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ABSTRACT

Let k(Bo) and I(Bg) respectively denote the number of ordinary and p-
Brauer irreducible characters in the principal block By of a finite group G.
We prove that, if k(Bo) —l(Bo) = 1, then {(Bg) > p—1or else p = 11 and
I(Bo) = 9. This follows from a more general result that for every finite
group G in which all non-trivial p-elements are conjugate, [(Bg) > p — 1
or else p = 11 and G/O,/(G) = CZ x SL(2,5). These results are useful
in the study of principal blocks with few characters.

We propose that, in every finite group G of order divisible by p, the
number of irreducible Brauer characters in the principal p-block of G is
always at least 2¢/p — 1 + 1 — kp(G), where kp(G) is the number of con-
jugacy classes of p-elements of G. This indeed is a consequence of the
celebrated Alperin weight conjecture and known results on bounding the
number of p-regular classes in finite groups.

1. Introduction

Let G be a finite group and p a prime. Bounding the number k(G) of conjugacy
classes of G and the number k, (G) of p-regular conjugacy classes of G is a
classical problem in group representation theory, one important reason being
that k(G) is the same as the number of non-similar irreducible complex repre-
sentations of G and k,/ (G) is the same as the number of non-similar irreducible
representations of G over an algebraically closed field F of characteristic p. It
was shown recently in [HM, Theorem 1.1] that if G has order divisible by p,
then
ki (G) 2 2/p— 14+ 1— ky(G),

where k,(G) denotes the number of conjugacy classes of p-elements of G. As it
is obvious from the bound itself that equality could occur only when p — 1 is a
perfect square, a “correct” bound remains to be found.

Motivated by the study of blocks which contain a small number of characters,
in this paper we are interested in the situation where all the non-trivial p-
elements of the group are conjugate.

THEOREM 1.1: Let p be a prime and G a finite group in which all non-trivial
p-elements are conjugate. Then one of the following holds:
(i) kp(G) = p.
(ii) kp(G)=p—1and G = Cy, x Cp—1 (Frobenius group).
(iii) p=11, G 2 C} x SL(2,5) (Frobenius group) and ky (G) = 9.
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Finite groups with a unique non-trivial conjugacy class of p-elements arise
naturally from block theory. For a p-block B of a group G, as usual let Irr(B)
and IBr(B) respectively denote the set of irreducible ordinary characters of G
associated to B and the set of irreducible Brauer characters of G associated to B,
and set k(B) := |Irr(B)| and {(B) := |IBr(B)|. The difference k(B) — I(B) is
one of the important invariants of the block B as it somewhat measures the
complexity of B, and in fact, the study of blocks with small k(B) — I(B) has
attracted considerable interest; see [KNST, KS, RSV] and references therein.

Tt is well-known that k(B)—1(B) = 0 if and only if k(B) = I(B) = 1, in which
case the defect group of B is trivial. What happens when k(B) —[(B) =17
Brauer’s formula for k(B) (see [KNST, p. 311]) then implies that all non-trivial
B-subsections are conjugate. (Recall that a B-subsection is a pair (u, b,) con-
sisting of a p-element v € G and a p-block b,, of the centralizer C(u) such that
the induced block bg is exactly B.) Therefore, if By is the principal p-block of G
and k(Bg) — I(Bp) = 1, then all the non-trivial p-elements of G are conjugate.

Given a p-block B of G, the well-known blockwise Alperin weight conjecture
(BAW) claims that [(B) is equal to the number of G-conjugacy classes of p-
weights of B (for details see Section 3). The conjecture implies [(Bg) > I(bo),
where By and by are respectively the principal blocks of G and Ng(P), and P
is a Sylow p-subgroup of G. It is easy to see that

l(bo) = kp (Na(P)/Op (Na(P))).

Now suppose that k,(G) = 2. Then the main result of [KNST] asserts that,
aside from very few exceptions, the Sylow p-subgroups of G are (elementary)
abelian, and so let us assume for a moment that P € Syl,(G) is abelian. Tt
follows that N (P) controls G-fusion in P, and thus Ng(P)/O, (Ng(P)) has a
unique non-trivial conjugacy class of p-elements as G does. Therefore, the BAW
conjecture and (the p-solvable case of) Theorem 1.1 imply the following, which
we are able to prove using only the known cyclic Sylow case of the conjecture.

THEOREM 1.2: Let p be a prime and G a finite group in which all non-trivial
p-elements are conjugate. Let By denote the principal p-block of G. Then one
of the following holds:
(i) {(By) =p—1and Ng(P)/O, (Ng(P)) = CpxCp_1 (Frobenius group).
(iii) p= 11, G/O,(G) = C} = SL(2,5) (Frobenius group) and l(By) = 9.
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Theorem 1.2 implies that if G is a finite group with k,(G) = 2 then k(By) > p
or p =11 and k(By) = 10. Indeed, we obtain the following. Here, ko(B) denotes
the number of irreducible ordinary characters of height 0 in B.

THEOREM 1.3: Let p be a prime and G a finite group in which all non-trivial
p-elements are conjugate. Let By denote the principal p-block of G. Then
ko(Bo) > p or p =11 and ko(Byp) = 10.

We mention another consequence, which is useful in the study of principal
blocks with few characters, in particular the case k(By) —(By) = 1. Note that
by [KNST, Theorem 3.6], the Sylow p-subgroups of G then must be (elementary)
abelian, and hence by [KM1], ko(Bo) = k(Bo).

COROLLARY 1.4: Let p be a prime and G a finite group with principal p-
block By. If k(Bo) — l(Bog) = 1 then ko(By) = k(By) > p or p = 11 and
ko(Bo) = k(Bp) = 10.

For a quick example, let us assume that k(Bg) = 4 and [(By) = 3. Then
Corollary 1.4 implies that p < 4, and since the case p = 3 is eliminated by [Lan,
Corollary 1.6], one ends up with p = 2, implying that the defect group of By
must be of order 4 by [Lan, Corollary 1.3], and thus is the Klein four group.
This result was recently proved in [KS, §5]. (See Section 7 for more examples
with k(By) =1(Bo)+1=50r7.)

In Section 6 we go one step further and prove that k, (G) > (p—1)/2 for finite
groups G with at most three classes of p-elements. As explained in Section 3,
this and the BAW conjecture then imply that I(Bg) > (p — 1)/2 for principal
blocks By of groups with 1 < k,(G) < 3. In general, we propose that

I(By) > 2y/p—1+1—ky(G)

for arbitrary groups of order divisible by p, and this follows from [HM, Theo-
rem 1.1] and again the BAW conjecture. We should mention that our proposed
bound complements the conjectural upper bound for the number I(B) proposed
by Malle and Robinson [MR], namely I(B) < p"(B), where r(B) is the sectional
p-rank of a defect group of B.

The paper is organized as follows. In the next Section 2, we prove Theorem 1.1
for p-solvable groups. In Section 3 we make a connection between Theorem 1.2
and other bounds on I(By) with the BAW conjecture. In Section 4 we prove a
key result on principal blocks of almost simple groups of Lie type, Theorem 4.1.
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This result will then be used in Section 5 to prove Theorems 1.1 and 1.2. In
Section 6 we prove a general bound for the number of p-regular conjugacy classes
in almost simple groups without any assumption on the number of p-classes,
and this will be used to achieve a right bound for k,/(G) for finite groups G
with at most three classes of p-elements. Finally, the proof of Theorem 1.3 and
more examples of applications of Theorem 1.2 are presented in Section 7.

2. p-Solvable groups
We begin by proving Theorem 1.1 for p-solvable groups.

THEOREM 2.1: Let G be a p-solvable group with k,(G) = 2. Then one of the
following holds:
(i) kp (G) = p.
(i) kp(G)=p—1and G = Cp x Cp—1 (Frobenius group).
(iii) p =11, G =2 C} % SL(2,5) (Frobenius group) and ky (G) = 9.

