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Abstract  This paper is a study on a new kind modulation spaces M (P, Q)(R?) and
A(P, Q, r)(R?) for indices in the range ]l < P < 00,1l < Q <oocand 1 <r <
0o, modelled on Lorentz mixed norm spaces instead of mixed norm L” spaces as
the spaces M};'? (R?) (Feichtinger in Modulation spaces on locally compact Abelian
groups, 1983; Grochenig in Foundations of Time-Frequency Analysis. Birkh &user,
Boston, 2001), and Lorentz spaces as the spaces M (p, q)(Rd) (Giirkanhin J Math
Kyoto Univ 46:595-616, 2006). First, we prove the main properties of these spaces.
Later, we describe the dual spaces and determine the multiplier spaces for both of them.
Moreover, we investigate the boundedness of Weyl operators and localization opera-
tors on M (P, Q)(Rd). Finally, we give an interpolation theorem for M (P, Q)(Rd).

Keywords Gabor transform - Lorentz mixed norm space - modulation space -
Weyl operator - Multiplier
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1 Introduction

In this paper we will work on RY with Lebesgue measure dx. We denote by C.(R?)
and S(R?) the spaces of complex-valued continuous functions with compact support
and the space of complex-valued continuous functions on R? rapidly decreasing at
infinity, respectively. Let f be a complex valued measurable function on R¢. The
operators T, f(t) = f(t — x) and M, f(t) = €™ f(t) are called translation and
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modulation operator for x, w € RY, respectively. The compositions
TeMy f(6) = 00 f(t —x) or My T f (1) = ™ f(1 = x)

are called time-frequency shifts (see [14]). We write (L? (Rd), Il ) the Lebesgue
spaces for 1 < p < oo.

A
For f € L'(R?) the Fourier transform f (or  f) is defined as

VAN .
F) = / Fe 2 gy,
]Rd

where xt = Zle x;t; is the usual scalar product on RY.
Fix afunction g # 0 (called the window function). The short-time Fourier transform
(STFT) of a function f with respect to g is given by

Ve f(x, w) = / f0glt—x)e """,
Rd
for x, w € RY. It is known that if f, g € L*(R?) then Vo f € L*(R? x R?) and Vo f
is uniformly continuous. Moreover
Ve(TuMy f)(x, w) = e 270V f (x =, w — 1)

for all x, w,u,n € R4,
The cross-Wigner distribution of f, g € L2(R?) is defined to be

W(f, 8)(x, w) Z/f (x + %) g (x _ %)e2n’itw dr.
Rd

If f = g, then W(f, f) = WF is called the Wigner distribution of f € L*(R%).
Given a symbol o € S'(R??), the Weyl operator L, is defined by

(Lo f. 8) = (0. W(g. f))

for f, g € S(R?). The mapping ¢ — L, is called the Weyl transform (see [14]).
The time-frequency localization operator A%""*? with symbol a € &'(R?) and
windows @1, ¢ is defined to be

AL f (1) = / a(x, w)Vy, f(x, w)MyTyprdxdw.
R2d
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Moreover, the Weyl operator and the time-frequency localization operator A%"%? are
related by the formula

VL2 _
Aj = LaxW(p2,01)

where 0 = a x W (g2, ¢1) (see [8]).

A weight function w on R¥ is a non-negative, continuous and locally integrable
function. The weight v is called submultiplicative if v(x + y) < v(x)v(y) for all
x,y € R?. Let v be a submultiplicative function on R?. A weight function w on R¢
is v—moderate if w(x + y) < Cv(x)w(y) for all x, y € R¥. Further, w is a weight of
polynomial growth if

w(x) < Cvs(x) =C(1 + |x|2)%

for some C > 0,s > 0 and x € RY,

Fix a non-zero window g € S(R?) and 1 < p,q < oo. Let m be a weight
function of polynomial growth and vy —moderate on R??. Then the modulation space
ME9(RY) consists of all tempered distributions f € S’ (R?) such that the short-
time Fourier transform V, f is in the weighted mixed-norm space LD ([R?). The
norm on My Y (RY) is || fllypa = Vg Sl ra. If p = g, then we write M, (RY)
instead of ME? (R?) and if m = 1, we have the standard modulation space M P4 (R9)
(see[11,14]).

L(p, q) spaces are function spaces which are closely related to L?” spaces. We con-
sider complex valued measurable functions f defined on a measure space ( X, ). The
measure i is assumed to be nonnegative. We assume the functions f are finite valued
a.e. and some y > 0, u(Ey) < oo, where £, = E\[f] ={x € X | |f(x)] > y}.
Then, for y > 0,

Ap(y) = m(Ey) = pn({x € X [ [f(x)] >y}
is the distribution function of f. The rearrangement of f is given by
@) =inf{y > 0| 1s(y) =t} =sup{y > 0[Ap(y) > 1}

for t > 0. The average function of f is also defined by
1 X
) == / fr@dr.
X
0

Note that A7, f* and f** are nonincreasing and right continuous functions on
(0, 00). If A ¢ () is continuous and strictly decreasing f*(¢) is the inverse function of
A ¢(y). The most important property of f* is that it has the same distribution function
as f. It follows that
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P

