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Abstract
Students need to create mental models for different types of addition and subtraction situations in order to develop a broad 
and viable understanding of these operations. Although most students succeed when changing or combining sets, situations 
that demand a quantitative comparison of sets seem considerably more difficult in the first school year. Textbooks represent 
the most important learning resource for elementary school mathematics teachers. However, research on their impact on 
students’ knowledge is limited. Hence, we examined textbooks’ role in students’ ability to model quantitative comparisons 
by analyzing the learning opportunities presented by four German textbooks for Grade 1 and by conducting a secondary 
analysis of a dataset based on 1513 students from 84 classes that used one of these textbooks. The results revealed differ-
ences in the textbooks’ topic-specific instructional quality as well as a significant relation between this quality and student 
achievement in quantitative comparisons.
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1 Introduction

The main focus of mathematics instruction during the first 
year of school is ensuring that students obtain a comprehen-
sive understanding of addition and subtraction (Common 
Core State Standards Initiative, 2010; Kultusministerkon-
ferenz, 2005; Ministry of Education, 2011). Hence, students 
must learn how to translate different situations that repre-
sent an addition or a subtraction problem (semantics) into a 
mathematical problem (syntax), and also how to assign these 
situations to a given problem (Kintsch & Greeno, 1985). 
These addition and subtraction situations are referred to as 
word problems and are typically classified as change (add 
to/take away from), combine, equalize, and compare situa-
tions (e.g., Van de Walle et al., 2016). However, empirical 
research suggests that usually only the first three types of 
problems are dealt with in class or textbooks. In contrast, 
comparison problems are often neglected or even ignored 

(Despina & Harikleia, 2014; Selter et al., 2012; Tarim, 
2017). Comparison problems are also considerably more 
difficult for students in the beginning grades (Stern, 1993). 
This difficulty might stem from a lack of suitable learning 
opportunities.

The textbook constitutes the most frequently used learn-
ing resource in elementary school mathematics class (Mullis 
et al., 2012). It frames the teaching activities and learning 
opportunities provided and is thus considered as potentially 
implemented curriculum (Schmidt et al., 1997). Previous 
studies provided first evidence for relations between math-
ematics textbooks and students’ topic-specific achievement 
(e.g., Schmidt et al., 2001; Sievert et al., 2019, 2021; Törn-
roos, 2005). Regarding comparison problems, they indicated 
that the textbook might affect student achievement (Despina 
& Harikleia, 2014; Tarim, 2017; Xin, 2007). However, the 
evidence is based on studies with cross-sectional designs and 
small sample sizes. In view of the relevance of the ability to 
solve comparison problems for further mathematics learn-
ing (Selter et al., 2012), a possible influence of the textbook 
on the learning success of the students would underline the 
importance of the role of the textbook as an instrument of 
change in arithmetic lessons.

Reviewing the state of textbook research, Blazar et al 
(2019) and Fan (2013) concluded that there is a dearth of 
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relational and causal studies in this field, and a need for 
further methodological development. Accordingly, in this 
study, we examined the relation between textbooks and stu-
dents’ ability to solve comparison problems in Grade 1. Our 
study is based on a secondary analysis of a dataset compris-
ing relevant data from 1,513 students in 84 school classes 
that were surveyed during the first seven months of Grade 1. 
We conducted a theory-based analysis of the four textbooks 
used in this sample to determine their quality regarding com-
parison problems. Subsequently, we carried out a multilevel 
analysis to investigate the relation of the resulting textbook 
quality to the students’ ability to solve comparison problems, 
while controlling for relevant covariates on the individual 
and class level.

1.1  Quantitative comparisons

To develop a comprehensive understanding of the addi-
tion and subtraction of whole numbers, students must learn 
to make sense of different addition and subtraction situa-
tions, to translate them into a mathematical problem (the 
mathematical model), and, conversely, to assign them to a 
given problem (Kintsch & Greeno, 1985). As a translator 
between these two problems—(real world) word problem 
and mathematical problem—a student must hence create 
mental models, as internalized ideas of an action, for dif-
ferent kinds of problems or situations (Riley et al., 1983). 
Several classifications of such word problems exist, with 
different subcategories (e.g., Carpenter et al., 2015; Ver-
schaffel et al., 2007; Van de Walle et al., 2016), but all of 
them distinguish between the situations change (add to, take 
away from), combine (part-part-whole), equalize (take away 
from/add to difference), and compare (difference). While 
change and equalize situations are characterized as dynamic 
(i.e., an action is inherent in the situation), the combine and 
compare situations are described as static, without any pro-
posals for action (Riley et al., 1983). Further, the quantity 
in the situation or mathematical model that is unknown can 
be differentiated (Nunes et al., 2016).

From the four types of situations, comparisons pose the 
greatest difficulties for students across countries (Nunes 
et al., 2016; Riley & Greeno, 1988; Stern, 1993). A typi-
cal example is as follows: ‘Paul has 3 marbles, Mila has 
5 marbles. How many more marbles than Paul does Mila 
have?’ We refer to these problems as quantitative compari-
sons (QC1) to distinguish them from qualitative comparisons 
(‘Paul has 3 marbles, Mila has 5 marbles. Who has more?’), 
because the required abilities are distinguishable (Ober-
steiner et al., 2013). QC are more difficult than other types 

of problems, although they can be modeled by an equivalent 
mathematical model. This difficulty may be due to the static 
character of a comparison: If the problem itself does not 
imply an action, to solve it, the students must either generate 
one themselves, to create a mental model for the problem, or 
activate a suitable model (such as equalizing). However, the 
static character alone does not explain the difficulty because 
the second static situation type, combine, is considerably 
easier for students. Another reason given for the difficulty 
of QC is the relational nature of the difference in these prob-
lems: In contrast to the two sets compared above, the solu-
tion to the example task (2 marbles) does not describe a 
concrete, conceivable subset of the given sets but, instead, a 
relation between two other sets. Stern (1998) described the 
ability to understand numbers as the ratio between two sets, 
as a concept that students must develop over time. A third 
reason for the difficulty that particularly applies to Grade 
1 could be problems in text comprehension if the problem 
is presented in written form (Gabler & Ufer, 2020; Stern, 
1993). An example is signal word strategies where the oper-
ation is derived directly from the wording of the problem 
(‘less’ = subtraction, ‘more’ = addition, Stern, 1993). Stern 
(1993) concluded that a lack of understanding of the lin-
guistic symmetry of QC (A has two more than B <=> B has 
two less than A) and, thus, a missing flexibility in dealing 
with QC, are possible influencing factors concerning text 
comprehension in addition to signal word strategies. One 
more reason, inevitably connected to the previous, is a lack 
of learning opportunities for comparison problems in class. 
Several textbook analyses revealed an underrepresentation of 
QC—or even no representation—in Grade 1 textbooks and, 
thus, an overrepresentation of the other problem types (e.g., 
Despina & Harikleia, 2014; Tarim, 2017; Wessel, 2015).