Proof. We assume first that O,/(G) = 1. Then P := O,(G) # 1 since G is
p-solvable. Since every p-element is conjugate to an element of P, P must be
a Sylow p-subgroup. Since Z(P) < G, it follows that P = Z(P) is elementary
abelian. Moreover, Cg(P) = P and G := G/P is a transitive linear group
(on P). We need to show that k, (G) = ky (G) = k(G) > p — 1 excluding the
exceptional case. By Passman’s classification [Pas, Theorem I], G is a subgroup
of the semilinear group

TL(1,p") 2 Fu x Aut(Fpn) = Cpn 1 x Cy,

where P = F,,», or one of finitely many exceptions. We start with the first case.
Suppose that F . does not fully lie inside G. Then GNTF,. <G is intransitive on
P\{1} and G/GNF,. = GF . [F. < Aut(Fpn) permutes the orbits of GNIF,.
However, Aut(F,.) fixes some x € P\ {1} in the base field F,. Hence, G
cannot act transitively on P\ {1}. This shows that F,. < G. Now G has at
least (p" —1)/n > p — 1 conjugacy classes lying inside F,.. The equality here
occurs if and only if n = 1, in which case G is the Frobenius group C, x C},_1.

Now suppose that G is one of the exceptions in Passman’s list (see [Saml,
Theorem 15.1] for detailed information). For p = 3 the claim reduces to |G| > 3
which is obviously true. The remaining cases can be checked by computer. It

turns out that G =2 C%; x SL(2,5) with p = 11 is the only exception.
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Finally, suppose that N := O,/ (G) # 1. Since k,(G) = k,(G/N), the above
arguments apply to G/N. Since at least one p-regular element lies in N \ {1},
we obtain

ki (G) > 1+ ky (G/N) > p

unless p = 11 and G/N = C%, xSL(2,5). Suppose in this case that k11/(G) = 10.
Then all non-trivial elements of N are conjugate in G. As before, N must be
an elementary abelian g-group for some prime ¢ # 11. Let N < M < G such
that M/N = C%,. Then G/M acts transitively on the M-orbits of N\ {1}. In
particular, these M-orbits have the same size. Since the non-cyclic group M/N
cannot act fixed point freely on N, all M-orbits have size 1 or 11. In the second
case, (|N| —1)/11 divides |G/M| = 120. This leaves only the possibility that
N is cyclic of order ¢ > 23. But then G/Cg(N) is cyclic and we derive the
contradiction G = G'N < Cg(N).

It remains to deal with the case where M acts trivially on N. Here we may
go over to G := G/011(G) such that k(G) = k11/(G) = 10. Since G acts
transitively on NV \ {1}, we obtain that |[N| — 1 divides |G/N| = |G/M| = 120.
Since G/C(N) € {SL(2,5), A5}, this leaves the possibilities |N| € {24, 5%}.
Now it can be checked by computer that there is no (perfect) group with these
properties.

Apart from finitely many exceptions, the proof actually shows that

" —1
kp’(G)Zp

n
where |G|, = p".

The following result provides a bound for k, (G) in p-solvable groups with
three conjugacy classes of p-elements.

THEOREM 2.2: Let G be a p-solvable group with k,(G) = 3. Then

with equality if and only if p > 2 and G is the Frobenius group Cp x C(,_1)/2-

Proof. As in the proof of Theorem 2.1 we start by assuming O,/ (G) = 1. Since
the claim is easy to show for p < 5, we may assume that p > 7 in the following.
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Let P := 0,(G) # 1 and H := G/P. Suppose first that |H| is divisible by p.
Then k,(H) =2 and
p—1

2
by Theorem 2.1. Now let H be a p’-group. Suppose that P possesses a char-
acteristic subgroup 1 < @ < P. Then P\  must be an H-orbit and therefore
|P\ Q] is not divisible by p. This is clearly impossible. Hence, P is elementary

ki (G) = ky (H) > p—2>

abelian and G = P x H is an affine primitive permutation group of rank 3
(i.e., a point stabilizer has three orbits on P). These groups were classified by
Liebeck [Lie].

Let |P| = p™. Suppose first that H < TL(1,p"). Then C := HNTF,, is a
semiregular normal subgroup of H and H/C < Fpn. Clearly, C has exactly ? ‘"0—‘1
orbits on P\ {1} each of length |C|. Moreover, Aut(FF,») fixes one of these orbits
and can merge at most n of the remaining (same argument as in the previous
proof). Hence, |C|+n|C| > p*—1and |C| > p{::nl. Now there are at least f:gl%

conjugacy classes of H lying inside C'. Since

" —1 1
p—1 2
we obtain k, (H) > p;l with equality if and only if n = 1 and G=Cp x Cp,_1) /2.
Now assume that H acts imprimitively on P = P; x P, interchanging P;
and P5. Then

K = NH(Pl) = NH(PQ) ﬂ H
and K/Cpg(Py) is a transitive linear group on P;. Theorem 2.1 yields

Since |H : K| = 2, the conjugacy classes of K can only fuse in pairs in H. This
leaves at least 1+ P ;3 =7 ;1 conjugacy classes of H inside K and there is at
least one more class outside K. Altogether, k(H) > p;—l.

Next suppose that P = P, ® P, considered as [Fg-spaces where ¢ = p™ and H
stabilizes P, and P,. Here |Pi| = ¢% and |P;| = ¢¢ > ¢*. By [Lie, Lemma 1.1],
H has an orbit of length (¢¢ — 1)(¢¢ — ¢), but this is impossible since H is
a p’-group.

The cases (A4)—(A11) in Liebeck [Lie] are not p-solvable. Cases (B) and (C)
are finitely many exceptions. Suppose that p = 7 and k(H) < 3. It is well-

known that then H < Ss and therefore |P| < 1+ 6 4+ 6. It follows that
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n =1 and G = C; x Cs. Hence, let p > 11. From [Lie] we obtain |P| < 892,
Since the primitive permutation groups of degree at most 2'2 — 1 are avail-
able in GAP [GAP], we may assume that p > 67. There are only three cases
left, namely p € {71,79,89} and n = 2. Here As < H/Z(H). Since As;
is a maximal subgroup of PSL(2,p) (see [Hup, Hauptsatz 11.8.27]), it follows
that H N SL(2,p) = SL(2,5). Consequently,

C'i= H/SL(2,5) < GL(2,p)/SL(2,p) = ;1.
Since H has an orbit of length at least (p? — 1)/2, we obtain
120/C| = [H| = (p* —1)/2.

This yields k(H) > 14 |C| > (p — 1)/2 unless p = 79 and |C| = 26. In this
exception, H = SL(2,5).2 x Cy3 and obviously k(H) >3-13 = (p—1)/2.
Finally, suppose that N := O, (G) # 1. Then the above arguments apply
to G/N and we obtain
—1
iy (G) = 1+ ky (G/N) > 7

since at least one non-trivial p-regular element lies in N.

We remark that the p-solvability assumption in Theorem 2.2 will be removed
in Section 6.

3. The blockwise Alperin weight conjecture

In this section, we will explain that, when the Sylow p-subgroups of G are cyclic,
the main result Theorem 1.2 (and also Theorem 6.1) is a consequence of the
known cyclic Sylow case of the blockwise Alperin weight (BAW) conjecture and
the p-solvable results proved in the previous section.

Let B be a p-block of G. Recall that [(B) denotes the number of irreducible
Brauer characters of B. A p-weight for B is a pair (@, \) of a p-subgroup @
of G and an irreducible p-defect zero character A of N¢(Q)/Q such that the
lift of A to Ng(Q) belongs to a block which induces the block B. The BAW
conjecture claims that [(B) is equal to the number of G-conjugacy classes of
p-weights of B. In particular, the conjecture implies that I(B) > [(b), where b
is the Brauer correspondent of B (see [Alp, Consequence 1]). In fact, when a
defect group of B is abelian, the conjecture is equivalent to I(B) = [(b) (see
[Alp, Consequence 2]).
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Let P e Sylp(G), and let By and by be respectively the principal blocks of G
and Ng(P). Assume that the BAW conjecture holds for (G, p). Since N¢g(P)
is p-solvable, [Nav1l, Theorems 9.9 and 10.20] show that

[(Bo) 2 I(bo) = kp (NG (P)/Op (Nc(P))) = k(Na(P)/PCa(P)).

Let H := Ng(P)/PCg(P) and Z := Z(P). We then have k(H) =k, (ZxH),
and it follows that

I(Bo) > ky (Z » H).

