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Abstract

A tertiary course in Quantitative Reasoning (QR) has the potential to develop key practical and intellectual skills for
citizenship, such as critical thinking, problem solving, quantitative literacy, and oral and written communication. In this
article, we present research conducted on four instructors of such a QR course for students enrolled in a wide variety of
nonscience degree programs at a university in the United States. The course used a student-inquiry approach to propor-
tional reasoning, probability, statistical reasoning, and mathematical modeling. The findings are framed by a 5 C model
of QR, which entails Critical thinking to link real-world Contexts to mathematical Concepts supported by student Col-
laboration and QR Competencies. The research addressed the questions of how university instructors support student
development of the skills needed for critical citizenship and how this support relates to the 5 C model. We found that three
of the four instructors viewed critical thinking as a central goal of the QR course and as supporting citizenship education.
All four engaged students in tasks designed to develop a combination of skills associated citizenship, including critical
thinking, self-questioning, collaboration, and communication. The discussion addresses such issues as the course’s merits
and challenges, student engagement, the relative importance of the five Cs, the importance of instructional autonomy, and
recommendations for related professional development and future research.

Keywords Mathematical literacy/numeracy/quantitative literacy - Subjective numeracy - Quantitative reasoning -
Critical thinking - Citizenship - Professional development

1 Introduction

Our capacity as humans to understand and use quantities
in real-world contexts is essential to thriving in a data-rich
“world characterized by escalating technological, economic
and social transformation” (Geiger, 2019, p. 929). This
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human capacity—known alternatively as mathematical
literacy, numeracy, or quantitative literacy—is not innate
but rather a learned set of competencies linked to language
and culture (Everett, 2017). Quantitative literacy enriches
a person’s life and allows the person to engage critically in
the public sphere. Such literacy and the confidence to use
it in everyday situations (i.e., subjective numeracy) affect
an individual’s comprehension, decisions, and outcomes
related to health and financial stability (Peters, 2020).
Numeracy prepares people to participate thoughtfully as
citizens at home, at work, and in society (Briggs, 2018).

By contrast, innumeracy leaves many individuals, demo-
graphic groups, and even entire nations vulnerable in our
contemporary world (Gal et al., 2020). Thus, there is cause
for deep concern that the results of the Programme for the
International Assessment of Adult Competencies 2017
and the Programme for International Student Assessment
2018 both show substantial differences across nations and
between demographic groups within nations in adult numer-
acy and adolescent mathematical literacy, respectively.
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To address the problem of innumeracy, over the past
three decades and with recent acceleration, many U.S. uni-
versities, liberal arts colleges, and two-year colleges have
developed entry-level (i.e., gateway) courses in quantitative
reasoning (QR). Professional organizations—including the
American Mathematical Association of Two-Year Colleges,
the Mathematical Association of America, and the National
Numeracy Network—recommend and support QR as an
alternative gateway mathematics course for students not
required to take calculus or statistics. Along with Foley and
Wachira (2021), we argue that a gateway course in quan-
titative reasoning can develop 21st century practical and
intellectual skills for citizenship, such as critical thinking,
problem solving, quantitative literacy, and oral and writ-
ten communication. The American Association of Colleges
and Universities (AAC&U 2020) embraces this view and
has developed rubrics for several such 21st century skills,
including quantitative literacy.

Nonetheless, these gateway QR courses face many chal-
lenges. These courses “have been designed as alternative
courses for a general education population, many of whom
come to college [or university] with a hostile or fearful
attitude toward math” (Piercey & Militzer, 2017, p. 693).
Due to the novelty of such courses, many student advi-
sors are uncertain about recommending students to enroll
in them. The students who do enroll in QR often not only
possess mathematics anxiety, avoidance, or even hostility
but also lack prior related experience. Although some QR
courses are designed for special majors, such as business,
law and humanities, or the social sciences (Frith & Lloyd,
2021; Lloyd & Frith, 2013; Piercey & Militzer, 2017), oth-
ers are open to a wide variety of degree programs, mak-
ing it difficult to select real-world contexts that all students
find relevant. When taught within a mathematics depart-
ment, which is often the case, the existing instructors for
gateway mathematics courses typically are accustomed to
teaching techniques-focused courses, such as College Alge-
bra, rather courses centered on student communication and
reasoning. In addition, many QR instructors are unclear
about the nature of the mathematical content and the ways
to teach students in this nontraditional mathematics course.
In a study of eight QR instructors from eight public postsec-
ondary institutions in the state of Ohio, Budhathoki (2022)
found that (a) QR instructors generally sought professional
support for determining appropriate mathematical content,

Competencies

A

Context Critical Thinking Concepts

Collaboration

Fig. 1 The Five C Model of Quantitative Reasoning
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appropriate instructional strategies, or both in this course
and (b) mathematics departments at some institutions
require QR instructors to teach this nontraditional math-
ematics course in traditional ways.

