ON THE QUASICONFORMAL EQUIVALENCE OF
DYNAMICAL CANTOR SETS

By
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Abstract. The complement of a Cantor set in the complex plane is itself
regarded as a Riemann surface of infinite type. The problem of this paper is
the quasiconformal equivalence of such Riemann surfaces. Particularly, we are
interested in Riemann surfaces given by Cantor sets which are created through
dynamical methods. We discuss the quasiconformal equivalence for the comple-
ments of Cantor Julia sets of rational functions and generalized Cantor sets. We
also consider the Teichmiiller distance between generalized Cantor sets.

1 Introduction

Let E be a Cantor set in the Riemann sphere @ that is, a totally disconnected
perfect set in C. The standard middle one-third Cantor set C is a typical example.
We consider the complement Xz := C \ E of the Cantor set E. It is an open
Riemann surface with uncountably many boundary components. We are interested
in the quasiconformal equivalence of such Riemann surfaces. In the previous
paper [15], we show that the complement of the limit set of a Schottky group
is quasiconformally equivalent to X¢, the complement of C ([15] Theorem 6.2).
In this paper, we discuss the quasiconformal equivalence for the complements
of Cantor Julia sets of hyperbolic rational functions and generalized Cantor sets
(see §2 for the terminologies). We establish the following theorems.

Theorem 1. Let f be a rational function of degree d > 1 and J be the Julia
setof f. Supposethatf is hyperbolic and J is a Cantor set. Then, the complement X
of J is quasiconformally equivalent to Xe.

We should mention that Theorem I may be obtained from a result of MacManus
[10] about quasi-circles on C. In this paper, we prove the theorem by using some
arguments on open Riemann surfaces and quasiconformal mappings. In fact, those
arguments will be fundamental tools throughout this paper.
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For a sequence o = (g,),2; with 0 < g, < 1, we have a generalized Cantor
set E(w) (see §2.2 for the construction). For a positive constant J, we say that the
sequence w has a d-lower bound if g, > J, and it has a J-upper bound if g, < 1 —96
(n=1,2,...). We also say that ® has lower and upper bounds if 6 < ¢, < 1 —0
(n=1,2,...) for some 0 > 0. Then, we obtain the following results.

Theorem II. Let w = (g,)2, and o = (G,).2, be sequences with o-lower
bound. We put

(1.1) d(m,@):supmax{‘logi:zn a|qn_q"|}'

neN n

(1) If d(w, w) < oo, then there exists an exp(C(d)d(w, w))-quasiconformal map-
ping ¢ on C such that p(E(w)) = E(w), where C(0) > 0 is a constant
depending only on o;

(2) if limy o0 log |~

is, there exists a quasiconformal mapping ¢ on C with p(E(w)) = E(®) such

= 0, then E(w) is asymptotically conformal to E(w), that

that for any ¢ > 0, ¢l|y, is (1 + &)-quasiconformal on a neighborhood U,

of E(w).

A Kleinian group G is called a Schottky group if there exist mutually disjoint
2g (> 4) closed Jordan domains D;, D; and Mébius transformations y; i = 1, ..., g)
such that each y; sends D; onto the outside of D; and G is generated by yi, ..., y,.

From above results and a result [15] Theorem 6.2, immediately we obtain

Corollary 1.1. Let E be a Cantor set which is a Julia set of a rational function
satisfying the conditions in Theorem 1. Then, the complement of the limit set of a
Schottky group G is quasiconformally equivalent to Xg.

As consequences of Theorem II (1), we obtain

Corollary 1.2. Let E(w) be a generalized Cantor set for w = (gy);2,. Suppose
that w has lower and upper bounds. Then, Xg, is quasiconformally equivalent
to Xe.

We have also the following.

Corollary 1.3. Let E be a Cantor set as in Corollaries 1.1 or 1.2. Then,
the Cantor set E is quasiconformally removable, that is, every quasiconformal
mapping on the complement of E is extended to a quasiconformal mapping on the
Riemann sphere.

The proof of Theorem II gives the following.



QUASICONFORMAL EQUIVALENCE 3

Corollary 1.4. Let w and @ be sequences satisfying the same conditions as
in Theorem II (2). Then, the Hausdorff dimension of E(w) is the same as that of
E(w).

It is known ([11] V. 11F. Theorem) that the generalized Cantor set E(w) for @
is of capacity zero if and only if

(1.2) [Ja—-4»)*" =o0.
n=1

Hence if {g,};2, rapidly converges to one as it satisfies (1.2), then Xg,) is not qua-
siconformally equivalent to X¢ because the positivity of the capacity of closed sets
in the plane is preserved by quasiconformal mappings (cf. [11] III. Theorem 8 H).
In fact, we can say more:

Theorem III. If w does not have an upper bound, then Xg(,) is not quasicon-
formally equivalent to Xe.

Acknowledgements. The author thanks Prof. K. Matsuzaki for his valuable
comments. This research was partly done during the author’s stay in the Erwin
Schrodinger institute at Vienna. He thanks the Institute for its brilliant support to
his research. Finally, the author expresses his sincere gratitude to the referee for
the valuable comments.

2 Preliminaries

2.1 Complex dynamics. We begin with a small and brief introduction of
complex dynamics. We may refer textbooks on the topic, e.g., [6] for a general
theory of complex dynamics.

Let f be a rational function of degree d > 1 on C. We denote by f” the n
times iterations of f. The Fatou set J of f is the set of points in C which have
neighborhoods where {f"}72, is a normal family. The complement of F, which is
denoted by g, is called the Julia set of f.

A rational function f is called hyperbolic if it is expanding near J. More
precisely, if J & oo, then f is hyperbolic if there exist a constant A > 1 and a
smooth metric o(z)|dz| in a neighborhood U of J such that

o(f)If (@] = Ao(z), z€]

(see [6] V. 2). If oo € {, the hyperbolicity of f is defined by conjugation of Mobius
transformations as usual.
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The hyperbolicity is also characterized in terms of the Euclidean metric and the
dynamical behavior of rational functions as well.

Proposition 2.1 ([6] V. 2. Lemma 2.1 and Theorem 2.2). A rational function f
is hyperbolic if and only if every critical point belongs to F and is attracted to an
attracting cycle. If oo & {, then the hyperbolicity of f is equivalent to the existence
of m > 1 such that |(f™)'| > 1 on{.

2.2 Generalized Cantor sets (cf. [11]1.6). Letw=(g,);2,=(q1,92,-..)
be a sequence of real numbers with 0 < ¢, < 1 for each n € N. We construct a
Cantor set E(w) for w inductively as follows.