By Burnside’s fusion argument (see [Isa, Lemma 5.12]), H controls fusion
in Z. In particular, k,(Z x H) < k,(G). (We note that it also follows from
the BAW conjecture that k(By) > k(Z x H) by [Nav2, Theorem D]. We thank
G. Navarro for pointing out this fact to us.)

Combining the above analysis with the results of the previous section, we de-
duce that, if k,(G) = 2 then k,(Z x H) = 2 and [(By) > p—1 or p=11
and Ng(P)/Oy(Ng(P)) = C% x SL(2,5). Similarly, if k,(G) = 3 then
ky(Z x H) =2 or 3, and thus [(By) > (p—1)/2, by Theorems 2.1 and 2.2. Also,
when k,(G) =2, [(By) = p—1 if and only if k (Ng(P)/Oy (Na(P))) =p—1,
which occurs if and only if Ng(P)/O, (Ng(P)) is isomorphic to the Frobenius
group Cp, x C,_1, by Theorem 2.1.

We have seen that Theorem 1.2 holds for (G, p) if the BAW conjecture holds
for (G,p). In particular, by Dade’s results [Dad] on blocks with cyclic defect
groups, we have proved Theorem 1.2 for groups with cyclic Sylow p-subgroups.

We also have the following, which was already mentioned in the introduction.

PROPOSITION 3.1: Let p be a prime and G a finite group with k,(G) = 3.
Let By be the principal block of G. Then the blockwise Alperin weight Conjec-
ture (for By) implies that I(Bg) > (p—1)/2.

PRroPOSITION 3.2: Let p be a prime and G a finite group of order divisible
by p. Let By be the principal block of G. Then the blockwise Alperin weight
Conjecture (for By) implies that 1(By) > 2y/p — 1+ 1 — kp(G).

Proof. This follows from the above analysis and [HM, Theorem 1.1].

We end this section with another consequence of the BAW conjecture on
possible values of k(B) and I(B) in blocks with k(B) — I(B) = 1. In the
following theorem we make use of Jordan’s totient function J : N — N defined



10 N. N. HUNG, B. SAMBALE AND P. H. TIEP Isr. J. Math.

by

2

-1

Jo(n) := n? H P e
Pl

where p runs through the prime divisors of n (compare with the definition of

Euler’s function ¢).

THEOREM 3.3: Let B be a p-block of a finite group G with defect d such that
k(B)—1(B) = 1. Suppose that B satisfies the Alperin weight Conjecture. Then
one of the following holds:

(i) d = nk such that all prime divisors of n divide p* — 1. Moreover, if 4
divides n, then 4 divides p* — 1. Here

ek _
(B =37 o L La(n/e).

eln

In particular, 1(B) = p* ~ 1if n = 1 and I(B) > (% — 1)o(n) + 23"
ifn>1.

) pt 52 72 112 112 232 292 592
11
By 7 8 9 35 8 63 261

Conversely, all values for [(B) given in (i) and (ii) do occur in examples.

Proof. By [HKKS, Theorem 7.1], B has an elementary abelian defect group D.
The equation k(B) — I(B) = 1 implies further that the inertial quotient F
of B acts regularly on D \ {1}. It follows that all Sylow subgroups of E are
cyclic or quaternion groups (see [Hup, Hauptsatz V.8.7]). In particular, F
has trivial Schur multiplier. Hence, the Alperin weight conjecture asserts that
[(B) = k(E) (see [Saml, Conjecture 2.6] for instance). Note that D x E is a
sharply 2-transitive group on D and those were classified by Zassenhaus [Zas]
(see also [DiMo, Section 7.6]). Apart from the seven exceptions described in (i),
D x E arises from a Dickson near-field F' where (F,+) = D and F’* = E. More
precisely, there exists a factorization d = nk as in (i) such that F' can be
identified with F,» where ¢ = p* and the multiplication is modified as follows.
Let Fy = (¢). Let v : Fgn — Fyn, 2 +— 27 be the Frobenius automorphism
of Fgn with respect to F;. According to Zassenhaus, ¢ has multiplicative order n
modulo (¢ — 1)n, and for every integer a there exists a unique integer a* such
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that 0 < a* < n and
¢ =1+alg—1) (mod (qg—1)n).

One can check that the pairs ((*,7%) with 0 < a < ¢" — 1 form a subgroup
of T'L(1,¢™). We identify the elements of F* with those pairs, so that the
multiplication in F' agrees with the multiplication in I'L(1, ¢"). Note that F'*
is just the Singer cycle F if n = 1. Although different choices for ¢ may lead
to non-isomorphic near-fields, the group F'* is certainly uniquely defined (as a
subgroup of (Z/(¢q™ — 1)Z) x (Z/nZ) for instance).

It is easy to check that A := ((¢",1)) < F* and F*/A = C,,. This makes
it possible to compute k(E) = k(F*) via Clifford theory with respect to A.
The natural actions of F* on A and on Irr(A) are permutation isomorphic, by
Brauer’s permutation lemma. Thus, instead of counting characters of A with a
specific order we may just count elements. For a divisor e | n, let a(e) be the
number of elements in F* NFye := {(¢%,7*) : (¢ € Fye} which do not lie in
any proper subfield of Fqe. Then

¢ —1
Ble) :=|F* NFqe| = . :Za
fle
By Modbius inversion we obtain

f_
=S ute/n” g
fle

This is also the number of characters in Irr(A) with inertial index e. These
characters distribute into a(e)/e orbits under F*. Each such character has n/e
distinct extensions to its inertial group and each such extension induces to an
irreducible character of F'*. The number of characters of F'* obtained in this
way is therefore a(e)n/e?. In total,

B) = k(B) = K(E) = 3 1, S nte/f) q o

eln fle

Now observe that n? = 2djn J2(d) for all n > 1. Hence, another Mdbius
inversion yields

n F_ r_
S Lt = NS ) e Zq B/ f).
en © fle fln eI fln

If n > 1, then ng(n) = n? L. p;1 < Jo(n) and the second claim follows.
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Conversely, if d = nk satisfies the condition in (i), then a corresponding near-
field F' can be constructed as above. This in turn leads to a sharply 2-transitive
group G = F' x F*. Now G has only one block B, namely the principal block,
and [(B) = k(F*) is given as above.

4. Principal blocks of almost simple groups of Lie type
This section is devoted to the proof of the following result:

THEOREM 4.1: Let p > 3 be a prime and S # 2F,(2)" a simple group of Lie
type in characteristic different from p. Assume that the Sylow p-subgroups of S
are abelian but not cyclic. Let S <G < Aut(S) such that pt|G/S|. Let Byo(G)
be the principal p-block of G. Then either {(By(G)) > p or k,(G) > 3.

We will work with the following setup. Let G be a simple algebraic group
of simply connected type defined over F, and F' a Frobenius endomorphism
on G such that S = G/Z(G), where G := G is the set of fixed points of G
under F. Let G* be an algebraic group with a Frobenius endomorphism which,
for simplicity, we denote by the same F, such that (G, F') is in duality to (G*, F).
Set G* := G*I'. As we will see below, the Brauer characters in the principal
blocks of S and G arise from the so-called unipotent characters of G. These are
the irreducible characters of G occurring in a Deligne-Lusztig character Rg—(l),
where 7 runs over the F-stable maximal tori of G; see [DiMi, Definition 13.19].
It is well-known that the unipotent characters of G all have Z(G) in their kernel,
and so they are viewed as (unipotent) characters of S.

With the hypothesis of Theorem 4.1 on P € Syl,(S) and p, we may assume
that S is not one of the types A1, 2G>, and 2B5. Assume for a moment that S
is also not a Ree group of type 2Fy, so that F' defines an Fy-rational structure
on G. Let d be the multiplicative order of ¢ modulo p.