/If(X)I”dM(X) = /[f*(t)]pdt . (1.1)
X 0

The Lorentz space denoted by L(p, q)(X, w) (shortly L(p, ¢)) is defined to be vec-
tor space of all (equivalence classes) of measurable functions f such that || f|| ; q < 90,
where

- 1
q
q 41
1715, = ;/r» [ 0]%dt) . 0<p.g<oo
0

1
£l =sup 17 /7(0), 0<p=q=o0
1>

By (1.1), it follows that ||f||;‘,p = [Ifll, andso L(p, p) = L. Also L(p, ¢)(X, w) is
a normed space with the norm

o 1
q
_ |4 L—11 psk g
1 fllpg = » tr [fOdt] , 0<p,g<oo
0

1
I fllpg =supt? f*(t), 0<p<gq=o0.
t>0

For any one of thecases p =g =1;p=g=00corl < p <ocand 1 < g < oo,
then the Lorentz space L(p, g)(X, ) is a Banach space with respect to the norm
[I.1l pg - It is also known thatif 1 < p < 00, 1 < g < 0o we have

p
45 = g = — 21,

(see [7,17,21]).

It is known that by [17], L(o0, g) = {0} if ¢ # oo and L(oco, g) = L™ if ¢ = oo.
Butin [1,3], L(o0, g) are defined as the class of all measurable functions f for which
f*(t) < ooforallt > 0and for which f**(t) — f*(¢) is a bounded function of ¢ such
that

1
d q
I flloog = /[f**(t)—f*(t)]q% <00, 0<g<oo.

0

Moreover, if ¢ = 1, L(o0, 1) = L and the norms coincide.

Let X and Y be two measure spaces with o-finite measures p and v, respec-
tively, f be a complex valued measurable function on (X x Y, u x v),1 < P =
(p1,p2) <ooand 1 < Q = (q1,92) < oo. The Lorentz mixed norm space
L(P, Q)= L(P, Q)(X xY) is defined by
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L(P, Q)= L(p2,q)[L(p1,qD)] ={f : I fllpo = Il fIIL(p2.a)Lpr.q1)
= ””f”p]q] ||p2q2 < OO}

So, L(P, Q) occurs by taking an L(p1, g1) -norm with respect to first variable and
an L(pa, g2) -norm with respect to second variable. The L(P, Q) space is a Banach
space under the norm ||.|| po (see [6,13]).

Fix a window function g € S(RY)\{0} and 1 < p,q < oco. We let M(p, q)(RY)
denote the subspace of tempered distributions S’ (RY) consisting of f € &’ (R?) such
that the Gabor transform V, f of f is in the Lorentz space L(p, q)(R??). We endow it
with the norm || £l as(p.q) = Vg f | pg» Where ||.| p4 is the norm of the Lorentz space.
It is known that M (p, q)(Rd ) is a Banach space and different windows yield equiv-
alent norms. If p = ¢, then we denote it by M (p, p)(Rd) = M(p)(Rd). Observe
that the space M (p) coincides with the standard modulation space M?”. This space
M(p, ¢)(R?) is defined and studied in [16]. Furthermore, the space M (p, q)(R?) was
generalized to M (p, ¢, w)(R?) by taking weighted Lorentz space rather than Lorentz
space in [24].

In this paper, we will denote the mixed norm space by L?9; the Lorentz space by
L(p, q); the Lorentz mixed norm space L(P, Q) or sometimes L(p2, ¢2)[L(p1,q1)],
where P = (p1, p2) and Q = (q1, q2); the standard modulation space by M?-? and
the modulation space which is defined using Lorentz space by M (p, q).

Let A be a Banach algebra and V, W be left (right) Banach A—modules. We write
M4V, W) or Hom4(V, W) for the space of all bounded linear operators satisfying
T(ab) = aT (b) for alla € A, b € V. This operators are called multiplier (left) or
module homomorphism from V into W (see [22,23]).

In this paper, we introduce new generalizations of modulation spaces, called
M(P, Q)(R?) and A(P, Q, r)(R?) spaces, which contain as special cases both the
standard modulation spaces M P-4(R4), introduced by Feichtinger in 1983, and the
Lorentz-type modulation spaces M (p, q)(Rd), introduced by Giirkanli in 2006. We
prove many properties of these spaces, in particular, they are Banach spaces, their
definition is independent on the choice of the window function, convolution relations,
duality relations.

Then, we study the action of Weyl operators and localization operators on the
Lorentz mixed normed modulation space M (P, Q)(Rd ). In particular, boundedness
results are obtained, using estimates on the cross-Wigner distribution. Finally, we
focus on multiplier spaces of M (P, 0)(RY and A(P, Q, r)(RY).