In previous studies, researchers repeatedly reported the 
long-term value of early numerical competence (e.g., Reeve 
et al., 2012; Selter et al., 2012) and thus highlighted the need 
for all aspects of operations, including QC, to be dealt with 
from the beginning of schooling. However, although the dif-
ficulties are known and have been studied for more than 
three decades, the question of what makes learning envi-
ronments effective still remains unsatisfactorily answered 
(Huang et al., 2019). Nonetheless, some exploratory studies 
gave insights into how to address this issue. Stern (1993) 
attached importance to linguistic flexibility, particularly 
students’ understanding of the equivalence of ‘more than/
less than’ statements. Similarly, Schumacher and Fuchs 
(2012) were able to show that students from an intervention 
focusing on word problems outperformed students from two 
other groups that focused on calculation and were taught QC 
conventionally. This intervention effect was partially medi-
ated by the students’ understanding of relational terminol-
ogy. Furthermore, Mwangi and Sweller (1998) reported 
that studying worked examples was conducive to students 

1 For ease of reading we use the abbreviation QC for both singular 
and plural.
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solving QC, particularly if these examples integrated dif-
ferent representations. Múñez and colleagues (2013) also 
reported the advantages of additional representations for 
the construction of mental models for QC. Similarly, the 
study of Huang et al. (2019) indicated that lessons that were 
based on a combination of an assumed learning trajectory 
and variation pedagogy (which focused on using multiple 
representations amongst other things) had high value for 
students’ ability to solve QC. Múñez et al. (2013) studied 
students at secondary schools; the other studies considered 
students from Grades 1–3.

Solving a QC requires several steps, which we outline 
in an idealized form for the example ‘Paul has 3 marbles, 
Mila has 5 marbles. How many more marbles than Paul does 
Mila have?’ (e.g., Kintsch & Greeno, 1985): First, students 
must build a situation model, that is, they need to extract the 
problem and its context from the text: Two people named 
Paul and Mila both own a certain number of marbles, Paul 
3 and Mila 5. The difference is unknown and needs to be 
found out. Second, on this basis, they need to create a math-
ematical model by abstracting from the concrete persons 
and objects (marbles) and considering the quantities 3 and 
5. The part-whole relation between these quantities, that is, 
the subset relationship between the two sets represented, 
has to be identified and established as does the meaning of 
the difference for solving the problem. The difference and 
its cardinality can be modeled directly by using manipula-
tives or by a corresponding addition or subtraction problem, 
which can be solved by counting or based on number facts 
(Carpenter et al., 2015). The solution must be interpreted 
in the situation model. Although this description comprises 
small steps and some parts of it probably happen implicitly 
with most students, it gives first insights into the abilities 
that students need to acquire in order to solve QC.

1.2  Textbooks as learning resources

The textbook is one of the most relevant learning resources 
for teachers and students in mathematics class. It is concep-
tualized as a mediator between the official curriculum and 
the curriculum implemented by teachers because it trans-
lates the abstract curriculum into concrete operations that 
teachers and students can carry out (Valverde et al., 2002). 
In this paper we use the term curriculum to refer to the 
level of obligatory learning objectives, which is the most 
concrete and binding. In some countries such as Germany, 
national education standards serve as a framework for the 
whole country; they are adapted by the federal states to dif-
ferent state-specific curricula. In contrast, we consider the 
term textbook as a possible interpretation and specification 
of a given curriculum. In Germany, if a textbook is used in 
one federal state, it generally has to follow the statewide 
curriculum. Specific data on mathematics textbook use in 

schools were collected for TIMSS 2011, which revealed that 
most elementary school teachers use textbooks as a basis for 
their instruction. In Germany, where the data of our study 
were collected, this was the case for 86% of teachers (Mullis 
et al., 2012).2 Only a few quantitative empirical studies exist 
that examined the relation between mathematics textbooks 
and teachers’ instruction (Krammer, 1985; Schmidt et al., 
1997, 2001). They reported a relation between textbooks 
and teaching practice and lesson content; for instance, topics 
not covered in a textbook are unlikely to be covered in class 
(Schmidt et al., 1997).

Looking at the effect of textbooks on student perfor-
mance, a series of studies exist, most of which indicate 
such an effect. (Agodini et al., 2010, Bhatt & Koedel, 2012; 
Bhatt et al., 2013; Hadar, 2017; Koedel et al., 2017; Schmidt 
et al., 2001; Sievert et al., 2019, 2021; Törnroos, 2005; van 
den Ham & Heinze, 2018). Although most of these stud-
ies were based on black box models, which do not allow 
conclusions to be made about relevant textbook properties, 
Schmidt et al. (2001) and Törnroos (2005) found correla-
tions in quantitative textbook characteristics in the U.S. and 
Finnish TIMSS data, for instance, between the relative share 
of a topic within a textbook and student achievement in that 
topic (Schmidt et al., 2001). Further, Sievert et al. (2019, 
2021) were able to show a relation between textbook quality 
and students’ strategy use in Grades 1 and 3, providing first 
criteria for an evidence-based textbook design. However, 
there are converse results as well. Using publicly available 
and highly aggregated school-level achievement data, Blazar 
et al. (2019) did not find differences in student achievement 
between textbook groups. Their sample included the classes 
of about 1,200 teachers from six U.S. states, all of which 
adopted the Common Core State Standards. Similarly, van 
Steenbrugge et al. (2013) analyzed the data of 1,579 students 
in Belgium (Grade 1–6) and did not find a relation between 
the mathematics textbook used and student achievement. As 
the latter studies just compared textbooks in a black box 
model, and did not consider the quality of textbooks’ charac-
teristics, the state of research on textbook effects on student 
achievement can be characterized as inconsistent.