First, we remove an open interval J; of length ¢, from Ey := 1 = [0, 1] so that
I\ J; consists of two closed intervals I}, I? of the same length. We put £y = (JZ, Ii.
We remove an open interval of length |I{]|g, from each I} so that the remainder E»
consists of four closed intervals of the same length, where |J]| is the length of an
interval J. Inductively, we define Ei,; from E; = Uf:l Il by removing an open
interval of length |/ ,ilqk+1 from each closed interval I,i of Ej so that Ej,; consists
of 2¥1 closed intervals of the same length. The generalized Cantor set E(w) for @
is defined by

o0
E(w) =) Ex.

k=1
It is a generalization of the standard middle one-third Cantor set C. In fact,
C = E(wo) for wp = ()32 = (55 35 ---)-

We say that a sequence @ = (g,,)52; as above is of (J-)lower bound if there exists

a 0 > 0 such that g, > 0 for any n € N. We also say that a sequence w has a
(0-)upper bound if g, < 1 — 6 forany n € N.

2.3 Hausdorffdimension. LetFE beasubsetofCanda > 0. We consider
a countable open covering { U;};cy of E with diam(U;) < r fora given r > 0. Then,
we set
AL (E) = inf{ Z(diam(Ui))"},

ieN
where the infimum is taken over all countable open coverings {U,},eny Wwith
diam(U;) < r. We put

Ay (E)=1lim A} (E)
r—0

and the Hausdorff dimension dimg(E) of E by

dimy(E) = inf{a | AL(E) = 0}.
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2.4 The quasiconformal equivalence of open Riemann surfaces.
We say that two Riemann surfaces R, R, are quasiconformally equivalent if there
exists a quasiconformal homeomorphism between them. We also say that they are
quasiconformally equivalent near the ideal boundary if there exist compact subsets
Kj of R; (j=1, 2) and a quasiconformal homeomorphism ¢ from R;\K; onto R>\K>.

It is obvious that if R, R, are quasiconformally equivalent, then they are qua-
siconformally equivalent near the ideal boundary. On the other hand, we have
shown that the converse is not true in general. In fact, we have constructed two
Riemann surfaces which are not quasiconformally equivalent while they are home-
omorphic to each other and quasiconformally equivalent near the ideal boundary
([15] Example 3.1). We also give a sufficient condition for Riemann surfaces to
be quasiconformally equivalent ([15] Theorem 5.1).

Proposition 2.2. Let R, R, be open Riemann surfaces which are homeomor-
phic to each other and quasiconformally equivalent near the ideal boundary. If
the genus of R, is finite, then Ry and R, are quasiconformally equivalent.

At the end of this section, we present a result on the removability for quasicon-
formal mappings.

Proposition 2.3 (cf. [9] I. Theorem 8.3). Let D be a domain or a Riemann
surface and ¢ be a homeomorphism from D to a Riemann surface. Suppose that ¢
is quasiconformal on D \ C, where C is an analytic curve in D. Then, ¢ is a
quasiconformal mapping on D.

3 Proof of Theorem 1

Let f be a hyperbolic rational function with a Cantor Julia set J. We show that Xy
is quasiconformally equivalent to Xe. By Proposition 2.2, it suffices to show that
there exists a compact subset K of F such that 3\ K is quasiconformally equivalent
to the complement of a compact subset of Xe. Considering f instead of f for
some m € N, we may assume that |f’| > 1 on J since the Julia set of /" is the same
as that of f for any m € N.

Considering the conjugation by Mdobius transformations, we may assume that J
does not contain co. Since J is a Cantor set, the Fatou set F is connected. Therefore,
it follows from Proposition 2.1 that J itself is the attractive Fatou component and
it contains the attracting fixed point z of f.

It follows from the local theory of attracting fixed points (cf. [6] II. 2) that there
exists a simply connected neighborhood € of zy such that f(Qy) C Qy. We may
take Qg so that the boundary 0€) is a smooth Jordan curve and it does not contain
the forward orbits of critical points of f.
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For Q; = f~%(Qo) (k € N), we have
20€EQCcQCcQcQcCc---CcyCcQuCc---CF

and -
F=J.
k=0

Since J is connected, € := f~¥(Qy) is connected for each k € N. Therefore, Q;
is not simply connected for a sufficiently large k£ because J is not simply connected.
Hence, we may assume that Q; is bounded by at least two Jordan curves. Then,
each € is bounded by mutually disjoint finitely many smooth Jordan curves.

Since f is hyperbolic, the Julia set J does not contain critical points. Moreover, it
follows from Proposition 2.1 that there exists a simply connected neighborhood V,
of each z € J such that f|y, is injective on V.. Hence, from compactness of J
there exist disks Vq, ..., V, for some n € N such that J C U};l Vj, flv, is injective
(I <j < n). Then, we show

Lemma 3.1. There exists kg € N such that for any k > ko, each connected
component of Qi1 \  is contained in some V; (1 < j < n).

Proof. Let A,i, R A’,;(k) be the set of connected components of C \ Q. To
prove the claim of this proposition, we need an observation on { A‘}.

Since Al is a connected component of the complement of a planar domain Q;
bounded by finitely many Jordan curves, A;; is a closed Jordan domain, that is,
a topological disk. Therefore, A ,i, ce A’,}m are mutually disjoint closed Jordan
domains in C. If Al is contained in V;, then for every [ > k, any connected
component of F \ €; contained in A} is also contained in the same V;.

From the above observation, we see that if every connected component of
Qo1 \ 4, C A}'q) (1 <i < j(ko)) is contained in some V;, then it is so for k > k.
Hence, it suffices to show that there exists ky € N such that each A}(U (1 <i < j(ko))
is contained in some V;.

Suppose that for any k& € N, there exists an i(k) € {1, ..., j(k)} such that A}fk)
is not contained in any V; (j = 1,2, ..., n). We may assume that i(k) = 1 and we
put Wy = A,i. By using the above observation again, we may assume that { W }22,
is nested, that is, Wy O W, for any k.

Noting that any relatively compact subset in F is eventually contained in
some £, we see that Wy is in [ Ji_; V; for a sufficiently large k because F \ J~, V;
is compact in F.

Now, we consider A := (2, Wi. Since { W }2, is a nested set of closed Jordan
domains and F = J2; 4, A has to be a connected closed subset of J. On the other
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hand, the Julia set { is totally disconnected. Hence, we conclude that A = {x} for
some x € J and x is in some V;. This means that W; C V; for a sufficiently large k
and we have a contradiction. (]

We take kp € N in the above lemma. Let w;, @ws,...,w, be the set of
connected components of 1 \ €. Each w; is bounded by a finite num-
ber, say L(j)+ 1, of mutually disjoint simple closed curves. We may assume
that L(j) > 1 (j=1,2,...,¢) since {Q}72, exhausts J. Note that the number of
connected components of 9, M € .1 is equal to £. It is because dw; M 0€Y,
consists of one simple closed curve foreachj e {1, ..., (}.

