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Abstract
In this paper we report on findings from a study of 5-to-6-year-old children’s ways of structuring part-part-whole relations 
using finger patterns. We focused our analysis on data from interviews with 28 children who during their last year of pre-
school learned to enact a structural approach. We used this data set to analyze their different ways of structuring a task with 
one part unknown, and what constitutes the ability to structure the task in a conceptually powerful way. The way children 
structure number relations was interpreted as being related to how they experience the task at hand. We identified some 
ways of structuring as being more powerful for future learning, particularly those that facilitate the child in experiencing 
parts and the whole simultaneously. We suggest that there are three aspects that children need to discern in order to structure 
the task successfully in both the short and the long term: what constitutes the whole, the parts within the whole, and finger 
patterns as a representation of the cardinality of a set. The pedagogical implications are that attention to children’s ways of 
experiencing the number relations in arithmetic tasks gives clues to why some children develop powerful strategies, and 
how to support children in their learning to solve arithmetic tasks.

Keywords Part-part-whole relations · Preschool · Structuring · Addition and subtraction · Variation theory

1 Introduction

In this paper we direct attention to preschool children’s 
ways of structuring part-part-whole relations of numbers in 
arithmetic tasks. This interest stems from the extensive field 
of research that has observed the benefits of developing a 
structural approach to arithmetic problem solving. Resnick 
(1983), for instance, argued that “Probably the major con-
ceptual achievement of the early school years is the inter-
pretation of numbers in terms of a part and whole relation. 
With the application of a Part-Whole schema to quantity, 
it becomes possible for children to think about numbers 
as composition of other numbers” (p. 114). Numbers, and 
addition and subtraction tasks, constitute part-part-whole 

relations, and experiencing these relations has also been 
described by others as critical for the development of arith-
metic skills (Cheng 2012; Mulligan and Mitchelmore 2009), 
as it allows the child to make use of powerful strategies such 
as commutativity (a + b = b + a), decomposition (c = a + b) 
and the complement principle (a + b = c then c − a = b). The 
use of such a structure is believed to facilitate arithmetic 
problem solving by eliminating unnecessary efforts, such 
as counting strategies (Baroody et al. 1983).

Enacting a structuring approach is based on numerical 
reasoning about quantities of parts and the whole simulta-
neously (Davydov 1982; Neuman 2013; Schmittau 2003), 
which induces an understanding of units and number rela-
tions. There is research support that a structural approach 
to arithmetic problem solving is powerful and well worth 
teaching in early arithmetic education. Nevertheless, the 
results of educational research suggest that preschool chil-
dren have difficulties learning part-part-whole relations or 
applying such insights in arithmetic tasks (Baroody and Pur-
pura 2017). There are, however, few studies on how young 
children develop such capabilities (Mulligan and Mitchel-
more 2009), and the quality and differences in performance 
of children.
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In an earlier study (Björklund et al. 2019) we investigated 
4–5-year-olds’ spontaneous use of fingers in arithmetic prob-
lem solving and found that children who used a strategy of 
counting single units as their only strategy were not able 
to solve simple arithmetic tasks while others who instantly 
showed finger patterns or created finger patterns by count-
ing and creating finger patterns, thus structuring numbers 
on their fingers, were more successful. Our analysis showed 
that these children had different ways of understanding num-
bers that seemed to affect their arithmetic performance. The 
study raised our awareness that it may not be the strategy use 
or finger use in particular that tell us about a child’s skills 
in solving arithmetic tasks; there may be alternative ways 
of interpreting children’s number knowledge, as seemingly 
similar use of fingers induces very different outcomes when 
solving arithmetic tasks. Thus, we chose to take a closer 
look at the ways children enact a structural approach when 
solving arithmetic tasks, in order to gain more insight into 
how different enactment of creating finger patterns reveals 
different ways of understanding the meaning of numbers. 
In this paper we therefore look more closely at the qual-
ity and differences in performance when children structure 
part-part-whole relations when solving a task with one part 
unknown. The aim was to gain a deeper understanding of 
what it means for preschool children to structure part-part-
whole relations when solving arithmetic tasks, and more 
specifically what is entailed in different ways of structuring 
in terms of powerful ways of understanding and handling 
tasks. Our research questions were as follows: (1) In what 
ways do children structure a task with one unknown part? 
and (2) What constitutes the ability to structure the task in a 
conceptually powerful way? In order to answer these ques-
tions, we conducted observations of preschool children’s 
ways of encountering the task “You have three glasses, but 
are going to set the table for eight people; how many more 
glasses do you need?” and particularly how they enact a 
structural approach, e.g., with the aid of finger patterns.

