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Abstract There is now robust evidence that teachers’ and

others’ in-the-moment decision making can be modeled

and explained as a function of the following: their

knowledge and other intellectual, social, and material

resources; their goals; and their orientations (their beliefs,

values, and preferences). The role of beliefs as they affect

teachers’ behavior can thus be described at a level of

mechanism—but of necessity in interaction with resources

and goals. This paper outlines and exemplifies how

resources, goals, and orientations shape teachers’ behavior.

It indicates how they are interconnected, and why their

evolution is necessarily slow. It then suggests how these

understandings can be used as a foundation for mathe-

matics teachers’ professional development, and describes

how they are being used to shape a course of participatory

professional development for middle school mathematics

teachers.
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1 Introduction

The main theoretical argument in which this paper is

grounded is that people’s behavior in ‘‘well-practiced’’

domains—teaching in particular—can be understood as a

function of their knowledge and resources, goals, and

beliefs and orientations (Schoenfeld, 2010). ‘‘Well-

practiced’’ domains are those areas of practice in which

individuals have had enough time to develop a corpus of

knowledge and routines that shape much of what they do.

Any professional practice is an example: the day-to-day

activities of teachers, doctors, automobile mechanics, sec-

retaries, and chefs are supported by routines that they have

developed, over time, to handle recurring issues of practice.

(The same is true for home cooks, and hobbyists; a very

large part of what people do in general is well practiced.)

The theory is general, but as a mathematics educator my

primary focus is on the improvement of mathematics

teaching and learning. Thus, the examples that follow are

of mathematics teaching. My goal in the first part of this

paper is to indicate how the interplay of resources, goals,

and orientations results in teachers’ in-the-moment choices

as they teach. That is, although beliefs (or more broadly,

orientations) are an essential factor in shaping teachers’

behavior, they cannot be considered in isolation. In the

second part, I describe some attempts to use these theo-

retical ideas to help shape teachers’ professional develop-

ment. Descriptions of the theory and of practical

implications in what follows are drawn in part from

Schoenfeld (1998, 2000, 2010, 2011).1
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1 I note that Schoenfeld (2010), which summarizes more than a

decade of research by Berkeley’s Teacher Model Group, contains

more than 100 pages of detailed, line by line analyses of classroom

transcripts, which provide the analytic grounding for the summary

statements that appear in this paper. Thus, what may appear as

assertional in this paper is only so for lack of space: the warrants for

the analytic claims made here can be found in that book and the other,

more extended analytic papers listed in the references. This paper

focuses on implications and applications.
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2 Background and context: contextualizing teacher

beliefs and decision making

Issues of people’s decision making have been the subject

of research for many decades, both in general (e.g.,

Kahnemann, Slovic, and Tversky, 1982; Newell and

Simon, 1972; Savage, 1954) and more specifically with

regard to teaching. In the literature on teaching one finds

generally encompassing volumes such as the third edition

of the Handbook of Research on Teaching (Wittrock,

1986), which includes a review chapter focusing on

teachers’ thought processes (Clark & Peterson, 1986) and

the fourth edition of the Handbook (Richardson, 2001),

which contains a chapter by Munby, Russell, & Martin

(2001) on ‘‘teachers’ knowledge and how it develops.’’

Volume 20 of the Review of Research in Education

(Darling-Hammond, 1994) includes a collection of articles

devoted to teachers’ knowledge and practice. The Hand-

book of Research on Mathematics Teaching and Learning

(Grouws, 1992) includes reviews of classroom culture,

the effects of teaching practices, teachers’ beliefs, and

teacher knowledge; especially relevant are reviews of

teacher knowledge by Fennema and Franke (1992) and of

teacher beliefs by Thompson (1992). The Handbook

of Educational Psychology (Berliner & Calfee, 1996)

contains descriptions of teachers’ beliefs and knowledge

(Calderhead, 1996) and descriptive models of the teaching

process (Borko & Putnam, 1996), as does the Second

Handbook of Research on Mathematics Teaching and

Learning (Lester, 2007). More specifically, there is a large

literature on beliefs and belief systems, both with regard to

mathematical problem solving (see, e.g., Schoenfeld, 1983,

1985) and in the teaching of mathematics (the mathemat-

ics-specific papers listed above; see also Aguirre and Speer,

2000; Leder, Pehkonen, & Toerner, 2002; Philipp, 2007,

for a recent comprehensive review).

My purpose in this brief section is to situate the theo-

retical underpinnings of this paper relative to that body of

work and to the current volume, and to establish the con-

text for the discussion of theory that follows. From my

perspective, the literature on beliefs, specifically in teach-

ing, has been largely descriptive, often focusing on teach-

ers’ professed beliefs—and because of this, the literature is

of limited utility (for a discussion, see Schoenfeld, 2002).

In a comprehensive review of research on teachers’ epis-

temological beliefs, e.g., Schraw and Olafson (2002) found

few clear links between teachers’ characterizations of their

epistemological world views and reports of their teaching

practices. That is, Schraw and Olafson found significant

differences between what teachers say they believe and

what the teachers describe themselves as actually doing in

the classroom. Part of the reason is explained by a well

known paper by David Cohen (1990). The teacher in

Cohen’s study, whom he calls Mrs. Oublier, had taken

some professional development workshops that, from her

perspective, had revolutionized her teaching: rather than

teaching in the old, traditional way, Mrs. Oublier ‘‘explored

methods to engage students in actively understanding

mathematics… Mrs. O was delighted with her students’

performance, and with her own accomplishments’’ (Cohen,

1990, p. 311). Yet, according to Cohen’s analysis, Mrs.

Oublier ‘‘used the new materials, but used them as though

mathematics contained only right and wrong answers. She

has revised the curriculum to help students understand

math, but she conducts the class in ways that discourage

exploration of students’ understanding.’’ In short,

Mrs. Oublier’s pedagogical practices were only partly in

synch with her pedagogical beliefs. Or, to be more precise,

her professed beliefs were only partially enacted in the

classroom.

