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Abstract

We consider a bounded balanced strictly convex domain @ ¢ C? with C? boundary.
Then there exists a peak set E with Hausdorff dimension equal to 1 on each slice. In
particular E has maximal possible Hausdorff dimension equal to 2d — 1.
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1 Introduction

Let 2 be a bounded, convex and balanced domain with C2 boundary. Each n € 92
sets out the slice nID where D = {A € C : |A| < 1} is the unit disc.

1.1 Historical Background

If we have a compact set K C 9Q and f € A(Q) such that | f| < 1 on Q\K and
f = 1 on K we say that K is a peak set for' A(Q) and f is a peak function for K. It
is possible to generalize this concept to a peak interpolation set:

If for a given continuous function g on K there exists f € A(S2) such that f = g
on K and || flloo < llgllo then we say that K is a peak interpolation set.

Crucial sources of information about peak sets can be found in the following works:
[4,9, 11, 13].
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Peak sets on the unit disc D are extensively studied. The most important result in
this area is the Fatou-Rudin-Carleson theorem (see [1, 2, 8, 15] and [17, p 205]) which
states that the classes of peak and peak interpolations sets for A(ID) coincide and are
precisely the subsets of Lebesgue measure zero in 9D.

However, as one can expect the situation in C4 is not so obvious. There exist non
trivial examples of strange behavior of peak sets in several complex variables.

The regular case? Rudin described in [14].

Topologically, peak sets are small in strictly pseudoconvex domains. The real topo-
logical dimension of a peak set is not bigger than d — 1 (see [16]). In particular, a
peak set must have an empty interior. But from the measure-theoretic point of view
peak sets no longer have to be so small. Tumanov [18] constructed a peak set of Haus-
dorff dimension 2.5 in the unit sphere B3 C C3. Stensones Henriksen proved [5] that
every strictly pseudoconvex domain with C* boundary in C¢ has a peak set with a
Hausdorff dimension 2d — 1. Moreover, If Q2 is a circular, bounded, strictly convex
domain with C? boundary it is possible to construct a peak set K C 92 which inter-
sects all the circles in 02 with the center at zero (see [8]). These examples indicate
that the question of complete characterization of all peak sets for A(€2) for a strictly
pseudoconvex domain is far from trivial.

It is known nowadays that every peak set K is also a peak interpolation set, which
implies that any compact 7 C K is also a peak set (see [13, p. 206]). Moreover,
any subset of euclidean space of Hausdorff dimension m contains a compact subset of
Hausdorff dimension 8 foreach0 < 8 < m. (see [3, Theorem 2.10.47]). Therefore the
peak sets mentioned in [5, 8, 18] contain peak sets for any lower Hausdorff dimension.
However, if we choose a compact set K C 92 then it is usually impossible to construct
a peak set as in [5, 8, 18] inside K.

1.2 Main Result

In this paper we give an example (see Theorem 3.1) of peak set E C 9€2 such that
nalD N E has Hausdorff dimension equal to 1 for all n € 9€2. In fact our peak set has
maximal possible Hausdorff dimension on 9€2 (see Remark 3.2).

Our inspiration is a Henriksen’s result [5]. Henriksen’s method is based on the
9 problem and requires C* boundary of a considered domain. Our methods do not
require the use of a theory related to the @ problem. We consider domains with only
C? boundary. Note that our peak set crosses precisely all circles with the center at zero
and has maximal possible Hausdorff dimension on each slice. Even in the case of the
unit ball our result is new. Some generalizations are possible (see Remark 3.3).

1.3 Applications

Assume that K C 92 is a peak set for A(£2), then a set K has the following properties
(see [13, 19]):
(1) there exists f € A(S2) such that K = f_l(O) (K is a zero set).

2 The paper [14] is in fact generalization Fatou-Rudin-Carleson theorem to a higher dimension for C 1 peak
sets.
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(2) if T C K is compact then T is a peak set.

3) AQ)g = C(K).

(4) if g is a nonzero, continuous function on K then there exists f € A(€2) such that
f=gonKand|f(z)] < |gllg forz e §\K (K is a peak interpolation set).

(5) || (K) =0forall u € A-(39).

(6) if G € A(R) is a peak function for K, then F = exp(i log(1 — G)) is a bounded
holomorphic function on 2 with no limit along any curve in €2 that ends at a point
of K.