In this article, we examine instructor perspectives on a
relatively new gateway QR course at one U.S. university in
Ohio. The course was designed to address the longstanding
need for quantitative literacy (Gal, 2000; Steen, 1997, 2001,
2004) by helping students connect real-world contexts to
mathematical and statistical content using critical thinking,
supported by QR competencies and collaborative learning.
In this study, we investigated how the content and meth-
ods of the QR course in question were used to advance the
quantitative, intellectual, and practical capabilities needed
for critical citizenship, that is, informed civic engagement at
home, at work, and in society that employs critical thinking
in quantitative judgments and decisions.

2 Conceptual framework and research
questions

There are two established international research tradi-
tions in quantitative literacy education. One tradition stud-
ies school mathematical literacy (Geiger et al., 2015a, b;
Goos et al., 2011); the other examines adult numeracy (Gal
& Geiger, 2022; Gal et al., 2020). Given that our research
context is a tertiary-level course in Quantitative Reasoning,
our work is positioned between school and adult numeracy.
Consequently, our work not only draws on these established
research traditions but also builds on a third tradition of
emerging numeracy education research at the tertiary level
in South Africa, the United Kingdom, and the United States
(Boersma et al., 2011; Frith & Lloyd, 2021; Grundy, 2020;
Lloyd & Frith, 2013; Piercey & Militzer, 2017; Prince &
Frith, 2020; Tunstall et al., 2019).

Figure 1 depicts our conceptual framework, which shows
the key elements of a QR course and how these elements
interact with one another. Because the five elements in this
framework begin with the letter C, we refer to it as the Five
C Model of Quantitative Reasoning, or simply as the 5 C
model. It combines the Foley and Wachira (2021) model of
student engagement in Quantitative Reasoning with find-
ings from Budhathoki (2022).

As shown in Fig. 1, critical thinking is the heart of our
approach to QR. Critical thinking involves interrogating
an object of study to conceptualize and analyze it in order
to reach a conclusion or judgment about it. In quantitative
reasoning, we start with a real-world situation, make sense
of it, mathematize it (Freudenthal, 1973), and analyze the
resulting mathematical model. Hence, quantitative reason-
ing is a close cousin of mathematical modeling (Niss &
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Blum, 2020). The critical thinking of quantitative reasoning
involves “translating the problem situation into mathemat-
ics, working within the resulting mathematical model of
the situation, and interpreting the mathematical outcomes
in the given situation” (Durandt et al., 2022, p. 363). Like
mathematical modeling, quantitative reasoning extends
beyond theory and calculation. Quantitative reasoning (QR)
entails “sophisticated reasoning with elementary mathemat-
ics more often than elementary reasoning with sophisticated
mathematics” (Steen, 2004, pp. 9-10). QR also involves a
“tug-of-war between the desire for mathematical simplicity
and the fact of [real-world] complexity” (Pollak, 1966, p.
118). Validation is central to the continual back and forth
between the real-world situation being studied and the
mathematics and statistics used to make sense of it (Alham-
mouri, 2018). As students gain experience and expertise in
QR, they (a) think deeply about the real-world context, (b)
use mathematics and statistics to make sense of it, and (c)
make frequent checks on how the context and its model are
related to validate their thinking and computations.

The arrangement and shading in Fig. 1 are intended to
convey that Competencies and Collaboration support the
Critical thinking that QR students use to connect a real-
world Context to mathematical and statistical Concepts
to reach conclusions about the contextual situation. Here,
Competencies refer to the six interrelated core competen-
cies for QR of representation, interpretation, calculation,
analysis, assumptions, and communication (AAC&U 2009;
Boersma et al., 2011; Ohio Department of Higher Education
2015) as well as allied competencies, such as 21st century
skills (e.g., information literacy) and the use of physical and
digital representational “tools as mediators of mathemati-
cal thinking and action” (Goos et al., 2011, p. 132). Col-
laboration is a pillar of inquiry-based learning (Laursen
et al., 2014; Laursen & Rasmussen, 2019), which Budha-
thoki (2022) found to be a critical element of effective QR
instruction.

Although not explicitly part of the 5 C model, subjective
numeracy—the “confidence in one’s objective numeracy
abilities” (Peters et al., 2019, p. 19386)—is a goal of the QR
course examined in this article. Student confidence is a criti-
cally important ally that can be developed in concert with
the objective components of QR (Dingman & Madison,
2010). Subjective numeracy—both separately and in inter-
action with quantitative literacy—affects an individual’s
engagement and persistence with numeric tasks, so in turn
influences the person’s quantitative decisions and related
behaviors (Peters, 2020). Because they relate to active,
informed citizenship, we are interested in both subjective
and objective numeracy.

Our prior related research has focused on QR assessment
practices across several colleges and universities in Ohio

(Budhathoki, 2022). Not only has this prior work helped us
to see the interrelationships shown in the 5 C model but also
to realize the importance of three other factors associated
with effective QR instruction:

1. Collaborative instructor meetings. QR instructors
reported benefitting from regular meetings with their
QR teaching colleagues.