Some studies indicated a relation between the mathemat-
ics textbook used and student performance in QC. Despina 
and Harikleia (2014) analyzed the distribution of different 
types of word problems in Greek elementary school text-
books for Grades 1 and 2 as well as the solutions of 80 stu-
dents from the first and second grades for these problem 
types. Their results show that QC were underrepresented 
in the textbooks analyzed and that the students performed 

2 However, in a more recent study, Blazar and colleagues (2019) 
showed that teachers’ use of textbooks in general may nevertheless 
imply significant variance in frequency.
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better on the problem types overrepresented in the textbooks 
than on those underrepresented or missing. Similarly, Tarim 
(2017) studied the distribution of word problems in six Turk-
ish textbooks (Grades 1–3) as well as the performance of 
158 Turkish third-graders on such problems. Her results 
showed an underrepresentation of QC in the textbooks and 
greater student difficulties with these problems. Likewise, 
Xin (2007) examined one U.S. and one Chinese textbook 
series as well as the performance of 111 students from the 
United States and China with multiplicative comparisons. 
She identified an unbalanced distribution of word problem 
types in the U.S. textbook, in contrast to the Chinese one, 
and a corresponding unbalanced achievement in the different 
item types for U.S. students. These cross-sectional studies 
indicate that the textbook might influence student perfor-
mance with QC problems. We aimed to extend this research 
and to examine the relation between textbooks’ quality with 
regard to the topic of QC and student performance. We used 
a multilevel model with a large sample while also controlling 
for relevant covariates, collected before and after textbook 
use.

1.3  Present study

We examined the leverage of the mathematics textbook as 
a learning resource regarding first graders’ ability to solve 
QC. Our analysis extends the current state of research by 
using a large-scale database to survey 1513 students from 84 
classes in the first seven months of schooling. All textbooks 
used in this dataset follow the same statewide curriculum; 
thus, relations between textbooks and student performance 
are not confounded by varying curricula. Building on the 
approaches of Törnroos (2005) and Sievert et al. (2019, 
2021), we analyzed the learning opportunities in the four 
different textbook series of our sample. On the basis of pre-
vious research results (see Sect. 1.1) and discussions with 
experts from mathematics education and school practice, we 
conceptualized textbook quality regarding QC. The resulting 
scale for textbook quality further develops and refines the 
research of Despina and Harikleia (2014), Tarim (2017), 
and Xin (2007), on the relation between textbooks and stu-
dents’ ability to solve QC. Hence, we examined the follow-
ing research hypotheses:

(1) Hypothesis on textbook quality: First-grade textbooks 
that follow the same curriculum differ in the quality of the 
learning opportunities they provide with respect to the dif-
ferent aspects of quantitative comparisons.

(2) Hypothesis on the relation between textbook quality 
and student performance: The quality of the learning oppor-
tunities for quantitative comparisons presented in first-grade 
textbooks is related to students’ ability to solve quantitative 
comparisons with an unknown difference.

2  Method

2.1  Participants and design

The study is a secondary analysis of a dataset originally 
collected for a longitudinal evaluation of a mathematics 
support program for low-achieving students. It was imple-
mented within regular mathematics classes.3 The evaluation 
included a comparison of a control group and two interven-
tion groups in which teachers received additional material 
for low-achievers. This teaching material addressed aspects 
of basic arithmetic (e.g., concept of cardinal numbers, place-
value system, concepts of the basic arithmetic operations) to 
identify and support these students. It also included material 
on the part-whole relations of whole numbers in general, and 
on the inverse relation of addition and subtraction. It did not 
address QC, and only low-achieving students were supported 
with the material. The classes that participated in the support 
program and the textbook that they used were independent 
of each other. We controlled for possible effects of partici-
pation by using dummy-coded variables in the analysis (see 
Sect. 2.4). It did not show any effect on the student perfor-
mance in solving QC (see Sect. 3.2).

The original dataset includes the longitudinal data of 
2330 students in 127 classes at 40 schools in Schleswig–Hol-
stein (federal state in Germany), throughout elementary 
school. This is about 10% of the cohort in this federal state. 
The schools were selected from rural and urban areas all 
over the federal state. A statewide obligatory curriculum 
stipulates the content (e.g., number concept, concept and 
strategies of addition and subtraction), skills (e.g., switch 
between representation, split numbers), and forms of rep-
resentations (concrete, iconic, symbolic) to be addressed in 
the mathematics classroom. Within this dataset, 93 classes 
used one of the four textbook series “Denken und Rechnen”, 
“Einstern”, “Flex und Flo”, and “Welt der Zahl”, distrib-
uted equally. Other classes used either no textbook or dif-
ferent ones, but this was the case in only a few classes. For 
this study, nine classes were excluded due to an insufficient 
number of students (n < 5) with data for Grade 1. Further, 
we excluded 119 students because they did not participate 
in the QC test. Thus, the sample of this study consists of 
1513 students (720 female, 48%; 11 with no data), with a 
sufficient number of students for each of the four textbook 
series (Denken und Rechnen, 351; Einstern, 344; Flex und 
Flo, 485; Welt der Zahl, 333).

