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Abstract

The Fueter-Sce-Qian mapping theorem gives a constructive way to extend holomor-
phic functions of one complex variable to slice hyperholomorphic functions. By means
of the Cauchy formula for slice hyperholomorphic functions it is possible to have a
Fueter-Sce-Qian mapping theorem in integral form for n odd. On this theorem it is
based the F-functional calculus for n-tuples of commuting operators. It is a func-
tional calculus based on the commutative version of the S spectrum. Furthermore,
it is a monogenic functional calculus in the spirit of McIntosh and collaborators. In
this paper, inspired by the quaternionic case and some particular Clifford algebras
cases, we show a general resolvent equation for the F-functional calculus in the Clif-
ford algebra setting. Moreover, we prove that the F-resolvent equation is the suitable
equation to study the Riesz projectors.
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1 Introduction

One of the deepest and important result in hypercomplex analysis is the Fueter-Sce-
Qian mapping theorem. This gives a two step procedure to construct a monogenic
function, i.e., null solutions of the generalized Cauchy Riemann operator in Rt
starting from a holomorphic function of one complex variable. In the first step the class
of holomorphic functions is extended to the one of slice hyperholomorphic functions.
In the second step the class of monogenic functions is generated by applying the so-

called Fueter-Sce-Qian map, namely AT (where A is the Laplace operator), to the
class of slice hyperholomorphic functions. For more details see [27].

Nowadays both slice hyperholomorphic and monogenic functions are widely stud-
ied. See, for example, the books, [25, 26, 33, 34], and the references therein, for
further information about slice hyperholomorphic functions. Recently, this theory of
functions has generated the following research directions: quaternionic integral trans-
forms see [30, 31], quaternionic perturbation theory and invariant subspaces [8], the
characteristic operator functions and applications to linear system theory [5], Schur
analysis [4], fractional powers of quaternionic linear operators [14]. Based on these
there are new classes of fractional diffusion problems [9, 10, 20].

For further information about the theory of monogenic functions see, for instance,
[7, 24, 28, 35] and references therein. Some applications of this function theory are
related to the functional calculus, see [36], peculiar integral transforms [29], singular
integrals [38].

A Cauchy formula holds for slice hyperholomorphic functions and it is the heart
of the S-functional calculus. In order to give further information about this we need
some preliminary material.

Let R, be the real Clifford algebra over n imaginary units ey, .. ., e, satisfying the
relations ege,, + ener =0, € # m, e% = —1. An element in the Clifford algebra will
be denoted by ZAeAxA where A ={¢;...¢,} e P{1,2,...,n},¢1 <...< !, isa
multi-index and e4 = eg ey, ... ep,, ey = 1. A point (xg, x1, ..., X,) € R"H will be
identified with the element x = xo + x = xo + 27=1 xjej € R, called paravector
and the real part xo of x will also be denoted by Re(x). The vector part of x is defined
by x = x1e1 + - - 4+ x,e,. The conjugate of x is denoted by X = xo — x and the
Euclidean modulus of x is given by |x|? = xg + -+ x,zl.

In this paper we work in a Clifford algebra setting, and in the sequel we denote by
B(V,) the Banach space of all bounded right linear operators acting on a two sided
Clifford Banach module V,, = V ® R,,, where V is a real Banach space.

Let T : V,, — V, be a bounded right linear operator. The formulation of a quater-
nionic quantum mechanic given by G.Birkhoff and J.Von Neumann in the paper [6]
suggests the existence of an appropriate quaternionic spectrum. The notion of S-
spectrum was discovered in 2006 by F.Colombo and I.Sabadini, see [15, 26].