Py

Figure 1. The middle one-third Cantor set.

For any k > ko and for a connected component w of Qi \ €, we have
FER(w) € Qperr \ 4, and fF7% is conformal in w since w is contained in some V;.
Hence, w is conformally equivalent to w; for some J e {1, 2, ..., £}. Therefore, if
k> ko, then Q. 1\C); contains at most £ conformally different connected components.

Now, we consider the middle one-third Cantor set € and X¢ := C \ C. Itis
not hard to see that Xe admits a pants decomposition { Py j}rezy (0}, je(1,...,2%-1} @s in
Figure 1. While a construction of the pants decomposition is given in [15], we will
present the construction for readers’ convenience as follows.

We make the middle one-third Cantor set Con / = [—1, 1].
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First, we remove an open interval J; of length 2/3 from Eq := 1 = [—1, 1] so that
I\ J; consists of two closed intervals I}, I! of the same length, where IT7! C R
and I{ C R.o. We put E; = I;' UI{. We remove an open interval of length }|I{]
from each I{! so that the remainder E, consists of four closed intervals of the same
length, where |J| is the length of an interval J. Inductively, we define E;,; from
E=UZ o LU Ulzj1 I} by removing an open interval of length }|I}| from each
closed interval I,i of E; so that Ei.; consists of 2¥*! closed intervals of the same
length. The Cantor set C is defined by

C=[)E
k=1

We denote the imaginary axis by C. For any (k, i) (k € N;i = +1, ..., +2k1),
we take a circle C} which is a circle centered at the midpoint of 7| with radius J |7f].
We see that all C’s are mutually disjoint curves in Xe and each Ci contains
CeOCI=D "2 \where e(i) = —1if i < 0 and &(i) = 1 if i > 0. Hence, they make
a pants decomposition of Xe. A pair of pants bounded by C), C3 (resp., C5')
and C% (resp., C2_2) is denoted by P; i (resp., P_i,1). We also denote by Py i a
pair of pants bounded by C, C,ff:g(i) and C#.,. Obviously, for every k with |k| > 2,
Py (G =1,...,2M=1) is conformally equivalent to P, ;. Thus, we have the pants
decomposition as Figure 1. Let Py(N € N) be a subdomain of Xe consisting of
P fori=1,...,Nandj=1,...,21

Let Ny € N be the largest number with 2" + 1 < £. We put

to

Ko := Py, | Pros1s
1

where £ = £ — 2N0 — 1. Then, K, is a compact subset of X¢ bounded by ¢ simple
closed curves. We denote them by Cy, ..., C,, where C; C 0P;,;. We may take a
subdomain G of Xe so that G \ Ky is quasiconformally equivalent to Q41 \ €,
as follows.

We take the largest number L; with 251 < I(1). Then,

({0 )l Y

j=lLL()=2"

is a closed subdomain of Xe with L(1) + 1 boundary curves. Hence, G, is
quasiconformally equivalent to w; since both of them are planar domains bounded
by the same number of closed curves.
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Similarly, we may construct subdomains G, », ..., Gy ¢ such that
aGljj N 6K0 = Cj

and each G is quasiconformally equivalentto w; (j = 1, 2, . . ., £). Combining Ky
with Gy 1, ..., G1¢, we obtain a desired subdomain Gj.

By using the same argument as above, we have a subdomain G, of X¢ such that
G C Gy and G» \ G is quasiconformally equivalent to Qg 12 \ C4,+1-

We may use this argument inductively and we obtain an exhaustion {G;}%,
of Xe such that

o0
KhcG CcGcC--CGCGucC..., Xe=|]JG,
i=1

and Gy \ G; are quasiconformally equivalent to Qi1 \ Qi+ ((=1,2,...).
From this construction, we have a natural bijection J between the set of con-
nected components of Gy \ G; and those of €y 4iv1 \ Qi+ (( = 1,2,...) such
that
(1) if Dis aconnected componentof G;,1\G;, then J(D) is a connected component
of Qpriv1 \ Qugsis
(2) if D' is a connected component of G, \ G4 which is adjacent to a connected
component D of G, \ G;, that is, 6D N oD’ # ), then J(D') is adjacent to J(D).
Now, we use the following proposition which is obtained from [15] Lemma 4.1
and its proof.

Proposition 3.1. Let X, Y be Riemann surfaces. We consider simple closed
curveso C Xand p C YwithX\oa=X,uUX, and Y \ p =Y, UY,, respectively.
Suppose that there exist quasiconformal mappings f; : X; = Y; (i = 1,2) such
that fi(a) = fo(a) = B. Then, there exist an annular neighborhood U of o. and a
quasiconformal mapping f on U into Y such that

(1) V :=f(U) is an annular neighborhood of p;
(2) we put

fip), peXi\U (i=1,2),
f), pel.

(3.1) F(p) =

Then F is a quasiconformal mapping from X to Y.

Proof. Since the proof is the same as that of [15, Lemma 4.1], we give a brief
outline of the proof.
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We take an annular neighborhood U of a so that the boundary oU consists of
analytic Jordan curves. We put C; := X;NoU (i = 1, 2) and denote by V the annulus
bounded by fi1(C)), f2(C»). By arranging fi|¢, and f2|c,, we may assume that both
Jfilc, and f>|¢, are smooth mappings.

Take y € PSL(2, R) which represents U, that is, H/(y) is conformally equiv-
alent to U. We may assume that y(z) = kz for some £ > 1. Then, we verify
that fi|¢, together with f>|¢, determines a (y)-compatible quasi-symmetric home-
omorphism /2 on R. Taking the Douady—Earle extension ([8]) of &, we obtain
a (y)-compatible quasiconformal mapping f on H with flg = h. The projected
mapping f : U — V is a quasiconformal mapping with f|¢c, = f; (i = 1, 2). It fol-
lows from Proposition 2.3 that the mapping F defined by (3.1) is a quasiconformal
mapping from X to Y. O

Remark 3.1. From the above construction, we see that the quasiconformal
mapping f is determined by the local behaviors of f; (j = 1, 2) near a. Namely, if
we have quasiconformal mappings f;; : X; — Y; (i,j = 1, 2) satisfying the above
conditions and a neighborhood Uy of a such that f;1 |y,nx, = fiz|v,nx;, then we obtain
quasiconformal mapping F; as in Proposition 3.1 forf; (j = 1, 2) sothat F'y |y = F>|y
in a neighborhood U of a.

