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Abstract. We prove new Fourier restriction estimates to the unit sphere
S9! on the class of O(d — k) x O(k)-symmetric functions, for every d > 4 and
2 < k < d—2. As an application, we establish the existence of maximizers for
the endpoint Stein—Tomas inequality within that class. Moreover, we construct
examples showing that the range of Lebesgue exponents in our estimates is sharp.

1 Introduction

The Fourier restriction conjecture predicts the validity of the estimate

(L.1) ( L. ﬁwnqaa(w))q < C,p. I o,

as long as the dimension d > 2 of the ambient Euclidean space R and the Lebesgue
exponents p, g € [1, oo] satisfy the following conditions:
1 d+1 d+1 d-1

(1.2) ->—— and ——+
P 2d P q

>d+1.

Integration on the left-hand side of (1.1) is with respect to the usual surface
measure ¢ on the unit sphere ™! := {w € R? : |w| = 1}. The restriction
conjecture has a rich history, and is remarkable in its numerous connections and
applications. It exhibits deep links to Bochner—Riesz summation methods and to
decoupling phenomena for the Fourier transform, and is known to imply the Kakeya
conjecture. Despite the great deal of attention received by this circle of problems
during the past four decades, the restriction conjecture has been established only
when d = 2 (see [15] for the non-endpoint case p’ > 3¢q, and [9, 49] for the
endpoint p’ = 3g) and remains an open question in dimensions d > 3. For further
information on the restriction problem, we refer the interested reader to the survey
[45] and the recent account [42].
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The special case g = 2 in (1.1) is well understood and of particular importance.

Ifd >2and 1 <p < 22?:31), then the classical Stein—Tomas inequality [38, 46]

states the existence of a constant C(d, p) < oo, such that

(13) ( L. lﬁw)lzda(w)>2 < C, Pl

for every f € LP(RY). A well-known construction of Knapp (see [44]) reveals

that the range of Lebesgue exponents is sharp in this case. In particular, estimate
2(d+1)

d+3 °
is increased. The Stein—Tomas inequality finds

(1.3) is of endpoint type when p = in the sense that it becomes false if
2(d+1)
d+3

applications in harmonic analysis and PDEs. In particular, it underlies most of the

either of the exponents 2,

early progress towards the Fourier restriction conjecture; see [45]. The argument
is robust enough to be applied to other manifolds, e.g., to the paraboloid, the cone,
and the hyperboloid, in which case it implies the foundational Strichartz estimates
for the Schrédinger, Wave, and Klein—Gordon equations, respectively; see [44].
Moreover, inequality (1.3) has been generalized to a variety of other contexts, and
found surprising applications ranging from fractal geometry [30] to number theory
[19], among many others.

2(d+1
Set pg = 24D

. The optimal Stein—Tomas constant,

s ,
Ty :=Ty(pa), where Ty(p):= sup Ugr-t (@) do(e) ,

0elr (RY) 1l ey

has attracted a great deal of attention in the recent literature. In the lowest dimen-
sional cases d € {2, 3}, the dual exponent p/;, = Z;dfll)
adjoint Stein—Tomas inequality can be reformulated in terms of multilinear convo-
lution operators. Following this path, Christ—Shao [12] and Shao [37] established

the precompactness of maximizing sequences (modulo symmetries) for T,, and

is an even integer, and the

therefore the existence of maximizers, when d = 3 and d = 2, respectively. The
exact form of the maximizers for T3z was subsequently determined by Foschi [16]
via a remarkable geometric argument, but d = 3 remains the unique dimension
for which such a characterization in known. In fact, even the mere existence
of maximizers for T, is an outstanding open problem for every d > 4. Partial
progress was recently obtained by Frank—Lieb—Sabin [18], who proved that if a
well-known conjecture about the optimal constant in the Strichartz inequality is
true, then maximizers for T, exist. More precisely, the main theorem in [18] states
the following: If Gaussians maximize the Strichartz inequality for the Schrodinger
equation in R¢, then maximizing sequences for T,, normalized in L7*(R?), are pre-
compact in L¢(R%) up to translations and, in particular, maximizers for T exist. It
remains an open problem to turn this conditional result into an unconditional one.
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1.1 Setting. Given a subgroup G C O(d) of the orthogonal group, a func-
tion f : RY — C is said to be G-symmetric in R? if f o A = f holds for
every A € G. An especially interesting situation arises when considering the sub-
group Gy := O(d — k) x O(k) for some k € {0, 1,...,d}. In this paper, we are
interested in restriction estimates to the unit sphere,

(149 ([ V)" < ctd.p. alfive,

which hold in the class of Gx-symmetric functions. We are led to define the Banach
space
Ly, RY) = {f € I’(RY) : f is Gy-symmetric}.

The cases k € {0, d} correspond to radial functions on R?. If f € L/(R?) is radial,
then fis continuous on R¢ \ {0} whenever 1 < p < d%; see [39, Prop. 5.1].
In particular, inequality (1.4) holds for radial functions provided 1 < p < %
and 1 < g < oo. This range of exponents is in fact optimal, since the radially
symmetric counterexample from (6.1) reveals that the adjoint of the restriction
operator fails to be bounded from L7 (S to L (RY), for every 1 < g < oo and
p = d%. Thus the 7—L7 mapping properties of the restriction operator in the radial
cases k € {0, d} are completely understood. The cases k € {1, d — 1} are likewise
special. Since Knapp’s construction in R is rotationally invariant with respect to
d — 1 variables, we do not believe that G|-symmetry or G,_;-symmetry allows
for a larger range of Lebesgue exponents on which Fourier restriction estimates
can hold. In fact, in Remark 6.1 below we adapt Knapp’s construction to the
Gy-symmetric setting, k € {1, d — 1}, thus revealing that no estimate beyond those
predicted by the restriction conjecture is possible. For this reason, we will focus

on the situation when k € {2,3,...,d — 2}.

1.2 Results. Our first result addresses the Stein—Tomas regime g = 2.

Theorem 1.1. Letd >4,k e {2,3,...,d—2}, andm := min{d —k, k}. Then
the estimate

. 3
(1.5) ( L, da(w)) < k. d, ) e
holds for every Gy-symmetric functionf : R¢ — Cifl <p < %.
Given that jfr::”z) is strictly larger than the Stein—-Tomas exponent p; = 2%'31),

Theorem 1.1 improves upon (1.3). To the best of our knowledge, this result is new
in every dimension d > 4.
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As an immediate application of Theorem 1.1, one may deduce improved map-
ping properties of the Helmholtz resolvent acting on Gi-symmetric functions.
More precisely, combining Theorem 1.1 with [48, Theorem 1.2] for the admissible
extension triple (G, g, Q) = (G, (flfr::”z) ), 1) according to [48, Definition 1.1], we
obtain boundedness of the Helmholtz resolvent

2d(d + m)
<p< :
d+2 d2+m+2d+m—1

R: L‘C’;k(]Rd) - L’ék(Rd) as long as

Ifke{23,...,d—2}, then m = min{d — k, k} > 2 and this upper bound for p
2(d+1)
d+3

is strictly larger than
setting [22].
Next, we apply our Gi-symmetric Stein—Tomas inequality to establish the

which in turn is best possible in the non-symmetric

precompactness of maximizing sequences for the constrained optimization problem

l_ Y 2 d 1
T.i(p) == sup (Jsamr [f(@)|* do(w))? ’
0Ly, (RY) W Nl o rery

and consequently the unconditional existence of maximizers for T, «(p). This is
the content of our second result.

Theorem 1.2. Letd > 4, k € {2,3,...,d — 2}, m := min{d — k, k}, and
2(d+m)
d+m+2°

precompact in L!C);k (RY). In particular, maximizers for Ty (p) exist.