1.1  Approaches to early addition and subtraction 
learning

Formal education is often based on counting and count-
ing strategies as the starting point for the development of 
addition and subtraction skills (Carpenter and Moser 1982; 
Fuson 1992; Verschaffel et al. 2007). This entails that chil-
dren are taught to “count all” objects in order to determine 
a quantity, and develop strategies such as “counting from 
the first” addend, and further on “counting from the larg-
est” addend (Fuson 1992). Using counting to solve a task 
requires, for example, that when the second addend is larger 
than 3 or 4, children need something (e.g., their fingers) to 
keep track of the number words that are said beyond the 
first addend (Fuson 1982; Carpenter and Moser 1983). A 

counting (or operational) approach uses counting as the 
basis for the acquisition of arithmetic skills, and from this 
the subsequent development of an awareness of structure, 
e.g., in part-part-whole relations. However, counting strat-
egies involving counting single units entail that the child 
does not have to see the counted steps as part of the counted 
number (Steffe and Cobb 1988). This approach may thereby 
not necessarily prepare children for experiencing part-part-
whole relations of numbers. Hunting’s (2003) studies of 
preschool children inform us that when children change 
focus from counting single units to identifying them as a 
group or unit, it makes a major difference in their developing 
number knowledge. Later studies suggest that early-learned 
counting strategies involving counting single units can even 
impede children’s learning of more advanced strategies such 
as decomposition, since some children continue to use sin-
gle unit counting strategies that have worked well on easier 
tasks even in tasks that would require other ways of handling 
numbers, particularly considering numbers’ part-part-whole 
relations (Cheng 2012; Geary et al. 2013; Neuman 2013).

Subitizing is often mentioned as a foundational ability 
to recognize exact (small) numerosities, as an instant pro-
cess of determination, without counting. Many frameworks 
describing number knowledge and arithmetic skills assume 
this cognitive process to be a starting point for capabilities 
such as cardinality, unitizing and arithmetic skills (Clements 
et al. 2019). Conceptual subitizing (Clements 1999) is fur-
thermore significant in that it frames how children through 
decomposing and composing units of units are able to handle 
larger sets as additive, without relying on counting single 
units. This can also be related to what Steffe (1994) describes 
as children experiencing a set of items as one numerical 
object (a composite unit the numerosity of which is greater 
than one). Understanding number as composite units is a 
pre-requisite for decomposing and re-grouping strategies, or 
in other words, for experiencing the structure of an arithme-
tic task. The subitizing process, since it includes basic ideas 
of cardinality, unitizing and of part-whole relations, thereby 
relates also to elementary arithmetic (Clements et al. 2019).

When children are structuring numbers, in contrast to 
counting single units, they experience the part-whole rela-
tions of numbers in the mathematical problem and often 
seem to experience numbers as composite sets (Ahlberg 
1997). Ahlberg described that when a child structures a task,

The child does not use their fingers to count on. Instead 
they structure their fingers in a part-part-whole rela-
tion, thus grasping the numerosity of the numbers by 
seeing (…) When children handle numbers by struc-
turing they do not count on the number sequence in 
order to keep track of the numbers, but rather structure 
the numbers in the problem in parts and the whole in 
order to arrive at an answer. (p. 70)
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Similarly, Marton and Neuman (1990) found strategies in 
which seven-year-old children when dealing with problems 
like a  +  _ = c carried out,

an analyzing (structuring), rather than a counting, pro-
cedure. The children analyzed a concrete or visual-
ized number, which was grouped in such a way that it 
was possible to subitize (i.e., its numerosity could be 
immediately perceived). In their analysis, they could 
detect new ways in which the parts could be related to 
each other or to the whole. (p. 65)

Children’s awareness of structure has been debated lately 
and is asserted to be of vital importance for mathematics 
learning (Lüken 2012; Venkat et al. 2019). According to 
Venkat et al. (2019), knowledge about structure can be sum-
marized as an awareness of a network of basic and general 
relations. Emergent structures, Venkat et al. suggest, can be 
observed among younger children when they are able to ana-
lyze and discern local relationships, which will eventually 
allow them to identify more general mathematical relations 
and properties, such as commutativity and compensation.

1.2  Finger use in arithmetic learning

Research from different disciplines (e.g., Berteletti and 
Booth 2015; Crollen et al. 2011) has shown that the develop-
ment of arithmetic skills may be related to the use of fingers 
and in particular the representational use of fingers (Reeve 
and Humberstone 2011). Finger use is however not an innate 
ability since there is a broad variety in how fingers are used 
in different cultures (Bender and Beller 2012; Ifrah 1985). 
Contemporary research furthers our understanding of chil-
dren’s abilities to use finger representations as rather being 
determined by the context and task properties (Sinclair and 
Pimm 2015).

Neuman (1987, 2013) raised an essential point concern-
ing finger use in arithmetic learning, that focus should be 
on children’s ways of using fingers for arithmetic compu-
tation, not whether fingers should be used or not when 
learning arithmetic. Fingers are for instance an instrumen-
tal aid to keep track when reciting the number sequence 
or to keep track of counted items (Fuson 1988). Fingers 
can however also be used to structure numbers so that the 
relation between and within numbers becomes visible—
a whole hand can be seen as two and three fingers but 
also as four and one finger together. Baroody (1987) made 
efforts to systematically describe how young children use 
their fingers, and particularly pointed out the benefits 
of structuring numbers with finger patterns as efficient 
“shortcuts”. Recent studies also bring to the fore that chil-
dren’s ways of using their fingers may be an expression of 
how numbers are experienced with implications for their 

numerical reasoning skills (Björklund et al. 2019). In this 
paper we take this conjecture as our departure point in 
aiming to study the ways children structure numbers as 
expressions of the meaning numbers have for them.