2. Instructional autonomy (i.e., instructors being allowed
“to decide what content to use, how to teach, and when
and how to assess student learning” [Budhathoki, p.
306]) was associated with an instructor’s asking stu-
dents for explanations and with students’ providing
their reasoning and thinking.

3. Group projects. QR instructor use of group projects
supported student collaboration and was associated
with instructor use of “thought-provoking, reasoning-
based questions while students worked on their proj-
ects” (Budhathoki, p. 274).

To address the scarcity of research in this area, a case study
was conducted at one university that (a) embraced the 5 C
model in its QR course, (b) held regular QR instructor meet-
ings, (c) allowed for QR instructional autonomy, and (d)
encouraged the use of student group projects. Within such a
setting, we examined two research questions,

o How do university instructors support student develop-
ment of the quantitative skills needed for critical citizen-
ship, such as critical thinking, problem solving, and oral
and written communication?

o How does this support relate to the 5 C model?

For this study, the intellectual and practical skills of criti-
cal thinking, inquiry, problem solving, quantitative literacy,
and oral and written communication served as indicators of
critical citizenship. The 5 C model did not exist at the time
of data collection, but we used it as a lens to interpret our
results.

3 Research context
3.1 USA tertiary QR context

The study took place at a research university in the United
States and involved an entry-level, credit-bearing under-
graduate QR course taught in the mathematics department.
Unlike Grundy’s (2020) work in the United Kingdom, the
instructors were not social scientists trying to enrich the
quantitative skills of undergraduate majors in the social sci-
ences. Nor was this a remedial intervention offered through
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a Numeracy Centre at a university to shore up quantitative
deficiencies as reported by Frith and colleagues in South
Africa (Frith & Lloyd, 2021; Lloyd & Frith, 2013; Prince
& Frith, 2020). Our research was situated between these, is
in the tradition of the work reported in the edited volume by
Tunstall et al. (2019), which presents multiple perspectives
on the state of QR in U.S. higher education. Our work cen-
ters on the perspectives of instructors accustomed to teach-
ing techniques-driven mathematics despite decades of calls
for genuine real-world connections in gateway mathemat-
ics courses, especially for students not majoring in science,
technology, engineering, or mathematics.

These calls for reform can be divided into two waves.
Madison (2001), Madison and Steen (2003), Sons (1994),
and Steen (1997, 2001, 2004) launched a first wave of the
QR movement at colleges and universities in the USA
and planted the seeds for the current, second wave, which
has been undergirded by a call for alternative mathemati-
cal pathways and is causing a proliferation of QR courses.
This second wave of the QR movement has been led by the
American Mathematical Association of Two-Year Colleges
(2018), the Carnegie Foundation (n.d.), the Dana Center
(n.d.), the Mathematical Association of America (Saxe &
Braddy 2015), and Transforming Post-Secondary Education
in Mathematics (n.d.). This current wave has given numer-
acy a home in the form of QR courses within college and
university departments of mathematics (Madison, 2019).

3.2 QR courses at public higher education in Ohio

The U.S. state of Ohio has a system of 23 public two-year
colleges and 13 public universities, many with multiple
campuses and centers and even courses offered within high
schools for postsecondary credit. During the early stages of
the second wave of QR reform in the USA, a committee
headed by Leitzel (2014) launched the Ohio Mathematics
Initiative of the Ohio Department of Higher Education. The
related learning guidelines for QR state that “a Quantitative
Reasoning course needs to highly emphasize the core math-
ematical general education outcome [of] critical thinking
as its primary objective” (Ohio Department of Higher Edu-
cation 2015, p. 2). These state guidelines also require the
QR course to address proportional reasoning, probability,
statistical reasoning, mathematical modeling, and the core
competencies of interpretation, representation, calculation,
analysis, assumptions, and communication. Each public
college or university must demonstrate in writing how its
QR course addresses critical thinking and these other learn-
ing outcomes. As of March 2023, 27 of Ohio’s 36 public
colleges and universities offer state-approved QR courses.
The enrollment in these courses has grown strikingly from
a mere 251 students in 2015-2016 to 9,759 students in
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2021-2022 (P. K. Compton, personal communication, 21
March 2023).

Since 2018, members of the author team have conducted
research studies on various aspects of QR at the growing
number of Ohio public postsecondary institutions that have
approved QR courses (e.g., Budhathoki, 2022). But we had
not done an in-depth case study at any single institution.
Consequently, the study reported herein focused on just one
of the 36 public higher education institutions in Ohio.

3.3 QR at a selected university and the content of
the course

This study took place at a public university in Ohio. It is a
research university situated in a rural area but serves pri-
marily students from urban areas in Ohio and elsewhere in
the United States. The university has a limited number of
international students as well.

QR was first offered at this university in fall semester
2018, beginning with just one section, one instructor, and
nine students. From the beginning, a student-centered,
inquiry approach had been used in all sections. Since spring
semester 2019, the growing number of QR instructors had
held regular (typically weekly) meetings to share student
tasks, teaching strategies, successes, and challenges. The
university received state-level approval for its QR course
in April 2020.