3 The studies of van den Ham and Heinze (2018) as well as Sievert 
et al. (2019, 2021) used data from this dataset as well. The differences 
in the subsamples of these studies are due to different test instruments 
being administered at different points of time. The studies focused 
on different aspects of arithmetic and partly on children in different 
grades.
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The four textbook series are similar in their content struc-
ture and follow the same curriculum. The series “Denken 
und Rechnen” and “Welt der Zahl” include all topics for 
one school year within one book, while “Flex and Flo” and 
“Einstern” are divided into three and six books, respectively. 
All of them cover the same topics for Grade 1 (e.g., begin-
ning with numbers, operations, geometry, patterns). For 
each textbook, the vast majority of teachers in the sample 
(90.8–100%) stated that they used the textbook at least once 
a week for arithmetic instruction.4 Furthermore, 81.1–94.1% 
reported a general orientation towards the content, meth-
ods, and chronology of the textbook. Officially, the textbook 
choice for elementary school in Schleswig–Holstein is made 
on the school level and not by individual teachers. Little is 
known about the criteria used (Hartung, 2014). We analyzed 
whether textbook choice depended on teacher qualification 
by testing the distributions of textbooks between teachers 
who had studied mathematics and out-of-field teachers (no 
such effect was found, see Sect. 3.2).

All data were collected by an authority subordinated to 
the Ministry of Education in Schleswig–Holstein, assuring 
the official human subject related approval. We received all 
raw data fully pseudonymized and we had no contact with 
students or teachers. The compliance with the human sub-
ject related guidelines was monitored by the Data-Protection 
Supervisor for Schleswig–Holstein.

2.2  Measures

2.2.1  Textbook quality with respect to QC

We developed a measure on the quality of learning oppor-
tunities concerning QC presented in the textbooks to ana-
lyze textbook quality and to test Research Hypothesis 1. In 

contrast to previous studies (Sievert et al., 2019, 2021), we 
were unable to build upon an established model, as the ques-
tion concerning effective QC learning opportunities remains 
insufficiently answered (Huang et al., 2019). Hence, we 
deduced first categories from the present state of research 
and the modeled solution process (see Sect. 1.1), which we 
discussed with expert teachers from school practice (elemen-
tary school mathematics teachers who provide further train-
ing for teachers). Their feedback particularly helped us to 
specify the criteria in each category, for example, in terms 
of manipulatives and linguistic explanations. Subsequently, 
we discussed the revised assessment system with researchers 
in mathematics education. The results of those discussions 
especially highlighted the need to include the teacher manu-
als in our analysis, as well as to use the subcategories of 
introduction, practice, and repetition for the textbook pages. 
Five categories represent the resulting system for the assess-
ment of the learning opportunities, as follows: decomposed 
numbers with a missing part, complementarity of addition 
and subtraction, subtraction as a difference, modeling of QC, 
and impulses for QC in the teacher manual. We elaborate 
on the importance of the criteria and their scoring in the 
following.

2.2.1.1 Category ‘decomposed of  numbers with  a  missing 
part’ As shown in the modelled solution process (Sect. 1.1), 
understanding of the relation subset and the associated idea 
that whole numbers can be decomposed into smaller num-
bers is crucial for solving QC. In addition, just as in QC, 
decomposed numbers with a missing part usually have 
a static character (see Fig.  1). We excluded decomposed 
numbers with a missing whole as they stimulate the mental 
model for the combine situation.

To assess textbook quality in this category, we first identi-
fied textbook pages that presented learning opportunities for 
decomposed numbers with a missing part and divided these 
into the three subcategories of introduction, practice, and 
repetition. For each of these subcategories, we then analyzed 
the learning opportunities and scored one point for each of 
the following criteria:

• a request for students to use manipulatives;

Fig. 1  Example for the category 
of decomposed numbers with 
a missing part (Rinkens et al., 
2011); scoring: 3 points (iconic, 
symbolic, meaningful linking)

4 We tested whether the teachers’ individual frequency of use was 
related to textbook quality or student achievement but we did not find 
pairwise correlations. We conducted further analyses similar to those 
presented below in Sect.  3.2 and there was neither a main effect of 
the teachers’ specific frequency of use nor an interaction effect of this 
frequency and textbook quality on student achievement. Hence, we 
refrained from reporting on these analyses in this paper.
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• an iconic representation;
• a symbolic representation;
• a linguistic explanation or impulse (e.g., explain, discuss 

with others);
• a meaningful linking between these levels of representa-

tion.

These criteria take into account former research on the 
development of strategies to solve QC (Carpenter et al., 
2015), on the importance of linguistic flexibility (Schu-
macher & Fuchs, 2012; Stern, 1993), and on the meaning of 
multiple representations and their integration (Huang et al., 
2019; Múñez et al., 2013; Mwangi & Sweller, 1998). For 
each of the subcategories, introduction, practice, and rep-
etition, we assigned 0–5 points. Each textbook could reach 
0–15 points in the category decomposed numbers with a 
missing part.

2.2.1.2 Category ‘complementarity of addition and subtrac-
tion’ The insight into the complementarity of addition and 
subtraction presents two ways to determine a difference 
(see Sect. 1.1). It also represents the equivalence of ‘more 
than/less than’ in a mathematical model, the understanding 

of which has been shown to be important for solving QC 
(Stern, 1993). Examples of corresponding learning oppor-
tunities are representations of the invertibility of operations 
(see Fig. 2) or word problems with two possible interpreta-
tions. The scoring was analogous to the previous category 
(three subcategories, each scored 0–5, possible range of 
0–15 points), because the understanding of such relations 
should be fostered by providing multiple representations as 
well as their linkage.

2.2.1.3 Category ‘subtraction as  a  difference’ To under-
stand that the result of a subtraction can represent not only 
the rest of a take-away-from action but also the difference 
between the two quantities dealt with, is fundamental for 
a subtractive approach to QC (Selter et al., 2012). Moreo-
ver, the concept of the difference set as the relation between 
two sets is key in the solution process of QC (see Sect. 1.1). 
Thus, we rated whether the category of subtraction as a dif-
ference is addressed in the textbooks. Again, the scoring 
scheme was the same as for the previous two categories. An 
example is given in Fig. 3.