From my perspective, what matters in teaching is not so

much what people say but what they do. Thus, although

professed beliefs are important, what is important from my

perspective is the triangulation of claims about teachers’

beliefs (whether their own professed beliefs or the beliefs

attributed to them by researchers; see, e.g., Speer, 2005)

with the teachers’ actual classroom behavior. A notable

example of such triangulation may be found in Swan

(2006), which documents changes in teachers’ beliefs and

practices from the point of view of the teacher, the

researcher, and the teacher’s students.

My research program, for more than 20 years, has

focused on understanding and then modeling teachers’

teachers’ decision making during teaching. The act of

modeling is a form of triangulation—the underlying

questions being, what explanatory constructs can be used to

characterize teachers’ actions; how do they interact; and

can one provide models that explain teachers’ actions, on a

very fine-grained (e.g., line by line of videotape) basis?

Some of the work, as it has evolved, can be found in

Schoenfeld (1998, 2000, 2008). The theory, with case

studies modeled and argued on a line by line basis, is

presented in my book, How We Think (Schoenfeld, 2010).

In general terms, here is how that research program fits

with the literature and the current volume. My main ana-

lytic focus is on how and why teachers make the choices

they make, as they teach. Two key features of this focus are

essential. First, and an expansion of the concerns in the

literature, is the quest for a sense of mechanism. As noted

above, the vast majority of studies in the literature on

beliefs and other factors that affect teachers’ behavior is

descriptive and/or correlational. Yes, it is important to

understand that beliefs play a role in teachers’ decision

making, but how do they do so? A paper like Aguirre &

Speer (2000) plays a role in that agenda: Aguirre and Speer

indicate that clusters of beliefs play a role in shaping
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decision making, and their paper begins to specify how.

Note that this makes good sense: it is belief systems, not

isolated beliefs, that shape problem solving behavior

(Schoenfeld, 1985). I note as well that the work by

Aguirre and Speer contributed directly to the work that

serves as the specific background for this article: Aguirre

and Speer were members of the Teacher Model group at

Berkeley, and their article appeared in a special issue of

the Journal of Mathematical Behavior (Schoenfeld, 2000)

that set out the modeling enterprise that came to fruition

in Schoenfeld (2010). A steppingstone along the way was

the line by line analysis of a full hour’s teaching by

Deborah Ball in Schoenfeld (2008, 2010). In those anal-

yses, as in Aguirre & Speer (2000), clusters or systems of

beliefs play a role—but the mechanisms by which they

play that role were explored in much greater depth. What

one sees in those analyses is that certain situations or the

activation of certain beliefs trigger the activation of

families of closely related beliefs, and it is these families

or clusters of beliefs that contribute to the choices that

teachers make.

But, note that I say contribute to. That is because

beliefs alone cannot completely shape behavior: what one

does is a function of what one decides are the most

important things to do (the goals one sets, consistent with

one’s beliefs) and the resources that one has at one’s

disposal. Therein lies the relationship between this article

and the other articles in this special issue. On the one

hand, as the theory indicates, beliefs (or more broadly,

orientations) are a central determining factor of teachers’

behavior. How they come into being, how they are shaped

or evolve, and how they operate are questions of funda-

mental importance. On the other hand, we (or at least I)

study beliefs for a reason: we have a vision of effective

teaching, and we would like to help teachers move toward

that vision. For that purpose, understanding beliefs is not

enough. (The same is true, of course, for descriptions of

teacher knowledge, or the other categories typically dis-

cussed in the general literature referenced above.) To

make a medical analogy: just as a special issue on ‘‘the

lung and its role in respiration’’ must of necessity discuss

the circulatory system, a discussion of how teachers make

the highly consequential choices do, as they teach, must

extend beyond beliefs and orientations to give a sense of

the ‘‘whole picture.’’ The question is, how do beliefs

work and what do they interact with?

At the same time, there are significant limitations to a

focus on decision making ‘‘in the moment.’’ The question

for the modeling enterprise is ‘‘what contributes to the

decisions the person is making right now?’’ As such, it

does not address the larger questions of context and his-

tory—how did the teacher come to have the resources,

beliefs and orientations, goals that he or she has? How

does the school context, or the national context, affect

what the teacher believes is possible, and shape what he

or she feels must be done (see, e.g., Borko, Eisenhart,

Brown, Underhill, Jones, & Agard, 1992; Leder,

Pehkonen, & Toerner, 2002)? Here, of course, there is

much that the current volume offers that goes beyond the

scope of this paper.

In the next two sections of this paper I present distilled

descriptive versions of some of the cases in Schoenfeld

(2010), to convey the basic ideas behind the theory.

Readers interested in the analytic detail may wish to con-

sult the resources cited in this section.

3 Theory, part I: the nature of people’s in-the-moment

decision making

The central components of the theory are an individual’s

resources, goals, and orientations. What is critical is how

they interact.

An individual’s resources include his or her knowledge,

but also include the social and material resources that are

available to him or her. The role of knowledge is obvious;

what the teacher knows and does not know provides both

affordances and constraints regarding what he or she can

do in the classroom. There are, as discussed in the litera-

ture, various kinds of knowledge, e.g., content knowledge,

general pedagogical knowledge, and pedagogical content

knowledge; but such distinctions are, in a non-trivial sense,

‘‘academic.’’ What matters in teaching is that a teacher’s

‘‘knowledge inventory’’ includes the information that he or

she can potentially bring to bear in a teaching situation.

Material resources matter as well: e.g., the teacher who has

up-to-date technology available in the classroom has a

different set of options available than the teacher whose

classroom lacks such materials. Finally, the resources a

teacher brings to the classroom include personal and

interpersonal skills and connections. For example, this past

year, when I was asked a question about how to deal with

certain behavioral issues in the classroom, I did not have a

good answer to the question—but I knew that the colleague

who runs our teacher preparation program would be able to

conduct a robust discussion of the issue. I invited him to

join us, and the students in my class benefited from the

discussion.