By [KM2, Theorem A], which includes earlier results of Broué-Malle-Michel
[BMM] and of Cabanes-Enguehard [CE], the p-blocks of G are parameterized
by d-cuspidal pairs (£, ) of a d-split Levi subgroup £ of G and a d-cuspidal
unipotent character A of L. In particular, the principal block of G corresponds
to the pair consisting of the centralizer L4 := Cg(S,) of a Sylow d-torus Sy of G
and the trivial character of EdF . Moreover, the number of unipotent characters
in By(G) is the same as the number of characters in the d-Harish-Chandra series



Vol. TBD, 2024 BOUNDING p-BRAUER CHARACTERS 13

associated to the pair (L4,1). By [BMM, Theorem 3.2], characters in each d-
Harish-Chandra series are in one-to-one correspondence with the irreducible
characters of the relative Weyl group of the d-cuspidal pair defining the series.
Therefore, the number of unipotent characters in By(G) is precisely the number
of irreducible characters of the relative Weyl group W (Ly) of Lg.

Assume that p 1 |Z(G)|. Then, as the Sylow p-subgroups of S are abelian,
those of G are abelian as well. In such situation, we follow [MM, §5.3] to control
the number of conjugacy classes of p-elements in G. In particular, by [Mal3,
Proposition 2.2], we know that the order d of ¢ modulo p defined above is the
unique positive integer such that p | ®4(¢) and &4 divides the generic order of G,
where ®,; denotes the dth cyclotomic polynomial. Furthermore, p is indeed a
good prime for G (see [Mal3, Lemma 2.1]). Let ®'* be the precise power of ®4
dividing the generic order of G.

Assume furthermore that G has a unique class of nontrivial p-elements. By
the main result of [KNST], a P € Syl,(S) must be elementary abelian, and
thus ®4(q) is divisible by p but not p?. Therefore, P is isomorphic to the direct
product of mg copies of C,. Since P is non-cyclic, mqg > 1.

It is well-known that fusion of semisimple elements in a maximal torus is
controlled by its relative Weyl group (see [MT, Exercise 20.12] or [MM, p. 6123]).
By choosing P to be inside the Sylow d-torus Sy and letting 74 be an F-stable
maximal torus of G containing S;, we deduce that the fusion of p-elements in P
is controlled by the relative Weyl group W (73) of T4. Therefore, the number of
conjugacy classes of (non-trivial) p-elements of G, and hence of S, is at least

|Pl—1 pm™—1
W(Ta)l  IW(Ta)l

Note that when d is regular for G, which means that Cg(Sy) is a maximal
torus of G, the maximal torus Ty can be chosen to be the same as L4 = Cg(Sy),
and this indeed happens for all exceptional types and all d, except the single
case of type E7 and d = 4 (see also [HSF, p. 19]).

Recall that p 1 |Z(G)|, and thus Bo(G) and By(S) are isomorphic, and, more-
over, p is a good prime for G. By a result of Geck [Gec2, Theorem A], the
restrictions of unipotent characters of G in By(G) to p-regular elements form
a basic set of Brauer characters of By(G). In particular, I(Bo(S)) = I(Bo(G))
is precisely the number of unipotent (ordinary) characters in Bo(G), which in
turn is the number k(W (L4)) of irreducible characters of W (L), as mentioned
above.
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PROPOSITION 4.2: Theorem 4.1 holds for groups of exceptional Lie types.

Proof. We will keep the notation above. In particular, G and G* are finite
reductive groups of respectively simply-connected and adjoint type with

S =G/Z(G) = [G*,G*].

First we note that the Sylow 3-subgroups of simple groups of type Fg or 2FEg
are not abelian since their Weyl group (SO(5,3)) has a non-abelian Sylow 3-
subgroup. So we have p {|Z(G)| in all cases.

We will follow the following strategy to prove the theorem for exceptional
types. Let G; be the extension of G* to include field automorphisms. We will
view both G; and G* as subgroups of Aut(S). Let

H = <G n (Gr*, CGﬂGl (P)),

where P € Sylp(S ). Note that every unipotent character of S is Gi-invariant
and extendible to its inertial subgroup in Aut(S), by results of Lusztig and
Malle (see [Mal2, Theorems 2.4 and 2.5]). In particular, every unipotent char-
acter in By(S) extends to a character in Bo(G1). By [Gec2, Theorem A], it
follows that each 8 € IBr(By(S)) extends to some p € IBr(Bo(G N Gy)). Now
wr € IBr(Bo(H)). Moreover, as PCgng, (P) € H, Bo(GNGq) is the only block
of GN Gy covering By(H) (see [RSV, Lemma 1.3]). It follows that

un € IBr(Bo(G N Gy)) for every n € IBr((GNGy)/H)

by [Navl, Corollary 8.20 and Theorem 9.2].  (Here we remark that
(GNGy)/H is a quotient of (G N Gy1)/(G N G*) and thus cyclic, implying
that |IBr((GNGy)/H)|=|(GNG1)/H)|.) Note that each character
un € IBr(By(G N Gy)) lies under a character of IBr(By(G)) and two of them pn
and p'n’ are fused under G only possibly when the unipotent characters g
and py are fused under graph automorphisms of S. Let n denote the number
of orbits of unipotent characters in By(S) under Aut(S). We now have

(4.1) I(Bo(G)) > nl(GNG41)/H|.
We recall here that the number of unipotent characters in By(S) is exactly
k(W (La)).

How these unipotent characters are fused under graph automorphisms will be
examined below in a case by case analysis.
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Assume for now that d is regular for G (which means (G,d) # (E7,4)), we
then choose T4 := L4 as mentioned above. Recall that |P| = p™¢ and S then has
at least (p™¢ —1)/|W(L4)| conjugacy classes of non-trivial p-elements. Assume
that G has a unique class of non-trivial p-elements, and therefore we aim to
prove that [(By(G)) > p. Since Cg(P) fixes every class of p-elements of S, we
deduce that
pmd —1 < |G| < d|G| Sdg|Gﬁ(G:1|
(W(La)l ~ [{S,Ca(P))| ~ " |H] [H|
where d = |G* : S| and g = |Out(S) : Gq| are respectively the orders of the
groups of diagonal and graph automorphisms of S.

(4.2)

We now go through various types of S to reach the conclusion, with the help
of (4.1) and (4.2). For simplicity, set

x:=|(GNGy)/H]|.

The relative Weyl groups W (Ly) for various types of G and d are available
in [BMM, Table 3]. These relative Weyl groups are always complex reflection
groups and we will follow their notation in [BMM] as well as [Ben]. Recall that
as the Sylow p-subgroups of S are non-cyclic, we may exclude the types 2B,
and 2Gs.

Let S = Ga(g) with ¢ > 2. Then d € {1,2}, m1 = ma = 2, and W(Ly)
is the dihedral group Djs. Here all unipotent characters of S are Aut(S)-
invariant unless ¢ = 3/ for some odd f, in which case the graph automor-
phism fuses two certain unipotent characters in the principal series, by a re-
sult of Lusztig (see [Mal2, Theorem 2.5]). In any case, the bound (4.1) yields
I(By(G)) > (k(D12) — 1)z = 5z. Together with (4.2), we have

I(Bo(G)) =5z > V24x > \/p2 —1>p—1,

as desired.

For S=Fy(q) we haved€{1,2,3,4,6} with m;=mg =4 and mg=my=mes=2.
Here all unipotent characters of S are Aut(S)-invariant unless ¢ = 2/ for some
odd f, in which case the graph automorphism fuses eight pairs of certain unipo-
tent characters. Also,

W(ELQ) = Ggg, W(£376) = G5 and W(£4) = Gg.
In all cases we have

I(By) > (k(W(Lq)) — 8)x > (2|W (Lq)|z) /™ > (pma — 1)/ ™ma > p—1.
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For all other exceptional types every unipotent character of S is Aut(S)-
invariant, again by [Mal2, Theorem 2.5]. The bound (4.1) then implies that
[(Bo(G)) > k(W (Lg))x. On the other hand, the bound (4.2) yields

dgx|W(Ly)| > p™¢ — 1.

The routine estimates are then indeed sufficient to achieve the desired bound.

As the arguments for 3Dy, Fg, 2Es, E7 with d#4, and Eg are fairly similar, we
provide details only for S=Fg(q) as an example. Then d€{1,2,3,4,6,5,8,10,12}
with mi2 = 8, m3 a6 = 4, and ms8,10,12 = 2. Going through various values
of d, we observe that k(W (Lq))™* > |W(Lq)| for all relevant d. The above
estimates then imply that

UBo(G)™ = k(W (La))™ x> [W(La)lx > p™* —1,

which in turns implies that [(By(G)) > p.