2 The Lorentz mixed normed modulation spaces
2.1 Definition and basic properties

Throughout the paper, the letters P and Q will denote 2-tuples P = (pi, p2) and
0 = (q1,q2), where p; and g;, i = 1, 2, are between 1 and co. Wheni = 1, we shall
write P = p and Q = ¢g. Moreover, P < Q will mean p; < g; fori = 1, 2. Further,

Wewillagreethat%—i—% =lifand0nlyif%+pl—,=1 and#—i—#: 1.
1 2
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Definition 1 Fix a non-zero window g € SRYH,1 < P = (p1, p2) < oo and
1 < Q = (q1,¢2) < oc. Then the space M (P, Q)(R?) (or M(p1, q1; p2. 2)R?))
is the set of all tempered distributions f € S’ (R?) such that the short-time Fourier
transform V, f of f is in the Lorentz mixed norm space L(P, 0)(R2?). We endow
the vector space M (P, 0)(R?) with the norm

I fllacp.0) = Vg fllpo = Ve f (X Il pigi l prge-

If p1 = g1 = p and p» = ¢» = g, then the space M (P, Q)(RY) is the standard
modulation space M”49 (R?). Moreover, when P = (p, p), Q = (¢, q) and p # q,
L(p, )@®*)) # L(p, @IL(p, I(R*) by [9, p. 287] , and so M(P, Q)([R?) #
M(p, ¢)(R%). But, since L(P, Q) = L(p,q) for P = p and Q = ¢, in this case
M(P, Q)(RY) = M(p, ¢)(R).

Let P = (00, 00) and 1 < Q < oo. Then the mixed norm space L(P, 0)(R*) is
the set of all measurable functions f for which distribution function of f is finite and
for which f** — f* is a bounded function such that

If1lPo = 1 flloogs lloog, < 00

Hence, we can define the space M (P, Q)(Rd ) as the set of all f € S’ (R¥) such
that

Iflap,00 = IVe fllpo = Ve flloog: lloog < 00

If 0 = (1, 1), then L(co, 1[L(co, D](R%) coincides with L (R2?), since
L(oco, D(RY) is L®(R%) and M (00, 1; 0o, 1)(R?) is the standard modulation space
M®(RY).IfP = Q = (00, 1), then L(1, 1)[L (00, 00)](R??) is the mixed norm space
L1 (R??) and M (00, o0; 1, 1)(R?) = M1 (RY). Furthermore, if P = p = oo and
Q =g =1, then M(P, Q)(RY) = M(p, ¢)(RY) = M (oo, D(R?) = M>RY).

Proposition 2 If1 < P < 00,1 < Q < 0o then S(RY) ¢ M(P, Q)(R?).

Proof Let f € S(RY) and P < Q. Then we write I.lpo < ll.Ilpp by Proposition 5.1
in [13] and we have

Ifllmcp.0) = Ve f (X ipigy 1 page
= [l sup (1 + |G, w)D" Ve f G w)HIAL 4+ [y ID ™" iy | p2ga

xeRd

< {sup (1 +[z)" Vg f@IT +1zD"llpo

zeR2d

< {sup A+ [zD)"Vg f@}A+1zD"lpp

zeR2d

= {sup (1 + [zD" Vo f@HIA + 2D rir,

zeR2d



On Lorentz mixed normed modulation spaces 269

where z = (x, w) € R??. Then the right side of this expression is finite for sufficiently
largen. If P > Q, we write

I lmcp.0) = {sup (1+[2D)" Vg fF@IA 4 1, DD ™" 1, | pago-

zeR2d

By one variable proof [16, Lemma 2.1], |[(L+[(x, )) ™"l pq; < 00 for sufficiently
large n. The proof is completed by repeating the same procedure with respect to the
second variable. O

Remark 3 1t is known that the Lorentz space L(p, ¢)(R?) is translation invariant
and holds |7 fllpqg = I fllpg for x € R? (see [7]). By using iteration and the one
dimensional proofs given in [7] it can easily be shown that the Lorentz mixed norm
space L(P, 0)(R?) is also translation invariant and holds || T, fllpo =l fllpg, for
z e R¥,

The following proposition gives us convolution relations between Lorentz mixed
norm space and L' space and will be used frequently.

Proposition4 If1 < P < 00,1 < Q < o0, F € L'\(R*) and G € L(P, Q)(R*?),
then F %+ G € L(P, Q)(R*) and

|F*Gllpg < IFII1IIGllpo-
Proof Let H € L(P’, Q")(R*). By Fubini Theorem and Hélder inequality for

Lorentz mixed norm space [13], we can change order of integration and obtain

HF * G, H)| = / /F(w)G(z—w)H(z)dde
R2d R2d

S/IF(w)I /|G(z—w>m|dz dw

R2d R2d
< / IFw)IG(z —w)llpollHIl pro dw
R2d
= / |[F(w)ldwlGllpollHllpror = IFILIGIpollHIlpor-
R2d
Then by duality we get
IF+Gllpo= sup [Fx*xG, H) <I[Fl1lGlPpo.
||H”P/Q/§1
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Theorem 5 Assume that 1 < P < 00,1 < Q < ooand g,y € S(R?) are non-zero
window functions. Then

1.V} maps L(P, Q)(R*) into M(P, Q)(R?) and satisfies

IVy Fllace,0) < IVey I Fllpigi 1 p2.qe- 2.0

2. If F =V, f, then the inversion formula

1
f= ﬁ// Vo f (x,y) MyTyydxdy (2.2)
y’ g de

holds in M (P, Q)(R?). In short, Imcp,0) = (v, g) ! V)j“ V.