Goals are the things that people consciously or uncon-

sciously set out to achieve. Functionally speaking, ‘‘goals

recruit resources’’; people act in the service of the goals

they have established by selecting and implementing

resources that will enable them to satisfy those goals. Goals

operate at multiple levels, and at any given moment a

teacher’s actions can be seen as consistent with a range of

goals at various levels of grain size.
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Decision making during teaching can be seen as the

selection of goals consistent with the teacher’s resources

and orientations. To give a simple and familiar example,

imagine a classroom in which a student performing a cal-

culation has just written

ðaþ bÞ2 ¼ a2 þ b2:

How the teacher reacts will depend on a number of

things—specifically, on the teacher’s resources and

orientations. How much time is left in the lesson? Does

the teacher consider this to be a minor issue, or perhaps that

the mistake indicates a more serious problem? How

important does the teacher think it is to work through the

student’s error? What explanations does the teacher have at

his or her disposal? (e.g., there is a simple algebraic

argument using the distributive law; there are more

extended arguments using area models, etc.) Does the

teacher believe there is ample time to work through one or

more explanations, and that it would be worth doing so? Or

will the teacher, feeling pressure to keep up with the day’s

proposed schedule, simply correct the student and move on

with the lesson as planned? Whatever the decision, the

result will be a modified set of goals, which then recruit the

appropriate resources. If the teacher decides that (i.e.,

selects the goal that) the error should be pursued in depth,

then the current goal is put on hold, and the goal of pursuing

the error in depth is given highest priority. The teacher then

implements the approach(es) consistent with that decision,

after which the teacher returns to the goal that had been put

on hold. If the decision is simply to remind the student of

the fact that (a ? b)2 = a2 ? 2ab ? b2, the teacher does so

(prioritizing and then satisfying a goal that is only active for

a few seconds) and then continues the previous plan of

action, in the service of the previous goal. As this example

suggests, every sequence of actions can be seen as

consistent with a series of goal prioritizations that are

grounded in the teacher’s beliefs and orientations, and the

selection, once a goal has been given highest priority, of

resources intended to help achieve that goal.

Orientations is a broad category that includes beliefs,

values, preferences, and tastes. Here, I explain why I have

moved from the use of the term beliefs to the use of ori-

entations, and how orientations function in problem solv-

ing. Starting with my early work in problem solving

(Schoenfeld, 1983, 1985), I used the term beliefs to refer to

perceptions on the part of individuals that shape the ways

in which they frame or orient themselves to any particular

context, and thus shape they ways they act in that context.

For example, students who have been accustomed to

working dozens of mathematics homework ‘‘problems’’

each night, and to taking examinations in which there are a

large number of problems to be worked in an hour, tend to

develop the belief that ‘‘all mathematics problems can be

solved in just a few minutes’’—and, as a behavioral cor-

ollary to this belief, they tend to stop working on problems

if they are unable to solve them in short order.2

Similarly, teachers develop understandings and percep-

tions about the nature of mathematics, about pedagogy, and

about students on the basis of their experience, and those

beliefs/orientations shape their teaching practices. For

example, the teacher who believes that mathematical pro-

ficiency consists of the ability to implement various

mathematical procedures will emphasize very different

things in instruction than the teacher whose primary

emphasis is conceptual understanding. And, the teacher’s

perception of the students will make a big difference as

well. One year I asked a teacher whose class I had

observed, and whose approach to teaching that class had

been very procedurally oriented (‘‘Step 1. Draw a line from

point P to point Q. Step 2. …’’), if he would consider

giving the students a problem without prior preparation,

knowing that they might need to struggle with it. ‘‘Not

these students,’’ he said; ‘‘it would just confuse them.

I might do that with my honors students, but not these.’’

That is, his perception of his students’ abilities, and his

beliefs about the kind of pedagogy appropriate for students

with such abilities, resulted in his choice of pedagogy for

these students.

In general, I shall employ the term ‘‘orientations’’ rather

than ‘‘beliefs,’’ because the latter term is more general.

Table 1 provides a general description of in-the-moment

decision making. Although the examples given in this

paper as illustrations of the theory are all instances of

mathematics teaching, the theory of decision making is

more general: as noted above, I claim (see Schoenfeld,

2010) that the process described in Table 1 applies to

in-the-moment decision making in all well-practiced

domains, including teaching, cooking, automobile

mechanics, and medical practice. A doctor’s choices may

be shaped by whether the doctor is oriented toward pre-

ventative medicine, or treating problems when they

become manifest. One mechanic may prefer to mend or

repair parts while fixing cars, while another may prefer to

replace old parts with new ones, even if the old ones can be

repaired. A cook may simply like some foods more than

others, or prefer some methods of preparation to others

(say, steaming rather than sautéing, or vice versa). In these

arenas, referring to ‘‘beliefs’’ sometimes seems awkward.

For that reason I use the term orientations.

Table 1 provides the broad structure of the theory.

As summarized here, it may seem rather simplistic.

What matters is that people’s decision making during

2 In modeling people’s beliefs/orientations and decision making, I do

not claim that people consciously hold or affirm such beliefs, but

rather that their behavior is consistent with their holding them.
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well-practiced activities such as teaching can be modeled,

on a line by line basis, using this approach. Details may be

found in Schoenfeld (2010). In what follows I give a few

examples to suggest how things work, before turning to

applications.

Here, I provide two brief examples to suggest the ways

in which resources, goals, and orientations interact. These

are summary descriptions from cases discussed at length in

Schoenfeld (2010).

In the first case, Mark Nelson was a beginning teacher

who is teaching an elementary algebra class in which his

students are learning the laws of exponents. Nelson was

working from a traditional textbook, which focused on

formulas and procedures; he wanted the students to

understand where the formulas come from. In the first part

of the lesson, he showed his students how to work through

exercises such as

x5=x3 ¼ ?

by having them first expand the numerator and denomi-

nator and ‘‘cancel:’’

x 5

x 3 = x ⋅ x ⋅ x ⋅ x ⋅ x

x ⋅ x ⋅ x
= x ⋅ x ⋅ x ⋅ x ⋅ x

x ⋅ x ⋅ x
= x 2 . 

He then showed them that canceling was equivalent to

subtracting exponents:

x5

x3
¼ x5�3 ¼ x2:

Having done so he assigned the students the following

problems to work by themselves: m6/m2, x3y7/x2y6, and

x5/x5. The discussion of the first two problems went

smoothly, but he ran into major difficulties in the

discussion of x5/x5.