2  Theoretical framework

To reveal how children experience part-part-whole rela-
tions when structuring an oral task with one part unknown 
(3 + _ = 8), we used the variation theory of learning (Mar-
ton and Booth 1997) as a theoretical framework. The vari-
ation theory of learning emanates from phenomenography 
(e.g., Marton 1981; Marton and Neuman 1996), which 
investigates how the same phenomenon (e.g., numbers) 
can be experienced differently by different learners, which 
highlights the different meanings things have for people—
in our case what numbers mean to preschool children and 
how adding and subtracting make sense to them. Accord-
ing to the theory, how people act is in accordance with 
what they see. In order to learn to do something, such as 
solving a problem in a certain way, one has to learn to 
see something in a particular way. A group of preschool 
children will thereby show a variation in how they handle 
arithmetic tasks that can be connected to how they expe-
rience numbers. Furthermore, different ways of experi-
encing numbers are due to differences in the discernment 
of aspects related to numbers. A fundamental idea in the 
variation theory of learning is that for each learning object 
there are some necessary aspects that the learner needs to 
discern (Marton 2015). For example, in order to develop 
arithmetic skills, the child needs to experience the first 
ten natural numbers in terms of, e.g., ordinality, cardinal-
ity, and part-part-whole relations. How children act and 
answer when trying to solve an addition or subtraction 
task, for instance, is connected to whether they discern 
these aspects, or whether some aspect is undiscerned and 
thus affects how the child experiences numbers and what 
it is possible to do with the numbers in a task. In sum, the 
different ways of structuring identified in this paper are 
expressions of different ways of seeing and understanding 
numbers in the task at hand. The theoretical framework 
guides us in interpreting how a child’s way of structuring 
numbers is an expression of how the child experiences the 
meaning of the numbers and their role in the arithmetic 
task. Thus, we observe children’s strategies but interpret 
them as expressions of ways of experiencing numbers. 
This is an alternative way of describing children’s numeri-
cal competence, which sheds light not only on differences 
in enactment when solving an arithmetic task, but also on 
differences in ways of understanding or ‘seeing’ the task.



770 A. Kullberg, C. Björklund 

1 3

3  Method

Our main aim is to direct attention to what it means to struc-
ture part-part-whole relations as finger patterns when solv-
ing arithmetic tasks in the early years. In the FASETT1 pro-
ject we investigated preschool children’s learning of number 
and arithmetic skills, and interviewed 103 5-year-olds three 
times over a prolonged time period (mean age at interview I: 
5 years 3 months; interview II: 5 years 11 months; interview 
III: 6 years 11 months). The participating children were of 
mixed socio-economic backgrounds and came from three 
suburbs of a large Swedish city. They were all Swedish-
speaking and had attended preschool for several years (the 
attendance rate in Swedish preschool is very high; most 
2–5-year olds are enrolled in some pedagogical practice). 
Swedish preschool is voluntary and the national curriculum 
provides guidelines for content areas such as mathematics 
but does not outline how to teach certain mathematical con-
tent. Thus, the children may have encountered different ways 
of using fingers as aids in numerical problem solving.

In this particular study we first selected those children 
who scored less than 15% correct on arithmetic tasks in 
the first interview, giving us 58 children. The rationale for 
selecting children with little pre-knowledge was our inter-
est in their emergent structuring. In their first interview, 
many children showed that they experienced some aspects 
of numbers, ordinality and/or cardinality, but were unable 
to coordinate these necessary aspects and did not experi-
ence a part-part-whole relation of numbers. If this is the 
case, children cannot solve the tasks since they do not see 
the numbers as composite sets that have numerical rela-
tionships to each other (for more details about this analysis 
see Björklund et al. 2019; Björklund and Runesson Kempe 
2019, accepted). Thus, the interviews revealed a variety of 
ways of experiencing numbers among the children, with 
implications for their success in solving tasks. Four differ-
ent ways of experiencing numbers were identified among the 
children: Un-coordinated handling of numbers (estimating 
or guessing), Counting (single units only), Structuring (by 
means of fingers), and Known number facts (rapid mental 
calculation). Included in the observations were also children 
who in the first interview gave No answers and who received 
No question (if answers were incorrect on two straightfor-
ward addition and subtraction items, 2  +  5 and 10 − 6, due 
to ethical concerns the child did not receive what we consid-
ered to be a more demanding item 3 + _ = 8; see Carpenter 
and Moser 1983 p. 10). No child in the sample enacted a 
structural approach in the first interview. We then selected 

observations from the second interview eight months later in 
which children enacted a structural approach in one specific 
task (n  =  28). Category inclusion criteria for Structuring 
is based on the main project’s emphasis on finger use in 
early mathematics learning and more specifically on Ahl-
berg’s (1997) description that the child does not use fingers 
to count on the number sequence in order to keep track of the 
numbers but instead to structure his or her fingers in a part-
part-whole relation in order to arrive at the answer. Chil-
dren who expressed knowing number facts were excluded 
as they mostly did not give sufficient explanations for their 
correct answers, which thereby would not provide us with 
data for their ways of structuring. Not all of the children in 
the selected 28 observations provided a correct answer.