1 <p< Maximizing sequences for Tqi(p), normalized in LP(RY), are

In particular, the set of all normalized maximizers for Ty x(p) is itself compact
2(d+m)

d+m+2 °
thus establishes the unconditional existence of maximizers for the classical Stein—

aslong as 1 < p < Note that Theorem 1.2 applies to p = py, and
Tomas inequality within the class of Gi-symmetric functions. We remark that,
in contrast to the conclusion of [18, Theorem 1.1], precompactness of complex-
valued maximizing sequences is not expected to hold modulo symmetries only,
since Gy-symmetry eliminates the loss of compactness due to translations. There
is still the danger that a maximizing sequence might conceivably converge weakly
to zero. To show that this is not the case, the proof of Theorem 1.2 will make
use of a decay property of the Fourier transform which is only available in the
Gy-symmetric setting for 2 < k < d — 2; see Proposition 2.4 and Corollary 2.5
below. The endpoint case of Theorem 1.2 remains an interesting open question.
The range of exponents of Theorem 1.1 turns out to be optimal. This is a
consequence of our third result, which exhibits the necessary conditions for the
restriction estimate (1.4) to hold within the class of G-symmetric functions.
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Theorem 1.3. Letd > 4, k € {2,3,...,d — 2}, m := min{d — k, k}, and
1 < p, q < oo. Ifinequality (1.4) holds within the class of Gy-symmetric functions,

then one of the following conditions is satisfied:
(i)@<l<m_+l dd+m d—m>d+1.
14 9 = ’

2d 2m
(ii) }7:";;} and ! +q> 1;
(iii) 5 > 55 and +, =L

We shall see in Corollary 1.1 that the necessary conditions from (i) are sufficient

d+m+2 1 < m+1
2(d+m) —p

remains an open problem. On the other hand, conditions (ii) and (iii) turn out to be

when . For larger values of p, the sufficiency of these conditions

sufficient for estimate (1.4) to hold in the Gi-symmetric setting. The crux of the

2m
m+1°

the content of our fourth result. If m := min{d — k, k} < % we set X, := LP1(RY),
otherwise m = % and let

matter is a (mixed) Lorentz space estimate at the endpoint p = ¢’ = which is

(1.6) X, = L' RS LT RY) + L (RS LT RTTH).

Theorem 1.4. Letd > 4,ke {2,3,...,d—2}, andm := min{d —k, k}. Then
the estimate

Ilfll on < Ck, DIf llx ,,

LG T

holds for every Gy-symmetric function f : R? — C.

Compactness of S?~! and real interpolation of Lorentz [5, § 5.3] and mixed
Lorentz spaces [27, Cor. 1] between Theorem 1.1, Theorem 1.4, and the trivial
endpoint (p, q) = (1, co) together imply a range of estimates which we now record;
see Figure 1 for the corresponding Riesz diagram.

Corollary 1.1. Letd > 4,k € {2,3,...,d — 2}, and m := min{d — k, k}.
Then inequality (1.4) holds in the class of Gy-symmetric functions if one of the

following conditions is satisfied:

(i) S < L < Bt and @ 4+ 421 > d + 1,
(ii) 1 =zl andp+q > 1;
(111) m+1 and + > 1.

As a concludmg remark, note that Corollary 1.1 (i) implies the diagonal estimate

(1.7) ey S Wl

atp = j(fr::’z) for every Gy-symmetric f : R4 — C. In this case, if m = k = L‘—;J,

thenp’ =2+ _%d_l +0(d™?). That (1.7) holds for general f € L”(R%) in the range
p>2+ %d‘l + O(d=?) was recently proved by Guth [20], and later improved

in [21]. This remains to date the state of the art in the high-dimensional restriction
conjecture.
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Figure 1. Riesz diagram for the G;-symmetric restriction problem to S*~!. Es-
timates in the orange region follow from the Stein—Tomas inequality, estimates
in the yellow region follow from Corollary 1.1 and, in light of Theorem 1.3, no
estimates are possible within the grey region. The possibility of estimates in the
red region remains an open problem.

1.3 Historical remarks. The expectation that further Fourier restriction
estimates are available within certain classes of functions exhibiting additional
symmetries has been extensively explored in the literature. For instance, the
well-known fact that the restriction conjecture holds for radial functions has been
generalized to the class of products of radial functions and spherical harmonics
[13]. On the paraboloid and the cone, the restriction conjecture has been established
for functions which are invariant under spatial rotations, and further estimates are
known to hold in the cylindrically symmetric case, but only for dyadically supported
functions; see [35, 36]. This was later generalized to the mixed norm setting;
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see [28, 29]. Very recently, the Gx-symmetric setting has been proposed in [48],
albeit in the context of adjoint restriction estimates on the unit sphere involving
weight functions supported on sets of the form {(y, z) € R¥™* x R* : |y| < C|z]™%}
for some C,a > 0. With the present work, we also aim to initiate a systematic
exploration of the more general O(k;) X - - - x O(k,)-symmetric restriction problem
to S9!, with Z;'zl k; = d. This so-called block-radial symmetry has been
extensively explored in the related context of Sobolev space embeddings, starting
with the pioneering work of Lions [25].

In all of the above problems, it is very natural to ask about maximizers and
optimal constants. Sharp restriction theory is a vibrant area of research which
has flourished in the last decade. A natural first step towards sharp restriction
inequalities is to establish the existence of maximizers. This provides a stepping
stone towards a qualitative analysis, the discovery of explicit maximizers, and
the corresponding full characterization (which up to now is only available in
very special circumstances). Works addressing the existence of maximizers for
inequalities of endpoint Fourier restriction type tend to be a tour de force in classical
analysis, using a variety of sophisticated techniques. Besides the aforementioned
precompactness results on the unit sphere [12, 18, 37], we highlight the general
method developed in [14] together with the (unconditional) existence results on the
paraboloid [4, 43], the cone [32, 34], the hyperboloid [10, 11, 33], and the moment
curve [6]. For a more comprehensive discussion and further references, we refer
the interested reader to the survey [17].

1.4 Structure of the paper. In§2, we discuss some analytic preliminaries
about the interplay between Gi-symmetry and the Fourier transform. We also
investigate a useful family of oscillatory integrals, and establish weighted versions
of the classical inequalities of Hausdorff—Young and Hardy—Littlewood—Sobolev.
In §3, we prove the weighted restriction estimates that will play a central role in
the proof of Theorem 1.1, which is then the subject of §4. Theorems 1.2, 1.3, 1.4
are proved in §5, §6, §7, respectively.

1.5 Forthcoming notation. We reserve the letter d to denote the dimen-
sion of the ambient space R?. Given a Lebesgue exponent p € [1, co], its dual
is p’ = p/(p — 1). The usual Lebesgue and Lorentz spaces are denoted by L”(R%)
and L7*(R%), respectively, and the corresponding (quasi-)norms are indexed ac-
cordingly. The Schwartz space is denoted by S(R?). The Fourier transform on R¢
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is normalized in the following way:
fo= [ fwe

The indicator function of a set E C R is denoted by 1, and its Lebesgue measure
by |E|. The usual surface measure on S?~! is denoted by ¢, and its surface area is
given by o(S*) = [, do(w) = 275 I'($)~!. We shall write

p —
1Py iy = [ @) dote.

Finally, we use the shorthand notation X < Y, Y 2 X, X = O(Y) to denote the
estimate |X| < CY for some positive constant C which is only allowed to depend
on the space dimension d, the symmetry index k, and possibly some other fixed
parameters. We also write X ~ Y for X <Y < X.

2 Preliminaries

In this section, we discuss some analytic preliminaries related to duality, Bessel
functions, G,-symmetry, oscillatory integrals, and weighted variants of the classical
inequalities of Hausdorff—Young and Hardy-Littlewood—Sobolev.

2.1 Duality. The adjoint of the restriction operator to the unit sphere,
R : [P(RY) — LIS, f — f |1, is the extension operator,

R* ;L1 - [P(RY),

Fs Fo
defined at x € R via the expression
(2.1) Fo(x) := /S  F@)e™” do(o).
In particular, if F = 1, then
(2.2) 5(x) = (21) IXI%‘ZJ%(IXI),

where J, denotes the Bessel function of the first kind; this is a special case of the so-
called Bochner—Hecke formula (see [38, p. 347]). From the classical asymptotic
formulae for Bessel functions, see (2.4)—(2.5) below, or via a direct stationary
phase argument, one has that

(2.3) 5] = O((1 + 1) 7y
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see [38, p. 348]. Estimate (2.3) is a manifestation of the well-known fact that
curvature causes the Fourier transform to decay.

In this dual setting, a function F : S~! — C is said to be G;-symmetric
on S if FoA = F, for every A € G;. In particular, a set S C S?! will be
called Gy-symmetric if its indicator function 1y is Gx-symmetric, and similarly for
subsets E C R,

2.2 Bessel functions. In view of identity (2.2), the Bessel function

& (=D
MO = 2 e

is expected to play a role in the analysis. Only v, r > 0 will be of interest. As is
well-known, for any fixed v > 0, one has that

(2.4) Ju(r) = (g)_% cos (r e E) +0(r%), asr— oo

(2.5) o) <

.
_ " forallr>0:
S 2w+l A=

see [38, pp. 356-357] and [47, pp. 48—49]. From (2.4)—(2.5), it is natural to expect
the following result.