Let D’ be a connected component of Q4o \ €, +ir1 Which is adjacent to
a connected component D of Q iir1 \ Quy+i. We put f = 6D N D" and
Yp.p :=DUSUD. We may find connected components D of G,y \ G; and D’
of Gy \ Giyy so that J(D) = D and J(D') = D’ and D’ is adjoining D along
o := 0D N oD’. We put
Xpp :=DUaUD.

Let X, X5, ..., X, be the set of connected components of G3\G; and Yy, ..., Y,
the set of connected components of € .3 \ €, +1. It follows from Lemma 3.1 that
the rational function f is conformal in every connected component of Qi1 \ Qg+
(i € N). Therefore, the Riemann surface Y o is conformally equivalent to
some Y; via f~!. We may assume that f~'(Yp ») = ¥; and put B = fi71(p).
Similarly, Xp p is conformally equivalent to a connected component, say X, of
G3 \ G, via a conformal map h. We put a; := h(a).

Then, we have

Xi\o1=X11uX,p, and Y1\ B =Y, 1uYio,
where

Xi1=hD), Xio=hD), Y i=f"YD) and Yi,=f""(D.
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We see that there are quasiconformal mappings ¢ : X;; — Y;; (j = 1,2) such
that ¢y j(a;) = p;. It follows from Proposition 3.1 that there exist a quasiconfor-
mal mapping ®; : X; — Y and an annular neighborhood U, of a; in X; such
that @y [x, \v, = ¢1,; (G = 1,2). Then, a mapping ®p p : Xp,pr — Yp p given by

Dpp =" yy ) o @ioh

is a quasiconformal mapping with the same maximal dilatation as that of ®; which
depends only on Xy, Y and ¢y ; (j = 1, 2).

Next, we take a connected component D" of G;3 \ Giyo adjoining D’ along
a' :=0D'NaD”. Then, D" :=J(D") is a connected component of Qi3 \ Qiyri+2
adjoining D’ along £’ := 6D’ N dD”. We extend @, to D”.

PutXp pr := D'Ua’UD" and Yoy pr := D'UL'UD". Then, Xp pr is conformally
equivalent to a connected component of Gz \ Gy, say X5, via a conformal mapping g
and Yo o is conformally equivalent to a connected component of €y .3 \ Qg 41,
say Y, via fi. We put

Xo1=g(D), Xop:=gD"), ar:=gd), Yoi:=f(D), Yar:=f(D")
and B, :=f(f).

Note that f|y,, : Y12 — Y2, is a conformal mapping withflylyz(f"_l(ﬂ’)) =/ It
is also seen that

71 =go0 (hlxl_z)_l : lez 4 ij]

is a conformal mapping with h(h(a)) = 0. Hence,
p21=fo®ilx, 0h™ 1 Xay — X

is a quasiconformal mapping with the same maximal dilatation as that of ®@;. Itis
also seen that ¢ 1(a2) = fa.

We take a quasiconformal mapping ¢, > : X22 — Y22 with ¢ 2(a2) = f,. Itfol-
lows from Proposition 3.1 that there exist a quasiconformal mapping @, : X, — Y3
and an annular neighborhood U of @, in X, such that ®;|x, \v, = ¢2,; ( = 1, 2).

Note that we may take U, small so that (U, N X5 1) N 71(U1) = (). Then, we have

71
P2.1lv,nx,, =f 0o @12l5-0 0 b unx,,

and we see that the maximal dilatation of ®@,|U, is independent of the construction
of @, but depends only on ¢, j|y, (j =1, 2) (see Remark 3.1).
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We define a mapping ®p pr by
Dp pr = (]”‘ly,D,,Du)_1 o®y0g: Xp.pr — Y pr.

It is a quasiconformal mapping with the same maximal dilatation as that of @,.
Since h(h(p)) € X».1 \ Us forp € D'\ g~!(U,), we have

Dpy.p(P) = (v 1) 0 @208 0 h™ ((p))
= (v )" 0 @2 0 h(A(P))
= (F'lyy )" © @2.1(M(M(p))
= (Flyp 0) " o f 0 @ilx,,(h(P))
= vy p) " 0f of T o Dp o (p)
= Op p(p).

Thus, a mapping ®p  pr given by

Opp(), peXpp\g ' (U)

®D,D',D” (p) =
Op p(p), peXpp

is a quasiconformal mapping from
XD,D’,D” = XD,DI U XD/,DII

onto
Y’D,'D’,@” = Y’D’fD/ U Y’D’,Q//

and the maximal dilatation depends only on X;, Y; and ¢;; (i,j = 1,2). In other
words, we can extend a quasiconformal mapping ®p p : Xpp — Yp o to a
quasiconformal mapping ®p p pr : Xp.p.pr = Yo, 0 D"

Repeating this construction inductively to cover all connected components of
Gizo \ G and Q440 \ Qg+ (i € N), we obtain a homeomorphism

)] 2XG\G1 d ?\Qkoﬂ.

Furthermore, in each step of the argument, the maximal dilatation of the ex-
tended quasiconformal mapping depends only on a finite number of data, namely,
{X;}ie1, {¥;}L, and prescribed quasiconformal mappings, such as {¢;;}, between
them. Therefore, the maximal dilatations are uniformly bounded and ® is a qua-
siconformal mapping.

Since Gy, €, are compact subsets of planar domains, from Proposition 2.2 we

verify that Xe and J are quasiconformally equivalent. (]
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4 Proof of Theorem II

Proof of (1). We divide the proof into several steps.
Step 1: Analyzing generalized Cantor sets. Let o = (g,);2, and
@ = (gn)2; be sequences with d-lower bound. We take

as in §2.2 for w and w, respectively. In fact, I} (resp., I~,i) is located at the left of 7;*!
(resp., I[I*") fori=1,2,...,25 — 1. The set [0, 1]\ Ej (resp., [0, 1]\ Ej) consists
of 2K — 1 open intervals J,l, R J,fk_l (resp., ]N,l, R ]N,fk_l). Each J,’; (resp., JN,’;) is
located between I} and Ii*! (resp., I; and Ii*').

Because of the construction, we have

. 1 .
[l ] = 2(1 — gD (k=0,1,...).
Therefore, we have

k
4.1) 1 =27 TJ1 — gp.
j=1

Next, we estimate the length of J}.
In the construction of Ez,; from Ey, we obtain open intervals 717!, 7| and the
closed interval J77! such that I} = I77' U JZi71 U 12 for each i, k (Figure 2).