This study took place in fall semester 2021. By this time,
the QR course had been established as a regular course. The
department chair selected QR instructors based on their
interest in teaching this course and their commitment to
student-centered instruction and instructor collaboration.
These QR instructors exercised individual autonomy in
pacing, topics covered, tasks and assessments used, while
operating within state and university guidelines. In keeping
with these guidelines, the QR course addressed proportional
reasoning, probability, statistical reasoning, mathematical
modeling, and the QR competencies of interpretation, rep-
resentation, calculation, analysis, assumptions, and commu-
nication. The proportional reasoning unit typically included
a group student project on personal financial literacy, such
as comparing 15-year and 30-year mortgage options for the
purchase of a residence. In some sections, the statistical rea-
soning unit required a statistical survey designed and con-
ducted by a group of three or four students. Major grades
were based on such projects instead of exams. A premium
was placed on students explaining and justifying their think-
ing orally and in writing, including written project reports,
and on students making their thinking seen and heard by
others through classroom presentations.

There were six sections of QR, with six instructors and
177 students. All these QR students were undergraduates
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pursuing bachelor’s degrees. They were mostly freshmen,
and over half were women. The vast majority of these QR
students were majoring in fine arts, communication studies,
humanities, social science, or education. Some had other
majors, and several had not yet chosen a major.

4 Research methods

To examine how QR instructors use the 5 C model to support
students in developing critical citizenship, we conducted a
case study of the implementation of the QR course at the
selected university in fall semester (i.e., August-Decem-
ber), 2021. The authors of this article served as the research
team. The primary data source came from semi-structured
interviews of QR instructors. In addition to the interviews,
at least one member of the research team attended each of
the weekly QR instructor Zoom meetings. This helped the
research team to gain perspectives that allowed for deeper
interpretation of the interview data than would have oth-
erwise been possible. It also helped the QR instructors to
become comfortable in sharing their teaching experiences
with the researchers prior to the formal interviews.

4.1 Research design and specific research context

The case involved the QR course over this specific semes-
ter, its instructors, and their interactions within the QR
instructional context. We chose a case-study design because
it allowed for an in-depth analysis of the phenomenon of
interest and its participants within a given context (Stake,
1995; Yin, 2018). Our goal was not to manipulate behavior
but to uncover the perceptions of the QR instructors con-
cerning the curriculum, the nature of student engagement,
and challenges in nurturing critical citizenship.

Due to the COVID-19 pandemic, this was the first semes-
ter for in-person classes in more than a year (since March
2020). QR classes were offered in various modes: remote,
hybrid, and in person. For in-person meetings, a mask man-
date was in effect for students and the instructor.

4.2 Participant selection and characteristics

After receiving approval from the Institutional Review
Board, we invited QR instructors to participate in the study.
In all, four of the six QR instructors volunteered, gave their
consent, and participated in the study.

The participants included two of the four tenured profes-
sors and both graduate teaching assistants (GTAs) who were
teaching QR that semester. Both professors had decades of
teaching experience, but they were teaching QR for the
first time. Both GTAs were second-year master’s students

majoring in mathematics; each had one year of teaching
experience and had taught QR once before. None had taught
QR during its development phase at the university.

4.3 Instrument and data collection

The author team developed a set of semi-structured inter-
view questions. Via multiple writing and editing cycles,
we refined the questions with the goal of obtaining rich
descriptions of each instructor’s experiences and percep-
tions about teaching the QR course, especially in relation to
the quantitative skills associated with citizenship. This pro-
cess resulted in five domains of interview questioning: (a)
general perceptions about the course, its nature, the instruc-
tional approach, and assessments; (b) quantitative skills
related to citizenship; (c) connections to the real world; (d)
self-efficacy in social or citizenship roles, empowerment,
and anxiety; (e) recommendations for changes in curricu-
lum, pedagogy, and assessment. The semi-structured nature
of the interviews allowed for follow-up questions to pursue
points of interest.

Three of the team members conducted the interviews,
each of which lasted roughly an hour. All four interviews
were one-on-one and were done at the participant’s conve-
nience during December 2021, at the end of the semester.
Three interviews were conducted remotely and recorded
using Zoom, and one was done in person and voice-
recorded using the researcher’s iPhone. As compensation
for their participation, we gave each GTA a US$30 Ama-
zon gift card; we did not provide compensation to the two
professors.

4.4 Data analysis

The analysis was a multi-step process. Our conceptual
framework provided several potential codes and themes:
real-world contexts, mathematical and statistical techniques
and concepts, critical thinking, QR competencies, subjec-
tive numeracy, student collaboration, allied competencies
(e.g., other 21st century skills), and citizenship.