Lemma 2.1. Let v > 0. There exist a constant A, € C \ {0} and a function
R, : (0, 00) > R, such that

(2.6) J(r) = (Ave + A, ™) 2 11 00)(r) + Ry(1),
where additionally |R,(r)| < r’(1 + r)_"_%,for everyr > 0.

Proof. Let A, = (%)%e_"(%*'%), and define the function R, via identity (2.6)
above. Then the desired estimate for R, follows from [47, p. 201]. ]

2.3 Gi-symmetry. Given a Gy-symmetric function f : R¢ — C, we shall
define f; : (0, 00)?> — C via fo(|yl, |z]) :==f(y, 2), for (v, z) € R % x R¥, and denote
the corresponding Fourier variables by (7, ) € R¥™* x R

A function is radial if and only if its Fourier transform is radial. This well-
known fact admits the following straightforward generalization: Gj-symmetry is
preserved under the Fourier transform. Indeed, identity (2.2) implies the following
result.
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Lemma 2.2. Let f € S(RY) be Gy-symmetric, and set fo(|yl, |z]) = f(, 2).
Then the following identity holds at every (5, ) € R¥* x Rk:

fn, 0)

d oo—dsk 2=k [0 [° dzk &k
:(271')2|77| 2 |C| 2 /O A plz pzzfo(pla pZ)Jd—/zc—z(pllfll)‘]%(pzlé‘l)dpl dp2

Proof. This follows from an explicit computation in polar coordinates and the
Gy-invariance of f. Indeed, introducing coordinates (p1, ;) in R* and (p,, @)
in R, we find that

fn, 0 =/o /0 P o5 oot p2)

X < / e i@ da(a)l)> < / e iwrpl da(w2)> dp>dp.
Sd—k—l Sk—l

The antipodal change of variables (w;, @;) ~» —(w;, ®;) then reduces the claim to
identity (2.2). The proof is complete. (]

We will need to integrate G;-symmetric functions in R¢ over the unit sphere.

The next result provides the corresponding formula.

Lemma 2.3. Let f : R — C be Gy-symmetric and integrable on S, and
set fo(lnl, |1&)) :==f(n, ). Then the following identity holds:

Sd—k—1yg(Sk=1y 1 s
/Sdlf(n,c“)da(n,cha( J(Sd)i() ) A= A E VT =)

Proof. This follows from slice integration [1, Theorem A.4] and the G-

invariance of f. (]
As far as pointwise bounds for the extension operator of a Gy-symmetric func-
tion on S?~! are concerned, we have the following result.
Proposition 2.4. There exists C = Cy 4 < 00 such that the pointwise bound

k+l—d

— 1=k
2.7) 1Fo(y, 2| < CrallFllage-n1+1yD) = (1 +]z])2

holds for every (v, z) € R™* x R¥ and every Gy-symmetric F € L*(S?V).

Proof. Let F € L*(S“"!) be Gi-symmetric and given. Start by noting that
the function Fo is real-analytic since it is the Fourier transform of a compactly
supported distribution. Set Fo(r) := F(rw, V1 — r2v) for r € [0, 1], w € S?*1,
v € S¥71; see [1, p. 241]. Since F is integrable on S?~!, we can appeal to the
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slice integration formula from [1, Theorem A.4] to conclude, via a passage to polar
coordinates, that

Fo(y, 2)

1
:/ ri= = - r2)%Fo(r)(/ eV da(co)) (/ eeVI=r dU(V)) dr.
0 S§d—k—1 Sk=1

Note that the implicit constant depends only on k,d. The Cauchy—Schwarz in-
equality, Lemma 2.3, and estimate (2.3) together imply

|Fo(y, 2)?

1
S ”F”i%sd-l)/o T G I O I ) € ISRV I 4 B

The pointwise bound (2.7) follows from this via another application of the Cauchy—
Schwarz inequality together with elementary considerations in both regimes [y| < 1,
|v|>1 separately, and similarly for z. This concludes the proof of the proposition.[]

For the purposes of the upcoming analysis in §5, we will be interested in the
following straightforward consequence of Proposition 2.4 which, in the language
of concentration compactness theory [26], will preclude vanishing (i.e., mass sent
to infinity) of maximizing sequences.

Corollary 2.5. Letd > 4and k € {2,3,...,d — 2}. Then, for every ¢ > 0,
there exists R = R(k,d, ) < oo for which |I?E'(x)| < ¢ if |x| > R, for every
Gy-symmetric F € L>(S?~) such that 1F Il 2ge-1y = 1.

Remark 2.6. That no such property can hold for general F € L*(S4™!) fol-
lows at once from the fact that the extension operator intertwines modulation and
translation:

R*(e™ F)(x) = /S . eV CF(w)e™® do(w)

= / F(0)e™? do(w) = R*(F)(x + y).
Sd—l

Indeed, if a nonzero function F and its modulation e F are both Gj-symmetric
on S?~!, then necessarily y = 0.

2.4 Oscillatory integrals. We will use the following simple bound on a
certain class of oscillatory integrals.
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Lemma 2.7. Let 0 < y # 1. Then there exists a constant C = C,, < 00 such
that, for every a > 1 and A € [=2, 2]\ {0}, the following inequality holds:

o0 .
‘ / r e dr
a

Proof. No generality is lost in assuming that 4 € (0, 2]. Changing variables

o0 X o0 X
/ e dr = 27! / p~ e’ dp,
a A

a

AP~ 0 <y <1,

<C
a=r  ify> 1.

Ar = p,

we see that the desired conclusion follows from

o0
sup / plePdpl <oco if0<y <,
R>01JR
S .
sup R~} / ple?dp| <oco ify> 1.
R>0 R

The first estimate follows from integration by parts, and the second estimate follows
even more simply from an application of the triangle inequality. (]

2.5 Weighted Hausdorff-Young Inequality. While Lemma 2.8 below
is clearly related to Pitt’s inequality (also known as Hardy’s inequality; see [2, 3]),
we choose to present a self-contained, short proof of the special one-dimensional
case which will be directly relevant to our analysis. For convenience, set F(f) := f

Lemma 2.8. Ler 1 <p§2§q<oo,and5:=1—é—é. If0 <0 < 1, then
the estimate

IFE - 1) @) < C@s DIl
holds for every f € LP(R).

Proof. If 6 = 0, then the result amounts to the Hausdorff—Young inequality.
If 6 € (0, 1), then we have that

—0 £ -0 ~If —(1-5
IFE 1D oy = I+ FA- 1D Moy = I * - 17D sy
S Wy S Wllre-

This chain of estimates results from consecutive applications of the Hardy-Little-
wood—Sobolev [38, p. 354] and the Hausdorff—Young inequalities. (]
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2.6 Weighted Hardy-Littlewood—Sobolev Inequality. Our analysis
will rely on the [’—L? mapping properties of the following family of integral
operators, indexed by a, b € R and acting on functions f : R, := [0, o) — C via

T, () = x~ / YF() dy.

y=x

Lemma?29. Letl <p <g<ooanda,beR. ThenT,;, : [F(Ry) - LI(R,)
is bounded if bp' < 1 andl% + é =a+b.

Proof. For any x > 0, from Holder’s inequality it follows that

1

1
_ N\ s
[Tap(HX)] < x “(/ y dy) @) = x" " llf e,
0
where the implicit constant is finite as long as bp’ < 1. This implies

& —a—b
1Tapo O lzso@y S N7 ™ N If @)

where the first term on the right-hand side is finite precisely when 1% + % =a+b. To
conclude, note that the claimed strong-type estimate for 1 < p < g < oo follows
from the Marcinkiewicz interpolation theorem [5, p. 9] applied to the bounds
LP(R;) — L?*°(R,) with

(1%’ 611) € {(1 = max{b,0} — 6, a+min{b,0} — 8), (1 —a — b +96,5),

for sufficiently small enough J > 0. Indeed, all exponents 1 < p < g < o0
satisfying bp’ < 1 and !% + é = a + b are covered by this interpolation procedure
since 0 < a+ b < 1. This finishes the proof of the lemma. O

Given ¢ € (0, >0) and certain a, b € R, the need will arise to consider the

following related family of integral operators, acting on functions f : [0, {] —» C
via:

2.8) 8N =27 [ =y ).

y<x
Useful' estimates for 845 follow from the Stein—Weiss inequality [40], which
extends the Hardy—Littlewood—Sobolev inequality for fractional integrals.

Lemma 2.10. Let £ € (0,00),1l <p<g<o00o,a>0,and0 <b < 1. Then
Sap : LP([0, £]) = LI([0, £]) is bounded ifﬁ + é >a+b.