Assume that S = E7(q) and d = 4. (Recall that d = 4 is not regular
for type E7.) Then my = 2. By [BMM, Table 1], L4 = S;.A3, W (L) = Gy
and W (T3) is an extension of G by C3 for any maximal torus 7y containing Sy.
Note that here Out(S) is the direct product of Cyeq(2,4—1) and Cy where ¢ = 2
for some prime /¢, and thus is abelian. Let

y = [G/(S,Ca(P))]

and arguing similarly as above, we have [(Bo(G)) > k(W (Lg))y = 16y
and p? — 1 < y|W(Tq)| = 768y. If y > 3 then I(By(G))? > 16%y? > 768y >p*—1,
as desired. If y = 1 then p < 23, and since we are done if p < 16, we may
assume that p = 17,19, or 23, but for these primes, p> — 1 does not divide
|[W(T4)| = 768, implying that S, and hence G, has more than one class of p-
elements. Lastly, if y = 2 then the only prime we need to take care of is p = 37,
but as 372 — 1 = 1368 cannot be a sum of two divisors of |W(73)|, S now has
at least three classes of p-elements, implying that G has more than one class of
p-elements, as desired.

Finally, let S = 2F;(q) with ¢ = 22" > 8. Here the prime p divides exactly
one of ®1(q), P2(q), P4+(q) = ¢ ++v2¢+ 1, and ®4-(q) = ¢ — /2¢ + 1, and
mg = 2 in all cases. All the Sylow d-tori are maximal and their relative Weyl
groups are Dig for d = 1, Gy5 for d = 2, and Gy for d = 4*. With these
modifications, the estimates (4.1) and (4.2) are still applied to arrive at the
desired bound I(By(G)) > p.
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PROPOSITION 4.3: Theorem 4.1 holds for groups of classical types. More pre-
cisely, if S is a classical group and p > 3 as in Theorem 4.1, then either
kp(G) >3, orp=3|(qg —€), S =PSL*(3,q), and I(By(G)) > 3.

Proof. First consider S = PSL¢(n,q) with ¢ = £+ and n > 3. Here, as usual,
PSL*(n,q) := PSL(n,q) and PSL™(n,q) := PSU(n,q). Let e be the smallest
positive integer such that p | (¢¢ — €°).

Assume that p { |Z(SL(n,q))|, and thus we may view P as a (Sylow) p-
subgroup of SL¢(n, ¢). Since P is not cyclic, we have 2e < n. (If 2e > n then P
would be contained in a torus of order ¢ — €, and hence cyclic.) Let «a be an
element of qu of order p. We then can find an element xy € SL(e, ¢) of order p
that is conjugate to diag(a, a®?,.. .,a(W)PI) over F,. Now we observe that
the two elements z := diag(zg, In—.) and y := diag(zo, xo, In—2¢) of SL(n,q)
produce two corresponding elements of order p in S that cannot be conjugate
in G, as desired.

Now assume p | |Z(SL(n,q))|. As P € Syl,(S) is abelian, this happens only
when p = 3 (see [KS, Lemma 2.8]). The proof of [KNST, Lemma 2.5] shows
that, in this case, S = PSL(3,q) with 3 | (¢ — €) but 9t (¢ — €). Moreover,
q = ¢/ for some prime ¢ with 3 1 f, so the Sylow 3-subgroups of S (and G) are
elementary abelian of order 9. Suppose that {(Bo(G)) < 2. Then the irreducible
Brauer characters in By(G) are 1¢, and possibly another character qy. On the
other hand, it is known from [Gecl, Theorem 4.5] and [Kun, Table 1] that
By (S) then contains precisely 5 distinct irreducible 3-Brauer characters, two of
which, 1g and «, are linear combinations of the restrictions of the two unipotent
characters of degrees 1 and ¢ — eq to 3-regular elements, and thus are G-
invariant; and three more (31, 82, 83. It follows that v lies above «, but then
none of the Brauer characters of By(G) can lie above f;, a contradiction. Hence
I(By(G)) > 3, as required. (In fact, Broué’s abelian defect group conjecture,
and hence the blockwise Alperin weight conjecture, holds for principal 3-blocks
with elementary abelian defect groups of order 9, see [KK], and thus the bound
[(Bo(G)) > 3 also follows by Section 3.)

For symplectic and orthogonal types, note that as p is odd, we may view
P € Syl,(S5) as a Sylow p-subgroup of Sp, SO, and GO. Let e be the smallest
positive integer such that p | (¢*¢ — 1). As above we have 2e < n by the
non-cyclicity of P.
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Consider S = PSp(2n,q) with n > 2. Since SL(2,¢°) < Sp(2e,q), we may
find an element xg in Sp(2e, ¢) of order p with spectrum

{a,al,..., aqﬁl,a_l, al, ..., a_‘ffl}
(see the proof of [NT, Proposition 2.6]). Note that
Sp(2e, q) x Sp(2e,q) X Sp(2n — 4e, q) < Sp(2e, q) x Sp(2n — 2¢,q) < Sp(2n, q).
Now one sees that the images of
x := diag(xo, Ion—2.) and y := diag(zo, zo, I2n—1c)

in S are not conjugate in G.
Consider S = Q(2n + 1, ¢) with ¢ odd and n > 3. Since p | (¢*¢ — 1), there is
a (unique) A € {£1} such that p | (¢° — A). Using the embedding

Cye—x =2 S0*(2,¢°) < GO*(2e,q),
we may find zg € GO* (2e, q) of order p and with the spectrum
{aF ot aiqwl}.
This z then must be inside SO*(2e, ¢) since it has order p. Note that
SO*(2e, q) x SO*(2¢e,q) x SO(2n — 4e +1,q) < SO(2n + 1, ¢q).
It follows that the images of
x := diag(xo, Ion—2¢4+1) and y := diag(xo, zo, lon—1e+1)

in S are of order p, and are not conjugate in G.
For S = PQ*(2n,q) with n > 4, using the same element 2o € SO*(2e, ¢) as
in the case of odd-dimensional orthogonal groups and the embedding

SO*(2e, q) x SO*(2¢e, q) x SOT(2n — 4e, q) < SOT(2n, q),

we arrive at the same conclusion.

Finally, consider S = PQ™(2n,q) with n > 4. If n = 2e, then we have
p | (¢" — 1) and it follows that the Sylow p-subgroups of S are in fact cyclic,
which is not the case. So n > 2e+ 1. As in the case of split orthogonal groups,
but using the embedding

SO*(2e, q) x SO*(2¢, q) x SO~ (2n — 4e, q) < SO~ (2n,q),

we have that G has at least two classes of non-trivial p-elements as well. This
finishes the proof.
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5. Proofs of Theorem 1.1 and Theorem 1.2

In this section we prove Theorem 1.2, relying on Theorem 4.1. After that we
deduce Theorem 1.1.
We restate Theorem 1.2 for the convenience of the reader.

THEOREM 5.1: Let p be a prime and let G be a finite group with k,(G) = 2.
Let By be the principal p-block of G. Then either [(By) > p—1, or p = 11
and G/O,(G) = C% x SL(2,5). Furthermore, [(By) = p — 1 if and only
if Ng(P)/O, (Ng(P)) is isomorphic to the Frobenius group Cp x Cp_1.

Proof. Recall that By is isomorphic to the principal p-block of G/O, (G). We
may assume that O,/ (G) = 1. Moreover, as the theorem is obvious for p = 2, we
will assume p > 3. Also, since the case of cyclic Sylow follows from the blockwise
Alperin weight conjecture, as explained in Section 3, we assume furthermore
that P € Syl,(G) is not cyclic. We aim to prove that I(By) >p—1orp =11
and G = C%, x SL(2,5).