The three team members who conducted the interviews
used NVivo software to create initial transcriptions and
checked these initial drafts against the audio recordings to
refine the transcriptions. Then, two of the team members
worked together to identify the main codes, which they then
organized into the themes of Learning outcomes related to
citizenship, Real-world contexts and applications, and Sub-
Jective numeracy. Some codes emerged, such as “Structur-
ing the course,” which did not naturally fall within any of
the anticipated themes. They shared these codes with the
other team members for cross-checking, and we added the
theme of Teaching issues to accommodate these emergent
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codes. Ultimately, we classified all the anticipated and
emergent codes into these four themes as shown in Table 1.

5 Findings

To provide a frame for the more detailed results, we first
present an overview, which further explains the themes and
codes just mentioned. We then briefly describe the four par-
ticipating instructors in aggregate. Next, we describe them
individually and present their individual perspectives on the
QR course and how it developed competencies for critical
citizenship. We follow this with a comparative and collec-
tive analysis of the four instructors and their perspectives.

5.1 Overview of results

As shown in Table 1, the four themes that emerged relate
to the five domains of interview questioning detailed in
Sect. 4.3. The responses concerning general perceptions
about the course generated codes that cut across all four
themes. There were reasonably direct connections between
questioning domains (b), (c¢) and (d) and Themes 1, 2, and 3,
respectively: Learning outcomes related to citizenship; Real-
world contexts and applications; and Subjective numeracy.
The responses concerning recommendations for changes
and some of the other questioning domains morphed into
Theme 4: Teaching issues.

Many learning outcomes related to citizenship and real-
world connections emerged by asking the instructors to
describe the course in general terms. When asked about rec-
ommendations for changes, they mainly focused on what
they would try to do differently in future semesters rather
than recommending changes at the departmental level for
all QR instructors. This finding suggests general satisfac-
tion with the course and its goals as well as a focus on
self-improvement, and may be due to their autonomy for
decision making related to instruction and assessment.

5.2 Instructors and their perspectives

As noted above, these instructors had the autonomy to select
or design their own student activities and choose their own

Table 1 Instructor Views

methods and weights for student assessments. Together with
one of the other two QR instructors, who had been a course
developer, the participants met once a week throughout the
semester to share their approaches, successes, and chal-
lenges in teaching the course. The instructors—for whom
we use pseudonyms—each had their own perspectives on
what the course was and what it should be.

5.2.1 Prof.Dr. Art

Art, a PhD and full professor in mathematics, had more than
30 years of teaching experience. He had spent a great deal of
time during summer 2021 preparing to teach the QR course,
knowing that he would be teaching it for the first time. Art
had deeply held thoughts about the QR course and its goals
for student learning. For example, Art believed that sense
making and critical thinking led to student empowerment
and made them less vulnerable:

Every day ... something quantitative is being presented
to [the students]. And they need to make sense of it,
really make sense of it. And if they dont, then some-
body else will manipulate them, OK? ... And that’s an
important tool to empower them to make sense of the
information.

In Art’s mind, students’ self-questioning was central to their
critical thinking, inquiry, and problem solving:

The first thing we ask ourselves is what? What does it
really mean? What's going on here? What am I sup-
posed to do? ... And the big problem for these students
is they start calculating something without asking
themselves these questions.

Consequently, Art worked to get his students to learn how to
ask questions to help them make sense of a given real-world
situation.

It made the process essentially to get them to ask the
questions. ... The empowering thing is to ask ques-
tions, to say what does this really mean? You see a
percentage, then percentage of what? ... If you see a

Theme Codes

1.Learning outcomes related to
citizenship

Communication (effective, oral, written); Competencies (analysis, argumentation, assumptions);
Critical citizenship; Critical thinking, problem solving, self-questioning; Information literacy; Mean-

ingful learning; Permanent impression; Student collaboration

2. Real-world contexts and applications Critical consumer of information; Day-to-day life; Political issues as subject matter; Professional life,
Sociopolitical and citizenship roles

3. Subjective numeracy
4. Teaching issues

Self-awareness; Self-confidence; Student empowerment
Adopting materials; Group projects; Innovative, nonstandard assessments; Instructor collaboration;

Self-designed student activities; Structuring the course; Uncomfortable with politically charged issues
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fraction, fraction of what? If you get a number from
some calculations, then the question is, what does this
mean in the real-world context?

From Art’s perspective, self-questioning was critical to
achieving the QR core competencies of communication,
analysis, and assumptions and thus to making a valid “quan-
titative argument.”

Art actively searched for contexts that would be mean-
ingful to his students and that would challenge them to think
deeply about mathematical and statistical concepts. And
some of these had implications for critical citizenship: In
one task, he challenged his students to explain why, when
comparing Ohio to the neighboring state of Kentucky, the
mean family income is higher in Ohio, but the mean indi-
vidual income is higher in Kentucky. He asked,

Why is that the case? ... The students had a hard time
explaining.

Art thought that becoming “critical consumers of informa-
tion” was important and connected to being critical in the
political sphere:

[Students] need to understand how politicians manip-
ulate them ... and how you can lie with statistics. ... It
will make them more critical, I hope. ... They need to
be critical consumers of information.