Proof 1. Take any F € L(P, Q)(R*). We show first that V}F e S'(R?). Let
f e S®RY. As SRY) < M(P', Q")(R?) by Proposition 2, then, V) f €
L(P', Q")(R*?), where % + % = 1 and é + é = 1. Using Holder inequality
for Lorentz mixed norm space, we write

KV F, f)I = // F(x, y)Vy f(x, y)dxdy| < [|[FllpollVy fllpo-
R2d

Now let P > Q (hence P’ < Q). Then we have

KVyE, ) < IFlpollVy fllprgr < IFIpolVy fllp P
< |IFllpof{ sup (1 4 [zD)" Vg fF@}I( + [z

/ /
LP1°P2
zeR2

where z = (x, w) € R??. This expression is finite for sufficiently large n. Using
the equivalence of the seminorms (see [14, Corollary 11.2.6]), we have V;‘F S

S'(RY).If P < Q (hence P’ > Q'), then
I+ 12D ™"l pror < 00
for sufficiently large n by Lemma 2.1 in [16]. Thus

KV, F, )L < IFllpol sup (1 + [zD" Ve F@HIA + 2Dl pror

zeR2d

is finite. Hence V;‘F e S'(RY). Since g € S(RY) and V;F e §'(RY), we have

VeVyF(u,t) = // F(x, )e DYy — x, t — y) dxdy
R2d
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and
VeV F(u, )] < (IF| % |Vgy ) (u, ). (2.3)
Since Voy € S (R2?y ¢ L'(R??), by Proposition 4 and (2.3), we obtain
IV Flluer.o) = IVe(ViP)lipg < IFllpoll Vvl

2. If F = V,f € L(P, Q)(R*¥), then f = @vy*vgf e M(P, Q)(R?) by the
above proof. As every element of M (P, 0)(RY) is a tempered distribution, then

f = f by [14, Corollary 11.2.7]. o

By using the same proof technique as that employed in Proposition 11.3.4 and Theorem
11.3.5 in [14], it is easy to prove the following two theorems.

Theorem 6 S(R?) is dense in M(P, Q)(RY) for1 < P < 00,1 < Q < o0.

Theorem 7 The normed space M (P, Q)(R?) is a Banach space for 1 < P < 00, 1
< Q < oo0. Moreover M(P, Q)(R?) is independent of the window g € S(R?)\{0}.
Different windows yield equivalent norms.

It is known that the Lorentz spaces L(p1, g1) and L(p2, g2) have absolutely con-
tinuous norms when 1 < p; < 00,1 < ¢; < 0o,i = 1,2 (see [4]). Then the
space L(P, Q) has also absolutely continuous norm and (L(P, Q))* = L(P’, Q') for
1< P <oo,1 <0 < oo(see[6,p. 158]). The next theorem gives us the dual space
of M(P, Q)(RY). The proof is the same as that of Theorem 2.3 in [16].

Theorem 8 Let 1 < P < ooand 1 < Q < oo. Then (M(P, Q)(RY))* =
M(P', Q"Y(RY), where  + 4 = 1 and 5 + & =1.

The inclusion property of M (P, 0)(RY) spaces is connected with the indices Q as
in L(P, Q) spaces. Let Q1 = (¢}, ¢?) and Q> = (¢4, ¢3). Recall that Q| < QO if
and only ifqi < qé, i=1,2.

Proposition 9 Let Q1 < Q,. Then M(P, Q1)(R?) € M(P, Q2)(R%).
Proof Let f € M(P, Q)(RY). Then V,f € L(P, Q1)(R*). If Q1 < Qa, then

L(P, Q1)([R*) C L(P, 02)(R*) by Proposition 5.1 in [13]. Thus we have V, f €
L(P, 02)(R*?) and hence f € M(P, Q2)(R%). o

Theorem 10 The space M (P, Q)(RY) is invariant under time-frequency shifts. More-
over, if ] < P <ooand1 < Q < oo, then the mapping (u,n) — M,T, f, from
R2 jnto M(P, Q)(R?), is continuous.

Proof Let f € M(P, Q)(RY). Then Vyf € L(P,Q)(R*). Using the equality
TunpVefx,y) = e2mily—mu Ve(MyT, f)(x, y) and the fact that the Lorentz mixed
norm space is translation invariant, we have

IMy T fllscp.0) = Ve (MyTu Pllpo = 1€ TV, f(x — u, w — n)llpo
= 1 Twm Ve flro = I1Vefllpo = I fllmcp.0)-
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Hence M (P, Q)(R?) is invariant under time-frequency shifts. Now let f €
M(P, Q)(R?) and u, n € RY. We write

IMy T f = Fllap.o) = Ve (MyTu )=V fllpo =11 " Ty iy Ve f = Ve fll P
< X IT G oy Vo f — 2TV i pg
H| IV f — Vo flipg
= TwnVef = Ve fllpo + 17" — 1)V, fllpg
= ||||T(u,-)ng - ng”mql ||p2qz
I = D)V £ll iyl pago-