Assume first that P is non-abelian. Then p < 5 by the main result of [KNST].
Moreover, when p = 5, G is isomorphic to the sporadic simple Thompson
group Th, and from the Atlas [Atl] we get I(By) = I(Bo(Th)) = 20 > 4, as de-
sired. Let p = 3. Then S := O (@) is isomorphic to the Rudvalis group Ru, the
Janko group J4, the Tits group 2Fy(2)’, or the Ree groups 2F(q) with ¢ = 26+1
for b € ZT, by [KNST] again. Since

Ca(S) = Ca(5)/Ca(S)N S = G/S = G/OY (),
we have
Cae(S) <0,(GQ) =1
and G is almost simple. We now check with [GAP] that
I(Bo(Ru)) = U(Bo(Ja)) = U(Bo(*Fu(2)')) = I(Bo(*Fa(2))) = 9 > 2.

Therefore we may assume that S = 2Fy(q) with ¢ = 26°*! for some b € Z*
and S 4G < Aut(S). By [Mall, §6 and §7] (see also [Him, Table C5]), the
principal 3-block of 2Fy(q) (¢ > 8) contains three irreducible Brauer characters
(denoted by ¢21, ¢5.1, and of course the trivial character) that are Aut(S)-
invariant (since their degrees are unique in By(S)), and thus we have [(Bj) > 3,
as wanted.
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We may now assume that P is abelian. By Burnside’s fusion argument,
all non-trivial p-elements of N (P) are conjugate, i.e., Ng(P) satisfies the
hypothesis of Theorem 2.1. Let N be a minimal normal subgroup of G. If N is
elementary abelian, then N = P since every element of P is conjugate to some
element of N. From O,/ (G) =1 it then follows that By is the only block of G.
Hence, the theorem follows from Theorem 2.1. Now let N =T} X --- x T, with
non-abelian simple groups 77 & --- 2 T,,. Since O, (G) = 1, |T;| is divisible
by p. Since non-trivial p-elements of the form (z,1,...,1) and (z,z,1,...,1)
in N cannot be conjugate in G, we conclude that n = 1, i.e., N is simple. Since
Co(N)NN =Z(N) =1 we have Cg(N) < Oy (G) = 1. Altogether,

G < Aut(N),

i.e., G is an almost simple group. Moreover, p{|G/N]|.

Let N = A, be an alternating group. Recall that the Sylow p-subgroups of G
(and N) are not cyclic. Therefore, n > 2p. But then the p-elements of cycle
type (p) and (p,p) are not conjugate in G.

The sporadic and the Tits groups can be checked with [GAP] (or one appeals
to the Alperin weight conjecture proved in [Sam?2]).

Next let N be a simple group of Lie type in characteristic p. Then P can only
be abelian if N = PSL(2,p") for some n > 1 (see [SW, Proposition 5.1] for in-
stance). In this case, the Alperin weight conjecture is known to hold for By, i.e.,
1(By) = l(bg) where by is the principal block of N (P). Now I(bg) is the number
of p-regular conjugacy classes of the p-solvable group H :=Ng(P)/O, (Ng(P)).
Hence, the claim follows from Theorem 2.1 unless possibly p = 11 and
H = C%, x SL(2,5). Then however

N = PSL(2,11?)

and SL(2,5) is not involved in Ng(P).
The final case, where IV is a simple group of Lie type in characteristic different
from p, follows from Theorem 4.1.

The following is Theorem 1.1 in the introduction.

THEOREM 5.2: Let p be a prime and G a finite group in which all non-trivial p-
elements are conjugate. Then either k, (G)>p—1, or p=11 and G=C# xSL(2,5)
(in which case ky(G) = 9). Furthermore, k,(G) = p — 1 if and only if
G = Cp, x Cp—1 (Frobenius group).
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Proof. By Theorem 1.2 there are three cases to consider.

If I(Bo) > p, then clearly k. (G) > p.

Next assume that {(By) = p—1 and Ng(P)/O, (Ng(P)) = Cp x Cp—; for a
Sylow p-subgroup P. If there exists another block By # By, then
again kp (G) > l(Bo) + {(B1) > p. Hence, we may assume that By is the
only block of G. Since |P| = p, all characters in G have p’-degree. It fol-
lows from the Ito—Michler theorem that P < G. In particular, G is p-solvable
and O, (Ng(P)) =1 by [Navl, Theorem 10.20].

Finally, let p = 11 and G/O,/(G) = C% x SL(2,5). Then G is p-solvable and
Theorem 1.1 follows from Theorem 2.1.

6. Groups with three p-classes

In this section we prove the following result, which provides a bound for &, (G)
for groups G with 3 conjugacy classes of p-elements.

THEOREM 6.1: Let G be a finite group with k,(G) = 3. Then k, (G) > (p—1)/2
with equality if and only if p > 2 and G is the Frobenius group Cp, x C(,,_1)/2.

We will prove that Theorem 6.1 follows from Theorem 2.2, [HM, Theorem 2.1]
on bounding the number of orbits of p-regular classes of simple groups un-
der their automorphism groups, the known cyclic Sylow case of the blockwise
Alperin weight Conjecture, and the following result.

THEOREM 6.2: Let p be a prime and S a finite simple group with non-cyclic
Sylow p-subgroups. Let S < G < Aut(S). Then ky (G) > p.

Proof. The theorem is clear when p = 2,3 as |G| has at least 3 prime divisors.
Therefore we may assume that p > 5. We also may assume that S is not a
sporadic simple group or the Tits group, as these could be checked directly
using the character table library in [GAP].

Let S = A,. Since the Sylow p-subgroups of S are not cyclic, we
have n > 2p > 10. It follows that A, has at least p — 1 cycles of odd length
not divisible by p. These cycles together with an involution of S produce at
least p p-regular classes of G, as desired.

Next we assume that S is a simple group of Lie type in characteristic p.
As before, one then can find a simple algebraic group G of simply connected
type defined in characteristic p and a Frobenius endomorphism F' such that
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S = G/Z(G), where G = GF'. According to [Car, Theorem 3.7.6], the number
of semisimple classes of G is ¢", where ¢ is the size of the underlying field of G
and r is the rank of G. Therefore,
ky (G) q
w2 k@) * e

To prove the theorem in this case, it suffices to prove that ¢" > p|Z(G)||Out(S)].
Using the known values of |Z(G)| and |Out(S)| available in [Atl, p. xvi] for
instance, it is straightforward to check the inequality for all S and relevant
values of ¢, and p, unless (S, p) is one of the following pairs

{(PSL(2,5%),5), (PSL(3,7),7), (PSL(3, 13), 13), (PSU(3,5), 5), (PSU(3,11),11)}.

Again the character tables of the corresponding almost simple groups are avail-
able in [GAP] unless S = PSL(3,13). For this exception we used the computer
to find 13 distinct pairs (|(z)|,|Cs(z)|) where z € S is p-regular. Of course
these elements cannot be conjugate in G.

For the rest of the proof, we will assume that S is a simple group of Lie type
in characteristic £ # p and let G < Out(.S) be a finite reductive group of adjoint
type with socle S. (Note that G from now on is different from before where it
denotes the finite reductive group of simply-connected type.)

LEMMA 6.3: Let S,G and G as above. If k, (G) > p|Out(S)|, then
kp (G) = p.

Proof. Let IBr(S) denote the set of p-Brauer irreducible characters of S
and n(H,IBr(S)) the number of orbits of the action of a group H on IBr(S).
Let

G1:= (GUG).
Then
ky (G) 2 (G, 1Br(S)) > n(G1, TBr(S)) = K;'( ) |swbcl<e>|>
0€IBr(S)
! _ 5|
Eyren <6€§S)|Stab<g(9)|) = |G1|n(G,IBr(S))
Gl k(G 5 kw(G)

~ G IG/S| T |Out(S)]

as claimed.
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Recall that p > 5. As the Sylow p-subgroups of S, where p is not the defining
characteristic of S, are non-cyclic, S is not one of the types Ay, 2By and 2G5.