Fig. 2  Example for the category 
of complementarity of addition 
and subtraction (Bauer & Mau-
rach, 2011); scoring: 3 points 
(iconic, symbolic, meaningful 
linking)

Fig. 3  Example for the category 
of subtraction as a difference 
(Brall, 2010); scoring: 4 points 
(iconic, symbolic, linguistic 
explanation or impulse, mean-
ingful linking)
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2.2.1.4 Category ‘modeling of QC’ Dealing with QC word 
problems is of course in itself an important learning oppor-
tunity for this field (Schumacher & Fuchs, 2012). In text-
books, QC word problems are typically presented in writ-
ten form or as pictures to be interpreted. We rated whether 
the textbooks contained such learning opportunities in the 
category of modeling of QC. Because they are presented in 
one representation that must be translated and put into sym-
bolic form, we did not account for different representations 
and their linkage in this category. Instead, we used the same 
three subcategories (introduction, practice, repeat) again, 
and we scored whether QC word problems were provided 
in each of them, leading to a possible range of 0–3 points in 
this category.

2.2.1.5 Category ‘impulses for  QC in  the  teacher man-
ual’ Most learning opportunities in Grade 1 textbooks in 
Germany are given nonverbally because children are unable 
to read at this stage. While studying the Grade 1 textbooks, 
we recognized a series of pictures that could potentially 

be interpreted in a QC way, but the context or task usually 
stimulated other interpretations, such as take-away-from 
actions. Moreover, Fig.  4 shows a multiple-choice exam-
ple task, in which the right task should be assigned to an 
image, while the others should be deemed to be incorrect. 
The (potential & correct) comparative interpretation here is 
misrepresented as false. Hence, we decided to examine the 
teacher manual for possible indications in favor of QC. We 
did a partial credit scoring in which we decided whether 
such impulses were not given (0 points), QC impulses were 
given as a differentiation task for high achievers (1 point), 
or QC impulses were given for discussion with all students 
(2 points).

Table 1 gives an overview of the categories, criteria, and 
scoring of the textbook assessment.

The five category scores were compiled in one text-
book quality scale by weighting all categories equally (see 
Sect. 2.3.1).

2.2.2  Students’ ability to solve QC

We assessed the students’ ability to solve QC with an 
unknown difference using students’ solutions to QC items 
from an arithmetic test administered after seven months of 
schooling. The two item types both included a QC word 
problem and were identically structured, except that the sec-
ond type also contained an iconic representation (see Fig. 5).

All items contained static QC problems with an unknown 
difference. Students were presented with a problem, asked 
for the difference, and then asked to write down a corre-
sponding problem. The direction of the wording was always 
positive; how many “more”. The test contained three items 
with and three without iconic representations, as this could 
additionally support students.5 For each item, we scored 
1 point for a correct difference and 2 points for a correct 

Fig. 4  Comparative interpretation as wrong answer (Buschmeier, 
2011); scoring: 0 points

Table 1  Categories, criteria, and scoring of the textbook assessment

Category Decomposed numbers Complementarity of 
add/sub

Subtraction as a differ-
ence

Modeling of QC Teacher manual

Sub-categories Introduction—practice—repetition None

Criteria In each subcategory
 1 point each for:
 use of manipulatives
 iconic representation
 symbolic representation
 request to discuss with others
 meaningful linking between the representations

In each subcategory:
1 point if QC problems 

are provided

0 points: no QC 
impulses given

1 point: QC 
impulses for high-
achievers

2 points: QC 
impulses for all 
students

Scoring 0–5 points/ subcategory
0–15 points/ textbook

0–5 points/ subcategory
0–15 points/ textbook

0–5 points/ subcategory
0–15 points/ textbook

0–1 points/ subcategory
0–3 points/ textbook

0–2 points/ textbook

5 We found no differences in the scores of items with and without 
iconic representations.
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difference in combination with appropriate modeling. In the 
German mathematics class, the term “Aufgabe” (= problem) 
in this item context is connoted with a symbolic expres-
sion. As appropriate modeling, we accepted each problem 
that could be used to determine the correct difference, 
including solutions such as “7−4”, “4 + _ = 7”, “7−? = 4”, 
or “4 + 3 = 7”. The actual models given varied a lot across 
students and classes. In terms of validity, the six items all 
demanded the translation of and solution to a given QC 
situation. This required the use and notation of a suitable 
mathematical model, which the according measure should 
represent. The range of student solutions, comprising both 
addition and subtraction modelings, emphasized the differ-
ent possible solution approaches for these items. The items 
were tested in a small pilot study and confirmed by an expert 
elementary school teacher. However, the resulting scale was 
restricted to the positive wording (‘more’). All appropri-
ate modelings that appeared in the students’ solutions were 
translated into a syntax and the scoring for both difference 
and modeling was conducted in a computer-based manner. 
These scores were totaled for the six items, leading to a scale 
of 0–12 points, with good reliability (Cronbach’s α = 0.90). 
The scale was standardized and used as a measure for stu-
dents’ ability to solve QC with unknown differences.

2.2.3  Individual and classroom covariates

We included a series of available individual and classroom-
related covariates in our analysis in order to control for 
possible influencing factors. Various studies have provided 
evidence that students’ abilities at school entry have an influ-
ence on the development of their mathematical skills in ele-
mentary school (e.g., Schneider et al., 2013). Hence, we con-
trolled for students’ basic cognitive abilities, basic numerical 
skills, and German language skills at the beginning of Grade 
1. The data were collected by approved standardized tests 
and yielded adequate reliability measures (basic cognitive 
abilities: CFT 1-R, Weiß & Osterland, 2013, Cronbach’s 
α = 0.91; basic numerical skills: HaReT 1, Lorenz, 2007, 
Cronbach’s α = 0.74; German language skills: Münsteraner 
Screening, MÜSC, Mannhaupt, 2013, Cronbach’s α = 0.72). 
The CFT 1-R included 45 items on non-verbal problem solv-
ing, the HaReT 1 included 43 items on arithmetic-related 
precursory skills, and the MÜSC included 40 items testing 
students’ phonological awareness. The standardized school 
entry tests were scored as defined in the test manuals. Sec-
tion 3.1 shows the results for the different textbook series.