Since the translation operator is continuous from R¢ into L(p, ¢)(R?) by Lemma
3.2 in [7], then (u,.) > T(,)Vgf is continuous from R? into L(p1, ql)(]Rd).
Repeating the same procedure with respect to the second variable we get [T,y
Vo f = Ve fllpo — Oas (u, n) tends to zero. Moreover, it is known that || (e2mil=yu _
D) Vg fllp1q, tends to zero as u tends to zero by the proof of the Proposition 2.2 in [16].
The continuity of ||. | ,q, implies that || (e*™ =% — 1)V, |l po — O as (u, n) tends
to zero. This completes the proof. O

2.2 Convolution theorems

Theorem 11 Let 1 < P < ocoand 1 < Q < oo. If f € M(P, Q)(Rd) and h €
LY (R?), then f «+h € M(P, Q)(RY) and satisfies

If *hllmp,00 < 1 fllmce, 0kl

Proof Let f € M(P, Q)(RY) and let h € L'(R?). Then V, f € L(P, Q)(R*). By
using the equality V, f(x, w) = e~ W (f 5 Mg~ ) (x), where g~ (x) = g(—x),
and the fact that L(P, Q)(R?“) is strongly translation invariant by Remark 3, we write

If = hllmp,0) = IVe(f xW)lipo = llh* (f * Muwg)llpo

_ II/h(t)(f*ngN)(x ~Ddtlpo
RA
< / W) Te0) Ve fllpodt
R4

=/|h(t)|||ng||Pth = IIngIIPQ/Ih(t)Idt
Rd Rd
= | fllmee,olhlh.

This completes the proof. O
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Theorem 12 Let 1 < P, Py < 00,1 < Q1, Q2 <00, 4=+ 3 > 1, f € M(P1, Q1)
(RY), h € M(Py, 02)(RY), then f xh € M(R, S)(RY), where = 3=+ 3- — 1 and

S > 0 is any number such that é + é > %, and

M(Py, Q1)(RY) * M(Ps, 02)(R?) — M(R, $)(RY)
with norm inequality

| f *hllar.sy < N fllmce,onlfllce, 0s)

where Py = (pl, p}), P, = (p},p3). Q1 = (01,01, 0, = (0. 0).R =
(r1,r2) and S = (s1, 52).

Proof Let us choose the windows as in Proposition 2.4 in [8]. Namely, go(x) =

2
e and glx) = 2mie™ T = (g0 * 80)(x) € S(RY). Moreover, it is known
that different windows yield equivalent norms for the spaces M(R, S)(R?) by
Theorem 7. Let f € M(Py, Q1)(RY) and h € M (P, Q2)(R?). Then Vg f €
L(P1, Q1)(R*), Vooh € L(P2, Q2)(R??). Using the equalities Vg, f(x, w) =
e 2w (f g Mygy)(x), My(gy * g89) = Mygy * Myg,, Minkowski integral
inequality and Theorem 2.12 in [5], we write

IVe(f % M) lrsy (12) = lle™ ™ ((f % h) % Mygg) ) lirys, (12)
= | (f * Mygg) % (h % Mygy) s, (72)
< (1 % Mugg gt * 105 Mugg Il 1,1 (72)
= (1Veo £l p1g1 * 1 Veohl 101 (12).

Applying the same procedure with respect to the second variable, we obtain

<
1f o hllcr,) = IV £yt g2 1 Vol gt 22

= 1 fllacer, onlrllsacps, 0,)-
This is desired result. |

Theorem 11 implies one of the conditions to be Banach module. The next theorem
refers to this property and is proved using the same argument as Theorem 2.2 in [16].
Moreover, it is necessary to find the multiplier space of M (P, Q)(]Rd).

Theorem 13 Let 1 < P < coand 1 < Q < oco. Then M(P, Q)(R?) is an essential
Banach convolution module over L' (R?).
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2.3 Boundedness of Weyl operators and localization operators

Theorem 14 Let o € M(co, 00; 1, 1)(R?). If1 < P < 00,1 < Q < o0, then Ly
is bounded from M (P, Q)(R?) to M (P, Q)(R%) with norm estimate

”Lof”op =< ”U”M(oo,oo;l,l)-

Proof 1t follows from a small variation of Grochenig’s proof (see [14, Theorem
14.5.2)). O

The following proposition and theorem gives us an estimate for the cross-Wigner
distribution for Lorentz mixed normed modulation space and the boundedness of the
time-frequency localization operator on M (P, Q)(R?), respectively. The proofs are
similar to Proposition 2.5 and Theorem 3.2 in [8] but let us provide the details anyway,
for completeness’ sake.