3.1  The interviews

All children’s parents or legal guardians had given their writ-
ten consent for the children to participate in the interviews. 
The interview was comprised of several items within the 
number range 1–10, and lasted about 15–20 min. The inter-
views were conducted by members of the research team. 
The tasks were presented orally, and during the interviews 
no numerals or manipulatives other than fingers were used. 
However, the children were encouraged to use their fingers 
if they wanted to. If the child did not want to answer, or 
gave an answer that was too improbable on two consecu-
tive items, due to ethical concerns the interviewer did not 
continue with more tasks of a similar type. All interviews 
were video-recorded to ensure reliability in the coding and 
analysis.

We report here on one of the eight orally given addition 
and subtraction items: ‘You have three glasses, but are going 
to set the table for eight people; how many more glasses 
do you need?’ (3  +  _  =  8). This was considered an item 
that could not easily be solved by counting single units, but 
instead was assumed to require structuring and allowing for 
different ways of structuring, for its solution.

3.2  Analysis

In this study we analyzed how children structure an arithme-
tic task with one part unknown, to find out what constitutes 
the ability to structure the task in a conceptually powerful 
way. Variation theory provides the theoretical framework for 
how the different ways of structuring are seen as expressions 
of different ways of seeing and understanding the task at 
hand, which is assumed to have implications for the success 
rate of children and further development of their arithmetic 
skills. The unit of analysis is children’s verbal utterances and 
actions, e.g., with fingers, when solving the task.

In the process of analysis, we first repeatedly watched 
the 28 video recordings and transcribed verbatim how the 

1 FASETT—The ability to discern the first ten numbers as a neces-
sary ground for arithmetic skills—is a research project funded by the 
Swedish Research Council.
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children enacted their structuring when solving the ‘set the 
table’ task. We then identified two main categories of ways 
of structuring: Instantly showing finger patterns as sets, and 
Instantly showing finger pattern sets and counting single 
units. These categories had earlier been found also in the 
previous study by Björklund et al. (2019). Second, a more 
fine-grained analysis identified differences within these 
two main categories in terms of how children enacted the 
structuring to solve the task at hand, that is, in what ways 
the children composed the parts and the whole given in the 
task, for instance by counting on or instantly adding a whole 
finger pattern set (such as the whole hand), and furthermore 
whether the child operated primarily from one hand or used 
both hands. These different ways of enacting were then fur-
ther analyzed in terms of the way of experiencing the task 
of which the enactment could be an expression. In line with 
our theoretical framework, we observed that certain ways of 
acting were expressions of more advanced ways of experi-
encing numbers and of the child thereby discerning more of 
the necessary aspects of the task. Then, when considering 
the task at hand we were able to conclude how certain ways 
of acting liberated more or less powerful ways of structur-
ing the part-part-whole relations and supported the child in 
solving the task. According to variation theory, certain ways 
of acting are expressions of some aspects of the task at hand 
being discerned, while other aspects may not yet have been 
discerned. The more aspects manifested by the child—and 

discerned by the researchers—liberate what the child is able 
to do with the task at hand.

4  Results

In our analysis of children’s ways of structuring, we found 
two main categories: Instantly showing finger patterns as 
sets, and Instantly showing finger pattern sets and counting 
single units, the latter further including two sub-categories 
of ways to enact the structural approach (see Table 1). These 
are in the following discussion described and problematized 
in terms of how the structuring is enacted and what consti-
tutes the respective ways of structuring when solving the 
task ‘You have three glasses, but are going to set the table 
for eight people; how many more glasses do you need?’ 
(3  +  _  =  8).

4.1  Instantly showing finger pattern sets 
without counting single units

In our sample we found seven instances of children structur-
ing numbers on their fingers without counting single units—
they created a structure of composite sets to solve the task. 
These children created composite sets of numbers as finger 
patterns and all of them were fluent in this act, producing a 
structure on their fingers from which they instantly ‘saw’ the 
answer (see Fig. 1). The excerpt below shows how Hannah, 
who by simply looking at her fingers could see the given part 
(3) and the whole (8) and thereby determine the unknown 
part (5) (see Fig. 1):

Table 1  Ways of structuring

Categories n = 28

Instantly showing finger pattern sets without counting single 
units

7

Instantly showing finger pattern sets and counting single units 21
 Counting on the unknown part on separate hand 9
 Counting on by partitioning the unknown part, on separate 

hands
12

Fig. 1  Illustration of how a child structures the part-part-whole relationship without having to count single units by first showing the given 
addend (3) and then producing the whole (8), and thereby recognizing the missing addend as the whole hand (5)
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Hannah: Three glasses and 
eight are going to eat, how 
many more. Three (shows 
thumb, index, middle finger on 
her left hand) and eight (puts 
her whole right hand on the 
table; looks at her hands) Five 
more.

Shows simultaneously 3 and 8. 
Sees 5 in the 8.

Correct answer.

What characterizes this way of structuring is that the 
child instantly creates the first heard addend (3) and 
then the whole (8) by including the first addend in the 
whole, simultaneously. The three fingers constituting the 
first addend are thereby seen as a part of the whole eight. 
This way of seeing ‘the 3 in the 8’ also makes her see the 
unknown part, ‘the 5 in the 8’. Thus, numbers are per-
ceived as composite sets, and are related in a part-part-
whole fashion that helps her see the answer without having 
to count. The task at hand does help her to see the answer 
easily, since the second addend (5) can be recognized as a 
whole hand. Nevertheless, structuring in this way demands 
attention to how parts and the whole are related, and most 
importantly that parts are included in the number that con-
stitutes the whole.