On the class level, participation in one of the three 
groups of the arithmetic support program (see Sect. 2.1) 

Fig. 5  Example for the second 
item type
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was included as the dummy variable. We further controlled 
for class composition effects by including the aggregated 
variable of basic numerical skills (HaReT 1), because dif-
ferences among classes could also be caused by different 
levels of students’ average ability. Aggregated basic cogni-
tive abilities and German language skills were excluded due 
to multicollinearity, which causes distorted estimates. We 
used a mathematics-specific qualification as an indicator to 
control for teacher qualification for this covariate (as dummy 
variable, indicating whether they had studied mathematics 
or not). Elementary school teachers in Germany are gener-
alists, that is, all teachers teach mathematics but only some 
have studied mathematics beyond the school level. However, 
different studies with elementary school teachers revealed 
that the formal teacher qualification is strongly related to 
mathematics-specific professional knowledge (e.g., Blömeke 
et al., 2010; Knievel et al., 2015).

2.3  Procedure

2.3.1  Textbook analysis

Three trained persons independently assessed the four text-
books for Grade 1 based on the first four categories and 
following the scoring presented in Sect. 2.2.1. Their results 
indicated substantial agreement (Fleiss’s κ, 0.74; ICC, 0.90). 
Subsequently, we applied the consensus method to score 
the four textbook categories uniformly. The teacher manu-
als were reviewed for the fifth category by one trained per-
son. The three QC instructions for the teachers (none, only 
for high achievers, for all students) were given explicitly in 
writing, so an interpretation was unnecessary (low-inference 
rating). To weigh all five categories equally, the resulting 
scores for each category were standardized and aggregated 
to a single standardized quality scale on the textbooks’ learn-
ing opportunities with respect to QC.

2.3.2  Multilevel analysis

Data collection began when the students entered elementary 
school. Abilities at school entry were assessed at the begin-
ning of Grade 1. The QC items were administered seven 
months later, in March. Trained test administrators collected 
the data in accordance with the particular test manuals. All 
instructions were read aloud. The administrator worked on 
an example of the QC items with the students. At the end of 
Grade 1, teachers were given two questionnaires so that data 
on their qualification and textbook use could be collected.

2.4  Data analysis

To address Research Hypothesis 1, we analyzed differences 
in textbook quality with respect to QC based on the category 

system by comparing and interpreting the scores from the 
four textbook series.

We applied multilevel random intercept models with the 
software Mplus 7.0 (Muthén & Muthén, 1998–2012) to 
analyze the relation of textbook quality to student perfor-
mance (Research Hypothesis 2), while taking into account 
the nested data structure (Hox, 2010). Model 0 without 
predictors (null model) was run to estimate the partition of 
variance between and within classes. Model 1 included indi-
vidual and class composition covariates, namely, students’ 
basic cognitive abilities, basic numerical skills, and German 
language skills at the individual level, to account for indi-
vidual characteristics at school entry, and students’ basic 
numerical skills aggregated to a class mean at the group 
level to control for class composition. Model 2 additionally 
included the classroom covariates concerning participation 
in the support program (see Sect. 2.1) and teacher qualifica-
tion. Model 3 included the textbook quality scale concerning 
QC. We could not include the five subscales of textbook 
quality separately due to multicollinearity.

The scores for the individual abilities at school entry, the 
aggregated class mean of basic numerical skills, and the 
dependent variable for students’ ability to solve QC were 
standardized, thus the corresponding ß-coefficients can be 
interpreted as effect sizes similar to Cohen’s d (Tymms, 
2004). A full-information-maximum-likelihood (FIML) 
approach was applied for missing data on the independent 
variables. FIML combines missing data and parameter esti-
mation in a single step and uses all the available information 
(Enders, 2010). Due to the sample selection, there were no 
missing data for textbooks’ quality, the support program, and 
student performance in QC.

3  Results

3.1  Quality of learning opportunities regarding QC 
in textbooks

Table 2 presents the results for the textbook quality concern-
ing QC.

None of the four textbooks contained learning opportuni-
ties for modeling QC. Although this result was surprising, 
it is consistent with the results of previous research (e.g., 
Despina & Harikleia, 2014; Wessel, 2015). One textbook 
series had the highest scores in all other categories, namely, 
‘Welt der Zahl’, and one series had the lowest score in all but 
one, namely ‘Einstern’. The overall score reflects this result. 
In contrast, the other two series showed specific strengths 
and weaknesses. While ‘Denken und Rechnen’ showed the 
same score as ‘Welt der Zahl’ in the decomposition category, 
‘Flex und Flo’ had the same score as ‘Welt der Zahl’ in the 
teacher manual category. Conversely, ‘Flex and Flo’ had the 
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lowest score in the complementarity category and ‘Denken 
und Rechnen’ in the subtraction as a difference category. 
Thus, both manifested a mid-range overall score. Summa-
rizing, one textbook series had high and one had low qual-
ity in terms of QC, and two textbooks had medium quality 
concerning QC.

Compared to the textbook quality determined for arith-
metic principles for the same textbooks in a previous study 
(Sievert et  al., 2021), the rankings varied widely. For 
instance, in representing arithmetic principles, the series 
‘Einstern’ showed the highest score. Hence, these results 
indeed reflect topic-specific and not general textbook quality. 
Further, a non-topic-specific analysis of textbook effects in 
arithmetic in another previous study yielded different results 
as well (van den Ham & Heinze, 2018): students using ‘Den-
ken und Rechnen’ and ‘Welt der Zahl’ outperformed those 
using ‘Einstern’.

3.2  The relation between textbook quality 
and students’ ability to solve QC

Table 3 shows the means and standard deviations of all 
covariates for the four textbook groups. We ran analyses of 
variance and subsequent post-hoc tests, which showed sig-
nificant differences for some covariates between the textbook 

groups, with small effect sizes of η2 ≤ 0.024. Hence, it made 
sense to include these covariates in the multilevel analysis.

The between-class variance in student performance in 
solving QC as indicated by the null model was 13.7%. Thus, 
students’ ability to solve QC differed depending on the class 
the students attended. Table 4 shows the results of Models 
1–3 (as described in Sect. 2.4).