1.4 Organization of the Paper

We start our paper by describing some property of compact set E C [0, 1] that guar-
antees Hausdorff dimension equal to 1 (see Lemma 2.2). In fact it is enough to divide
recursively into n; equal intervals and choose inside smaller intervals with length con-
trolled by 6; parameter. Then we will show that combination of special homogeneous
polynomials retain this property (see Lemma 2.5). Next we amplify the big (1 Q; > a)
real part values of constructed polynomials Q; and we suppress values that are too
small (RQ; < 7) (see Theorem 3.1).

1.5 Notations
We use the following notation:

For @ > 0 and § > 0 and countable family 4f of open sets U € il with diameter
d(U) we define

R (80) := Z dU)*

Ueld

Now we have Hausdorff measure:
HY(E)y=infdn*Wh:Ec | J U¢.
4 Ueld,d(U)<$8

where the infimum is taken over all countable covers 4 of E by open sets. We can
define Hausdorff dimension

dimpy (E) :=sup{e > 0: H*(E) > 0} = inf{e > 0: H*(E) =0},

where H*(E) = lims_,o Hg' (E).
Foragivenz € 02 and 0 < a < b < 2x let us denote

Za,b] = 2€Xp (2mi[a, b])
Z[a] = z2€Xp (2mia)
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2 Preliminary Estimates
2.1 Hausdorff Dimension

We use the following Tumanov’s Lemma to calculate Hausdorff dimension:

Lemma 2.1 [18, Lemma 3] Let 1 > o > Oand ¢ > 0. Let {r]} o be a sequence of
positive numbers decreasing to zero. For a given j € N let w; be a subset of [0, 1].
Let us define a sum of intervals E; = Uxewj [x, x +7;].

Suppose that:

) o
(1) In each interval [x,x +rj_1] of Ej_1 there are at least (r]r—’l intervals of E ;.

(2) Distance between intervals [x,x +rjl and [y, y +r;j] is at least
o
r
Pj 2=er_1( / )
rj_l

]EN

forx £y € w;.
Then HY(E) > 0 where E = )
In fact our crucial property of E gives us a so large set that it is impossible to use

directly Tumanov’s Lemma. Fortunately, we can choose a subset of E for which we
can easily use this method.

Lemma 2.2 Let {n j} be a sequence of natural numbers and {Gj} be a sequence of
positive numbers such that n; > 4, 0; > 1 for j > 2 and lim;_, % = 0 for
J

a € (0,1). Let Ey = [0,1], r1 = land r; = (;j—;; Suppose that a decreasing
sequence of compact sets {E j} has the following property:

Iflz,z+rj 1] CEj_yandk € {0, ...,n; — 1} then there exists x; . such that
krj_ k+1rj_
[Xz,ksxz,k+rj]C|:Z+ ! l,z—i—( 7 1}0Ej.
nj nj

Then dimgy (E) = 1 where E = ﬂJeN

Proof Leta € (0, 1) and @1 = {0}. Let ®; be a maximal possible subset of

njfl
U Ut
z€@j_1 k=0

such that distance between intervals [x, x +r;] and [y, y + r;] is at least

] ri \*
Pis=gli=1\,
i
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for x # y € @;. Let us observe that if z; # zp € @;_; then distance between
[z1,z1 + rj—1] and [z2,22 + 7j_1] is at least pj_1 > p;, so without lost of the
generality we can assume that x, o € @; forall z € @;_;.

For a given @;_1 letus denote E;_; = UZE(Z)j—l [z,z+rj-1]

Letz € @; 1 and

N; =#{xz,k E(Z)j}.

Let[a,b] C[z,z+rj—1] C Ej_l withb —a > 2p; +4rfl;l . Since length of

[a+pj+rj.b—pj—2r)]

is larger than r;—’l there exists ko € {0, ..., n; — 1} such that
J

kori_ ko+ Dri—
[z+ OJ-I’Z+(0 7j—1

py p }C(a+01+r1’b—01—2r1)7

so there exists x; x, with [x k. X240 + 7] C (a + pj +7j. b — pj — 2rj). But @ is
maximal possible subset of

n_/—l
U Uted
zed)j,l k=0
so there exists x, x, € @; with |xz,k0 — X7,k | < pj +r;, which implies that

[xz,kl,xz,kl + r,-] C (a,b),

so (a, b) contains at least one element of @;.
Since x;,0 € @; we have:

1
- rj—1 (1 - E) %rj—l 3
, > =
J = . ri—1 _ i a 4ri_ o -1
2T T () S 20m) 16 ()
3(0:n; o ri-1\*
= ( fy j) a1 = (anj)a - (]V_l)
2+ 160 (nj) J
it 160 (nj)a—l < 1. Since 0 < lim; o0 6% (nj)a—l <lim;_ n?—ia = 0 we can

J
use Lemma 2.1 and conclude that H*(E) > H*(E) > 0, which finishes the proof. O
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2.2 Homogeneous Polynomials
We need polynomials from [7] but with Lipschitz constants:

Lemma 2.3 There exists K € N such that for each N € N sufficiently large and
N <mp <my <--- <mg < 2N, we can choose a sequence p, of homogeneous
polynomials of degree m which satisfy

(1) |pm;(2)| <2forallz € 9L,
(2) maxe(i,...k} | Pmi ()| = 3 forall z € 3,
) |pm]' (2) = Pm,-(w)| <3mj |z —w| forz,w € 9Q

Proof Let 0 < ¢1 < ¢y be from [7, Lemma 2.1]. For a = 41'1 we can choose C
from [7 Lemma 2.5]. Let K = K(«, B) be from [7, Lemma 2.3] for « = 4f

B = . For N € N fix a maximal 1/(4+/c>N)-separated subset A C 9<2. Using

[7, Lemma 2.3] we can divide A into at most K disjoint C/+/c] N-separated subsets
Ao, At, ..., Agx—1. We define the same way as in [7, Theorem 2.6]:

Py @i= Y (e ve)™

SEAJ‘

and

forj=0,1,..., K — 1.
Using the same arguments as in [7, Theorem 2.6] we conclude properties (1)—(2).
Since mj — 1 > N we can use [7, Lemma 2.5 (4)] and observe that

EEA/'

for z € 0Q2. Now we can estimate:

[Py (@) = oy )] = D (2o ve)™ = (w, ve ™|
E€A;
mj—1
< 2 lle—wove) Z e ve)|* w, ve)|™ ™
E€A;
mj—1
<z —wl| Z Z ( Z V&‘ mj— 1‘|‘|(w,\1§)|m'j_l)
k=0 &€A;
mj,] 1
<llz—wll Y — <3mjlz—w]
k=0

forz, w € 9Q2. O
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Since we use combinations homogeneous polynomials and Lipschitz functions we
will need the following tool for efficient small interval integration.

Lemma 2.4 Let f be a Lipschitz function on [0, 1] then

1

/; exp 2rwint) f(t)dt = O (iz)
0 n

Proof If | f (t;) — f(t2)| < C|t; — 12| then we can estimate

1
‘/ exp Qrint) f(t)dt
0

1
= ‘ f "exp 2int) (f(1) — f (0))dt
0

O
Our crucial one-dimensional property of E (Lemma 2.2) is preserved by polynomials:

Lemma 2.5 There exists a constant o € (0, 1) such that for a given Lipschitz positive
function h on 0X2 there exists a constant 0 > 1 such that for all sufficiently large
m € N we can choose polynomial Py, with:

(1) |Py| < honoQ,
(2) [Pn(rm)| < |Ihll ™ forn € 92, r € (0, 1),
() foralln € 9K2 there exists x € [0, 1 ] such that:

m

RPy, > ah

on .
n[x,x+#]

Proof There exists N = N(£2) € N such that for a given continuous positive function
h on €2 we can choose holomorphic functions fi, ..., fy on C4 such that (see [7)):

fil <h<2 max |f|

.....

on 0Q2. There exists C > 0 such that

Ifin) — fi(®)] = Clln - &|

for n, & € Q. Let K € N be as in Lemma 2.3. For a givenm,n € Nlet m; ; =
m(n + K@ — 1) + j — 1). Now for sufficiently large no and all positive m we have:
mn <mp <--- <mpy g < 2mn and there exist homogeneous polynomials Pmi
of degree m; ; such that:

(1) |pm; ;| <20n0Q,
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(2) maxjeqi....k) | Pm; ;| = 5 on 9L,
3) |y, () — pm,,,(s)| <3m; jlln — &l < 6mng | — &l for z, w € IQ.