Figure 2.
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If 7 is odd, we have

2q+1

1L, = 201111,
1_61k+l k+1 k+1

(4.2) il = 1l grn =

as qr+1 = 0.

If i is even, then i = 2¢m for an integer £ with 1 < ¢ < k and an odd number m.
Since Ji,, is located between Ii,, and Ii*}, we see that Ji , = J;/> = J2 '™,
Repeating this argument, we have Ji,, = Ji" ,,,. Since m is odd, we conclude from
(4.2) that

k=t
Vil = il =27 g [ = g
j=1

(4.3) k+1

275 T[(1 = qp) = 40114,

J=1

%

as Gr—¢+1 > 0.
Thus, we obtain the following from (4.2) and (4.3).

Lemma 4.1. Let I} and Ji,, be the same ones as above for a sequence
® = (qn)n2, with 6-lower bound. Then,

(4.4) i | = 2011,
holdfori=1,2,...,2%" — 1 and for k > 0.

Step 2: Constructing a pants decomposition. We draw a circle C,i
centered at the midpoint of /} with radius }(1 + 6)|{| for each k € N U {0} and
1 < i < 2*. Here, we putlé :=I1(=Eyp)and Dy := {|z — ;| < ;(1 +0)}. From (4.4),
we see that C; N C} = ) if i #J. Since

1 1
5 Ol < 5 - Ol

i J _ o) 2%k . ..
we also see that Ci,; NC}, = (). Therefore, [J2, Ui, C;, gives a pants decomposition
for XE(a)) \ D()‘. .

We draw circles Ci, for & by the same way. Then, we also see that | Ji°, %, Ci
gives a pants decomposition for Xz \ Ds.

Step 3: Analyzing a pair of pants. We denote by P, a pair of pants
bounded by Ci, C7i7! and C7,. We consider the complex structure of P so that
we may assume that the center of C} is the origin with radius }(1 + 6)|/}|. Then,

2i—1 2i

the centers of Ci[" and C;}, are

1
-, (I +aunlL]
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and |
ne + @)L,

respectively.

Apply an affine map z —> az + f for some a > 0,8 € R to Pi so that the
circle C}, is sent to a circle centered at the origin with radius 1 + J. We denote the
circle by Cy 1. Then, the circle C! is sent to a circle Cy > centered at

1
—Xj = —2(1 + Gr+1)

with radius 1
= 2(1 +0)(1 — gr+1)

and C¥ .1 1s sent to a circle Cy 3 centered at x; with radius r,. We may conformally
identify Pk with a pair of pants P, bounded by Cy 1, Cy» and Cy 3.

Similarly, we consider a pair of pants P bounded by Ci, C,%.’H] and C¥ |, and
apply an affine map to the pair of pants P’ so that the circle C’ is mapped to a
circle centered at the origin with radius 1 + d, which is the same circle as the image
of C,i above. We denote by ék,,- the image of 6,’( (i=1,2,3). We may conformally
identify 1'55C with a pair of pants ﬁ5k bounded by 5‘,(, L 5',(,2 and 5‘,(,3, where 5‘,(, 1 1s
the same circle as Cy 1, 5',(,2 is centered at

_ 1 _
—Xi = —2(1 + Gre1)

with radius 1
= 2(1 +0)(1 = Gis1)

and Cy 3 is centered at X; with radius 7%.

Step 4: Constructing intermediate pairs of pants. By applying
2> (Xk/Xp)z

to ﬂNDk, we obtain a pair of pants 13,(. The pair of pants ﬁk is bounded by 6,(,1, 6',(,2
and 6;(93. Each 6;(,,- is corresponding to (j’k’i (i = 1,2, 3). Note that for each i, the
center of 6;(,,- is the same as that of Cy;, and ﬁk is conformally equivalent to Py.

The radius of 61(,1 is
1+ Gk+1

Xk
1+0)- =1+ o,
( )xk ( )1+Qk+1
and the radius of 6,(,2, ék 3 18

I+ qk+1

(1+5)(1 —61k+1) .
Qk+1

Now, we take an intermediate pair of pants P, bounded by 6,(,1, Cr.2 and Cy 3.
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Step S: Making quasiconformal mappings, I. In the following argument,
we use a notation d(¢) for a quasiconformal mapping ¢ as

d(p) = log K(9),

where K(¢) is the maximal dilatation of ¢.
We suppose that gz+1 > gi+1. Then, we have

=N 1
T > 1= 2(1 +0)(1 — qre1)-

In other words, the radius of 6;(92, ék’3 is not smaller than that of Cy», Ci 3.

Let Cy + be a circle centered at x; with radius

Ek = (1 + 5){1( — Xk,
Xk

so that Cy , is tangent with 6,(,1.
We consider two circular annuli A, bounded by Cy , and 6,(,3, A}(’ , bounded
by Ci+ and Cy 3. We have

Ci+ NR = {oxx — Re, i + Ry}

Since g1 > 0, we have

~ 1+0
xk—Rk:ZXk{l— - }20
L+ G
Hence, Ay +, A}, C {Rez > 0}.

Here, we use the following well-known fact.

Lemma 4.2. Forannuli A; = {0 < r; < |z] < R; < o0} (i =1, 2), there exists
a quasiconformal mapping ¢ : Ay — A; such that

i0 i6
p(rie"”) =re",

PR\ E") = Rye",

and

K(p) = edA1LA)

where

logR; — 1
d(A1, Ay = |log D571 T 0271
logR, — logr;
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Proof. The mapping ¢ is given by

.
Q7> klzl" Iz
ry

_ logRy—logr; i _ _
for k = logRT—long‘ Indeed, it is easy to see that |p(z)| = r» when |z| = r; and

|p(z)| = R, when |z| = R;. Moreover,

@ oexp = expof

holds for f(x + iy) = k(x — log r;) + log r, + iy. Since exp is locally conformal, we
verify that K(p) = e%41-42), O
It follows from Lemma 4.2 that there exists a quasiconformal mapping

@i+ 2 Ak+ — A, such that

log R, — log r
d(ps) =log =Tk 02Tk,
logR;, — logr;

4.5) ¢r,+(2) = 2,

for any z € Gy, and

(4.6) arg(px,+(2) — xi) = arg(z — xi)
fOI‘Z (S 6/(,3.
Since ) )
c—a —a —a
= <
logc_b 10g(1+c_b)_c_b

for0 < a < b < ¢, we obtain

log7, — logr,
@4.7) d(prs) < BTk T 0BTk
log Ry — log 7y

Moreover, we have

logﬁk_log?"zlog{lié'(pr 1—22%1)}

4.8) ]
> 1
> log =5 > 0,
and
N 1 = Giv1 L+ Gir1
4.9) logr; —log ry = log + log - .
1 — G L+ g1
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From (4.7)—(4.9), we obtain

N O T _
d(pr+) < (log 1 5) {log 1 T 4 (Gt — Qk+1)}
(4.10) n kel

< (1og | i 5)_151(@, ).