I Albeit non-optimal. We omit trivial improvements of Lemma 2.10 (obtainable, e.g., via Holder’s
inequality) which are not directly relevant to the forthcoming analysis.
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Remark 2.11. In the endpoint case 1% + é = a + b, the assumption p < ¢ is
in fact necessary for the L’—L9 boundedness of §,,. Indeed, if p > ¢, then let
0<e< ’5’ —1and

f00) = x77 | log)] ™7 1.4, (0).

1
°2

It is easy to check that f, € L”([0, 1]), but that |S, ,(f:)(x)| = x# _a_b| log(x)l_%
for all sufficiently small x > 0. In particular, S, ;(f;) ¢ L([0, 1]) in view of our
choice of €.

Proof of Lemma 2.10. Forevery 0 < x < ¢, we have

1845 < |x| ™ /IR Ix = Y71y~ Lio, eI dy,

as long as 0 < 0 < 1. The hypotheses make it possible to choose J € (0, 1) and
exponents p, § satisfying 1 <p <p < g < § < 00, in such a way that

~/ /

1 1 1 1

—>{0-=&a, —=>0a, —+-=-=0da+b+(1—0Ja.
q q

From the Stein—Weiss inequality [40, Theorem B}], it then follows that

18a,6(P)llary S If Lio,e1llrwys

which implies the desired conclusion via the inclusion of Lebesgue spaces on
bounded intervals since p < p and g < §. This concludes the proof of the lemma.
g

In the course of the proof of Proposition 3.1 below, we will also invoke bounds
for the adjoint of the operator 8, ;,, whose form we record here:

(2.9) 82,0 = / (x — y)Pxg(x) d.

x>y

Naturally, 8}, ,, : LY([0, £]) = L ([0, £])ifand only if 8, 5, : L7([0, £]) — LI([O, £]).

3 Weighted 2D Restriction-type estimates

In this section, we analyze the L”(R?)-L?(S') mapping properties of the operator
Ra,p, defined as follows:

Ra,p(&) ()

(3.1) —a —B ,—ix-(loi |,lo2])
= [y 8Otz ozt (1+ D™ (1 + P77 dx;
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here a, # > 0, w = (w1, ) € S', and x = (x1, x2) € R*!. We highlight the role
of the indicator functions in the integrand of (3.1). Without them, the resulting
operator would have similar, but not identical, mapping properties to that of R, g,
which by themselves do not appear sufficient to prove Theorem 1.1. Considering
the adjoint operator,

R pF)) = (L a7+ ) ™7 /S F@ Loz Loz do(),

we investigate the L7 (SH-L” (R?) boundedness of SRZ’ 5 and start with the important

special case when p’ = p = 2; see also [7].

Proposition 3.1. Let2 < g < oo and a, f§ > 0 be such that % <oa+p <1
Then R}, 4 L7(SY) — L*(R?) is bounded if a + f + min{a, B} > 3 — é.

The main tool is the oscillatory integral estimate from Lemma 2.7 which to-
gether with elementary considerations place us in the setting of the weighted
Hardy-Littlewood—Sobolev inequality, Lemma 2.10.

Proof of Proposition 3.1. By symmetry, we may assume that & > £, and
by interpolation, that a, f # % We can further assume that F € L7 (S') is supported
in the region {w € S! : w;, > > 0}, since the other contributions can be estimated
in a similar way. For such F, set F,(¢) := F(cos ¢, sin ¢), and compute:

RS 4P 22 g,

3 (3 - .

— / / F*(¢)F*(¢)(/ (l + |xl|)—2aele(COS¢—COS¢) d}C])
0 0 min{ cos(¢),cos(p)}|x;|>1
% </ (1 + |x2|)—2ﬂ€ixz(sin¢—sin(p) dxz) d(]s d(ﬂ
min{sin(¢),sin(p)}|x2|=1

3

23 [ |F*<¢)||F*(¢>|‘ / (1 + |y [yt cosdeos) dxl‘
=1 7 (@P)el; [x1|=cos(p)~!

X

/ (L gyt indeing) dxz‘ dgdg,
2| 2sin(#)~

where the regions {Ij}f=1 c 0,3 2 are defined as follows:

n={0<p<2.0<¢=<9f,
122={%S§0S%,05¢5g},
13:={%§¢§g,%§¢5¢}-
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All the resulting oscillatory integrals will be estimated via Lemma 2.7. The
ones over the region [, are easy to handle since | cos ¢ — cos ¢|, | singp —sing| > c,
for some ¢ > O and every (¢, ¢) € I,. Therefore the contribution from /5 is bounded

by a constant multiple of ”F||1241(s1) = O(||F||iq,(sl)).

To estimate the integrals over the regions [y, I3, we make use of the following

lower bounds, valid for some ¢ > O andevery 0 < ¢ < ¢ < %:

| cos ¢ — cos¢| > cos (%ﬁ) —cosg > ¢;¢sin ((0;(/5)
(3.2) zc‘”;‘“’;qﬁzg((p_@%

\Y

|sing —singl = 20 = ¢)(5 — ¢

N—

Similarly, for some C < oo and every 0 < ¢ < ¢ < 7, we have that
. . T
(33) |cosp—cosgl = Clp— o, |sing—sing| < Clo—d)(5 —¢).

Analysis on /;: If 0 < a,f < then Lemma 2.7 and the bounds (3.2)

1
2>
together imply

/ |F*(¢)|IF*(¢)|‘/ (1+ lel)—zaeiXI(COS¢—COS(ﬂ) dxl‘
(p.9)el [x1]=>cos(p)~!

X

/ (1 + |x2|)—2ﬂeixz(sin¢—sin(p) dxz‘ d(]s d(ﬂ
|2 | >sin(¢)~!
(3.4) < /(¢ . IF(@)||1F(#)]] cosp — cos o|** | sing — sinp|* " dgpdg
,P)EL]
_ T 2p—1
s [ im@in@lee - o (3 - o) -9 apde
(p,p)el; 2

I ®
< F, 20—1 F, _ 2a+2/>’—2d )d ,
N/0| (co)l(lcol /O| @llp — ¢l $) do

where we have used that (2 — ¢)*~! < 1 since 0 < ¢ < Z. Setting
(a,b) =(1 —2a,2 —2a —2p),

we havea > 0,0 <b < landa+b < %. Therefore definition (2.8), Holder’s

inequality, and Lemma 2.10 (which can be applied since ¢ > 2 and thus ¢ > ¢’)
together imply that (3.4) is bounded by

E:
/0 IE(@)ISap(1F (@) do < [IFull 1o o, =1y | 8a.p(1Fx Dl Laqro, 21y

2 2
5 ”F*“L‘/([O,%J) =< ||F”Lc/(g1)-



THE STEIN-TOMAS INEQUALITY UNDER THE EFFECT OF SYMMETRIES 563

Ifo < p < % < a, then Lemma 2.7 and estimates (3.2)—(3.3) together imply

/ |F*<¢)||F*(¢>|‘ / (1+ x| 2 eimeosd=eose) gy
(p,p)el, |x1|>cos(p)~!

x / (1 + |x2|)—2ﬁeixz(sin¢—sin(p) dx2 d¢ dgo
|22 | >sin(¢p)~!
(3.5) < /@ IE@IF@ ) cosgl* ! sing — sin gl dpdo
,Q)EL

: /«»,q))en IE@)IFL)] G B ¢)2a_l ‘ (g B ¢) O é’”‘m_] de dg

i ¢
< — 2p—-1
N/O IR(qﬁ)I(/O [F(@)llp — ¢ d¢) do.

Setting (a, b) := (0,1 —2p), wehavea > 0,0 < b < l,anda+b < 3; indeed,

setting y := a + S + min{ a, £}, it follows that

g—a—bz3—2y—(1—2ﬂ):2—2(a+,3)20.