Nelson and the class expanded x5/x5 and ‘‘canceled,’’

resulting in the following expression on the board.

x 5

x 5 = x ⋅ x ⋅ x ⋅ x ⋅ x

x ⋅ x ⋅ x ⋅ x ⋅ x

When he asked ‘‘What do I have?’’ he expected to hear a

‘‘1’’ from the students, after which he intended to have the

students complete the derivation he wanted, x0 = 1, by

subtracting exponents. Instead the students responded

‘‘zero,’’ ‘‘zip,’’ ‘‘nada,’’ and ‘‘nothing’’ to his question—

and they were completely unreceptive to his attempts to get

them to see the ‘‘1.’’ For example, he wrote ‘‘5/5’’ on the

blackboard and asked ‘‘What’s 5/5?’’ The class responded

‘‘1’’ as he canceled the 5’s in the numerator and denomi-

nator. ‘‘But I cancelled,’’ he said. ‘‘If there’s a 1 there

(pointing to 5/5), isn’t there a 1 there (pointing to the

cancelled expression above)?’’ ‘‘No,’’ the students cho-

rused. Completely defeated, he slumped at the blackboard

board as students argued there’s ‘‘nothing there.’’

The issue for analysis is this. Nelson knew the relevant

mathematics and he could have easily shown the students

that

x5

x5
¼ x

x

� �5

¼ 15 ¼ 1:

Yet, he did not do so. The question is why. The reason—

which we discovered in the co-analysis of the lesson with

Nelson—was that at the time he taught this lesson Nelson

Table 1 How things work, in general

An individual enters into a particular context with a specific body of resources, goals, and orientations

The individual takes in and orients to the situation. Certain pieces of information and knowledge become salient and are activated

Goals are established (or reinforced if they pre-existed)

Decisions consistent with these goals are made, consciously or unconsciously, regarding what directions to pursue and what resources to use

If the situation is familiar, then the process may be relatively automatic, where the action(s) taken are in essence the access and

implementation of scripts, frames, routines, or schemata

If the situation is not familiar or there is something non-routine about it, then decision making is made by a mechanism that can be modeled

by (i.e., is consistent with the results of) using the subjective expected values of available options, given the orientations of the individual

Implementation begins

Monitoring (whether effective or not) takes place on an ongoing basis

This process is iterative, down to individual utterances or actions

Routines aimed at particular goals have sub-routines, which have their own subgoals

If a subgoal is satisfied, the individual proceeds to another goal or subgoal

If a goal is achieved, other goals take priority via decision making

If the process is interrupted or things don’t seem to be going well, decision making kicks into action once again. This may or may not result

in a change of goals and/or the pathways used to try to achieve them

Reproduced, with permission, from Schoenfeld (2010)
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held a very strong (although unarticulated) belief about

what is appropriate to tell students when one is teaching

mathematics. A beginning teacher, Nelson wanted ideas to

‘‘come from’’ his students, rather than from him. He felt

very comfortable providing explanations of things students

said, once they had said them—thus, when a student had

said he obtained a result by subtracting exponents, Nelson

provided an explanation of why it was mathematically

appropriate to subtract the exponents. Nelson was fully

prepared to explain why

x ⋅ x ⋅ x ⋅ x ⋅ x

x ⋅ x ⋅ x ⋅ x ⋅ x

was equal to one, once a student said that it was equal to

one. But, when none of the students in the class said

‘‘one’’ in response to his question ‘‘What do I have?’’ he

felt that he did not have ‘‘permission’’ to provide his

explanation. That would have been be introducing new

material rather than building on what the students had

said.

A second case stands in contrast. Jim Minstrell, a highly

experienced and accomplished teacher, was teaching a

class that dealt with measures of central tendency (mean,

median, and mode). The question the class was considering

was how to determine the ‘‘best number’’ to represent the

width of a table, after eight students had each measured the

table’s width and obtained the values 106.8, 107.0, 107.0,

107.5, 107.0, 107.0, 106.5, and 106.0 cm. The class had

discussed the mean and median as possible ways to com-

bine the numbers when a student said,

‘‘This is a little complicated but I mean it might work.

If you see that 107 shows up 4 times, you give it a

coefficient of 4, and then 107.5 only shows up one

time, you give it a coefficient of one, you add all

those up and then you divide by the number of

coefficients you have.’’

There is a wide range of possible responses to this

comment, ranging from ‘‘That’s a very interesting ques-

tion. I’ll talk to you about it after class’’ to engaging the

class in extended conversation about the possible meaning

and utility of the student’s suggestion. (Note that there are

two interpretations of ‘‘divide by the number of coefficients

you have.’’ All told, there are eight coefficients, but there

are five different ones. If the student’s comment is inter-

preted to mean dividing by eight, then the student has

suggested the ‘‘weighted average,’’ a rather nice discovery;

but if it is interpreted to mean five, the suggestion is not

mathematically productive.)

As a teacher, Minstrell was oriented toward inquiry and

sense making; he perceived it as important for his students

to be able to pursue ideas such as the one raised by the

student. He also possessed the content and pedagogical

content knowledge to be able to recognize the mathemat-

ical issues involved in the discussion, and to orchestrate an

interactive conversation in which the students contributed

to the analysis under his subtle direction. As was the case

with Nelson, Minstrell’s orientations (beliefs and values)

shaped the direction his lesson took—but, he was able to

pursue the goals he established because of the richness of

his knowledge base.

A key point with regard to teachers’ development is that

people’s resources, goals, and orientations are deeply

intertwined. In both the cases described above, the teach-

ers’ orientations resulted in their establishing (in the

moment) certain goals for the ways that the classroom

conversation would evolve. Nelson’s need to have the

content of his lesson emerge from student comments put

him in an untenable position when the students did not

provide him with what he needed; his lack of resources

kept him from taking the steps he felt he needed to take. In

contrast, Minstrell was able to move flexibly toward his

goals precisely because of his command of resources.

Being able to recognize the correct and incorrect mathe-

matical possibilities in the student’s statement, and having

at his disposal dialogic strategies that help the students

generate the information he wants to work with, allowed

Minstrell to move successfully toward the results he wan-

ted to achieve.