Art believed that in his instructional role it was important
to be neutral in political matters and not to advocate for a
particular position. Ultimately, Art wanted his QR students
to become lifelong quantitative reasoners.

5.2.2 Prof.Dr.Bob

Like Art, Bob was a PhD and full professor in mathematics.
Bob had more than 20 years of teaching experience but was
teaching QR for the first time. He was the only QR instruc-
tor who taught in a hybrid format: some class meetings were
face-to face; others were online. Bob was assigned to teach
QR just a few days before the semester began. Thus, in
sharp contrast to Art, Bob had little time to prepare to teach
the course and for the first several weeks relied heavily on
the approaches and tasks developed during the previous 3
years by the QR instructors who had developed the course.

I'was ... teaching the course for the first time, ... feel-
ing my way through it.

These circumstances may have influenced his wish that the
course be more structured and easier to teach:

I'would like [the OR course to be] more structured and
[have] less instructor flexibility. ... Especially [given]
the issue of scaling this up and having instructors
come in, it needs more structure.

Bob had taught other lower-division mathematics courses
using inquiry-based learning strategies, and was comfort-
able having students work in small, collaborative groups.
But Bob found that the details of what he had done pre-
viously required substantial adaptation to the QR setting.
In addition, Bob had used innovative approaches to assess-
ment, and he thought that group projects were a good way
to assess learning in the QR course:

I like the project format better than tests for some
courses. And I think this is one of them. [Some] quick
quizzes might make sense, but as a small part of the
course.

Bob emphasized student collaboration in teaching QR:

So, I do a lot of group work, and I have done that in
other courses to varying extents... I try to have a lot
of time when they are talking in their groups, working
problems in their groups, doing investigations in their
groups, and not lecturing much.

Due perhaps to his prior inquiry-based learning experience,
Bob’s major student projects were open ended; however, his
in-class activities were less open ended but still involved
group collaboration.

As the semester progressed, Bob increasingly developed
his own activities for students. Some of these were related
to the theme of critical citizenship:

We did ... misleading graphs and misleading statis-
tics. And I thought that was useful for ... not being
misled or being skeptical about strange claims, which
will help, I guess.

5.2.3 GTA Char

Char was an international master’s student in mathematics
who had earned a bachelor’s degree in the United States. A
year earlier, in fall semester, 2020, Char had observed two
QR instructors and started attending the weekly QR instruc-
tor meetings in preparation for teaching QR in spring semes-
ter, 2021, which she did. So, when Char was interviewed,
she was finishing her second semester as a QR instructor.
Still, she was uncertain about some QR course content and
teaching strategies. For example, Char’s interview revealed
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that the topic of probability, and especially conditional prob-
ability, was unfamiliar to her, and she was unsure about how
to teach it effectively. In addition, she indicated that she was
not comfortable using nonstandard assessments or orches-
trating group work. Nonetheless, Char had clear goals for
her QR section, which were much like those expressed by
Art:

The main thing that I'm trying to teach them is criti-
cal thinking and maybe questioning ... What are you
trying to get? How are you going to get there? What
questions do you need to answer before you get to
your answer?

Char valued self-awareness and self-confidence as goals for
her QR students. She also included information literacy as a
course goal even though it was not required by the state or
university QR guidelines.

Char mentioned an important challenge that was tacit
among the other participants:

With the OR, ... you are working with people who are
very far from math. ... People who are very involved
in math are trying to teach people who are very, very
far from math.

Although the other instructors understood that the QR stu-
dents were not mathematics, science, or engineering majors,
Char was especially aware of this and worked to connect
with her students, but this was difficult, and often it was not
clear how best to help them.

Nonetheless, Char recognized the importance of engag-
ing her students in challenging tasks with real-world con-
nections. She had worked with Doug to develop some
demanding student projects with real-world contexts. Char
especially valued students being able to articulate their
thinking and saw this as an area of significant growth among
her students:

Because, in the beginning of the semester, they would
just answer a question with ... one sentence, but at the
end of the semester, I think they were more elaborating
and putting their personal thinking into it.

Acting as a possible barrier to developing students’ critical
citizenship, Char was uncomfortable delving into politically
charged issues because—in her words—she was “interna-
tional” and did not wish to get “too personal.” This is a con-
cern as QR scales up in Ohio and elsewhere because many
U.S. graduate students in mathematics are international
students.

@ Springer

5.2.4 GTA Doug

Doug was from the USA. Like Char, he was a mathemat-
ics master’s student and a GTA. And like Char, during fall
semester, 2020, Doug had observed two QR instructors, and
attended the weekly QR instructor meetings. And Doug had
taught QR in spring semester, 2021. So, when Doug was
interviewed, he was teaching QR for the second time. Like
Char, Doug valued student self-awareness, but he placed
a stronger emphasis on issues related to citizenship and
mentioned the importance of processing the ideas of other
persons:

One part of being an active citizen is the ability to
be quantitative in some regard. But another piece is
being able to be articulate not only how you feel, what
you think, what you believe, but also in processing
others—listening, understanding, and being patient.
... But then the third piece, I think, is really kind of a
self-awareness.