1. Let G = PGLf(n,q) with ¢ = £, ¢ = ¢/ and n > 3. Here as usual we
use € = + for linear groups and € = — for unitary groups. Consider tori T;
(i € {n —1,n}) of G of size (¢ — (¢1)%)/(q — €1). Since ged(|Tn_1],|Tn]) = 1,
there exists ¢ € {n — 1,n} such that p { |T;|. Note that the fusion of semisimple
elements in T} is controlled by the relative Weyl group, say W;, of Ti, which
is the cyclic group of order t (see [MM, Proposition 5.5] and its proof, for
instance). Therefore, the number of p-regular (semisimple) classes of G with
representatives in T; is at least

q' = (e1)'
tlg—el)

Let £ € N be the order of ¢ modulo p. Since the Sylow p-subgroups of S are
not cyclic, we must have n > 2k, implying that p < ¢l"/2/ — 1. Now one can
check that

q" — (1)’
t(q —€l)
for all possible values of ¢,n and p. It follows that

> 2f ged(n, g — el)p = [Out(S)[p

kp (G) = [Out(S)]p,

and therefore we are done in this case by Lemma 6.3.

2. Let G = SO(2n + 1,q) or PCSp(2n,q) for n > 2 and ¢ = ¢/. Since p is
odd, it does not divide both ¢" — 1 and ¢"™ + 1. Let T be a maximal torus of G
of order either ¢" — 1 or ¢™ + 1 such that p { |T|. The fusion of (semisimple)
elements in 7T is controlled by its relative Weyl group, which is cyclic of order 2n
in this case. Therefore, the number of conjugacy classes with representatives
in T is at least 1 + (¢"™ — 2)/(2n), and it follows that

n
ky (G) =2+ 4 2;2,
since S has at least one non-trivial unipotent class.

Let k& € N be minimal such that p divides ¢* — 1. Since the Sylow p-
subgroups of S are non-cyclic, we must have n > 2k. Let n = 2. It then follows
that £k = 1 and, as p > 5, we have ¢ > 8, and thus the desired inequality

2+ (q?—2)/4 > 2fp = p|Out(9)| follows easily. So let n > 3, and hence Out(95)
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is cyclic of order fged(2,q —1). We now easily check that

n

ky (G) > 2+ 4 , = feed(2q—1p
for all the relevant values of p, ¢ and n, unless (n,p,q) = (4,5,2), and indeed in
all cases we have
kp (G) = p|Out(S)],
and the theorem follows by Lemma 6.3.

3. Let G = PCO%(2n, q) with ¢ = +, ¢ = ¢/ and n > 4. Here
|Out(S)[ = 2f ged(4,¢" — 1)

unless (n,¢e) = (4,+), in which case |Out(S)| = 6f ged(4, ¢"™ — €l). Similar to
other classical groups we have n > 2k where k is minimal such that p | (¢?* —1).
First assume that &k { n. A maximal torus of G of size ¢" — €l will then produce

at least
" — el

2n
p-regular classes, which are sufficient for the desired bound of p|Out(S)| un-

less (n,€,q,p) = (4,4,4,5), (5,%,2,5). The bound still holds for these excep-
tions since S has elements of at least 5 different orders coprime to 5, which
makes ky (G) > 5 = p.

Now we may assume k | n. The case ¢ = — and p | (¢* — 1) can be treated

141

as above using a torus of size ¢" + 1, with a note that ged(¢™ + 1,¢* — 1) | 2
and thus every element in that torus has order coprime to p. So we assume
that e = + or e = — and p | (¢* +1).

Observe that now G has tori of size ¢"~! & 1 which consists of p-regular
elements. Also, the non-trivial conjugacy classes with representatives in these
two tori have only one possible common class, which is an involution class.
Therefore,

n—1 n—1 n—1
ky (G) > 2+ g(nq? + ‘;(%1; =2+ q%l? = h(g.n).

It turns out that the desired bound h(g,m) > p|Out(S)| is satisfied unless
(S,p) = (PQI_2(2)75)5 (PQT2(2)77)5 (PQT2(3)5 13)7 (PQTG(Q)a 17)7 (PQT6(3)741)a

(PQ4d (4),5), or (PQg(q),p) with ¢ <29 and p | (¢®> +1) but pt(¢* —1).
For the pairs (S,p) = (PQ(2),5), (PQ(2),7), or (PQF(4),5), one
can confirm the bound by just counting the prime divisors of |S|. For
(S,p) = (PQ(2),17), by counting elements of certain order in the two tori
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of sizes 27 £ 1, we observe that G = S has at least 126/14 = 9 classes of
127-elements, 42/14 = 3 classes of 43-elements, and 84/14 = 6 classes of 129-
elements, which implies that G has at least 10 classes of {127, 43, 129}-elements,
and hence, by also including classes of elements of order 1, 2, 3, 5, 7, 9, 13,
we have the claimed bound. The same strategy also works for (PQ},(3),13)
and (PQ4(3),41).

We are now left with the case (S, p) = (PQg (¢),p) with ¢ < 29 and p | (¢®+1)
but p 1 (¢ — 1). Using the lower bound for the number of Aut(S)-orbits on
p-regular classes of S in the proof of [HM, Lemma 4.6], we end up with the
open cases

(¢,p) € {(4,17), (5,13), (8,13), (9,41), (11,61)}.

These groups can be realized as permutation groups (of degree 21,435,888 in
the last case) in [GAP]. In each case we constructed enough random p-regular
elements in S and computed their centralizer orders to make sure that these
elements are not conjugate in G.

4. Now we turn to the case where S is of exceptional type different from 2B;
and 2G5. To conveniently write the order |S| and its factors, we use ®4 to
denote the dth cyclotomic polynomial over the rational numbers.

As above let G be a finite reductive group (over a field of size ¢) of adjoint
type with socle S, and assume that |G| = ¢V [, ®;(¢)*¥) for suitable positive
integers a(z) and N. (Indeed, N is the number of positive roots in the root
system corresponding to S.) First we assume that the Sylow p-subgroups of G
are not abelian. Then p must divide the order of the Weyl group of G, and
thus G is one of the types Eg, 2Fg, F7, and Eg and p < 7. Using elementary
number theory, one now easily observes that |S| has at least 8 different prime
divisors, and hence k,/ (G) > 7 > p. So we may and will assume that the Sylow
p-subgroups of G (and S) are abelian (but not cyclic). It follows that there
exists a unique d € N such that p | ®4(¢q) and a(d) > 2; see [MT, Lemma 25.14].

Let G = Ga(q) with ¢ = £/ > 3. We then have p | (¢*> — 1). Note that G = S
has maximal tori of coprime orders ®3(q) and ®g(g), which are furthermore
coprime to p since p > 5. The relative Weyl groups of these tori have order 6
(see [BMM, Tables 1 and 3] for sizes of Weyl groups of various maximal tori).
Therefore,

Bs(q) —1 . Bglq) — 1 2
kyp (G) > 1+ 3(‘2 + G(qg =1+,
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It is now sufficient to check that 1+ ¢*/3 > fp, but this is straightforward.
The case S = Fy(q) is handled similarly by considering two maximal tori of
orders ®5(q) and P12(q).

Let S = 2Fy(q) with ¢ = 22™*! > 8. Then we have p | ®1(q)®2(q)P4(q).
Using maximal tori of orders CI%Q(q) =q¢*+ \/2q3 +q=++/2q+1 with the relative
Weyl group of order 12, we end up with
Ph(g) —1 | @pp(e) — 1 *+q

k/ >1 :]_
(G) =1+ 12 * 12 + 6

Certainly 1 + (¢? + ¢)/6 > (2m + 1)p for all possible values of p and m except
(p,m) = (13,1), but this exception can be checked directly using [GAP].

Let S = 3Dy(q). We then have p | ®1(q)®2(q)®3(q)Ps(q). The relative Weyl
group of a maximal torus of order ®15(¢) has order 4, and thus the number
of classes with representatives in this torus is at least 1 + (¢* — ¢*)/4, which
in turn is at least 3fp, as we wanted, unless (¢,p) = (2,7), (3,13), or (4,13).
The first exception can be handled easily using [Atl]. Let (S,p) = (3D4(4),13).
We already know that S has at least (4* — 42)/4 = 60 classes of elements of
order ®15(4) = 241 and thus, as Out(S) is cyclic of order 6, we are done un-
less G = Aut(S). In fact, even for G = Aut(S), one just notices that G has
at least 60/6 = 10 classes of elements of order 241, and therefore, together
with classes of elements of order 1, 2 and 3, the desired bound follows. Fi-
nally let (S,p) = (3D4(3),13). Then S has at least 18 classes of elements of
order ®12(3) = 73, which produces at least 6 classes for G. Now note that
SL(2,27) < S, and by using [Atl], we then observe that SL(2,27), and hence S,
has elements of orders 1, 2, 3, 4, 6, 7, 14, which produce 7 more 13-regular
classes, as wanted.