A corollary to this point is that the development of

teaching expertise, like the development of all expertise,

must of necessity be a long and slow process. A great deal

of pedagogical content knowledge is required to achieve

the kinds of pedagogical goals that Minstrell had, and to

which Nelson aspired.

4 Theory, part II: teachers’ developmental trajectories

As Stigler and Hiebert (1999) have noted, there is much

greater variance in teaching styles between nations than

there is variance within nations. In different countries,

different styles of teaching (e.g., depending on well-con-

structed lectures as the primary form of instruction, or

depending on having students interact with each other) may

be valued differently. Thus, the ideals to which teachers

aspire will vary; and the trajectories toward those ideals

will vary. In what follows, then, I am not suggesting a

universal trajectory, but, rather, one that is consistent with

my values as a researcher and professional developer, and

that is consistent with developmental trajectories in the

United States and some other nations (see, e.g., Fuller,

1969; Hord, Rutherford, Huling-Austin, & Hall, 1987;

Ryan, 1986; Smith, 2000).
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From my perspective, a particular form of teaching

expertise that is highly valuable and worth aspiring to is the

ability to conduct ‘‘diagnostic teaching.’’ This kind of

teaching, in which teachers make significant use of for-

mative assessment to see what their students understand,

and shape their lessons according to what they discover

about their students, was exemplified by Minstrell in the

vignette above. Minstrell’s lesson, and the lesson by Ball

discussed in Schoenfeld (2008, 2010), exemplify the

productive use of pedagogical content knowledge as first

described by Shulman (1986, 1987), and are instances of

the kind of teaching described in the US National Council

of Teachers of Mathematics’ (1991) Professional Stan-

dards for teaching mathematics. In diagnostic teaching

(or, teaching with a heavy emphasis on using formative

assessments), the teacher has specific mathematical goals.

In addition, the teacher recognizes that students have

varied understandings of the mathematics under discus-

sion. He or she probes for what the students know and

then responds in ways that address errors and miscon-

ceptions, and that build on student understanding, to

move the students toward the instructional goals. (Note

that this kind of flexible, responsive teaching is a form of

‘‘adaptive expertise’’ as described by Hatano & Inagaki,

1986.)

Diagnostic teaching is a form of instruction to which

some teachers in the US aspire. This form of teaching is not

well supported by typical teacher preparation programs, or

what are called ‘‘in-service’’ or ongoing professional

development programs for teachers. In the US, aspiring

teachers most often obtain their teaching credentials as

either (a) part of their undergraduate education or (b) in a

fifth year that focuses largely on ‘‘teaching methods,’’ after

they have obtained an undergraduate degree. (Require-

ments vary in different states.) Once they have passed

licensure examinations, new teachers are assigned their

own classrooms, with relatively little opportunity to be

mentored or, more generally, to interact with other teach-

ers. (This contrasts strongly with opportunities for collegial

interactions in Japan, for example.) Indeed, one could

argue that diagnostic teaching (i.e., anticipating student

responses and building productively on them) is a core

principle of lesson study (see, e.g., Fernandez & Yoshida,

2004).

In the US, one sees typical development toward diag-

nostic teaching as represented in Figs. 1, 2, and 3. Each

figure includes three planes of teacher activities: ‘‘manag-

ing’’ the classroom, having students engage in mathemat-

ically productive and (one hopes) engaging activities, and

engaging in diagnostic teaching. Typically, beginning

teachers in the US are still learning to ‘‘manage’’ classroom

activities, and a large amount of their time and attention is

devoted to this: see Fig. 1.

Fig. 1 Levels of proficiency and time allocations of a typical

beginning teacher. (The degree of shading in the planes represents

the level of proficiency, and the arrows point to the percentage of

time devoted to each plane of activity.) Reprinted with permission

from Schoenfeld (2010)

Fig. 2 Levels of proficiency and time allocations of a typical

accomplished teacher. (The degree of shading in the planes represents

the level of proficiency, and the arrows point to the percentage of

time devoted to each plane of activity.) Reprinted with permission

from Schoenfeld (2010)

Fig. 3 Levels of proficiency and time allocations of a highly

accomplished teacher. (The degree of shading in the planes represents

the level of proficiency, and the arrows point to the percentage of time

devoted to each plane of activity.) Reprinted with permission from

Schoenfeld (2010)
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As teachers become more proficient at engaging their

students, they spend less time on classroom management,

both because they are better at it and because students who

are actively engaged in doing mathematics do not need to

be ‘‘managed’’ as much as those who are not productively

engaged. Figure 2 provides the typical profile of an

‘‘accomplished’’ or ‘‘proficient’’ teacher.

Many teachers—perhaps the vast majority of experi-

enced teachers in the US—have profiles as represented in

Fig. 2. A much smaller percentage of teachers engage, to

any significant degree, in diagnostic teaching. When it is

well done, diagnostic teaching is very responsive to student

understandings, and it is likely to be engaging; as a result,

classroom management does not require much time and

attention, and the students are involved in productive

mathematical activities a large percentage of class time.

This kind of teaching, when well done, results in a profile

such as the one given in Fig. 3.

From my perspective, a major challenge for professional

development is to help teachers develop the resources,

goals, and orientations that enable them to function in the

ways represented in Fig. 3. As indicated above, this is of

necessity a slow process: even if a teacher has aspirations

to teach in a particular manner, it takes some time to

develop the resources (e.g., pedagogical content knowl-

edge) that support teaching in that way. Some beginning

attempts to provide teachers with that kind of support are

described below in the next section.

5 Theorizing and implementing change

Teachers’ beliefs and orientations, like students’ beliefs

and orientations, are built up slowly from experience and

are often not consciously held. Thus, they are slow to

change, especially if the individuals are unaware of having

them.

One of the student beliefs I documented many years ago

(see, e.g., Schoenfeld, 1983, 1985) was that, on the basis of

their experience in high school geometry courses, many

students in the US come to believe that formal proofs are

technical exercises that confirm what is already known or is

empirically obvious, and thus that proof-related knowledge

is irrelevant in the context of performing straightedge and

compass constructions. (To be more precise, they behaved

as if that is the case. The students solved proof problems,

and then made conjectures about simple constructions that

not only ignored, but actually contradicted what they had

just proven.) The way I decided to confront this belief in

my problem solving classes was to make it explicit, and

then provide my students with enough empirical experi-

ence for them to build a new orientation toward the

mathematics. Thus, I began one class by asking my

students if they could tell me how to use straightedge and

compass to bisect an angle. They gave me directions on

how to perform the construction in just a few seconds.