Proposition 15 Let P = (1, p2), 0 = (q1,92),1 < Q < o0and 1 < py < o0.
If o1 € M'(RY) and 2 € M(p2, ¢2)(RY), then W (g2, ¢1) € M(P, Q)(R*?) and
satisfies

W (@2, oD larp,0) < llotllan lo2llm(p.go)-

Proof Let 1, ¢2, g € S(RY). Then W(g2, ¢1) € S(R*) and so Vo (W (92, ¢1)) €
S(R*) by Lemma 14.5.1(a) and Theorem 11.2.5 in [14], where ® = Wg € S(R??).
Moreover, it is known that

VoW (g2, 01z O] = Vo1 G+ )IVea e = 5)

by Lemma 14.5.1.b. in [14], where ¢ = (1, &) € R, ¢ = (&, —21). On the other
hand, if ¢; € S(RY), then it is known that ¢; is in the standard modulation space
MY RY), if g € S(RY), then ¢ € M(p2, g2)(R?) by Proposition 2.1 in [16]. Thus
by using the inequality [|.|l14, < [I.ll11 = .1 when 1 < g; and changing variables

z—>z—£,wehave

VoW (@2, 9D)l14,(C) < VoW (@2, D II1(2)
= |Veo1] % [Vepal(0).

Again using the fact that the Lorentz space L(p2, qz)(RZd) is an essential Banach
convolution module over L1 (R??), we obtain

Wp2, o) lmcp,0) = I1Vo W (@2, oD l14: 1l p2ga
=< |||Vg§01| * |Vg§02|”p2q2 = ||Vg</71||1||Vg</)2||p2q2
= llotllart le2ll pags-
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Theorem 16 Let 1 < P < 00,1 < Q < 00,a € MP[R*), p1, 90 € M'(RY).
Then the localization operator AP s bounded on M(P, Q)(Rd). Moreover we
have the norm estimate

IAZ P llop < lallm=ll@tlla le2llp -

Proof Let g1, 9o € M'(RY). Then W (g2, ¢1) € M'(R%) and 0 = a x W (g2, ¢1) €
M1 (R??) by Proposition 2.5 and convolution relations for the standard modulation
space in [8], respectively. Thus the operator AV = Laxw (gs,¢1) 18 bounded on
M(P, Q)(R?) forall ] < P < 00,1 < Q < oo from Theorem 14. O

We observe that this result extends Theorem 3.2 in [8], since the same sufficient con-
ditions provide boundedness on both classical and Lorentz mixed normed modulation
spaces.

2.4 Interpolation theorems
Now we will give interpolation theorems for the M (P, Q)(R?) spaces. The interpola-
tion theorems for Lorentz mixed norm spaces are given in [20, p. 6] suggests a similar

statement for the M (P, Q)(Rd) spaces. So we omit the proof.

Proposition 17 Ler0 <0 < 1, + = 1;‘9+5,MI :—+— i=1,2 LetThea

linear operator mapping MP!-P2 lnto M (s, 00; 52, 00); Mf”"q2 into M(sy, 00; tr, 00);
M9:P2 jnto M(ty, 00; 523, 00) and M99 into M(t{, 00; tp, 00), continuously. Then,
interpolating we have

T :(MP2P2 MPY2), . — (M(s1, 00; 52, 00), M (51, 00; 12, 00))g, s

T :MPV"2 — M(sy, 00; uz, r2)
and

T :((M?-P2 MIP2Yg . — (M(11, 00; 52, 00), M(t1, 00; 2, 00))g. 1,

T M2 — M(t1, 00; uz, ).
Moreover, if py < s> and g3 < t, thenry < uy. Thus

T :(MP""72, MT"2) . — (M(s1, 00; U2, r2), M (1, 00; U2, 12))6,r,

T :M(ri,r2;r2,12) = M(uy, r2; uz, uz)

continuously.
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3 The spaceA(P, Q, r)(R%)

Definition 18 Fix a non-zero window g € S(Rd),l < P =(p1,p) <oo,1 <
0 =1(q1,92) <oocand 1 <r < oo. The space A(P, Q, r)(R?) is given by

AP, Q,(RY) = L"(RY) N M (P, Q)(R?)
={f e L"(RY) | Vo f € L(P, Q)(R*)}.

It is easy to show that

I lace,0.ry = W F - + 1 f lImacp,00 = I1Lf - + 1V fllPo
is a norm on the vector space A(P, Q, r)(RY).

Theorem 19 Let 1 < P < 00,1 < Q <oo,and Q < P,ie qi < pi,i = 1,2.
Then (A(P, Q, r)(Rd), I.lacp,0,r) is a Banach space.

Proof Let (f,) be a Cauchy sequence in A(P, Q, r)(R?). Then ( Sfu) and (Vg fi)
are Cauchy sequence in L” (R?) and L(P, Q)(R%), respectively. Since L” (R?) and
L(P, Q)(R*) are Banach spaces, there exists f € L" (R?) and h € L(P, Q)(R*)
such that

I fn— fll =0 (3.1
and
||ngn_h||P =< ||ngn_h||PQ—>0. (3-2)

Thus (Vg f,) converges to the function /4 in the mixed norm space L (R?*) =
LP1-P2(R%) This implies that (Vy f,) has a subsequence (Vj fy,,) which converges
pointwise to / a.e. by the Theorem 1 [2, p. 304]. Moreover, since f, — f € L"(R?)
and M, Ty g € L’/(Rd), using Holder inequality and (3.1), we have

|ngn(xa w) — ng(x, w)| = [{fn — f, My T, g8)|
=< ”fn - f”r”Mwag“r'
= fu — flrligl— 0.