Doug’s biggest goal for the course was critical thinking:

But if you teach them how to think, how to research,
what s important, what’s not. ... that’s a lifelong skill.

Importantly, Doug noted, if the instructor can demonstrate
the importance of learning from mistakes, students are
much more open to learning from their own mistakes. Con-
sequently, Doug was able to leverage his inexperience to
positive effect.

5.3 Comparative and collective analysis of the
instructors

The participants had a wide range of experience and exper-
tise. At one extreme, Prof. Dr. Art had taught mathemat-
ics for 30+years and was a practitioner and researcher in
mathematical modeling for 20 + years. At the other extreme,
GTAs Char and Doug were master’s students in their second
years of teaching. These findings reveal that QR instructors
can have diverse levels of experience and expertise and con-
sequently provide different learning opportunities for their
students. Moreover, the type of professional support needed
can vary greatly across QR instructors.

Art’s extensive teaching experience, expertise in mathe-
matical modeling, and 3 months of preparation time allowed
him to use the QR tasks developed other instructors over
the previous 3 years as a starting point for creating his own
QR materials, which he then shared with the rest of the QR
instructional team. Another QR instructor (who we will
call Ed), who was not interviewed, had been involved in
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3 years of prior QR course development. Art and Ed were
able to offer Bob, Char, and Doug help and support during
the weekly QR team meetings and in between these meet-
ings as needed.

In keeping with the 5 C model, the data show that Art,
Char, and Doug highly valued student critical thinking, com-
munication, and collaboration and viewed these as central
goals in the QR course. They all connected critical thinking
to citizenship. Art and Char viewed self-questioning as the
centerpiece of student inquiry.

Bob, who had prior experience with inquiry-based and
project-based teaching, struggled to adapt these pedago-
gies to this new audience and new course at first, but made
progress in this regard after his intial struggles. Though
prompted, he never talked deeply about critical thinking
or citizenship. Bob did give open-ended final projects that
allowed his students to investigate citizenship-related issues
that mattered to them.

6 Discussion
6.1 Addressing the research questions

Our findings suggest that a gateway course in QR offers
promise for developing quantitative skills that support
critical citizenship—provided that adequate mechanisms
and resources are in place to support instructors in using
contexts and collaboration to help students develop criti-
cal thinking and reasoned communication. This finding
speaks directly to our research questions and is especially
noteworthy because the goal of the course was not critical
citizenship. The instructors in this study saw this course as
one focused on reasoning, thinking, and communication
about real-world contexts using mathematical and statistical
tools as opposed to conventional mathematics focused on
procedural fluency, conceptual development, and problem
solving “detached from societal implications” (Maass et al.,
2019, p. 991). Based on the interview data, we contend that
the attention to reasoning, thinking, and communication
about real-world contexts through mathematical and statisti-
cal lenses led naturally to developing quantitative skills that
support critical citizenship.

It is important to note that all four participants in this
study chose to teach QR and embraced student-centered
teaching methods. These instructors had committed to take
on this challenging work, which involved weekly meet-
ings and more preparation and grading than a typical gate-
way course. The four QR instructors had made this choice
because each of them valued the importance of QR in
some way. For example, Art, Char, and Doug valued help-
ing students develop critical thinking and communication

skills, which they saw as beneficial to the students. Bob,
who jumped on board just before the semester began, took a
while to feel his way into the course but ultimately engaged
his students in open-ended collaborative projects.

If instructors who had little background, interest, or ori-
entation to QR had been assigned to teach this course, the
results likely would have been different. As the enrollment
in this course continues to scale up and the QR teaching
workforce spreads to a broader collection of instructors,
additional mechanisms and resources will be needed to sup-
port these instructors not only to focus student attention on
reasoning, thinking, and communication about real-world
contexts but also to help instructors understand and value
the QR course and its goals.

6.1.1 Reasons for successful student engagement

For the most part, the QR instructors in this study were able
to engage their students in tasks to develop quantitative skills
for critical citizenship. A combination of factors led to this
type of student engagement: instructor commitment, exist-
ing QR resources, weekly meetings, instructional autonomy,
a student-centered approach, and the use of group projects.
These results align with and reinforce the findings of Bud-
hathoki (2022), who conducted his research on other QR
instructors at postsecondary institutions throughout Ohio.

Moreover, we contend that Char and Doug were greatly
aided by having an opportunity to observe QR classes and
participate in the QR instructor learning community meet-
ings prior to first teaching the course and that Art benefitted
from taking an entire summer to prepare to teach the QR
course. This finding supports our argument that if instructors
are provided with an opportunity for QR-focused profes-
sional development and adequate preparation to teach this
course, they can engage their students in tasks to develop
quantitative skills for critical citizenship—but this will be
difficult to sustain over time as enrollment in QR courses
continues to increase.