As discussed above, we have drawn the conclusion that 
experiencing how parts are included in a whole in a part-
part-whole relationship is an important aspect that is criti-
cal for structuring a task of composite sets. The following 
excerpt shows one child (Sofia) who did not solve the task 
even though she enacted a structural approach, because she 
lost track of the whole and treated the task as if the whole 
were 10 instead of 8:

Sofia: (shows index, middle and 
ring fingers on her right hand 
and keeps all fingers on her left 
hand folded, looks a moment 
at her hands) I need to bring 
seven.

Interviewer: How did you do 
that, show me, first you 
showed three there (imitates 
the child’s finger pattern), how 
many do I need to bring in 
order to make eight? How 
did you do it then?

Sofia: It’s seven (looks at the 
interviewer’s hands), all these 
(touches the interviewer’s five 
folded fingers on the left hand 
and the folded thumb and little 
finger on the left hand).

Shows three and simultaneously 
relates it to the whole ten com-
posed of the rest of the folded 
fingers. Sees the unknown part 
as 7 on her hands.

Incorrect answer—uses 10 as the 
whole.

Our conclusion is that it is crucial that children not only 
experience numbers as parts of larger numbers, but also 
perceive the whole as specific to the task within which 
the two addends are to be found. When children fail to 

perceive the correct whole simultaneously with the parts 
they may very well structure part-part-whole relationships, 
but end up with wrong answers (see Sofia, above). The 
enactment, then, has one number (shown as a finger pat-
tern of 10 in the example above) foregrounded, but not the 
two numbers presented in the task (3 and 8).

Our sample contained one instance of structuring that did 
end up with a correct answer even though the child did this 
by structuring in a distinctly different way, as shown in the 
excerpt below. Benjamin uses another way of composing 
and re-grouping between the parts, adding one unit (finger) 
to one set and then another unit (finger) to the other set, then 
making use of a structure composed by the doubles “3 and 
3” and “4 and 4”.

Benjamin: Three (shows the 
thumb, index, middle fingers 
on his left hand) then it’s eight 
(unfolds little, ring, middle fin-
gers on his right hand, holding 
the hands close together) three 
more. Or I got three so it’s 
going to be (pauses and looks 
straight ahead) four more. 
Three and it’ll be, or no it’ll 
be five more because then 
this is four here (unfolds ring 
finger on his left hand) and 
four here (unfolds all but the 
thumb on his right hand)

Sees simultaneously
3 and 8. Makes use of doubles 

(4  +  4). Moves units between 
the parts.

Correct answer.

Benjamin seems to recognize 4 on one hand and 1 on the 
other as one composite set (4  +  1), which leaves the first 
addend (3) as one set. The whole (8) is emphasized only in 
the beginning, when he creates a pattern of 3 on his right 
hand as he starts grouping the parts within the whole on his 
fingers. He creates a structure composed of two parts (using 
doubles), 4 and 4, to which he can relate the numbers in the 
task.

4.2  Instantly showing finger pattern sets 
and counting single units

Most of the children (n  =  21) who enacted a structural 
approach did so by both counting to create a set (repre-
sented as a finger pattern) and instantly showing numbers 
represented as composite sets on their fingers without 
counting (finger patterns), in the same act. Most of them 
managed to solve the task. In general, we can see that 
all but one of the children in this category started with 
the first given addend (3). This is not surprising since the 
semantic structure of the task is that you first have a set of 
three, presented orally, and then you are given the infor-
mation that there are eight people coming. And lastly, the 
question is posed as to how many more glasses (than the 
three) you need to get. In order to solve the task, it is 
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important to establish of what the whole is constituted, and 
what the part is, thus creating a structure of parts and the 
whole. Two children in our sample did not see the whole 
and the given part simultaneously, and thus lost track of 
the missing part, for example Peter in the excerpt below:

Peter: One, two (unfolds left 
thumb and index finger) and 
then I need to get…

Interviewer: Three at first, 
three glasses.

Peter: Three glasses (unfolds the 
left middle finger as well) and 
then I’ll get one, two (unfolds 
the ring and little finger) three, 
four, five, six (unfolds one 
finger at a time on his right 
hand) maybe six more? (shows 
the interviewer nine unfolded 
fingers).

Creates the known part (3) by 
unfolding one finger at a time.

Creates the missing part by count-
ing on one finger at a time from 
the first part.

Incorrect answer

In the excerpt above, Peter is solving the problem by 
‘counting on’. What we can conclude is that he and the 
other child who ‘counted on’ in a similar way failed to find 
the answer because they lost track of how many units they 
needed to add to get the whole. Peter’s verbal expressions 
reveal a rather empirical interpretation of the task, as he 
first creates the given part (3) and then says “then I need 
to get…” followed by a single counting act to add units. It 
does not seem as if he is experiencing numbers as related 
in a part-part-whole fashion, which hinders him in figur-
ing out when to stop counting and adding on units to the 
given part.