I then asked, ‘‘Why does the construction work?’’ After a

minute or two they showed that the sequence of arcs that

one draws to perform the construction creates two con-

gruent triangles, so that the two parts of the original angle

that are created by the construction are corresponding parts

of congruent triangles (and thus equal).

I then asked them how to perform another common but

more complex construction. Once again they gave me the

directions; once again I asked why the construction works;

and once again they were mystified at first but then created

a proof.

At that point a student raised his hand and asked, ‘‘Are

you trying to tell us that proofs are actually good for

something?’’ I said yes, that was the point of the exam-

ples—to indicate to the students that many of them held the

(previously unarticulated) belief that proof was not useful.

Then, I said, we were going to work on a number of

problems for which they would find proof a valuable tool.

The problems (chosen from Chapter 1 of Pólya, 1981) were

sufficiently complex that the students were not able to

guess the solutions—but when they analyzed the properties

of the objects they needed they were be able to determine

the solutions.

This empirical experience, of engaging in problem

solving activities in which proof and proving became

productive tools for them, was essential in order to change

the students’ orientations toward proofs. Recognizing that

they had that particular belief (that proofs are not useful

when engaging in ‘‘discovery’’ problems) made it easier to

counter the belief. But, the belief had been built on the

basis of empirical experience and fit into a constellation of

behaviors. It was necessary to develop a set of new habits

and behaviors that enabled alternative orientations toward

proof and constructions to take root. The same is the case

with regard to teachers’ orientations toward their peda-

gogical practices.

The first step on the path to diagnostic teaching is the

recognition that it is productive to listen to student think-

ing—that taking the time to understand what students think

can lead to productive instructional practices. As simple as

this may seem, it is not a commonly held belief among

teachers in the US. That is, most teachers focus on what

they present to students, on whether the students appear to

be actively engaged in doing the mathematics, and whether

the students ‘‘get it’’ or not; their teaching is not aimed at

being responsive to student (mis)understandings. Thus, in

our recent professional development work, as part of the

US National Research Council’s National Research

Council’s Strategic Educational Research Partnership’s

(SERP’s) collaboration with the San Francisco Unified
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School District (see http://www.serpinstitute.org/about/

field-sites/san-francisco.php), we began by exploring the

space of student thinking with our collaborating teachers.

Each teacher was given a tape recorder and asked to

interview some of his or her students working a typical

problem from the curriculum.

One seventh grade teacher chose to interview a partic-

ular student because she felt that the student should not be

enrolled in her class.3 The school district had recently

decided to place all seventh graders in ‘‘pre-algebra,’’

regardless of the students’ backgrounds. Their district’s

goal was to prepare all seventh grade students for a state-

mandated eighth grade algebra course. As a result, how-

ever, some students with very weak backgrounds were

enrolled in seventh grade mathematics classes. According

to the teacher, this particular student’s homework had

never revealed more than ‘‘chicken scratches on the page,’’

providing no evidence that the student was following the

material. The teacher decided to interview the student in

order to get a better sense of what she knew and did not

know. For the interview she chose a problem from the

curriculum:

A five-pound box of sugar costs $1.80 and contains

12 cups of sugar. Marella and Mark are making a

batch of cookies. The recipe calls for 2 cups of sugar.

Determine how much the sugar for the cookies costs.

Although the problem may appear simple, it offers many

challenges to students who are not fluent in English. Stu-

dents must understand what a batch of cookies is and that

one recipe produces one batch; they must then sort through

the wording in the problem to identify the underlying

mathematical relationships involved. Many students had

had difficulty with this problem, and the teacher expected

this particular student to struggle. She asked the student to

read through the problem and then to think out loud as she

worked on its solution.

I begin by reproducing the student’s written work, in

Fig. 4. This is the kind of evidence this teacher typically

had available, to judge what students understand. Note

that many teachers in the US teach five or six classes of

mathematics each day, with 30 or so students in each

class. If they collect the students’ work to grade, they

have 150–180 papers to examine. This means that

the amount of time they can devote to each paper is

minimal.

The reader might try to analyze the student’s written

work. It offers a significant challenge! Why is 18 - 12 = 4?

Just what is the number .13.3? Why is 13.3 ? 13.3 = .26.6?

Here is what happened in the interview.

The student read the problem and immediately said ‘‘So

it’ll be one dollar and eighty cents divided by twelve.’’

Having said that, she produced the computations in Fig. 4,

and then stopped to look over what she had done. The

teacher asked the student if she thought the answer was

right, and the student said no. As the student began to re-do

the computation (‘‘so twelve into one eighty is…’’) the

following dialogue took place:

T: So you like a dollar eighty divided by 12. Do you

think that’s right?

S: Yeah

T: So how did you know to do that?

S: Because 12 is, the 12 cups of sugar is one dollar and

eighty cents, it will cost one dollar eighty cents… so I

got how much it will cost for one cup of sugar, so then

add one cup to another cup to get this (pointing to the

.26.6)

T: OK, good, I get that. So now what are you trying to

figure out?

S: What I did wrong … the cup. (Points to the 13.3.)

T: And how do you know you did something wrong?

S: Because the answer’s too much, it’s like over the one

eighty

T: Oh I see, so 2 cups of sugar couldn’t cost more than

12 cups of sugar/

S: Yeah

T: /so that’s how you know it’s wrong. So what are you

going to do to figure out what you did wrong?

S: Go back and check it

The dialogue makes it clear that the student understood

what she needed to do in order to get the correct answer:

she had to divide $1.80 by 12 to get the cost of one cup of

sugar, and then double it to get the cost of the sugar needed

for the recipe. Moreover—and unlike many students—the

student checked the reasonableness of her answer.

She knew she had done something wrong because the

Fig. 4 The student’s work

3 This discussion is adapted from Schoenfeld (2011).
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numerical value she had obtained was not consistent with

the information in the problem statement.