6.1.2 Instructional challenges

As Art noted, students struggled to make sense of some situ-
ations, such as his Kentucky—Ohio task. As Char pointed
out, the QR students were very far from math, which made
helping them to reason and communicate in mathematical
ways especially challenging.

The contrast between Art’s and Bob’s experiences shows
the benefits of advance preparation time to teach QR well.
Again, our findings reinforce those of Budhathoki (2022),
who found that mathematics instructors generally sought
professional support for determining appropriate content
and instructional strategies for teaching QR. Given the
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diversity of the teaching workforce for gateway mathemat-
ics—including inexperienced GTAs—who are used to
techniques-centered courses, there is a clear need for pro-
fessional development to teach QR courses, which have as
priorities student reasoning and communication as well as
in-context mathematics. We say more about this in Sect. 6.3
below.

6.1.3 Relative importance of the five Cs in our QR model

Our results indicate that some of the instructional elements
of the 5 C model are more central to developing citizenship
than others: The most salient elements we will call big Cs;
the others, /ittle ¢ 5. Critical thinking and QR competencies,
especially, communication emerged as the most influential
components—or biggest Cs—in the 5 C model. Critical
thinking appeared in the instructor data as student self-ques-
tioning and articulation of their thinking. Argumentation
and articulation of thinking are forms of reasoned commu-
nication, which Geiger (2019) calls “using mathematics as
evidence to support critical reasoning and enquiry” (p. 929).
These forms of reasoned communication are high-level QR
competencies that are central to the QR course and to devel-
oping citizenship. The finding of student self-questioning is
novel and noteworthy, especially with regard to postsecond-
ary QR.

Consistent with Budhathoki’s (2022) findings, collabora-
tion emerged as another “Big C.” All four instructors used
student collaboration and group projects. Budhathoki found
that student collaboration and especially collaborative proj-
ects were a key indicator of high-quality QR instruction.

Contexts were important, especially to Art. Our findings
support the claim that the level of student engagement is
directly related to the genuineness and relevance of the con-
text being studied. In keeping with Elrod (2014), we contend
that contexts and their connection to student’s life world are
important in the effectiveness of QR instruction. AMATYC
(2018) and Saxe and Braddy (2015) support this view.

Perhaps surprisingly, the littlest ¢ was that of mathemati-
cal and statistical content. Bob discussed the content more
than the other participants and did not mention critical think-
ing. Art, Char, and Doug indicated that the primary drivers
for developing citizenship were critical thinking—including
self-questioning—and student communication. For them,
mathematical concepts were linked to developing citizen-
ship to the extent that these concepts were used as cognitive
tools to think critically about real-world scenarios.

Therefore, based on the present study, we conclude
that content is the “the little ¢ and less important than the
other four Cs in our model. Furthermore, even though prior
researchers and research traditions have presented different
models for QR instruction, we argue that our 5 C model has
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merit for the nature of the gateway QR course at the post-
secondary level.

6.2 Instructional autonomy vs. course structure

As cited above, Bob, who had been assigned to teach QR
a few days before classes began, spoke against autonomy
and for structure. Nonetheless, the four instructors in this
study—including even Bob after some initial struggles—
were able to thrive due their access to existing QR materials
previously developed by other instructors and the weekly
QR instructor meetings that provided mutual support. Thus,
consistent with Budhathoki’s (2022) findings and the argu-
ments of Elrod (2014), we conclude that there need not be a
rigid structure in what and how QR is taught and that instruc-
tional autonomy and flexibility support the 5 C approach to
QR and the development of skills for citizenship.

6.3 Designing and investigating professional
development for QR instructors

To achieve a level of student engagement in teaching gate-
way QR comparable to that observed in this study across
Ohio and elsewhere, we argue that it would be useful to
create mechanisms and resources analogous to those that
existed among the instructors who participated in this study.
The study participants used authentic assessments in the
form of group projects; they met on a weekly basis to sup-
port each other with long-term professional development,
mutual collaboration, and sharing of instructional resources;
and they maintained the autonomy to make individual deci-
sions concerning the details of student learning activities
and assessments. Wherever such courses are taught at post-
secondary institutions, we recommend the creation of state-
or provincial-level QR professional development networks
that encourage these forms of practice. We further recom-
mend that these networks and related instructional resources
employ the 5 C model of QR and that research be conducted
to measure their effect on instructional quality and student
learning.

6.4 Subjective numeracy

This case study revealed some findings related to subjec-
tive numeracy, but further research is needed in this arena.
Art spoke of student empowerment and making students
less vulnerable to outside manipulation. Bob helped his
students to become aware of misleading information and to
be “skeptical about strange claims.” Both Char and Doug
emphasized student self-awareness. However, deeper, stu-
dent-focused research is needed to plumb the depths of sub-
jective numeracy and the interactions between objective and
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subjective numeracy. Thus, we recommend future studies in
these areas and specifically studies to investigate whether
and in what ways a QR course can serve as an intervention
for postsecondary students who avoid, fear, or dislike math-
ematics to gain confidence in doing and using mathematics.
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