While most of the children did perceive the parts and 
the whole simultaneously, how the structure was created 
differed among them. Discerning what the parts and the 
whole are simultaneously seems to be a critical aspect of 
any kind of structuring, but the observations of different 

ways of structuring also bring to the fore that other aspects 
are critical. In the following we take a closer look at two 
distinctly different ways of combining instant finger pat-
terns with counting.

4.2.1  Counting on the unknown part on separate hand

Nine children were found to create the parts (3  +  5) on 
separate hands by both instantly creating one set on one 
hand and adding units on the other hand, until the whole is 
represented. A typical example of this can be found below. 
Oliver starts by creating the set of 3 and then continues 
counting on, on his other hand: “four, five, six, seven, 
eight”. Since his whole hand is included in the counting 
on procedure, he gives a rapid answer: “Five” (see illustra-
tion in Fig. 2):

Oliver: Three (unfolds the little 
finger, index and thumb on his 
left hand). One, two, three 
(points with his right index fin-
ger when counting the fingers, 
then unfolds all fingers on the 
right hand and points with his 
left thumb while counting, still 
holding his original pattern of 
three on the left hand) four, 
five, six, seven, eight. Five.

Creates the given part (3). Counts 
on until reaching the whole (8). 
Sees the 5 in the 8. The unknown 
part is created on the other 
hand.

Correct answer

Seven of the nine children who enacted structuring in 
this way produced correct answers, which indicates that 
they experienced the first addend (3) as a composed set 
and kept track of the counted numbers until reaching the 
whole (8). Once having counted on to 8, the children 
seemed to experience their finger pattern as a structure of 
the parts and the whole related to each other, and instantly 
recognized the unknown part (5).

Fig. 2  Illustration of a child seeing the first addend as a unit of 3, ‘counting on’ to 8 on the other hand, and recognizing that the other addend is 5 
(whole hand)
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4.2.2  Counting on by partitioning the unknown part 
on separate hands

Composing sets can be done by counting and by instantly 
seeing a finger pattern, but the structuring can be enacted in 
yet another way than the one described above. Like most of 
the children, 12 of them started by creating the first given 
addend (3). However, like Mike in the excerpt below, they 
continued composing the whole (8) by counting their full 
hand (3  +  2) and then continuing on the other hand (+  3). 
Some children then counted the missing part (one, two, 
three, four, five) or recognized the part instantly as 5 (see 
Fig. 3):

Mike: (Shows the thumb, index 
and middle finger on his right 
hand, looks at his left hand 
(folded), then unfolds the ring 
and little finger on his right 
hand one at a time, then the 
thumb, index and middle finger 
on his left hand. He then folds 
the right hand’s ring and little 
fingers and unfolds them again, 
then points with the right 
thumb the unfolded fingers 
on his left hand) Five more 
glasses.

Creates the given part (3)
Counts on until the whole is cre-

ated (8).
Counts the unknown part (2  +  3).
Sees 3  +  (2  +  3) in the 8.
Correct answer

This way of solving the task seems to be a quite demand-
ing act since the child has to experience, first of all, that the 
given part (3) is included in a part-part-whole relation with 
the 8, and that the added fingers on his first hand (2) have to 
be added to the 3 on his other hand, leading to a structure 
in which the unknown part is partitioned into 2 and 3, yet 
constitutes a composite set of five. The children who started 
enumerating the missing part starting with ‘one’ (usually 
on the ring finger) succeeded and managed to see the 5 in 
the 8 (like Mike in the excerpt above). Some who started 

enumerating the whole (continuing from ‘four’) seemed to 
lose track of the parts, both given and unknown, as shown 
in the excerpt with Leah, below:

Leah: One, two, three (unfolds 
three fingers, one at a time, 
thumb, index and middle 
finger, short pause) four, five 
(unfolds ring and little finger) 
six, seven, eight (thumb, index 
and middle finger on her other 
hand). I got two? (takes her 
hands away)

Interviewer: Hm. How many 
glasses was it that you 
needed to bring?

Leah: Two glasses and I have 
two children.

Creates the given part (3). Counts 
single units to create the whole. 
The unknown part is not differ-
entiated from the whole (8).

Discerns the part and the whole, 
but loses the parts of the whole.

Incorrect answer

Leah starts with the known part (3), and continuing 
to count on to make eight. However, she does not see the 
unknown part as differentiated from the whole. Instead she 
answers two, which could be interpreted as the remaining 
fingers of ten. Another plausible explanation could of course 
be that she does not fully understand the semantics of the 
task.

Structuring  numbers in the task  by partitioning the 
unknown part on separate hands illustrates  to a larger 
extent the comprehensiveness of the part-part-whole rela-
tion, whereby the parts are included as a composite set of 
the whole. This differs from the earlier category (4.2.1), in 
which the whole was created and illustrated as two separate 
parts. Different ways of enacting a structural approach thus 
imply that different aspects are critical.

4.3  Longitudinal findings

When comparing the second and the third interview (con-
ducted with a one year interval) we found a pattern in the 

Fig. 3  Illustration of a child instantly showing the first part as a set (3), thereafter counting on on the same hand, and continuing to count on on 
the other hand to make 8. The child sees “the 2” (fourth and fifth finger) and “the 3” (sixth, seventh and eighth finger) as one set of five
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ways the children’s enactment had changed (see Table 2). 
The sample is too small to take statistical measures and 
more tasks should be analyzed to make general statements 
about the findings, but there are tendencies in the chil-
dren’s enactment that are of educational interest.