We may do the same operation, symmetrically; we take a circle C; _ centered
at —x; of radius ﬁk and consider two annuli A; _ and A}C’_. The annulus Ay —
is bounded by C — and 61(,2’ and A} _ is bounded by C; — and C;,. Note that
Ag—, A, _ C{Rez <0}

Then, we obtain a quasiconformal mapping ¢ — : Ax - — A} _ such that

(4.11) or-(2) =2
for z € Cy,— and
(4.12) arg(gr,—(2) +xi) = arg(z + xz)

forz e 61(,2- Moreover, the mapping satisfies an inequality

1 -1 -
(4.13) digi-) < (log | _ ) dw,a).

0

We define a mapping ¢y : }A’k — P, by

(pk,+(z)a Z € Ak,+5
ox(2) = § or—(2), z € Ax—,

Z, otherwise.

As we have seen that Ay , is in {Re z > 0} and A, _ isin {Re z < O}, annuli A
and A; _ are mutually disjoint and the mapping ¢, is a well-defined homeomor-
phism. The homeomorphism ¢y is quasiconformal except circles Cy ., Cy,—. From
Proposition 2.3, it has to be quasiconformal on Py with

N
(4.14) dipo) < (log | _ ) d(@,a).

0

Step 6: Making quasiconformal mappings, II. In this step, we make a
quasiconformal mapping from P), to P;. Recall that P} is a pair of pants bounded
by ék,l, Cr and Cy 3, and Py is bounded by Cy 1, C 2 and Cy 3.

Let Cio be a circle centered at the origin of radius x; + r¢, so that Cyp is
tangent with Cy», C 3. We consider circular annuli B, bounded by Cy o and 6,(,1,



QUASICONFORMAL EQUIVALENCE 19

and By bounded by Cy and Cy ;. It follows from Lemma 4.2 that there exists a
quasiconformal mapping w o : B, — By such that

log(1 +9)3 — log(xy + )

d =1
(Yk0) = log log(1 + 0) — log(xg + 1)

and yolc,, is the identity.
As in Step 5, we have

log x; — log X

d < .
(V) = 10001 + 6) — log(xy + 7o)
Since
1 1
Xp+ 71 = 2(1 + qir1 + (1 +0)(1 — qre1)) = 2(2 +0 — 0qr+1)»
we see that
1+0
log(1+0) — log( + ) =log | .
@.15) L+ ,0(1 = qi+1)
) 1+0
> log | > 0,
1+ 1601 -9
and
. 1 ~
(4.16) log x; — log x; = log " ‘Z’”‘ < Qi+l — Gier-
L + g1
From (4.15))and (4.16) we have
1+0 -1
4.17 d < (1o — Gr+1)-
4.17) (Wro0) < ( g, . 1501 _5)) (Gr+1 — Gre1)

We define a homeomorphism yy : P, = P, by

vio(2), ze€By,
wi(z) = )
z, otherwise.

Then, as in Step 5, we see that y; is quasiconformal on P} with

1+0

—1 "
1+ 361 —5)) (@, ®).

(4.18) d(y) < (log

In the case where gi+1 < @i+1, the same argument still works in Steps 5 and 6;
we obtain the same results.
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Step 7: Making a global quasiconformal mapping. In Steps 5 and 6,
we have made quasiconformal mappings ¢y : P — P, and yy : P, — Pj. Thus,
Dy = wr o Py — P gives a quasiconformal mapping with

d(®y) < C(9)d(w, ®)

for each k € N.

Because of the boundary behaviors (4.5), (4.6), (4.11) and (4.12), we see that
those mappings give a homeomorphism @ from Xg, N Ds onto Xg@) N Ds. The
homeomorphism ® is quasiconformal on X, N D5 except on circles which are
boundaries of pairs of pants. It follows from Proposition 2.3 that @ is quasiconfor-
mal on X, NDs. We define ® for z € C \ Ds by ®(z) = z. Using Proposition 2.3
again, we verify that @ is a quasiconformal mapping on X, with

d(®) < C(o)d(w, w).

Furthermore, from our construction of the mapping, we see that ®(z) = ®(z)
for z € Xg(w). Therefore, @ is extended to a homeomorphism on C to itself. Since
the extended homeomorphism is quasiconformal on C \ R, it must be quasicon-
formal because of Proposition 2.3. Thus, we obtain a quasiconformal mapping as
desired. (|

Proof of (2). Take any ¢ > 0. Since log }:’z” — 0 as n — oo, we also see
that g, — g, — 0. Viewing (4.10) and (4.17), we verify that there exists an N € N
such that

1 1
d(pp) < 5 log(l+¢) and d(yp) < 5 log(1 +¢),
if Kk > N. Hence, if £k > N, then

(4.19) d(Pr) = d(yi o ¢r) < d(yi) + d(pr) < log(l +¢).

Since the pants decompositions in Step 2 of the proof of (1) give exhaus-
tions Xgw) and Xgg), (4.19) implies the maximal dilatation K(®) = e4® is less
than (1+¢) on the outside of a sufficiently large compact subset of X ). Therefore,
® : Xpw) — Xg@@) 1s asymptotically conformal. O

5 Proof of Theorem II1

In the proof of this theorem, we use Wolpert’s lemma (cf. [14], [16]) for quasi-
conformal mappings and the hyperbolic lengths. The lemma says that if there is
a K-quasiconformal mapping f from a hyperbolic Riemann surface X to another
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hyperbolic Riemann surface Y, then for any non-trivial closed curve a in X, we
have

1
i Ex(loD) = Ey((f (@) = Klx([al),

where €{x([a]) stands for the hyperbolic length of the geodesic homotopic to o
on X.

First of all, we note that there exists a positive constant such that the hyperbolic
length of any closed curve on X¢ is greater than a constant.