Lemma 2.10 again implies that the integral (3.5) is 0(||F||iq,(Sl)).
Analysison I5: If 0 < a, f < 1 then Lemma 2.7, the bounds (3.2), and the

change of variables (5 — ¢, ¢) ~ (9, 5 — @) together yield

/ |F*(¢>||F*<¢)|} / (1 + g )2 (cosdeose) dxl‘
(p,p)el3 [x1]>cos(p)~!

x dé de

/ 1(1 + |x2|)—2/i’eixz(sin ¢—sing) d)C2
%2 |>sin(¢h)~

T

3 ¢ 26—1
S / |F*<¢>|( o= (5 - 9) |F*(¢>|d¢) do

= [N (5 =o)|( [ 0= o2 | (5 - ) ag) 0o

2
i - .
= [ IP@IS; 40D dp S 1P

2
,%]) S ”F”Lq’(gl)a

where F, := F,(5 — ). Here we used the L7 L4 bound for the adjoint operator
8y (recall (2.9)), implied by Lemma 2.10 with (a, b) := (1 — 25,2 — 2a — 2).
The analysis of the case f < % < o proceeds along similar lines, and is therefore
omitted. This concludes the proof of the proposition. (]

Next we extend the range of boundedness of R}, 4 given by Proposition 3.1 via
interpolation with a trivial estimate for Rg ;.
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Proposition 3.2. [et 1 <p < 2 < g < o0 and a, > 0 be such that
1

5 <o+ <o Then®; 4: LY(S") — IF(R?) is bounded if

(M)

1
a+ p+min{a, f} > — — —.
p

Q

Proof. Set y := a + f + min{a, f}. We use complex interpolation for the
analytic family of operators given by

(3.6) Es =Ry,

P'Bs o
222

where s € S := {z € C: 0 < R(z) < 1}. Start by noting that, given simple
functions F € L'(S") and g € L'(R?), the map

(3.7) saéfﬁmmmn

is analytic in the interior of the strip S, continuous on S, and moreover the function
defined by (3.7) is uniformly bounded above in S.
Now, Proposition 3.1, with (a, £) replaced by (p’a/2, p'/2), yields

1 1 p 1
2(TR2 < / = — _ — R
G8)  IePlue S 1Flyg, PorR©=1,if7< - <Zy-2.
On the other hand, we have the following trivial estimate:
i 1
(3.9 €5l ooy S NF Nl ey for R(s) =0, if O < 7 <1
0

3_1
roa
with the additional property that é = 1q;09 + (% for@ := !% Then Stein’s interpolation

Sinceq > pand y > we may choose qg, g, satisfying the above conditions,
theorem [41, p. 205] can be applied to the analytic family of operators { £,},cs given
by (3.6), resulting from (3.8)—(3.9) that

;e

2
1€l @2y S IF ey, for R(s) =0 = »

This amounts to the desired conclusion since 8 = !%

implies &9 = R7, 4. g

Proposition 3.2 will later on be refined via interpolation with a non-trivial
estimate for the operator R . Since Rg  is similar but not identical to the two-
dimensional extension operator on the unit circle, we first need to prove the latter

estimate. That is the content of our next result.

Proposition3.3. Let1<p < fand1<q < Z. Then®R},: LY (S") — L/ (R?)
defines a bounded operator.
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Proof. We may assume p > 1, and will bound Rg : [’(R?) — L4SYHY
instead. Given f : R> = C, set 8x, (2) 1= g(x1, x2) ::f(xl,xz)]lxrzﬂgzgl. Then

:RO,O(f)(CO) = / f(xl, xz)e_i(xl|a’l|+)f2|w2|) dx; dx,
1 1

lop | ||

o0
= /1 /g(xl, X2)e—l(x1|w1|+xz|wz|) dx; dx,
— JR

lop |
1
o Torl .
:/Zg(x)e lx(lwll,lwzl)dx_/ Zx (lwa))e leleldxl.
R 1

Within the desired range of exponents, bounds for the first term are well-known
[9, 49], so we proceed to bound the second term in L? (ShH:

T ;N
1 1 ﬁ - q .
= (fa-At([Timere) o)

0 1

1 . % -
(3.10) = sup /0(1—}'2)‘2(/1 Igm(r)ldm)h(r)dr

Al =1

1 ) .
- 1 — 2y % 1gn (DA dr ) dx
o, / < / = A Ol r> \

0o 1 ) » ;ll—p
< (I—=7r7) %0 dr) 18 11 doxr -
/1 (/\/l—xl2 R

Here we changed variables, used duality, Fubini’s Theorem, and Holder’s inequal-
ity. Another change of variables, the Hausdorff—Young inequality, and Holder’s
inequality in Lorentz space [31, Theorem 3.4] together yield the following upper
bound for (3.10):

U

2

4 P

.
§ 200 d5> 182 Iz doxy

P

= -2 1—/7/ i1
5/1 (1= /1= )" F5147 gy, 1 dy

< [Tyt
S G| ge Ml dxy
1

1,2
< NG 7 proo(r1, 00y 1811 71 ®2)-

The first term on the right-hand side is finite since g < %. Since [g| < [f],
this establishes the 17*!(R*)-L?(S") boundedness of Rg, provided 1 < p < 3
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and 1 < g < %. Real interpolation [5, Theorem 5.3.2] within this family of
Lorentz space estimates and compactness of S! together yield the claimed strong
type estimates. This concludes the proof of the proposition. (|

4 Proof of Theorem 1.1

In this section, we prove Theorem 1.1. After some preliminary simplifications, we
reduce the analysis to three main estimates, which we address separately.

Fixd > 4and k € {2,3,...,d — 2}, and set m := min{k, d — k}. By a routine
density argument, it suffices to establish the estimate

2(d + m)

4.1 W ll2ge-1y < Clk, d, pIIf lpway, 1 <p < Timaa

for every Gy-symmetric Schwartz function f : RY — C. Our starting point is the
following formula from Lemma 2.2:

Fon, 0 =) f 1 11
4.2) o0 OO yg g
X/O /0 P> pafo(pr, pa)Ja-

which holds at every (7, ¢) € R x RX, for any G;-symmetric Schwartz function
f:R?— C. Inlight of Lemma 2.1, there exist nonzero constants A;, A, € C\ {0}
and functions R, R; : (0, co) — C, such that, for every r > 0,

12 (p1 |12 (p2|¢]) dp1 dpa,

4.3) Jisr(r) = (Ar€” + A1) 2 11 o) (r) + Ry (1),
(4.4) Jiz (r) = (Aze” + A2V 2 1 o) (1) + Ra(1).

Moreover, the following estimates hold, for every r > 0O:

k=d—1
2
)

(4.5) IR(DI S r e (1+7)
(4.6) Ro(P)| <rr(l+r) 7.

The decomposition (4.3)—(4.4) induces a splitting in (4.2),

5 =
4.7) f=@n? (ﬁ +3 0 +f,~>) :

j=2
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where each of the pieces is defined as follows:

4.8)  fi(n,0)

a2 2k [0 [O° k&
2 ¢] 2/0 /o P’ pifo(pr, p2)Ri(p1lnDR(p2lC]) dpadpy;

= x|
4.9)  f(n,0)

ka2 1=k [0 [0 d=k k=1 o]
=l /0 /1 P> Py folpis pRi(pilnhe™ dpadpy;
6

1,0

kedel 2=k [0 [O° d=k=1 &k .
=A™ [ [ it pae Rl dpsdp

Inl

(4.10) fa(n,0)
— A1A2|1’]|k_g+l

0 OO g1

1k k=1 . -
1 / 1 / PPyt folprs p)e PN dpy dpy;

[l

@4.11) f5(n,0)

o k=arl 1=k [0 [ dokml kol i(p1lnl—p21¢D
=AA | 2] /1 /1 p1 > py Jolpr, p2)e TP dpy dpy.

[l

Note that eachﬁ is Gx-symmetric. We proceed to find suitable bounds for |[]§|| 12841
for each 1 < j < 5. By interchanging d — k and k, the estimates for fA3, fA5 are
analogous to those for fAz, ﬁ, respectively, and so the analysis actually reduces to
three cases.

Recall that, for a given G;-symmetric function f : S9~! — C, we set

Jollnl, 1ED = f(n, O,

and have, for some dimensional constant ¢; € (0, co) whose exact value will be
unimportant,

o0 (o]
@12 W= [ [ A oo pl dpr e

4.1 Estimating ﬁ . This is by far the easiest case to handle.

Proposition 4.1. For every 1 < p < 2, there exists C = C(k, d, p) < oo such
that

Wil 2oy < ClIf Il prays

for every Gy-symmetric Schwartz function f : R? — C.
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Proof. Fix p € [1,2). From definition (4.8) of fl and estimates (4.5)—(4.6), it
follows that

i, Ol
SA L P 5 (o1, p)I(L + pilnl)

k—d +1

i—1 kel
T (L+p2|¢D™ 7 dpadpy

1

Oo * d—k—1 _k—1 pk—d—1) _ Pl 4
< /O/opl Py (L+piln) 2 (L+p2CD™ > dpadpr | fllr@a)s

where the last line follows from an application of Holder’s inequality and (4.12).
The change of variables (p1|7], p2|¢]) ~ (p1, p2) then reveals that

~ k=d k&
(4.13) i, OIS Il 7 1817 1l ey

for every (7, ) € R?%* x R*. The latter estimate can be integrated over the unit
sphere || +|¢]*> = 1 via Lemma 2.3, yielding

[, o P datn.