Thus (V, f,) converges pointwise to V,, f. Again, since (f;,) is a Cauchy sequence,
we get by (3.1)

Ve i (e, w) = Ve f (6, W) < [{fag = Sno MuTig) + [{fn — f, M Ty g)|
= W fue = Sullr gl + W fu = FIANIEH— 0.

Finally we obtain

[V f (x, w)—h(x, w)| < Vg fu, (x, w) = Ve f (x, W)+ Vg fn, (x, w) —h(x, w)| — 0
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and we have V, f = h a.e. Thus by (3.1) and (3.2), we have

I fo = fllace,on = Ifa = fllr + 1Vefa = Ve flipo
= Ifo = fllr + 11V fu —hllpg — 0.

Hence (A(P, Q, r)(RY), Il.lacp,0,r)) is a Banach space. O

Remark 20 Since L" (R?) and M (P, Q)(R?) are invariant under time-frequency shifts
forl <r<oo,1 <P <o00,1 <Q < o0, then A(P, Q, r)(Rd) is invariant under
time-frequency shifts. Again the function (u, n) — M,;T, f is continuous on R
into L” (Rd) and on R? into M (P, Q)(]Rd ), then it is also continuous on R into
A(P, Q,r)(RY). Moreover, as L"(RY) and M (P, Q)(R?) are Banach convolution
modules over L1 (R9), then A(P, Q, r)(RY) is a Banach convolution module over
L](Rd), forl < P < 00,1 < Q < ooand Q < P. Also it can be shown that
A(P, Q,r)(R?) is an essential Banach module over L' (R?). The proof is the same
as that in Theorem 2.2 in [16]. If r = 1,1 < P < 00,1 < Q < oo and Q < P, then
we have

| f *hllacp,0.0) = IIf *hllt + L f *hllace,0)
< A NlAlle + 1A e, o RN
= [ fllacr,0.nllkl1
for f € AP, Q, D(RY) and h € L'(RY). So A(P, Q, 1)(R?) is a Banach ideal.
Additionally, it is an essential Banach ideal over LY(RY) by module factorization the-

orem. Furthermore A(P, Q, 1)(Rd) is a Banach convolution algebra forr = 1,1 <
P<oco,1<Q<o0cand Q < P.

Theorem 21 Ifr = 1,1 < P < 00,1 < Q < ocoand Q < P, then the space
A(P, Q, )(R?) is a Segal algebra.

Proof Ttisknown that from the Remark 20, the space A(P, Q, 1)(R?) is a Banach con-
volution algebra, strongly translation invariant and translation operator is continuous
on R? into A(P, Q, 1)(R?). For the proof it is enough to see that A(P, Q, D(R?) is
dense in L' (R?). By Proposition 2, we have S(RY) ¢ M (P, Q)(R?). Itis also known
that S(RY) ¢ L' (R?) is dense in L' (R?). As S(RY) ¢ L'(R?) c A(P, Q, )(RY)
and S(R?) is dense in L' (R?), then A(P, Q, 1)(R?) is dense in L' (RY). o

Forl < P < 00,1 < Q < o0, let the function
®: AP, Q,r)(RY) — L' (RY) x L(P, Q)(R*)
be given by ®(f) = (f, Ve f). Also let
H ={(f,Vef): [ € AP, Q, (R} = B(A(P, Q, )(R)).

Then

I@CON = IS Ve DI =111+ 1Ve flipo
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is anorm on H. Thus & is an isometry. Moreover we set

@, ) : (o, ) € L (RY) x L (P, Q') (R¥),
K=1[Ff0MeMdy+ [[Vof @V (2)dz=0, forall (f,V,f) € H (>
R4 R2d

where%—i—%:l,é—i—é=1and%+%=1.

Proposition 22 Let 1 < P < 00,1 < Q < o0. Then the dual space of the space
A(P, Q, r)(RY) is isomorphic to L (R?) x L(P', Q")(R*) /K, where + + & = 1,
1 1 1,1

Proof This proposition is easily proved by the Duality Theorem 1.7 in [19]. O

4 Multiplier spaces
4.1 Multiplier spaces of M(P, 0)(RY)

Proposition 23 Ler 1 < P <00, 1< Q <oo.lf 5+ 3 = land 5+ 5 = 1, then
1. Hompiga (L'RY), M(P', Q"Y(RY)) = M(P', Q)(R?).

2. Homp (M(P, Q)(RY), L°(R%)) = Hom (L' (RY), M(P’, Q")(R%)).

Proof 1. Using Theorem 8, Theorem 13 and [22, Corollary 2.13], we obtain

Hom 1 gay(L'RY), M(P', Q")Y(RY)) = (L' (RY) x M(P, Q)(R!))*
= (M(P, Q)(R)* = M(P', Q")(R?).

2. Itis known that the dual space of L' (R?) is L>(R?). Applying again [22, Corol-
lary 2.13] we have

Hom 1(M(P, Q)(RY), L*(RY)) = (L'(RY) + M(P, Q)(RY))*
= (M(P, Q)(R))* = M(P', Q)(R?).