Indeed, X¢ is quasiconformally equivalent to the region of discontinuity Q(G)
of a Schottky group G (cf. [15]). The quotient space 2(G)/G is acompact Riemann
surface. Hence, there exists a positive constant such that the hyperbolic length of
any non-trivial closed curve on the surface is greater than the constant. Since the
quotient map is a covering map, any non-trivial closed curve in Q(G) is projected to
a non-trivial closed curve on the Riemann surface by the quotient map from Q(G)
onto (G)/G. Also, the covering map is isometry with respect to the hyperbolic
metrics. Hence, the hyperbolic length of any non-trivial closed curve in Q(G) is
greater than some positive constant. Therefore, by Wolpert’s lemma, we verify
that the hyperbolic length of any non-trivial closed curve in Xe is also greater than
some constant, say d > 0.

Suppose that there exists a K-quasiconformal map from Xe to Xg,). Then, the
hyperbolic length of any closed curve in Xg(,) is not less than K~'d.

Let ¢ > 0 be an arbitrary small constant. Since sup{g, | n € N} = 1, there exist
a sequence {ng}ro; in N and Ny € N such that

l—e<gqy <1,

if k> Np.

Now, we look at I,llk_1 of E,—1 for k > No. Then, I C E,, is an interval of
length ;(1 - an)llrllk_l | < égllllk_l |. Therefore, we may take an annulus Ay in Xg(,)
bounded by two concentric circles C,, , C2 such that the radius of C}, is ,e|I} _]|
and that of CZ is (, — je)|I} _,|. If we take ¢ > O sufficiently small, then the
length of the core curve of A; with respect to the hyperbolic metric on A; becomes
smaller than K~ 'd.

Indeed, we put

log M,
II(z) = exp ( —1i gﬁ logz) (z € H),
and

y(2) = exp { 1;;7‘1;8 }z
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forM, = ,° ), the ratio of the radius of C,ik and the radius of C,zlk. Then, we see that

2

M(y(2) = exp { - ilogﬂMg (togz - 102gnM8) j

Jog M,

:exp(—l i glogz)=H(Z),

2

([t (257 )]) = 1=
2

H({—exp(lggz/lg), —1D ={lz| = M.},

H({ze]HH 1<z < exp(lggz/z)}) ={M, < |z < 1}.

The domain

and

et on( 2]

is a fundamental domain for (y). Hence, IT : H — {M, < |z| < 1} is a universal

covering map and {M, < |z| < 1} = H/(y). Since A, is conformally equivalent to
—2x2
log ;\Z/IS

to the distance between i and y(i) with respect to the hyperbolic metric I'ffflz on H.

{M. < |z| < 1}, the hyperbolic length of the core curve Ay is which is equal
Thus, the hyperbolic length of the core curve of A; converges to zero as ¢ — 0.

Since Ay C Xg(w), the length of the core curve of A, with respect to the hyper-
bolic metric of X, is not greater than the length with respect to the hyperbolic
metric of A;. Thus, we find a closed curve in Xg(,, whose length is less that K~'d.
It is a contradiction and we complete the proof of the theorem.

6 Proofs of the Corollaries

Proof of Corollary 1.1. Let A be the limit set of the Schottky group G. We
have shown ([15] Theorem 6.2) that X, is quasiconformally equivalent to Xe.
Hence, it follows from Theorem I that Xz is quasiconformally equivalent to X as
desired. (]

Proof of Corollary 1.2. Since C = E(wy) for wy = (;);’,Zl, the statement
follows immediately from Theorem II (1). O

Proof of Corollary 1.3. Letg : X5, — Xg be a quasiconformal map given
by Corollary 1.1. Take any quasiconformal map y on X to C. Then, ® :=yogp
is a quasiconformal map on X,. It is known that any quasiconformal map on X
is extended to a quasiconformal map on C (see [13] Theorem 1.2 (A) and the
comment after the theorem). Hence, both ¢ and @ are extended to C and so is
w=®op ! g
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Proof of Corollary 1.4. LetY¥ : C — C be the quasiconformal mapping
given in §4. We put D = dimy(E(w)) and D= dimy(E(®)). We use the argument
in the proof of Theorem II (2).

For any ¢ > 0, there exists N € N such that

K@) < 1+e

if K > N, where @, is the quasiconformal mapping given in §4. Therefore, ®@|y,
is a (1 + &)-quasiconformal mapping on Uy := E(®) U | J;- Ulzzkl P;'(. Here, we use
the following result by Astala [3].

Proposition 6.1. Let Q, Q' be planar domains and f : Q — Q' be a K-
quasiconformal mapping. Suppose that E C Q is a compact subset of Q. Then,

' 2K dimy(E)
(6.1) dimy(f(E)) < 2+ (K — 1)dimg(E)"

It follows from (6.1) that

2(1 — &) dimy(E(w))

dimy(E(w)) < 2 + edimy(E(w))

Since ¢ > 0 could be arbitrarily small, we obtain
dimy(E()) < dimp(E(w)).

By considering ®~!, we get the reverse inequality for dimy(E(w)) and
dimgy(E(w)). Thus, we conclude that dimy(E(w)) = dimy(E(w)) as desired. O

7 Examples

Example 7.1. Let f.(z) = z> + c. Suppose that ¢ is not in the Mandelbrot set.
Then, it is well-known that f. is hyperbolic and the Julia set J;, is a Cantor set.
Thus, f. satisfies the condition of Theorem I.

Example 7.2. Let By(z) be a Blaschke product of degree d > 1. It is known
([6] III. 1. Example) that the Julia set of By is either the unit circle or a Cantor set
on the unit circle. Suppose that By has an attracting fixed point on the unit circle.
Since the attracting fixed point belongs to the Fatou set of By, the Julia set has to
be a Cantor set. It is also easy to see that By is hyperbolic. Thus, By satisfies the
condition on Theorem I.
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In Theorem II, we have estimated the maximal dilatations for sequences with
lower bound. In the next example, we may estimate the maximal dilatation for
sequences without lower bound.

Example 7.3. For0 < a < 1 and a fixed L € N, we put g, = a" and g, = a"**
and we consider E(w), E(®) for o = (g,)32,, @ = (gn)2;. By using the same idea as
in the proof of Theorem II, we claim that there exists an exp(Ca~1)-quasiconformal
mapping ¢ : C — C with p(E(®)) = E(®), where C > 0 is a constant independent
of w and w.

Proof of the claim. We use the same notations for E(w) and E(w) as those
in the proof of Theorem II. Then,

2k ‘ 2k—1 ‘
E =1, [0,1=EU |
i=1 i=1

andfori=1,2,...,2%,
) N .
1= () TIa—a.
Jj=1

If 7 is odd, then
i k+1)71 k+1)71
il = @ || = 28" | Iy .

Ifi=2m (1 < ¢ < k;mis odd), then we have

Vit | = W pi| = 4|1 .
Thus, we conclude that
(7.1) iwt|l = 245141,

fori=1,2,...,21 —1.