All three variables of the students’ abilities had signifi-
cant main effects on the individual level. They explained 
about 20% of variance within classes. These effects are in 
line with recent research on the significance of students’ 
abilities at the beginning of schooling for their future devel-
opment of mathematical competence (e.g., Schneider et al., 
2013). The results also confirm this finding for QC.

On the class level, the composition according to the 
aggregated numerical skills did not have an effect. Similarly, 
participation in the support program did not have an effect, 
which means that the analysis of textbook correlations was 
not influenced by the intervention. Also, the teacher qualifi-
cation did not yield any significant effects.

Regarding Research Hypothesis 2, we found a significant 
relation between textbook quality and students’ ability to 
solve QC. For an interpretation of the coefficient (β = 0.09), 
we refer to the results of Table 2, which show the range 
in the textbook quality scale, ranging from − 1.28 to 1.52 
(z-scores). Students in classes with the lowest textbook 

Table 2  Results of the textbook analysis: z-scores for the five categories and the overall score (mean)

Decomposed 
numbers

Complementarity of 
add/sub

Subtraction as a 
difference

Modeling of 
QC

Teacher manual Overall score

Denken und Rechnen 0.82 − 0.12 − 0.93 0 − 0.30 − 0.18
Einstern − 1.63 0.35 − 0.93 0 − 1.51 − 1.28
Flex und Flo 0.00 − 1.50 0.42 0 0.90 − 0.06
Welt der Zahl 0.82 1.27 1.44 0 0.90 1.52

Table 3  Means and standard 
deviations of the covariates for 
the different textbook groups 
(theoretical range below the 
variable name)

Denken und Rechnen Einstern Flex und Flo Welt der Zahl

Basic cognitive abilities
(0–45)

26.32 (8.62) 25.43 (8.68) 27.54 (9.23) 28.56 (9.04)

Basic numerical skills
(0–43)

31.32 (7.01) 31.88 (6.74) 31.90 (7.19) 32.50 (6.57)

German language skills
(0–40)

32.77 (6.09) 33.27 (5.92) 33.34 (6.20) 34.46 (5.41)

Basic numerical skills (aggregated)
(0–43)

31.29 (1.76) 31.90 (2.41) 31.92 (2.91) 32.52 (3.27)

Support program
participation
(0–1)

0.82 0.77 0.95 0.63

Teacher qualification
(0–1)

0.44 0.43 0.34 0.55
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quality and students in classes with the highest textbook 
quality on this scale differed in their ability to solve QC 
on average by about 0.25 standard deviations. Including the 
textbook quality led to a considerable increase of explained 
variance between classes (ΔR2 = 8.1 percentage points).

4  Discussion

In this analysis, we studied the textbook’s role as a learning 
resource in student achievement in solving QC in Grade 1. 
For this, we developed a set of indicators of textbook quality 
for this topic by combining insights from the current state of 
research and discussions with experts. On the basis of the 
resulting category system, we analyzed the respective learn-
ing opportunities presented in four commonly used math-
ematics textbooks that follow the same arithmetic curricu-
lum in one German state. We found differences in textbook 
quality concerning QC. In a subsequent multilevel analysis 
of student performance in QC with a dataset from 84 classes, 
comprising the first seven months of schooling, we were able 
to show a significant and relevant relation between textbook 
quality and student performance in this field.

4.1  Implications for educational research

Our findings suggest that textbook quality is a relevant 
predictor for mathematics teaching and learning. Earlier 
textbook research (see Sect. 1.2) and our own teacher ques-
tionnaire data (see Sect. 2.1) suggest that most arithmetic 
problems in mathematics class stem from or are caused by 
the textbook used. The results of this study suggest that 
the quality of textbooks with respect to QC restricts the 

corresponding learning environments that teachers imple-
ment in their lessons. They also indicate that low textbook 
quality—reflecting a low range of representations within 
the categories developed for our assessment—accordingly 
restricts the variety of addition and subtraction situations 
addressed in class. This holds true particularly when text-
books and teachers follow the same curriculum. Hence, text-
books should be considered in investigations on teaching 
effectiveness—even if only one specific mathematical topic 
is addressed.

Regarding mathematics teachers’ education, our results 
suggest that teachers should recognize quality differences 
between textbooks, regarding a comprehensive presenta-
tion of addition and subtraction, and should compensate for 
poor quality within a textbook. Thus, they should be able 
to identify a textbook’s weaknesses and to provide students 
with alternative learning opportunities as part of their peda-
gogical content knowledge. The categories developed in this 
study provide tools for this development, which are based 
on theory as well as on empirical evidence. Consequently, 
further research on the role of teachers’ professional knowl-
edge in textbook choice and use is necessary.

Concerning the understanding of operations, this study 
highlights the importance of a broad instruction concerning 
addition and subtraction that uses the whole spectrum of dif-
ferent situation models. Although required by curricula and 
research (Common Core State Standards Initiative, 2010; 
Kultusministerkonferenz, 2005; Ministry of Education, 
2011; Reeve et al., 2012), QC problems still appear to be 
underrepresented in classrooms when addition and subtrac-
tion are being taught (Despina & Harikleia, 2014; Tarim, 
2017; Xin, 2007). Based on data from regular mathemat-
ics classrooms, our findings indicate a lack of appropriate 
learning opportunities in several textbooks for Grade 1, and, 

Table 4  Results of the 
multilevel analysis of students’ 
ability to solve QC

Standard errors are shown in parentheses. All variables are standardized except those for Support program 
Groups 1 and 2, and for Teacher qualification (0,1), **p < 0.01

Model 1 Model 2 Model 3

Level 1 (students)
Basic cognitive abilities 0.25** (0.03) 0.25** (0.03) 0.25** (.03)
German language skills 0.15** (0.02) 0.14** (0.02) 0.14** (.02)
Basic numerical skills 0.11** (0.03) 0.11** (0.03) 0.11** (.03)
Level 2 (class)
Basic numerical skills (aggregated) 0.08 (0.05) 0.08 (0.05) 0.08 (.05)
Support program Group 1 0.05 (0.11) 0.09 (.10)
Support program Group 2 0.14 (0.11) 0.18 (.10)
Teacher qualification −0.11 (0.08) −0.13 (0.07)
Textbook quality 0.09** (0.03)
Intercept 0.01 (0.04) − 0.01 (0.09) − 0.35 (0.09)
Explained within-class variance 20.3% 20.3% 20.2%
Explained between-class variance 8.3% 13.2% 21.3%
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simultaneously, a relation between textbooks and student 
achievement in solving QC. The results highlight that the 
lower solution rates of QC problems are not only due to a 
possible inherent difficulty of the problem type, but also to 
a lack of learning opportunities in textbooks, limiting those 
provided in class.