1 - k=d k
S / P = )T (L= )T fll e dr
0
1 1

1
2(d—k)(—L)—1 2 k(3 —4H)—1 2 )
= (A r ( (3 p) (1 —r ) (3 p) dr) ”f‘”U’(]Rd) S ”f‘”U’(]Rd)

since p < 2. This concludes the proof of Proposition 4.1. g

4.2 Estimating ﬁ and ﬁ . The estimates in this section will follow, in the
spirit of Carleson—Sjolin [9], from a successive application of weighted versions
of the Hausdorff—Young and the Hardy-Littlewood—Sobolev inequalities.

Proposition 4.2. There exists C = C(k, d, p) < oo such that

. : 2(d+k)
I2llzgey < Clfllp@s,  #FL<p< d+k+2’

. . 22d - k)
Wsllegey < Clfllresn, 1 <p< 2d—k+2’

for every Gy-symmetric Schwartz function f : R4 — C.

Proof. We focus on the estimate for f> because the analysis of f3 is analo-

gous up to interchanging the roles of k, d — k. By interpolation with the trivial

2(d+k)
d+k+2 °

estimate at p = 1, it suffices to consider the endpoint case p = p, =
Seto = (k — l)(p% — %), and define

d—k—1 k=1

(4.14) gp1, p2) = p1 " p3* folpr, p2),
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foreach py, p» > 0, as well as the corresponding “slice” function g, : (0, c0) = C,

(4.15) 25 (p2) = p3°2(p1, P2) 11100y (p2)-

From the definitions (4.9) of ﬁ and (4.14)—(4.15) of g, g, , respectively, it follows
that

1, O

2— zl+k
Sl

d—k _ d—k—1

— oo o .
R R1(P1|77|)(/1 p5°g(p1, pa)e! dpz) dpi

hoo
e

1=

d—k _ d—
2

B |R1(p1|77|)l

1
~ b
X (Igpl(ICI)I+/1 pz"lg(pl,pz)ldpz) dpi,
forevery (y,¢) € Rk x Rk, Estimate (4.5) then implies

Va1, Ol

1-k o0 dfp’fl k=d—1 [ __ é _s
smz/o o (L pulh <|gm<|¢|>|+/l pzf’lg(pl,pzndpz) dp,

1 [ zz—ﬁl fedt
S /0 P (L prlnl) (18, (DI + 1T g, Mezsw,)) dp1s

P2

where the last line follows from an application of Holder’s inequality. We break
up the latter integral into two pieces, and analyze both summands I, IT (defined in
(4.17), (4.16) below) separately. The second one is easier to handle, and can be
bounded using Holder’s inequality as follows:

ik 51 00 d—]lj—l it
W ) i= I =7 [ il g, Mg e,
(4.16) 0

ked & ked &
S Al 1 g ey =l = 1CE 7 I e gra-

Comparing with (4.13), we see that this piece can be handled exactly as in the
proof of Proposition 4.1, resulting in the following bound:

/Sd*' 112(7]’ C) d0'(77, C) 5 |lf||[2j’*(Rd).

Here we only used p,, < 2. It remains to estimate the integral of (the square of) the
first summand, given by

zl—k 1

.17) 107, 0) = |C|‘—5k/0 P (L4 o) = 18, (D] i
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With that purpose in mind, specialize Lemma 2.8 to p = p, and

T b s kel kb d-k

q g Px 2 p. 2d+k)

to obtain the following estimate:
(4.18) 18, ey S 18(P15 ) 1,00) lrery) < 118(P1, Lo (r,)-

From Lemma 2.3, we have that
/ (. ) do(7, 0)
Szl—l
1
5/ rd—k—l(l _r2)—%
0
[ee) zl—kl 2
X (/ pi” A+ pin) Igpl(vl—rz)ldm) dr
0
d—. k 2 d=k=1 k_l 2
/(1—s> </O P (14 /T 32+ |gpl<s>|dp1> ds

zl—k 1

- /0 0 NPT ( / plp1<s>|§p1<s>||§ﬁl(s>|ds) djy dpy

(4.19)

P1 d—k=1 =N =N ~
=2/0 | (p1p1) </ p1. pl(S)Igpl(s)IIgﬁl(s)Ids> dp1dpi,

where, for each (p;, p1) € R2 the function K, 5 : [0, 1] — R is defined via

Kpypn@=(1—-" A+pV1—)7 (1+pV1—s2)"

Set I := [0, 1], and estimate the L5 (I)-norm of K,,, 5, as follows:

||Kp|,,51 ||L(q7*)’(])|
1 gx=2
gxld—k=2) _1 gxtk—d—1) o Dxkmd—D) a*
= </ 7 o2 +1(1 - r2) 2(1+ prir) 2@ (1 + pyr) 2@=> dr>
0
1 ax=2
2 gu(d—k=2) guk—d—1) » guk—d—1) qx
< (/ roa2 "'1(1 +p1r) 2D (1 + pir) 262 dr)
0
(4.20) ked=1
+(L+p) T (L)
qx=2

gulk—d—1

pkodid) 5 [0 gua—k=d) | 1 — ax(k=d=1) q
< (ﬁl / re (1+€—f) T (L) dr
0 P1

+(1 +P1) (1+P1)

k—d—1 —d+1 4 |

B k=d—
Sp p12 q*+(1+,01) (1+P1) 2
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where in the last line we used the trivial bound 1 + %t > %t. The contribution
from the second summand in (4.20) is straightforward to handle, and so we focus
on the first one. Going back to (4.19), we then have that

[, Paodatn.)

d—k—1

oo P1
5/0 A (p1p1) ™ ”Kpl,ﬁl||L("7*)’(])||gp1”L‘f*(l)”gﬁl o<y dp1 dpy

B L e e - _
5/0 A (prp) ™ py 2 Py " lgprs e @ollg(prs I, dp1 dpy
o0 _ P1 b N
= /0 llg(p1, Iy (pl a/o P 18(P1, I,y dﬁ1> dpi,

where the second estimate follows from (4.18) and (4.20), and we set?

d—k+1 d—k—1 1 1 4
a:= - , b=d—k=D(5-—) - —.
2 p. 2 p/ 4
It is straightforward to check that these exponents satisfy a + b = 1% and bp, < 1.

Since we also have that 1 < p, < p), < oo, Lemma 2.9 yields
[, BoLodemn.
Sd-1

/

P1
S Mg, Iler@allz: r,) Pl_a/o ProNg(B1s Il e, dp

Ly} (R)
< 2 = 2 ~ 2
S Mgl Mo @ollzz: .y = 18115 @2) = Wl gay-
This concludes the proof of Proposition 4.2. g

4.3 Estimating ﬁ and ]@ . The estimates in this section are the most del-
icate ones, but most of the work has been done already. We heavily rely on the
weighted estimates for the restriction-type operator R, g, recall (3.1), which we
proved in §3, and record the following consequence.

Corollary 4.3. Let d > 4,k € {2,3,...,d — 2}, m = min{d — k, k}, and
2(d+

m)
1Sp§mset

4.21) a, :=(d—k—1)(}—17—%), B, ::(k—l)(é—%).

Then R, p5, : LP (R?) — L?(S!) defines a bounded operator

2 Alternatively, a = 2:11;(1 and b = k?ﬁ;l )
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Proof. By interpolation and compactness of S', it suffices to consider the
2(d+m)
d+m+2 *
in all situations of interest, except when 2k = 4 = d, so we focus on that case.

endpoint case p = Proposition 3.2 directly implies the desired conclusion

Proposition 3.1 implies

(4.22) IRY s l2@e) S 1F e,
and from Proposition 3.3 we have that

(4.23) IR0, 0(F) sy S IF Nl 22

As in the proof of Proposition 3.2, Stein’s interpolation theorem [41, p. 205] can
be applied to the analytic family of operators {3{’;% : 0 < R(s) < 1}, yielding from
(4.22)—(4.23) o

”:R;(L(F)”L-‘(RZ) S NFsy-
This is equivalent, by duality, to the desired conclusion. (|

The relevance of Corollary 4.3 becomes apparent once we note that from
definitions (4.10), (4.11) it follows that

Fa(n, ) = Mol 11T Ry g, (D (=171, =121,

fony) —_ +1 1-k
S5(1, O = A1Az|nl = 1C12 Ry, 5, (R)(=Inl, 1CD.
Here, a,,, 8, were defined in (4.21), and

d—k—=1 k=1

(4.25) h(p1, p2)i=p, > py° (L4 p)™(1+ p2)Pfo(p1, p2)1i1oep (P1s p2)-

(4.24)

2(d+m)
d+m+2°

Proposition 4.4. Foreveryl <p <
such that

there exists C = C(k,d,p) < oo
Wfallzzsa-1y + sl 21y < Clf ey
for every Gy-symmetric Schwartz function f : R4 — C.