Among the children who were counting on the unknown 
part as a set composed on the other hand (4.2.1), there 
were diverse results in the third interview in how they 
solved the same task. Two of the nine children in this cat-
egory developed their way of seeing numbers as being 
composite sets which do not need to be counted (4.1), 
while three acted in similar structuring ways, creating sets 
using finger patterns and counting single units as ‘count-
ing on’. However, we also saw that three of these children 
enacted the more primitive strategy of ‘counting all’ or 
simply guessing in the later interview, which was a sur-
prise. Solving the task by counting emphasized that the 
children experienced numbers as single units rather than 
composite sets structured in a part-part-whole fashion.

The third interview reveals that some ways of struc-
turing seem to foster a continuation of using a structural 
approach while other ways of structuring seem not to 
facilitate the discernment of part-part-whole relations to 
the same extent, in this group of children. One explanation 
is that the structuring acts in interview II where children 
create parts and the whole on separate hands by counting 
on (4.2.1), may be an indication of the child experiencing 
local relationships; however this action does not seem to 
induce a generalization of their structuring. In contrast, 
when the children create the unknown part as partitioned 
on two hands but still constituting a composite set of five 
(4.2.2) they seem to experience the number relations dif-
ferently, as they in the later interview enact in the same 
way (which by all means may be due to their discerning of 
the local relationship only, and having mastered this par-
ticular triad of numbers), or they have learnt the number 
relation as a fact and do not need to calculate or operate 
with the numbers to find the answer.

5  Conclusion

Two main categories of ways to structure the part-part-whole 
relation in an arithmetic task emerged in our observations: 
children who instantly create a finger pattern in which the 
numbers are experienced as part-part-whole relations; 
and children who instantly showed finger pattern sets and 
counted single units. The latter demanded a more thorough 
analysis, which revealed two significantly different ways 
of experiencing the numbers in the task with different out-
comes for the development of arithmetic skills.

Based on our analysis we found one important difference 
in the category in which children both instantly showed fin-
ger pattern sets and counted to create the units in the task: 
the children used one or two hands to structure the unknown 
part. When separate hands were used to represent one part 
each, the child could concentrate on one part, then include 
it in the whole, and then differentiate the unknown part from 
the given part and see the ‘5 in the 8’. This way was suffi-
cient for solving the task at hand and made the finger pattern 
of 8 and 5 easily recognized. However, seeing the enactment 
from a developmental perspective, it may not necessarily 
prepare children for seeing parts within parts, which is a use-
ful skill when operating with larger numbers later and bridg-
ing through ten. Children using the separate hands approach 
solved the task correctly if they used the correct whole as 
their point of departure. We found that a few children struc-
turing the task in this way did not take into account the cor-
rect whole (using 10 instead of 8) when solving the task, and 
even though they structured a part-part-whole relation on 
their fingers using finger patterns, they were consequently 
not able to solve the task as intended.

The second way identified was starting with the known 
addend (3), and adding 2 on the same hand and then 3 on 
the other hand to make 8. We found that composing the 
unknown part by partitioning it on two hands was demand-
ing for some children, as it is then necessary to perceive 
the parts in a part as well as the other part and the whole 

Table 2  Changes in the children’s enactment in interview III

Categories Interview II (n = 28) Interview III (n = 28)

Uncoordinated num-
bers, no answer

Structuring Known number facts

4.1 Instant separate 
sets on two hands

7 0 (0%) 6 (86%) 1 (14%)

4.2.1 Counting on the 
unknown part on 
separate hand

9 4 (44%) 5 (56%) 0 (0%)

4.2.2 Counting on 
by partitioning the 
unknown part on 
separate hands

12 1 (8%) 8 (67%) 3 (25%)
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simultaneously. This way of structuring one part on two 
hands entails a composing-decomposing act, since the 
unknown part is partitioned but has to be experienced as 
one composite set as the answer. Most of these children suc-
ceeded in seeing ‘the 5’ even though it was composed of 
two and three on separate hands, whereas one child did not 
and answered “2”, which could be interpreted as not seeing 
both the 2 and the 3 in the composition of 5, or as not tak-
ing the correct whole into account (10 instead of 8). The 
enactment whereby children created a structure of number 
relationships, has the benefit of literally including the parts 
in the creation of the whole, which emphasizes the relation 
between the parts and the whole as necessary to be experi-
enced simultaneously.

6  Discussion

The ability to interpret numbers as part-part-whole relation-
ships has been argued to be of great importance in children’s 
development of arithmetic skills (Resnick 1983). It makes it 
possible for the learner to create units of units, and see units 
within units and thereby solve addition and subtraction tasks 
in powerful ways. In our study we took a closer look at how 
children create units in a task with a part unknown. Earlier 
research by, e.g., Steffe and Cobb (1988) has suggested that 
counting strategies in which children add single units do 
not facilitate their seeing counted steps as a composite part 
of number. Counting approaches thereby do not necessarily 
prepare or induce children to experience the part-part-whole 
relations of numbers. Nevertheless, most of the children in 
our study did enact some kind of counting. From a variation 
theory perspective, different ways of acting in an arithmetic 
problem solving situation, or in our case different ways of 
creating sets in a task, are grounded in different ways of 
seeing numbers. This means that there can be more to under-
standing arithmetic skills development than merely studying 
what strategies (counting or structuring) a child has learned 
(cf. Cheng 2012).

