat{h}_{c} \\ h_{a} &=& \beta_{ac}I_{c}+\beta^{\prime}_{ac}I^{\prime}_{c}+\beta_{aa}I_{a}+\beta^{\prime}_{aa}I^{\prime}_{a} \\ h^{\prime}_{a} &=& (1-(1-e_{1})r_{1})h_{a} \\ \hat{h}_{a} &=& \hat{\beta}_{ac}\hat{I}_{c}+\hat{\beta}^{\prime}_{ac}\hat{I^{\prime}}_{c}+\hat{\beta}_{aa}\hat{I}_{a}+\hat{\beta}^{\prime}_{aa}\hat{I^{\prime}}_{a} \\ \hat{h}^{\prime}_{a} &=& (1-(1-e_{1})r_{1})\hat{h}_{a} \end{array} $$


                           The invasion fitness proxy of a mutant strain \(\hat {\alpha }\) in the resident environment α can be calculated by using the Next Generation Theorem (NGT) for evolutionary invasion analyses (Hurford et al. 2010). Based on the NGT, I introduce the vector of all new mutant infection rates 

$$\hat{\mathbf{F}} = \left( \begin{array}{c} \frac{S^{*}_{c}}{N^{*}_{c}}\hat{h}_{c} \\ \frac{S^{\prime *}_{c}}{N^{*}_{c}}\hat{h}^{\prime}_{c} \\ \frac{S^{*}_{a}}{N^{*}_{a}}\hat{h}_{a} \\ \frac{S^{\prime *}_{a}}{N^{*}_{a}}\hat{h}^{\prime}_{a} \end{array} \right) $$

and the vector of all other mutant rates 

$$\hat{\mathbf{V}} = \left( \begin{array}{c} (\hat{\gamma}+\hat{\alpha}+\mu_{c}+l_{c})\hat{I}_{c} \\ (\hat{\gamma}^{\prime}+\hat{\alpha}^{\prime}+\mu_{c}+l_{c})\hat{I^{\prime}}_{c} \\ -l_{c}\hat{I}_{c}+(\hat{\gamma}+\hat{\alpha}+\mu_{c})\hat{I}_{a} \\ -l_{c}\hat{I}^{\prime}_{c}+(\hat{\gamma}^{\prime}+\hat{\alpha}^{\prime}+\mu_{c})\hat{I}^{\prime}_{a} \end{array} \right) $$

so it holds

$$\frac{d\hat{\mathbf{I}}}{dt} = \hat{\mathbf{F}} - \hat{\mathbf{V}} $$

where \(\hat {\mathbf {I}} = (\hat {I}_{c}, \hat {I}^{\prime }_{c}, \hat {I}_{a}, \hat {I}^{\prime }_{a})^{T}\) is the column vector of infected mutant classes. The corresponding matrices of partial derivatives are

$$F = \left( \begin{array}{cccc} \frac{S^{*}_{c}}{N^{*}_{c}}\hat{\beta}_{cc} & \frac{S^{*}_{c}}{N^{*}_{c}}\hat{\beta}^{\prime}_{cc} & \frac{S^{*}_{c}}{N^{*}_{c}}\hat{\beta}_{ca} & \frac{S^{*}_{c}}{N^{*}_{c}}\hat{\beta}^{\prime}_{ca} \\ E\frac{S^{\prime *}_{c}}{N^{*}_{c}}\hat{\beta}_{cc} & E\frac{S^{\prime *}_{c}}{N^{*}_{c}}\hat{\beta}^{\prime}_{cc} & E\frac{S^{\prime *}_{c}}{N^{*}_{c}}\hat{\beta}_{ca} & E\frac{S^{\prime *}_{c}}{N^{*}_{c}}\hat{\beta}^{\prime}_{ca} \\ \frac{S^{*}_{a}}{N^{*}_{a}}\hat{\beta}_{ac} & \frac{S^{*}_{a}}{N^{*}_{a}}\hat{\beta}^{\prime}_{ac} & \frac{S^{*}_{a}}{N^{*}_{a}}\hat{\beta}_{aa} & \frac{S^{*}_{a}}{N^{*}_{a}}\hat{\beta}^{\prime}_{aa} \\ E\frac{S^{\prime *}_{a}}{N^{*}_{a}}\hat{\beta}_{ac} & E\frac{S^{\prime *}_{a}}{N^{*}_{a}}\hat{\beta}^{\prime}_{ac} & E\frac{S^{\prime *}_{a}}{N^{*}_{a}}\hat{\beta}_{aa} & E\frac{S^{\prime *}_{a}}{N^{*}_{a}}\hat{\beta}^{\prime}_{aa} \\ \end{array} \right) $$

where E=(1−(1−r
                              1)r
                              1) and

$$V = \left( \begin{array}{cccc} \hat{\gamma}+\hat{\alpha}+\mu_{c}+l_{c} & 0 & 0 & 0 \\ 0 & \hat{\gamma}^{\prime}+\hat{\alpha}^{\prime}+\mu_{c}+l_{c} & 0 & 0 \\ -l_{c} & 0 & \hat{\gamma}+\hat{\alpha}+\mu_{a} & 0 \\ 0 & -l_{c} & 0 & \hat{\gamma}^{\prime}+\hat{\alpha}^{\prime}+\mu_{a} \\ \end{array} \right) $$

and the fitness proxy f of the rare mutant \(\hat {\alpha }\) is thus given in the form 

$$f(\hat{\alpha},\alpha) = \lambda\left( FV^{-1}\right)-1 $$

where λ is the spectral radius of the next generation matrix F
                              V
                              −1.
Co-evolutionary tree simulation
To simulate the co-evolution of the parasite virulence α and immune evasion e
                              
                      i
                    =1,2, I discretized the range [0,α
                              max] into 35 values (initial value 0, step α
                              max/35, final value α
                              max) and the range [0,1] for e
                              
                      i
                     into 35 values (initial value 0, step 1/35, final value 1), thus considering (35)2=1225 possible phenotypes. The core model of the simulation is a system of 4⋅(35)2+4+2=4908 ordinary differential equations; four equations for non-vaccinated and vaccinated susceptible children and adults, four equations for non-vaccinated and vaccinated infected children and adults for each phenotype and two equations for recovered children and adults.
I start with a single phenotype with α>0 being a vaccine-free ESS virulence and e
                              
                      i
                    =0; a positive initial density is assigned to this phenotype, while initial densities of all the other phenotypes are set to zero. Regardless of the number of present phenotypes, I run the core model for a fixed amount of time, here set to 200, for the population to settle at a stable equilibrium. Strains whose density falls below a critical value (here set to 10−6) are considered to be extinct and their density is set to zero.
Next, I choose two strains based on the relative densities of all persistent strains to generate neighbouring mutants at low densities. Mutations in α and e
                              
                      i
                     occur independently, so that one strain is selected for mutation in α and one (which may by chance be the same as the first one) for mutation in e
                              
                      i
                    . If the mutant value does not exist, no mutation in the respective trait occurs. For each trait, a neighbouring mutant with either lower or higher value is chosen with equal probability.
The core model is run repeatedly for a given number of evolutionary steps, until an evolutionary endpoint is attained. I thus follow the baseline assumptions of adaptive dynamics theory that the ecological dynamics and evolution run on different time-scales. Since I choose only two strains to mutate at the end of each evolutionary step, mutations are independent of the number or density of infected hosts.
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