When the teacher played the tape of the interview to

the SERP meeting, she was excited about what she had

learned. ‘‘I thought the student didn’t belong in the

class,’’ she said. ‘‘All I’d seen were chicken scratches on

the page. But now I see she totally gets it conceptually;

she just has problems with the algorithms. She definitely

belongs in the class, I can do remediation on the

algorithms.’’

At that point the teacher paused, shook her head,

and said: ‘‘I had a completely wrong impression of her…
Oh my god, I’m going to have to interview all my

students!’’

This kind of experience, shared with other teachers,

helped to bring the utility of looking at student thinking out

into the open. But, as in the case of the student discussion

of proofs, awareness is only a first step. The issue, once the

teachers’ orientations have been made an object of dis-

cussion, is to provide a set of experiences that will serve as

the anchor for a set of alternative orientations toward

teaching. As discussed above, the kind of change discussed

here takes time to occur: habits of mind will evolve with

habits of pedagogy, and those in turn will evolve slowly as

the teachers build new sets of resources with which to

implement them. (Recall Cohen’s (1990) description of

Mrs. Oublier: Mrs. Oublier had adopted the language of

mathematics reform, but she still depended on her peda-

gogical repertoire, which in many ways undercut the new

goals she espoused.) Thus, in our professional development

work, we looked for ways to capitalize on the teachers’

awareness of the value of examining student thinking.

Some of what we tried was productive, some less so; we

are now embarking on a next phase of work, grounded in

what has been done thus far. What follows is a brief

description of some of those efforts.

One productive step arose from a teacher’s interview

with a student about the following proportionality problem:

A dragonfly, the fastest insect in the world, can fly 50

feet in 2 seconds. How long does it take the dragonfly

to fly 375 feet?

Immediately after reading the problem out loud, the

student said,

‘‘So, first I’ll divide 375 with 50, and then – wait …
(5 second pause) … Or, I will multiply… like 50 …
no wait, now what? This is dividing … 5 times what

can get 8?’’

It was clear to the teacher conducting the interview that

the student had not developed a mathematical under-

standing of the situation. Rather, because rates were

involved, the student had decided that either multiplication

or division would be used; he guessed at which numbers

and which operation to try, without thinking through why.

The teacher tried to get the student to slow down, but it was

very hard to focus the student on the substance of the

problem, rather than the mathematical operations. After

more than 6 min of questioning—the teacher asked

numerous times, ‘‘what information do you have and what

are you trying to find?’’—the student finally came to grips

with what the problem asked. At that point his approach

changed from something the SERP teachers have called

‘‘number mashing’’ (taking the numbers in the problem

statement, selecting an operation and applying it) to

something sensible. If the dragonfly can fly 50 feet in 2 s,

he reasoned, then it can fly 100 feet in 4 s, and so on.

Our discussions of this student’s work were produc-

tive in a number of ways. One is that all of the teachers

in our group, when they listened to the tape of the

interview, recognized the student’s behavior. Number

mashing was a very familiar phenomenon. Given that,

what might we do in order to prevent it? One of the

teachers suggested that we might address the problem by

depriving students of the opportunity to mash numbers.

Rather than giving a question and expecting them to find

an answer, we would give them a situation and ask them

to create and discuss a meaningful mathematics question

that could be answered with the given information. Thus,

the dragonfly problem given above was transformed into

the following:

‘‘A dragonfly, the fastest insect in the world, can fly

50 feet in 2 s. Make up a meaningful mathematics

problem that uses this information. Explain why your

problem makes sense and how you would think about

solving it.’’

Not only does this technique, which we call ‘‘using

problem stems,’’ slow the students down, it provides

teachers with opportunities to see what the students con-

sider to be important in the situation and how they put the

mathematics together.

A second productive outcome of the dragonfly problem

was that the tape of the student interview gave us an

opportunity to discuss the mathematical approach the stu-

dent did use when he finally slowed down enough to

understand the problem. The approach the student took—

‘‘if the dragonfly can fly 50 feet in 2 seconds, then it can fly

100 feet in 4 seconds,’’ and so on—is additive rather than

multiplicative. This approach certainly can be used to

arrive at an answer, but the process is cumbersome and

inefficient. What the problem was intended to reinforce, we

assumed, was the idea of proportional reasoning and/or the

idea of rates. If one understands proportionality and

assumes that the dragonfly continues to move at a constant

speed, then one can set up the simple ratio
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50 feet    =   375 feet 
2 seconds    x seconds, 

which can be solved without difficulty. Or, and perhaps

better, one might look for a convenient unit. Once one

realizes that the dragonfly’s speed is 25 feet per second,

it is easy to see that it travels 25t feet in t seconds, or that

it travels d feet in d/25 s. This, presumably, is the

mathematics that the students were expected to work

with on the problem. Recognizing that the additive

approach bypasses this mathematics enabled the teachers

to re-think their approaches to the content, and to help

the students make the transition from the additive

approach to the more sophisticated (and grade-appropri-

ate) perspectives.

Problem stems thus serve two purposes. First, they slow

students down, helping the students focus more on sense

making than on getting answers. Second, they provide

opportunities for students to reveal their current under-

standings, and thus help the teachers build on their actual

understandings. The dragonfly problem deals with very

simple mathematics, but the approach is generic: the

information in very complex problems can be revealed one

piece at a time, and students can be asked, with each new

piece of information, what sense they can make of the

situation and what kinds of questions they can and cannot

answer with the given information.

A less productive outcome came from our discussion of

another problem, also taken from the curriculum. This is

the problem:

A train left the station going 50 mph. Three hours

later, another train left the station going 60 mph in the

same direction. How long will it take the second train

to overtake the first train?

There are various ways to solve the problem. It can be

done by:

• making a table showing where each train is each hour

after the second train departs;

• making a graph showing the positions of both trains;

• setting up and solving a pair of simultaneous equations;

• noting that the second train, once it is in motion,

‘‘catches up’’ 10 miles each hour, and using that fact to

determine how long it takes to compensate for the first

train’s lead.