Proof. By the usual considerations, it suffices to bound |[}§|| 12se-1)- ldentity
(4.24) and Lemma 2.3 together imply

/ atn, P do(, ) < / R, 5, (W) do(w),
Sd—1 sl

where the function # was defined in (4.25). Forevery 1 < p < fz&in:inz) Corollary 4.3
and (4.12) together yield

| V. OF dote)

2 > 2 ~ 2
S WAy S oy " pa folors PNy ey = I
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In the second estimate, we used the fact that the support of % is contained in
[1, 00)?> C R?, so that 1 + p;j ~ pj, for each j € {1, 2}. This concludes the proof of
Proposition 4.4. O

4.4 Conclusion of the proof. The aim is to verify estimate (4.1) for
every Gi-symmetric Schwartz function f : RY — C. Splitting f as in (4.7), by the

subsequent considerations it suffices to bound |V;|| 2@se-1y, 1 < j <5, appropriately
2(d+m)
d+r:z.:-n2 .
Propositions 4.1, 4.2, 4.4. The proof of Theorem 1.1 is thus complete.

in terms of ||f]| r@®d), Whenever 1 < p < In turn, this is accomplished by

5 Proof of Theorem 1.2

In this section, we explain how Theorem 1.2 follows from Theorem 1.1. As in
most optimization problems, the difficulty is to find a weak limit of a maximizing
sequence which is non-zero. The key observation is that, in light of estimate (1.5),
the Stein—Tomas exponent p; = % is no longer an endpoint exponent within the
class of Gy-symmetric functions, provided 2 < k < d — 2. Therefore Theorem 1.1
can be used in conjunction with the Fourier decay property from Corollary 2.5 to
show that maximizing sequences do not converge weakly to zero.
Precompactness of maximizing sequences for non-endpoint, L>-based adjoint
restriction estimates is in general well-understood. We follow the approach of
[10] which relies on a useful reformulation of the Brézis—Lieb lemma [8] given
in [14], but with an important twist. Since translations are not symmetries of
the Gy-symmetric problem, one may expect precompactness to hold, instead of
precompactness modulo translations as in the general non-symmetric case [12, 18].
To facilitate the comparison with references [10, 14], and especially [ 18], we choose
to formulate and prove Theorem 1.2 for the extension operator instead. Thus we

are led to define the Hilbert space’
Lék(Sd_l) ={F e Lz(Sd_l) : F is Gy-symmetric},

and the quantity

Foll,,
T ) = 1Follys s,
O#FeLék(S“*‘) ”F”LZ(Sd—l)
By duality, we naturally have that T}, , (p) = T4 (p), but we will use both designa-
tions in order to keep track of the extremal problem under consideration.

3That Lék(Sd*l) is indeed a Hilbert space follows from the Riesz—Fischer Theorem, since G-
symmetry is preserved under pointwise limits.
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Theorem 5.1. Letd > 4, k € {2,3,...,d — 2}, m := min{d — k, k}, and
2(d+m)
d+m+2°

are precompact in Lék(Sd_l). In particular, maximizers for T; ,(p) exist.

1<p< Then maximizing sequences for Ty ,(p), normalized in L2(S971),

Theorem 5.1 is in fact equivalent to Theorem 1.2 via a well-known argument;
see [43, § 6] for a more general statement along these lines. For the convenience of
the reader, we present the details of the relevant implication in Appendix A. The
proof of Theorem 5.1 relies on [ 14, Proposition 1.1], which is a useful reformulation
of the Brézis—Lieb lemma [8, Theorem 1].

Proof of Theorem 5.1.  Let (F,),en C L% (S™!) be an L?-normalized
maximizing sequence for T} ,(p), i.e., Fy, is Gg-symmetric, || Fy||;2se-1) = 1 for all
n € N, and

(51) ||Fn0-||1j’/(R‘l) — szk(p)o as n — OQ.

From Theorem 1.1 in dual form and L?-normalization of (F,),cn, there exists
Cr.a < oo such that

(5.2) SUp || Fuorll 1t oy < Cras
neN
where p, = % and m = min{d — k, k}. By convexity of L”-norms, we further
have
(5.3) 1wl gty < NFao 1, oy 1Enoll <4
. nOllpy' ®ey = WnOl i gay 10Ol [o(Re)>

where 0 € (0, 1) is given by £ = £ + 1= ie., 6 = & Estimates (5.1, (5.2), (5.3)
together imply the existence of ¢g = g9(k, d) > 0, depending only on &, d, for which
|Fuollpo®ay > €o for every n € N (possibly after extraction of a subsequence).

Thus there exists a sequence (x,),en C R?, such that
(5.4) |F,o(xy)| > 60 > 0, foreveryn e N.

Corollary 2.5 guarantees* the existence of a certain radius R = R(k,d) < oo,
depending only on %, d, for which |x,| < R for every n € N. On the other hand, by
the Cauchy—Schwarz inequality together with the L?>-normalization of (F),),cy, We
have that

d—1\1 d—1\1.
1Fnll i sa-n< oS )2 1 Fyll p2sa-1y = 0(S777)2;

A

1 Frno |l oorery

2 d—1y1
V(o) pooray < W Ful - [lpiga-1y < I1Fallpyse-1y< o(S77)2.

“Note the tension between estimates (2.7) and (5.4) which, in particular, reveals that a maximizing
sequence for T}, (p) cannot concentrate on a copy of sminfd=kk=1 jngide S, If k € {1, d — 1}, this
would amount to concentration at a pair of antipodal points on S?~!, which in [12, 18] was identified
as the “most essential obstacle” to the precompactness of maximizing sequences modulo symmetries
when p =p,.
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It follows that the sequence (fn\a)neN is uniformly bounded and equicontinuous on
the cube Qr := [—R, R]? ¢ R?. The Arzela—Ascoli Theorem on compact subsets
of R? then implies that the sequence (f,,?f)neN has a subsequence which converges
uniformly to a limit in Qg. That this limit is nonzero follows at once from (5.4)
and the fact that (x,,),eny C Okg.

Now, since the sequence (F),),cn is bounded on Lék(Sd_l), it has a weakly
convergent subsequence. In other words, there exists a function F, € LZGk(Sd‘l),
such that F,, — F, weakly in L, (S*~"), as n — oco. Since the extension operator is
bounded from Lg, (S*~') to 1P (RY), it follows that F,c — F,o weakly in L7 (R%),
as n — oo. Since uniform convergence implies weak convergence, and weak
limits are unique, from the previous paragraph it follows that F.ois nonzero, and
so the function F, is itself nonzero.

We are now in a position to apply [14, Proposition 1.1] to the extension operator
on S~ with H = L% (ST™Y), p = pl; € (2,00), (hnen = (Fnen, and h = F,.
Hypotheses (1) and (2) from [14, Proposition 1.1] hold by the assumptions on the
sequence (F,),en, and hypothesis (3) follows from the previous paragraph. Finally,
hypothesis (4) is an easy consequence of the compactness of S~!. The conclusion
is that, possibly after extraction of a subsequence, F,, — F, in L%;k(Sd_l), as
n — oo. In particular, F is a maximizer for T} ;(p). This finishes the proof of the
theorem. [

6 Proof of Theorem 1.3

In this section, we construct appropriate examples to show the necessity of con-
ditions (i)—(iii) in the statement of Theorem 1.3. We work with the extension
operator (2.1) rather than with the restriction operator directly, and aim to show
that the estimate
IFoll ey < Cky d, py NIF ||y gier)s

which is dual to (1.4), can only hold for every G;-symmetric function F : S*~! — C
provided d, p, g, and m = min{d — k, k} are chosen in such a way that conditions
(1)—(iii) in the statement of Theorem 1.3 hold. As in the general non-symmetric

situation, the first condition % < 117 is dictated by the choice F = 1, since
(6.1) & € [7 (RY) if and only if p’ >

d—1’
The latter equivalence follows from identity (2.2) together with the standard asymp-
totics of Bessel functions at zero and infinity; recall (2.4)—(2.5).