We draw a circle C} centered at the midpoint of I} with radius }(1 + a*)|I}|
for each k € Nand 1 < i < 2K, From (7.1), we see that C; N C{( =0ifi#j.
Furthermore, Ci N C},, = 0 since a*|I}| > a**'|I},,|. Therefore, U, U,2=kl C; gives
a pants decomposition of Xg,) N D, where D = {|z — él < 1}. We also draw
circles (t’,’c for  in the same way. Then, |J;2, Ulzzk1 (t’,’c gives a pants decomposition
of Xpz) ND.

We denote by Pi a pair of pants bounded by C, C#7! and CZ,. As in Step 3
of the proof of Theorem II, we may identify Pi with a pair of pants P; bounded
by Ci.1, Ck2 and Cy 3, where Cy; is a circle centered at the origin with radius 1 +dF,
Cy.» 1s centered at

1
—x; = —2(1+ak+l)
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with radius

1
rei= 50 +ad"*)(1 —a"h)

and Cy 3 is centered at x; with radius ry.

Similarly, we take a pair of pants P bounded by Ci, C¥7! and C¥,, which is
conformally equivalent to a pair of pants fﬁk bounded by (j’k’ 1, (j’k’z and C .3, where
6',(,1 is the same circle as Cy 1, 5/(,2 is centered at

- 1
X = _2(1 +ak+L+l)

with radius

~ 1

P 1= 2(1 +ak+L+1)(1 _ Clk+L+1)

and 5/(,3 is centered at x; with radius 7y.

We also take an intermediate pair of pants, Py, similar to that in the proof
of Theorem II. Then, by using exactly the same method, we may construct a
exp(Ca~t)-quasiconformal mapping from P% onto ﬁ}(, where C > 0 is a constant
independent of k£ and i. Since the calculation is rather long but the same as in §4,
we leave it to the reader.

By gluing those quasiconformal mappings together, we get an exp(Ca~%)-
quasiconformal mapping ¢ : C — C with ¢(E(w)) = E(®) as desired. (]

Cantor Julia sets of Blaschke products with parabolic fixed points.
We showed ([15] Example 3.2) that a Cantor set which is the limit set of an extended
Schottky group is not quasiconformally equivalent to the limit set of a Schottky
group. We discuss the same thing for Cantor sets defined by non-hyperbolic
rational functions.

Let B;(z) be a Blaschke product with a parabolic fixed point on the unit circle 7.
Suppose that there exists only one attracting petal at the parabolic fixed point.
Then, we see that the Julia set Jp, is a Cantor set on T (see [6] IV. 2. Example).
However, B, is not hyperbolic since it has a parabolic fixed point.

It follows from Theorem I that two Riemann surfaces X, for Example 7.1
and Xy, for Example 7.2 are quasiconformally equivalent. While the Julia set Jg,
of B is also a Cantor set, it is not hyperbolic. Therefore, we cannot apply Theorem I
for B;.

Now, we consider the Martin compactification of the complement. For a
general theory of the Martin compactification, we may refer to [7]. Here, we note
the following result.
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Proposition 7.1. Let B be a hyperbolic Blaschke product of degree d > 1.
Suppose that the Julia set Jp is a Cantor setin T. Then, the Martin compactification

~

of X3, is homeomorphic to C.

Hence, the same statements as in Proposition 7.1 hold for X3, := C \ Jp, and
the quasiconformal map ¢ on Xy, is extended to a homeomorphism of the Martin
compactification of Xj, .

Next, we consider the Martin compactification of Xj, := C \ ds,, especially
the set of the Martin boundary over the parabolic fixed point of B;. If the set
contains at least two points, then it follows from Proposition 7.1 that there exists
no quasiconformal map from X, to Xy, .

Indeed, in [13] we observe the Martin compactification of the complement of
the limit set of an extended Schottky group and show that the set of the Martin
boundary over a parabolic fixed point consists of more than two points. It is a key
fact to show that the limit set of the extended Schottky group is not quasiconformally
equivalent to that of a Schottky group ([15]). However, by using an argument of
Benedicks ([4]) (see also Segawa [12]) on the Martin compactification, we may
show the following.

Lemma 7.1. In the Martin compactification of Xgs, there is exactly one
minimal point over the parabolic fixed point of B.

Remark 7.1. In the Martin compactification of a Riemann surface, the set
corresponding to a topological boundary component of the Riemann surface is
connected and the minimal points in the set are regarded as extreme points of a
convex set. Thus, if the set over a boundary component on the Martin compactifi-
cation contains only one minimal point, then it consists of only one point, that is,
the minimal point.

Proof. To prove the lemma, we use a result by Benedicks.
Let E be a proper closed subset of RU{oo}. We denote by Q(z, r) (t € R, r > 0)
the square

{reivim—n<w<’}
xX+iy||x— R .
Y 2=

For a fixed a with 0 < o < 1 and every x € R \ {0}, we consider the solution of
the Dirichlet problem on Q(x, a|x|) \ E with boundary values one on 6Q(x, a|x|)
and zero on E N Q(x, ax|). We denote the solution by B£. Then, Benedicks [4]
showed the following.
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Proposition 7.2 ([4] Theorem 4). On the Martin compactification of C \ E,
there exist more than two points over oo if and only if

BL(x)

w1 Xl

(7.2) dx < o0.

Let a € T be the parabolic fixed point B;. We take a M&bius transformation y
so that y(T) = R U {oo} and y(a) = oco. For By = yB1y~!, we see that oo is
a parabolic fixed point with a unique attracting petal of By, and J 51 = v(dp) is
contained in R U { oo}.

Since z = oo is a parabolic fixed point of B, with only one attracting petal, there
are only one attracting direction and repelling direction (cf. [6] II. 5). Because
of the symmetricity of B, those directions are on the real line. The attracting
direction is contained in the Fatou set of B;. Hence, there exists a sufficiently large
M > 0 such that either Jz, N {Re z < —M} or Jz, N {Re z > M} is empty. We may
assume that Jz N {Rez < —M} =0.

Hence, Jz N O(x, alx|) = 0 if x < 0 and |x| is sufficiently large. Therefore,
,Bfgl (x) = 1 for such x. Thus, we have

I
Jir (x)dx:
w1 1l

and conclude that there exists exactly one point over co from Proposition 7.2. [

Lemma 7.1 implies that we cannot use the argument used for extended Schottky
groups. We exhibit the following conjecture at the end of this article.

Conjecture. Xj,, is not quasiconformally equivalent to Xe.
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