We show that it is enough to define g = 1 — m, o= %(1 — B2,

. 247 ||k no
 amingejo h(€)

and

for m large enough.
We have on 02:

and

|Pu(rm)| < —Znhnzzrm < llhllr™

forn € 92 and r € (0, 1). Moreover for , £ € Q2 and m sufficiently large:

) = P (§)|_2KNZ|f’(n)||pmzj(77) Py, 6)] +
ZKNZIPm,,@)Ilﬁ(n) £®)

Zh(z)6mno ln — €Il + —ch In — &l

_2 N 2KN

< 6|lhllmno|n— & .

Let us observe that /1 +x <1+ %x — %xz holds for x € (—1, 1).
Now we can use Lemma 2.4 and estimate for m large enough, n € 9<2:

1 1 JR— —\ 2
" m Pu+Pn 1 [ Pu+ P
h—NP, dt < hlil-———=— dt
/0 v 2 (1¢) _/O f( 7 16( > ))(nm)

)

3

1 2 2 1
Vh (] T 2642K2N2 } ;|fi| | Py | ) (nde + O (W)
ij
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n 1 1 1
< W (1= semerg DR+ 0 (= dt
—/0 ‘F( 26h2K2N2ij|f| il <m>) (1)
1

m 1 1
=< /(; \/ﬁ(l - W + 0 <;>> (U[t])dt

1 1
n 1 "
s/o J/Z(l - W) (ndt =/0 AV,

In particular there exists x € [0, %] such that (h — R Py) (x)) < B2h(nx)) so we
have:

20h(np) = (1 = BHh(p) < (RPw) ()

Without lost of the generality we can assume that m is so large that for t €
[x,x+ #] we have

3
Zh(m”) < h(Mx))-

Since

\ 127 ||l o
|OXPo) (1) = O Pw) G| = 6 Al mno27 (t = %) = ————

_amingeyo h(§)
=0

we can estimate:
%ah(nm) < 2ah(n[x)) < NPm) (e < OVPm) (px)) + OPm) (1) — (WP (1))
< OB ) + 30k,
which implies
ah(np)) < NPy (i)

and finishes the proof. O

3 Peak Set

Theorem 3.1 There exists a peak set E C 02 such that noD N E has Hausdorff
dimension equal to 1 for all n € 9K2.

Proof Let a € (0, 1) be from Lemma 2.5.
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Before constructing the desired peak set and the function F exhibiting the defi-
nition of the peak set we present an inductive construction of several sequences (of
Qj, E;jmj,0;,r;) satisfying the following properties:

1) O1=1E =02,m =1,0p =1,r =1, Q; is a polynomial, E;j—compact

subset of 082, m, 0}, ri—natural numbers.

J
9,‘ —7 ri—1

! J oy = L—
(2) j/ntj <2 ’r-/_ejmj’

B3 Ej={neEj-1: R0, > a},
@) |Qj| <land|Q;| <27/ on’®

D= (ﬁ\K(EH, 2—/)) vl {ka < %} nal,
k<j
®) If 77[ ,.i_l] C Ej_1 then there exists x € [0, ;’T’;] such that

0.
’mj

Movtr] © Ej O ”[O 7}

J

Let us observe that Q1, E1, m1, 01, rq are just defined by property (1), so suppose that
Qj-1,E;j_1mj_1,0;_1,rj—1 have properties (1)—(5).

Since Dj_1 N E;j_1 = ¥ therefore 2¢ = il’lf(g,,])eEj_IXDj_l lE —n|l > 0. For a
given n € 92N D;_ there exists an open neighbourhood V;; of  with the following
properties:

o ViNK(E;_1,8) =0
e If f is holomorphic on Vn then:

sup |f(E) = sup [f(E)].

£€V,NQ 0NV,

To guarantee the last inequality, it suffices to choose the neighborhood U;; of 1 in 9$2
so that Uy N K (E;_1, &) = {. Now it is enough to define V,, = Uw:BwCU,] w where @
is any one-dimensional complex disc disjoint with K (E;_1, €).

Let V = UUGDJ‘—I Vy. Since Dj_1 is compact there exists s € (0, 1) such that
Dj_1 C sQ U V. We can choose a positive Lipschitz function / on 92 such that

e i <1ondQ,
e h=1lonkj_q,
e h <27 onVNaQ.