Marton and Neuman (1990) also identified strategies that 
seven-year-old children used when solving the same type of 
task as in this paper (a + _ = c). However, we add new knowl-
edge to the study of Marton and Neuman (1990) by showing 
in greater detail how five-to-six-year-old children enacted 
their structuring of numbers on their fingers, of which some 
ways can be considered more powerful than others when 
considering the three critical aspects identified that children 
need to discern in order to structure the task. One critical 
aspect, we suggest, is that the whole needs to be discerned, 
since we found that some children lost track of the whole 
while trying to identify the missing part. Furthermore, chil-
dren need to see (experience) the parts within the whole, 
meaning that numbers are related to each other in a triad 

manner. A third critical aspect is the recognition of finger 
patterns as a representation of the cardinality of a set, since 
this enables them to structure the part-part-whole relation of 
the task. If children experience these aspects when encoun-
tering the arithmetic task, we suggest, they have discerned 
emergent structures of local relationships (see Venkat et al. 
2019).

Ways of structuring are complex acts to observe and 
interpret. Baroody et al. (1983) stated already that the use 
of the part-whole relations may very well be localized to a 
limited number of cases. In our task ‘the whole hand’ may 
thus constitute a learned fact that works well for the par-
ticular task 3 + _ = 8 and could be expressed as creating the 
missing part separately from the given part (category 4.2.1), 
but the child may not be as sure of the part-whole relations 
in other numerical combinations. This, as we see it, would 
according to Venkat et al. (2019) be an example of (emer-
gent) structure, an awareness of local relationships, which in 
turn is a foundation for attending to generalized mathemati-
cal relationships.

Based on the close investigation of how children struc-
ture part-part-whole relations, we further suggest that those 
children who composed the unknown part as counting on 
partitioned on both hands (2 + 3) opened up the possibility 
of also discerning the more general mathematical properties 
of decomposition strategies. Thus the enactment demands 
that they see the parts related to each other and the whole 
and how one part can be de-composed to fit the structure 
(finger pattern representing the whole) at the same time. This 
simultaneous awareness of the necessary aspects of the task 
at hand would according to variation theory be an example 
of a more powerful way of experiencing numbers and thus 
promote further conceptual development, to which the third 
interview also has given some credence.

7  Future research

In this study we analyzed data mainly from the second 
interview (of three). The third interview, conducted one 
year after the second one, showed that all children who 
partitioned the unknown part on their two hands further 
developed their enactment (compared with those who 
counted on separate hand). These children all enacted the 
same successful way of structuring in the third interview, 
thus not counting at all but rather seeing the parts and the 
whole as finger pattern sets, or having developed known 
number facts from which they drew when solving the same 
task. This was also true among those who did not figure 
out the correct answer in the second interview but used 
the same strategy. All the children in our study who had 
instantly structured the numbers on their fingers without 
counting at all continued to structure in a similar way or 
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retrieve from known facts in the third interview. Thus, 
experiencing numbers as composite sets seem important 
and robust for attending to the numbers’ part-whole rela-
tions in arithmetic tasks. That said, the findings strongly 
indicate the importance of direct attention not only to the 
fact that children structure numbers, but that how they 
structure, or rather how they experience the number rela-
tions within the structured finger patterns, may have a sig-
nificant impact on their future development of arithmetic 
skills. Further research with a larger sample and multiple 
tasks is needed to study how children over time under-
stand number relations, and how interventions can enhance 
development.

7.1  Implications for practice

Deeper knowledge about children’s ways of understanding 
and using numbers are known to inform teachers’ prac-
tice. In our investigation of children’s ways of structur-
ing we revealed that there are differences in enactment, 
and also in the power of the enactments. The differences 
found have been interpreted depending on what aspects 
were discerned, some of which are critical for further more 
advanced arithmetic problem solving but not necessarily 
for the task at hand; that is, children sometimes structure in 
order to create units, for example by partitioning the parts 
on two hands, even though the task could be more eas-
ily solved by creating parts on separate hands. The former 
strategy may be seen as an expression of a more advanced 
way of experiencing numbers, which will be necessary, for 
example, when encountering a larger number range and 
bridging through 10 (cf. Hatano 1982). However, for some 
children in our study it entailed complications, since more 
aspects have to be discerned simultaneously for enacting 
the de-composing strategy. Based on these findings and 
conclusions, teachers thus need to pay attention to how 
children create units, and whether they experience the rela-
tion between the parts and the whole while creating the 
units. Finger patterns seem to be helpful in representing 
relations between numbers, but it is also critical that the 
child identifies what constitute the parts and the whole. 
This means that children should not foremost be taught 
to use certain strategies and structural approaches, but to 
understand the number relations they are creating while 
structuring. To confirm this conclusion and further develop 
education in the early years, intervention studies are needed 
aiming at developing children’s way of experiencing num-
bers as part-whole relations.
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