For G = Eg(q)ad, we have p | ®4(q) for some d € {1,2,3,4,6}. Consider
the (semisimple) classes with representatives in a maximal torus of size ®g(q).
Notice that this torus has the relative Weyl group of order 9, so we obtain

ki (G) > 1+ qﬁgqg,
which is certainly at least |Out(S)|p for every relevant ¢ and p. Similar ar-
guments also work for G = 2Eg(q)aq and E7(q)aq, but using a maximal torus
of respectively size ®15(q) and ®1(q)Pg(q) or P2(q)P9(q), depending on which
size is coprime to p. For G = Eg(q) with ¢ = ¢/ we have p | ®4(q) for some
de{1,2,3,4,5,6,8,10,12} and G has a maximal torus of size ®30(q) with the
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relative Weyl group of order 30, and it follows that

P30(q) — 1
>
30 > fp,

as desired. This concludes the proof of Theorem 6.2.

ky (G) > 1+

We are now in the position to prove the main result of this section.

Proof of Theorem 6.1. Assume that the theorem is false and let G be a mini-
mal counterexample. In particular, G is not isomorphic to the Frobenius group
Fp = Cp X C(p—l)/2 and kp/(G) < (p - ].)/2 Since kp(G/Op/ (G)) = kp(G) =3
and ky (G/Op (G)) < ky (G), we have O (G) =1 or G/Oy (G) = F,. In the
latter case G has a cyclic Sylow p-subgroup and hence cannot be a counterexam-
ple, as shown in Section 3, and thus we have O, (G) = 1. Let N be a minimal
normal subgroup of G. It follows that p | |N|, and hence k,(G/N) < k,(G).
Now since k,(G/N) cannot be 2 by Theorem 1.2, we must have p t |G/N| and
moreover, N is the unique minimal normal subgroup of G.

We are done if N is abelian by Theorem 2.2. So we may assume that NV is a
direct product of, say n, copies of a non-abelian simple group, say S. Note that
p | |S] since p | |N|. Therefore, the assumption k,(G) = 3 implies that n < 2.

Assume that n = 2. Let m(S, p) be the number of Aut(S)-orbits on p-regular
classes of S. We then have

b (G) 2 (S, )(m(S.p) + 1),

It was shown in [HM, Theorem 2.1] that either m(S,p) > 2v/p—1 or (S,p)
belongs to a list of possible exceptions described in [HM, Table 1]. For the
former case, we have
L2V 12V -1+l p—1

2 2
which is a contradiction. For the latter case, going through the list of exceptions,

kp’ (G)

we in fact still have
m(S,p)(m(S,p)+1) _p—1
> )
2 2

which again leads to a contradiction.

Finally we may assume that n = 1, which means that G is an almost simple
group with socle S. Furthermore, p { |G/S|. The theorem now follows from Sec-
tion 3 when Sylow p-subgroups of S are cyclic and from Theorem 6.2 otherwise.

This completes the proof.
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7. Theorem 1.3 and further applications
We now derive Theorem 1.3, which is restated, from Theorem 1.2.

THEOREM 7.1: Let p be a prime and G a finite group in which all non-trivial
p-elements are conjugate. Let By denote the principal p-block of G.
Then ko(Bp) > p or p =11 and ko(By) = 10.

Proof. The theorem follows from Theorem 1.2 and [KM1] when the Sylow p-
subgroups of G are abelian. Assume otherwise. Then, as mentioned before, by
[KNST, Theorem 1.1], either

(a) p = 3 and OP (G/O,(G)) is isomorphic to Ru, Jy or 2Fy(q) with

q = 2°%1 for a nonnegative integer b, or

(b) p="5 and G/O,(G) is isomorphic to Th.
We now just proceed as in the proof of Theorem 5.1, but with height 0 characters
instead of Brauer characters. For (b) we have ko(Bo) = ko(Bo(Th)) = 20 > 5,
and we are done. For (a) we may assume that G is almost simple. As

ko(Bo(Ru)) = ko(Bo(J1)) = ko(Bo(*Fa(2)")) = ko(Bo(*Fu(2))) =9

by [GAP], we may now assume that S = 2F(q)’ with ¢ = 26°*! for some b € Z*
and S <G < Aut(S). According to [Mall, §6 and §7], the principal 3-block of S
contains the Steinberg character denoted by x21 (of degree ¢), the semisim-
ple character denoted by 5.1 (of degree (¢ — 1)(¢*> + 1)%(¢* — ¢*> + 1)), and
the trivial character, all of which are 3’-degree and Aut(S)-invariant, implying
that ko(Bo) > 3. The theorem is fully proved.

Finally, we provide some more examples of applications of Theorem 1.2 in
the study of principal blocks with few characters.

THEOREM 7.2: Let G be a finite group with a Sylow p-subgroup P and the
principal p-block By. Assume that k(By) = 5 and [(Bg) = 4. Then P = Cj.

Proof. By Theorem 1.2, we have p < 5. By [KNST, Theorem 3.6], P is (elemen-
tary) abelian. It then follows by [KM1] that the ordinary irreducible characters
in By all have p’-degree, and thus ko (By) = 5. However, by [Lan, Corollaries 1.3
and 1.6], 5 = ko(By) is divisible by p if p = 2 or 3, which cannot happen.

So we are left with p = 5. The equality part of Theorem 1.2 then implies
that Ng(P)/O, (Ng(P)) is isomorphic to the Frobenius group C, x Cp_1. In
particular, P = C5, as wanted.



Vol. TBD, 2024 BOUNDING p-BRAUER CHARACTERS 29

THEOREM 7.3: Let G be a finite group with a Sylow p-subgroup P and the
principal p-block By. Assume that k(By) = 1(By) +1=7. Then P = Cy.

Proof. Again by Theorem 1.2, we have p < 7 and as above, the cases p = 2
or 3 do not occur by [Lan, Corollaries 1.3 and 1.6]. If p = 7 then the equality
part of Theorem 1.2 implies that Ng(P)/Op (Ng(P)) = C7 x Cg, yielding
that P = Cr, as claimed.

We now eliminate the possibility p = 5. As the Alperin weight conjecture
has been known for p-solvable groups and groups with cyclic p-Sylow (see [Spa]
for instance), it follows from Theorem 3.3 that G is not p-solvable and has
a non-cyclic Sylow p-subgroup. Arguing as in the proof of Theorem 5.1, we
may assume that G is an almost simple group with a socle S of Lie type in
characteristic not equal to p and p ¥ |G/S|. Moreover, P is abelian but non-
cyclic. The proof of Proposition 4.3 then shows that, when S is of classical
type, G has more than one class of non-trivial p-elements, contradicting the
assumption that k(By) — I(Bp) = 1 and Brauer’s formula mentioned in the
introduction. Also, the proof of Proposition 4.2 shows that [(By) > 7 when S
is of exceptional types except possibly type Ga. (Indeed, the principal block
of G2(q) has exactly 6 irreducible modular characters when p | ®12(¢) = ¢+ 1,
since k(W (L12)) = k(D12) = 6.) So assume S = Gz(g). Note that, since P
is not cyclic, 5 = p | (¢ = 1) and hence ¢ is not an odd power of 3, implying
that every unipotent character of S (including 6 in By(S)) is Aut(S)-invariant,
by [Mal2, Theorem 2.5]. However, a quick inspection of the principal block
of Ga(q) (see [His, Theorems A and B]) reveals that it contains two (families
of) non-unipotent characters of different degrees, implying that By(G) contains
at least 2 irreducible ordinary characters lying over non-unipotent characters
of S. It follows that k(Bo(G)) > 6 + 2 = 8. This final contradiction completes
the proof.

We conclude by noting that, while Theorem 7.2 can also be deduced from
the main result of [RSV] on principal blocks with exactly 5 irreducible ordinary
characters, Theorem 7.3 is new.
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