Now for a given & we can use Lemma 2.5 and choose 8 > 1 such that for all sufficiently
large m € N we can choose polynomial P,, with:

3 If S is a set then K (S, r) = {n e C sinfeeg llE —nll < r}
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o |P,| <honaf,
e |P,(rn)| <r"forned, re (1),
o forall n € 92 there exists x € [0, --] such that:

1
m

NPy > ah (3.1

on .
n[x,x—i—ﬁ]

We can define §; = 2[6]. Since ﬁ € N we can also assume that m = rzm—’l form; €
J= - P

b

27/. Now we can define r; = g/t Qj = Ppand Ej = {n € Ej_1 : Q;(n) = a}.

Ifn € Dj_y thenn € sQorn € V. In both cases |Q;(n)| < 27/ so we have

properties (1)—(4). Suppose that n[ ] = n[o 2 } C E;_1. Now for a given 7 there

N sufficiently large. In particular m ; can be so large that | P, | < 27/ onsQand

0,221
mj

> 2mj

exists x € [0, 1] = [O r-"'] with (3.1). But n[x x+i] C 77[0 ;} CEj_1soh=1
’ Om m
on r][ i ] and

XX T gm

ro
j—1
X, X+ 5

9]mj

n[x,x—i-rj] = Tl[ :| = n[x’erﬁ} C n[x,x«k#] C Ej.
We just proved that our sequences fulfills properties (1)-(5).

Letus choose sequences QEj, mj, 0;,r;. Theset E = [); E; is acompact subset
of 9Q2. Let us consider Q = Zj Q;.If jo € N then we can observe |Qj| <27/ on
Q\K(Ej,—1,27%) for j > jo. In particular Q is holomorphic function on € and
continuous on Q\E.

For a given n € Q\(D; U E) let index j; > 2 be such that n € D;,\Dj, 1. We
have |Qj(n)| <27 for j > jy +1and RQ;(n) > % for j < j, — 1, so we can
estimate:

RO = Y MO +MQ;,m— I 1Q = jy5 —1— Y 27
k<in=1 k= jy+1 k> jy+1
n
> — —

2

If Q\(D{ UE) 3 n, — £ € E then Jn, — ©oo. In particular

1
lim  MQE) > lim —j, —2=00
Q\Ean,—E€E n—00 2
and RQ(n) > —1 for n € Q\(D1 U E). '
Ifn € Dythen|Q;(n)| <27/ forj > 2,sowehave RO () > —1 -3 ,.,27/ >
—2. In particular

RO > —2
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on Q\ E, which implies that E is a peak set for the function F = exp (Q_—J:2)

Now we calculate Hausdorff dimension of E on each slice. Let o € (0, 1) we can
observe for % <a:

0; _ b
OSWS_l—)O
J

For a given § € Q2 we have §jo,1) C Ej. Moreover if §[z -4»; ;1C Ej—; for some

z€[0,1]1andk € {0,...,m; — 1} then we can set n = &,4, € E;_j fors = k;’l—;'
In particular

Tl[o ,-H] = é[m_krj,l +(k+l)rj,1:| - 5[z,z+r_,~_1] - Ejflv

mj ’ m;j

so there exists x € [O, ;’T’l] such that
J
Maxtr;] € EjO 77|:0 rj—l]'
> m;
J
Now we have:
& kri_y kri_q = Mx,x+r; CE;jny riq =E;n§ kri_q (k+Dr;_q
|:z+,{17j+x,z+ ”]7j +x+rj] [xxtrj] [Oin—,:| |:z+,,j,7j.,z ’"j] ]

so we can use Lemma 2.2 and conclude that &p,1; N E has Hausdorff dimension
equal 1. O

Remark 3.2 Peak set E with Hausdorff dimension equals to 1 on each slice has maximal
possible Hausdorff dimension equal to 2d — 1.

Proof 1t follows from Fubini theorem for Hausdorff measure see ([18, Proposition 2]
and [20]). m]

Remark 3.3 Lete,r € (0,1) and S, = {n € 3R : n1 > ¢}, Ajo,r,] = exp 2mi[0, r]).
Then there exists E C S¢ A, peak set such that nA, N E has Hausdorff dimension
equal to 1 for € S;.

Proof Let r; be as in the proof of Theorem 3.1. It is enough to observe that S¢ A[o,,]
contains a peak set with Hausdorff dimension equal to 1 on each slice crossing S;. O
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