Some minor issues must be attended to when one adopts

each of these approaches, for example determining (and

keeping track of) at what point one starts counting time—is

it when the first train leaves, or the second? More inter-

esting is noting the connections among the various

approaches. Where do the expressions that one writes in the

simultaneous equations appear in the graphs? Where does

the difference of 10 mph appear in the equations, and in the

graphs?

In the SERP seminar, a very sophisticated facilitator led

a discussion of this problem. He had the participants solve

the problem in pairs, and write up their solutions on post-

ers. When he discussed the solutions, he began with the

least sophisticated solutions (using charts) and raised issues

about the mathematics in their solutions—e.g., when the

people who produced the posters had set t = 0, what were

their assumptions? When the group was confident that they

understood those posters, he moved to the graphs. He

worked through similar issues, and then asked the seminar

what connections they could make between the tables and

the graphs. This continued with a discussion of the equa-

tions, and of the ‘‘catching up’’ approach.

The discussion was a tour de force. As a participant-

observer, I saw the way in which the facilitator used the

posters as a means of getting participants to reveal their

understandings, and how he got them to build on them and

make connections. Those with the least sophisticated

solutions saw how their ideas could grow to include the

other approaches, and those with the most sophisticated

solutions were pushed to see connections and develop

understandings that made their grasp of the content more

robust.

The facilitator had deliberately chosen a problem from

the curriculum, so that the teachers could use it themselves.

The idea was that his session modeled the processes we

hoped the teachers would use. The teachers would

(a) diagnose the strengths and weaknesses of the student

work, (b) ask probing questions and make comments that

reveal and address the students’ misconceptions and build

on the understandings they have, (c) make as many con-

nections as possible, so that the entire session served as an

exercise in sense making. What happened, however, was

that teachers (who were still early in the process; this was

still early in the seminar) took the facilitator’s actions as a

script—a sequence of activities to be replicated—rather

than as a guide to interacting with what their students

produced in the moment. Implemented in this way, the

lesson lacks power, because it does not build effectively on

student knowledge.

In hindsight, that the teachers did this should not be

surprising. Acting in a way consistent with the facilitator’s

actions and intentions demands a set of knowledge and

skills that the participants in the seminar had not yet

developed. Moreover, the rationale for much of what he did

was tacit rather than explicit. To expect the participants to

act on the principles he acted on was to expect far too

much, both because the shift in orientation was significant

and because implementing the lesson in the way he did

depended on a body of resources not readily available to
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the teachers. As noted above, resources, goals, and orien-

tations all co-evolve slowly. This fact imposes serious

constraints on any proposed set of professional develop-

ment activities.

We are currently planning a set of activities that we

hope is more consistent with the ideas about orientations

and the nature of change discussed above. The idea is for

the seminar participants to create and reflect on a set of

materials intended to facilitate the process of diagnostic

teaching. Specifically,

(i) orientations goals, and resources exist in (positive or

negative) synergy, so they must all be addressed at the

same time;

(ii) changes in orientations are more likely to take place,

and more likely to last, if they are discussed overtly

and the support structures for them become part of

regular teaching practice.

We have, thus, set for ourselves the following goals.

Participants in the seminar (which includes researchers,

professional developers, and teachers) plan to craft a set of

support materials for six diagnostic lessons at each grade

level that focus on the ‘‘big ideas’’ of the curriculum. The

process of crafting those materials begins with the selection

of the topics and research (by the researchers in the team)

on typical student difficulties and how to identify and

approach them.

We will then construct tasks that are likely to reveal

student understandings and misunderstandings, and we will

produce a package of materials that explains both the

mathematical goals for the lessons and how the tasks can

be used. Prior to teaching the lessons, teachers will be

interviewed about why they are doing what they are doing,

what they expect the tasks to reveal, and how they expect

to address what they learn from the tasks. They will be

taped as they teach each lesson, and ‘‘debriefed’’ on tape

after the lesson. The materials, the interviews, the class-

room tapes, the debriefing interviews, and revised materials

based on the experience will all be made available to

teachers throughout the district.

The general scheme to be followed here is analogous to

the process I discussed at the beginning of this section with

regard to helping students develop a deeper understanding

of mathematical proof. The first step is to make the

underlying assumptions explicit—in the case of proof, that

proving is a productive way to think mathematically; in the

case of teaching, that diagnostic teaching is a powerful way

to engage students and help them learn. But the second,

much more critical step is to provide an experiential base

that supports the desired orientations and helps the partic-

ipants to develop the habits and habits of mind consistent

with them. In the case of geometry, the experience was to

work a series of problems in which proof became a helpful

tool in problem solving. In the case of teaching, the

experience will be to teach a series of well scaffolded

lessons in which student thinking is the focus and the

teachers can build on it productively. The third step is

conscious reflection on the process. The students’ orienta-

tion toward geometry and problem solving was an ongoing

topic in my problem solving courses. In the current effort,

the pre-instruction interviews, the debriefings, and the

collective efforts to revise the materials will provide grist

for reflection on our collective efforts and the rationale for

them.

This will be an experiment at two levels. For the

teachers participating in the SERP seminar it will be an

intensive experience, which we can look at ‘‘under the

microscope.’’ One hopes that there will be changes in their

orientations, goals, and resources, documenting what hap-

pens will be an interesting challenge. (Consistent with my

theoretical orientations as explained in Sect. 2, the real

question is whether there are ongoing changes in the

teachers’ practices, not merely professions of changed

orientations.) Much more of a challenge is to see whether

the materials developed by SERP participants will have

any impact on teachers who have not participated in the

seminar. The materials will become part of the district’s

curriculum, so teachers will be induced to use them. Use is

not enough, however; as the case of Mrs. Oublier indicates,

it is almost inevitable for such materials, without additional

support, to be assimilated into teachers’ regular practices.

That is the reason for the varied support materials—

interviews, classroom tapes, debriefings, etc. The kind of

intensive seminar we have conducted with the teacher-

developers is far too expensive to conduct on a district-

wide scale. Whether the materials and videotapes we pro-

duce can provide enough of a vicarious experience to have

an impact on teachers across the district is very much an

open question. The attempt will, at least, provide us with

the opportunity to delve more deeply into the complexities

of teachers’ resources, goals, and orientations, and how

they might be shaped by the teachers’ experiences.
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