Corollary 24 [fwe take p1 = q1 = p and p> = q» = q in Proposition 23, then we
obtain

1. Hompiga)(L'®RY), MP 4 (RY)) = MP 4 (RY).
2. Hom1(MP4(RY), L®(RY))=Hom,(L'(RY), MP"4' (R?)), where MP-4 (RY)
and M pl’q/(Rd) are the standard modulation spaces.

4.2 Multiplier spaces of A(P, Q, r)(RY)

Consider a net (ey), which is a bounded approximate identity in Ll(Rd ) and having

efy with compact support, Yo € I. Define

Map.oyRY) = (e MRY) | [l % eqllacp.0.1) < C(W)},
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where

Il * eqllacp,0,1)
lleqll

I8

”M”MA(P,Q.I) = Sup{

M (]Rd ) is the space of bounded regular Borel measure on R? and C (w) is a constant
depending on the measure . As A(P, Q, D(RY) is a Segal algebra and an essential
Banach ideal for 1 < P < 00,1 < Q < oo and Q < P, then MA(p,Q,l)(]Rd) is
uniquely defined as independent of the approximate identity, for | < P < oo, 1 <
0 < ooand Q < P by Proposition 3 in [10].

Proposition 25 Let 1 < P < 00,1 < Q < oo and Q < P. Then for a linear

operator T : L'(R?) — A(P, Q, 1)(R?), the following are equivalent:

1. T e M(L'(RY), A(P, 0, D(RY)).

2. There exists a unique measure [L € MA(p,Q’l)(Rd) such that Tf = ux* f
for every f € LY(RY). Moreover, the spaces M(LYRY), A(P, 0, D(RY)) and
MA(P’Q’])(Rd) are homeomorphic.

Proof If 1 < P < 00,1 < Q < oo and Q < P, it is known that the space
AP, 0, D(RY) is a Segal algebra and an essential Banach ideal by Theorem 21 and
Remark 20. Thus by Theorem 4 in [10], the proof is completed. O

The next proposition is proved as Proposition 23.

Proposition26 Let 1 < P < oo0,1 < Q < oo and Q < P. Then
Hom;1(A(P, Q,r)RY), L*R?)) and Hom i (L'(R?Y), (A(P, Q,r)(R?))*) are
isomorphic to L" (RY) x L(P', Q\(R*)/K, where 5 + 3 = 1, 5+ & = 1
and L + 1 = 1and (A(P, Q. )(R!)* is the dual of A(P, Q. r)(R?).

Theorem 27 Let 1 < P,Q < 00,0 < P,g € SRH\{0} and T : A(P, Q, 1)
(R — LY(R?) be a linear transformation. Then the following are equivalent:

. T eM(A(P, Q, )([RY), L'(RY)).

2. There exists a unique € MR?) such that Tf = w * f for every f €
A(P, Q, 1)(Rd), where M(]Rd) is the space of bounded regular Borel measure
on R4,

Proof Let n € M(RY) and Tf = p * f for every f € A(P, Q, 1)(R?). Hence we
get

ITAIe = s flle < el A e < Ml flace. o.0)-

It is easy to see the other conditions to be multiplier from A(P, Q, 1)(Rd)
into LY(RY). Thus T € M(A(P, Q, 1)(R?Y), L'(RY)). Conversely, let T €
M(A(P, Q, D(RY), LY (R?)). Thus we have

ITflle = ITIflace, 0,0 = NTHALS L+ Ve fllpo)- 4.1
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By (4.1) and the inequality (4.10) in [16], we have

2AT I < ITIQIF I+ Jim Ve f +e 2T 0,V fllpo)

forall f € A(P, Q, D(RY). Again by using Lemma 4.1 and Lemma 4.2 in [16], we
have

1
. _dwis . —
Jm ([ Ve fem 0 00 Ve fllprge = MU I Ve £ 4 Ti5,0) Ve Sl iy =27 11V fllprgy -
The continuity of ||.|| p,q, implies that

. 1
Ve f +e 5 T.0 Ve fllpo — 271 Ve fllpo

as s — 00. Hence we obtain
1
20T fl = ITHCN SN+ 220 Ve fllpo)
and

L
ITfI < ITNASI+270 (Ve fllro)-

Repeating this process n times, we have

L
ITf Il < ITNF I+ 2" )"ng”PQ)

1
forall f € A(P, Q, 1)(R‘1). Since p1 > 1 we have lim 2n(ﬂil)

n—00

= 0, thus we get
through

ITA e < N7 A

So, since T is a continuous linear transformation from A(P, Q, 1)(R?) to L' (R%)
and A(P, Q, 1)(R?) is dense in L' (R?), then T has a unique continuous linear exten-

sion T : L"RY) — LY (R?) and ||T|| = ||T||. Thus there exists a unique measure
w e MR such that Tf = f forall f € A(P, Q, 1)(R?) by Theorem 0.1.1
in [18]. O

The following theorem can be easily proved by Theorem 4.2 in [16].

Theorem 28 If1 < P, Q < ooand Q < P, then the multipliers M(A(P, Q, 1)(Rd),
AP, O, DH(R?)) is isometrically isomorphic to M(RY).
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