Furthermore, this study contributes to research on 
the relation between mathematics textbooks and student 
achievement. The results provide evidence of a relation 
between textbook choice and student performance in ele-
mentary school, in line with the findings of Schmidt et al. 
(2001) and Törnroos (2005) for secondary school students. 
We developed specific criteria to assess textbook quality 
with respect to QC. The development of these criteria was 
based on empirical research on QC solving and on discus-
sions with experts. The criteria proved to be valid, because 
based on these we were able to explain an observed rela-
tion of textbooks to students’ learning outcomes. The results 
show that a fine-grained, theory-based content analysis of 
mathematics textbooks is a rewarding approach with which 
to examine the possible effects of these learning resources. 
Hence, this study contributes to meeting the need for more 
relational textbook research, as identified by Fan (2013) or 
Blazar et al (2019), and extends former research on the sig-
nificance of topic-specific textbook quality by Sievert et al. 
(2019, 2021). As this study revealed, it is possible to identify 
a relation between the learning opportunities presented by 
textbooks and student achievement in the QC subdomain. 
This is a useful contribution to research on the quality and 
impact of mathematics textbooks. It is conceivable that this 
approach can be transferred to more mathematics topics in 
order to learn more about the specific strengths and weak-
nesses of textbooks.

4.2  Implications for educational practice

Our analysis revealed substantial differences in the quality 
of the learning opportunities presented in four textbooks 
that follow the same curriculum, and a subsequent rela-
tion of these differences to the student performance in the 
field of QC. Particularly, differences in the range of repre-
sentations (manipulatives, iconic, symbolic, and linguistic 
systems, and the relationships among them) for the single 
category, as well as explicit instructions in the teacher manu-
als, were shown to lead to differences in textbook quality, 
which in turn was related to student achievement in solv-
ing QC. Hence, this study provides evidence that student 
achievement not only depends on the curriculum used, but 
also on the textbook chosen to implement the curriculum. 
Textbooks are a determinant of student achievement that 
can be changed easily and cost-effectively. Therefore, they 
are a valuable instrument for the improvement of student 

achievement. They can further be regarded as an instrument 
of quality assurance in education.

As previously stated, teachers should be aware of quality 
differences between textbooks regarding QC and should be 
trained in the assessment of textbook quality. Finally, topic-
specific criteria for determining mathematics textbooks’ 
quality, as developed in this study, provide tools for text-
book authors and publishing houses with which the strengths 
and weaknesses of textbooks can be analyzed. These tools 
could provide valuable opportunities for improving textbook 
quality.

4.3  Limitations

Some limitations of this study might influence the results 
and their interpretation. The secondary analysis of an 
existing dataset that was not based on an experimental 
setting with respect to textbook distribution provides cor-
relational relations, but does not allow causal interpreta-
tions. The sample used in our study, as well as the number 
of textbooks, could also have had an effect on our results. 
Further, we were unable to include certain covariates of 
interest that might possibly interact or be confounded 
with textbook quality. These include data on the textbook 
choice in schools, observational data concerning teach-
ers’ actual textbook use (instead of teacher reports), or 
data on teachers’ professional knowledge beyond their 
formal qualifications. All these variables might influence 
the textbooks’ role and should be considered in future 
studies. The choice of textbooks is particularly crucial for 
this research field because little is known about the crite-
ria schools or teachers apply. For the United States, this 
process is described as highly idiosyncratic and market-
driven (National Research Council, 2002). For Germany, 
Hartung (2014) presumed that the process is determined 
by rash decisions that are influenced by publishers’ adver-
tisements or by a close relationship between sales repre-
sentatives and schools. Hence, the possible influence of 
specific school characteristics on textbook choice requires 
additional research. A second limitation is the multicol-
linearity of the single scales of our category system. The 
data do not provide details about the weighting of the five 
categories for QC quality. Although the rankings partly 
varied among categories, testing all five scales in a single 
model was not possible, thus we could not draw conclu-
sions about the particular meanings. A third limitation, 
which is also connected to the secondary analysis, relates 
to the measure of solving QC. Of course, six items are 
not a comprehensive basis on which to assess students’ 
ability. The items are restricted to QC problems with an 
unknown difference set. A more precise analysis of stu-
dents’ performance should also include problems with 
unknown comparisons or reference sets (cf. Gabler & Ufer, 
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2020), including their specific difficulties and require-
ments. However, our measure has solid and reliable psy-
chometric characteristics and the corresponding relation 
to the textbooks is explainable by the quality of learning 
opportunities. Nevertheless, the relation found in our study 
is limited to the field of QC problems with an unknown 
difference and positive wording. Finally, we analyzed the 
textbook editions used by the students of our dataset. The 
results in Table 2 thus might not apply to revised or new 
editions of the respective textbook series.

5  Conclusion

In this study we reported a significant relation between 
mathematics textbooks’ quality and student performance in 
solving quantitative comparisons in Grade 1. The results 
contribute to textbook research by providing theory-driven 
and topic-specific quality criteria that can be used to assess 
textbooks. Our findings provide further evidence of the 
importance of textbook quality for mathematics education in 
elementary schools. They are based on a large-scale dataset 
of students from regular mathematics classes, in which the 
same curriculum was taught. In particular, we were able to 
show that the topic-specific textbook quality of quantitative 
comparisons can be determined by a scheme of five cat-
egories and that differences are mostly due to the different 
ranges of representations used within these categories. This 
topic-specific textbook quality was found to be significantly 
related to student achievement in solving quantitative com-
parisons. It thus plays an important role in this context.
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