The remaining necessary conditions are obtained from analyzing a Gi-sym-
metric variant of Knapp’s construction. Letd > 4,k € {2,3,...,d — 2} be given,
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and assume without loss of generality that m = k, which we take as fixed from now
onwards. Given ¢ € (0, %), consider the following union of two ‘“spherical caps”
of radius ¢:

Co={, ) eRTFxRE 1 IpfP + e =1, Iy <) c ST

By construction, the set Cs is Gg-symmetric, and so are the indicator function
1; := 1e, and its Fourier extension, fg\a. Using Lemma 2.3, we estimate

1

o - 7 _
62)  sll i, = 0(CHT = ( / P — )T dr) ~ o7
0

On the other hand, if (v, z) € RY7* xR¥, then (2.2) together with a further application
of Lemma 2.3 yield

o9 = [ 909 ot )

Cs
0

© = [ o)
0

x S (DT = 212D 7 Jia (VI = Pl dr.

Let {z;};>1 denote the increasing sequence of local maxima of the Bessel function
J—2)/2. By the asymptotic expansion (2.4), there exist constants 0 < ¢, C < 00,

such that |z; — 2zj| < C, as j — oo, and moreover J% (zj) = cj_%, foreveryj > 0.
Recalling (2.5) and shrinking c if necessary, we obtain

2—d+k

(6.4) 22 Juum2(2) 2 ¢, foreveryz e (0,0),
(6.5) Z#J% () >¢j7, foreveryze[z—c,z+clandj > 0.

Consider the disjoint union E := UjL:C‘f_ZJ E;, where each set Ej is defined as follows:

E:={(0 e R xR 0=l < 007!, == < el < g+

c
V1i—=6
Each set E; is Gy-symmetric, and so is E. If (y, z) € E, then estimates (6.4)—(6.5)
applied to (6.3) imply the following lower bound:

1To0(, 2| 2 6757,

provided ¢ € (0, ¢) is chosen sufficiently small. On the other hand, there exists an
index jy with the following property: for eachj € {jo,jo+1,..., [c672]},

Zi—C \k e
G+of = (=) 2/,

v1—42
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provided 6 > O is chosen sufficiently small. This follows directly from Tay-
lor expansion, and readily implies the size estimate |E;| 2 o=4j*=1 for each
jo <j < |cd72]. As a consequence,

led™2]
150112, gy = 11501 2 D 07752 ) 1)
J=Jo
Leo™2]
Z(5d 2)pékdk 1)
J=jo
= sd=h@' =1 @i -yt

J=lo

According to W being smaller than, equal to, or larger than 1, we thus

obtain
Bk _j—1 ol kel
dlk 5 1 lfl_7 < T
1s0 o —k=1 T N TS|
o0l ey 2 {07~ Hlog@I7, if 3 =52,
d—k
e el kel
or, 1fp > e

The latter estimate is valid also when p’ = oco. Together with (6.2), we finally

conclude:

d+k d k d—1 k+1
1501l (R) 5di‘+u—d 1’ 5 lfl <k211€ ’

Z o | log(5)|P/ > if ~ = > >

1151l P

oL &1 dk g dok_gyp o1 kel
or q , if - > 2=,

P 2k

The proof of Theorem 1.3 is completed by letting 6 — 0*.

Remark 6.1. If m = min{k,d — k} = 1, then the following G;-symmetric
version of Knapp’s construction reveals that estimates beyond those predicted
by the restriction conjecture, recall (1.1)—(1.2), are not possible within the G-
symmetric setting. Define

Cs={(n, O eRITIxR:|1n*+2=1, |5 < cS!

and E := UL@‘S) JE where

= {0 e R xR0 < _|z|§2nj+%}.

T 2mj—7%
=45’ \/ 1—02
Here, 6 > 0 is a sufficiently small parameter, and the values {2zj};~ are the
counterparts of the Bessel maxima {z;};> considered above. Naturally, the sets C;
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and E are both G|-symmetric. Repeating the steps from the proof of Theorem 1.3,
one finds that |E;| > 6'~¢ and thus IIB\U”Z’(W) > §d=P' =@+ In turn, this implies
the following lower bound:

[ ]150'“1;7/(Rd) > %+%—d—1

||]15||Lq’(szl—l)

The latter quotient remains bounded as 6 — 07 if and only if % + % >d+1,
which matches the second condition in (1.2). All in all, we recover the same
necessary conditions as in the general, non-symmetric case.

7 Proof of Theorem 1.4

In this section, we provide a short proof of Theorem 1.4. No generality is lost

in assuming m = k, f € S(RY), and throughout the proof we set p := ,i—kl The
representation formula from Lemma 2.2 and the bounds (2.4)—(2.5) for Bessel

functions together imply

(1, Ol

2—d+k 2—k
=lnl =1l 2

00 OO ak &
/o /0 P> pafo(pr, pa)Ja-

R R k=dsl 1k
5/0 /0 P 5 oo, I+ pilnD) ™ (1 + p2lc)™ dpidpa.

=2 (p1lnDJ 2 (p21D) dp1 dp2

2

d
Ifk<§,

implies the following pointwise bound for VA(n, Ol

then Holder’s inequality in Lorentz spaces [31, Theorem 3.4] then

d=k=1 k=1 d=k=l ksl k=d+1 1=k
lor " P2 foprs P2l seyllor” P2 (L ol = (L4 paleD ™ g o
= e I+ UAD 3 (L4 12D 2 e ey
(7.1) = fll gy lnl 7 10177,

where the last line follows from changing variables y ~ ||y € R?*and z~ ||z € R¥
and using the facts that 2k < d and p’ = % in order to control the corresponding
weak quasi-norm. If k = ‘—21 , then H 6lder’s inequality in mixed Lorentz spaces [23,
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Prop. 6.1] implies® the following pointwise bound for [f(n, I

d—k—=1 k=1

P 2
||P1 ) fO(pl: p2)||L5"-11(R+;LP-1(R+))

P2

d—k—1 k—1

k= fdrl 1k
X Mo ™ pst At pulnl) = At p2llD = e oo,
S 1, I1CE+ IylmD
k=d &
(7.2) = fllx, [l 181

kedt1 1—k
T (A H 12D M oo mei=k:17 00 (REY)

Estimates (7.1)—(7.2) estimate can be integrated over the unit sphere, resulting in

~ k=d Kk
Wl rooga-1y S Wl Ml 7 1T Ml oo ga-1y S fllx, -

This concludes the proof of Theorem 1.4.
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Appendix A Theorem 5.1 implies Theorem 1.2

Let (f)neny C L’C’;k (R?) be a maximizing sequence for T4 x(p), normalized in L” (RY).
In other words, each f;, is G-symmetric in RY, ||f,,| @®dy = 1 forevery n € N, and

(A.1) Wall i1y = Tax(p), asn — oo.

Let F, := |lf;||Zzl(Sd_1)]§ |sa-1. Then (Fj)uen C Lg, (S*7!) is an L?>-normalized maxi-
mizing sequence for T} ;(p), i.e., each F), is G-symmetric on S\ Fy lr2@ge-1y =1
for every n € N, and ||Fy,0ll;gay = T} 4(p), asn — oo. By Theorem 5.1, there
exists F, € L%;k such that, possibly after extraction of a subsequence, F,, — F, in
L*(S?71), as n — oo. In particular, observe that || F, | ;21 = 1 and

(A.2) IF2oll ey = T (D)

Since the sequence (f;,),en is bounded on L’ék(Rd), it has a weakly convergent
subsequence. In other words, there exists a function f, € L’(’;k (R9), such that f, — f.

SRecall the definition (1.6) of the space X),.
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weakly in L’ék (R%), as n — oo. We claim that f, is a maximizer for T4 r(p), and
that in fact f;, — f strongly in L’(’;k (R%), as n — oo. To see this, note that

Tux(p) = im [1fullZzger, = Taa(p) lim [(f, Fuo)l

(A3) = Tox@P{for Fo0)| < Tax@ll @ 1F2o |l oy
= fill oy To 1)

Here we used (A.1), duality, weak convergence of (f;,),ex and continuity of the
extension operator, Holder’s inequality, and (A.2) together with T, (p) = Tax(p)-
From the chain of inequalities (A.3), we read off that

(A4) Wl ey = 1 = nll)ngo foull Lr ey

Since the reverse inequality holds since f;, — f, weakly in L‘ék(Rd), asn — 00, we
actually have equality in (A.4). But weak convergence together with convergence
of norms implies strong convergence; see [24, Theorem 2.11]. Therefore f,, — f.
in L’ék (R?%), as n — oo. By continuity of the restriction operator, it follows that f.
is a maximizer for T4 x(p), as desired. This concludes the proof that Theorem 5.1
implies Theorem 1.2.
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