The S-spectrum is defined in an unconventional way because the square of the
linear operator 7 is involved, it is given by:

og(T) :={s e R""! . T2 —2Re(s)T + |s|*Z is not invertible},
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and the resolvent set is defined as its complementary set, namely:
ps(T) =R\ o5(T).
The left and the right S-resolvent operators are defined as
SN, T) = —(T% = 2Re()T + Is* D) (T —51), s € ps(T),
and

—(T —5I)(T* = 2Re()T + |s*D)~", s € ps(T),

Spl(s, ) :
respectively. The left S-resolvent operator satisfies the equation
SN, T)s =TS (s, T) =T, s € ps(T), (1.1)
and the right S-resolvent operator satisfies
sSRM(s, T) — S (s, DT =7, s € ps(T). (1.2)

By combining in a suitable way formulas (1.1) and (1.2) it is possible to get the
so-called S-resolvent equation, see [1]:

S, TS N, T) = [[Sg' 5, T) — SN (p, T)1p =518z (s, T) — S, ' (p, T]]
(p* —2s0p + s>, (1.3)

for s, p € ps(T). The peculiarity of this equation is that both the left and the right
resolvent operators are involved. Moreover it preserves the right slice hyperholomor-
phicity in s and the left slice hyperholomorphicity in p.

Remark 1.1 In the S-resolvent equation the product SL_1 (p, T)SE1 (s, T) cannot be
used, because it destroys the slice hyperholomorphicity.

We observe that in this setting the spectral mapping theorem plays a very important
role, see the quaternionic case [2], the particular cases [3] and the extension to fully
Clifford algebras, see [17]. For recent contributions on the S-functional calculus, see
for example [16, 18].

In [22] a commutative version of the S-functional calculus is studied. To introduce
this we need some preliminary notations.

In the sequel, we will consider bounded paravector operators 7', with commuting
components Ty € B(V) for £ = 0,1, ...,n, n odd. By BC(V,) we will denote the
subset of B(V,,) consisting of Clifford operators with commuting components, i.e.,
operators of the type Y, eaT4 where A = {¢; ... ¢} € P{1,2,...,n}, £; <--- <
£, is a multi-index, Ty = Ty, and the operators 74 commute among themselves.
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Let us consider the paravector operator T = To + e; T + - - - + e, T,, in BC(V,,),
the F-spectrum of 7 is defined as

or(T)={s e R" . s> —s(T + T)+ TT is not invertible in B(V,)},
where we have set T := Ty — e1T1 — ... — e, T}, and the F-resolvent set
pF(T) =R\ ox(T).

In [23] it is showed that the F-spectrum is the commutative version of the S-spectrum,
i.e., we have

or(T) =os(T), for T € BC(V,).

The definition of F-spectrum comes from the shape of the commutative S-resolvent
operators. Let us consider an operator 7' € BC(V,,), the commutative version of the
left S-resolvent operator is defined as

S, T) =G —T)*T —s(T+T)+TT)"", s€pr(T), (1.4)
and the commutative version of the right S-resolvent operator is
Sgl(s,T) =G>T —s(T+T)+TT)"' T ~T), sepr). (1.5)

For the sake of simplicity we have still denoted the commutative version of the S-
resolvent operators with the same symbols as for the noncommutative ones. The
operator

Q(T) = (*T —s(T+T)+TT)"", s € pr(T),

is called the commutative pseudo S-resolvent operator (for short, it is called pseudo
resolvent operator).

In the sequel, when we mention the S-resolvent operators we intend their commu-
tative versions. -

By applying the Fueter-Sce map, namely A 2 with n odd, to the slice hyper-
holomorphic Cauchy formulas it is possible to get a Fueter-Sce mapping theorem in
integral form, see [23]. This result is crucial to define the F-functional calculus, which
is a monogenic functional calculus in the spirit of A.Mclntosh and collaborators, see
[36]. For more information about the F-functional see Sect. 2 of this paper and the
papers [11, 13, 21], here we are only interested to recall the definitions of F-resolvent
operators. Let us consider 7 € BC(X) and s € p(T), for n being an odd number we
define the left F-resolvent operator as

FEGs,T) = yu(6T = T)(*T —s(T +T) + TT)""T, (1.6)
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and the right F-resolvent operator as
FR(s, 1) = yn(szz—s(T+T)+TT)—%(sZ—T), (1.7

where the constant y, is defined by

2
o= (=)' T 2! [(”;])v] ) (1.8)

In [13] a resolvent equation for the F-functional calculus in the quaternionic case
(which coincides with the case n = 3) was obtained, and it is given by

FRs. DS (. 1) + S5 5. HFL(p. T)

- i(s]—'f(x, TYFE(p, Tp — sFRGs, DHTFE(p, T) — FRG, TYTFE(p, THp
(1.9)
+ FR, T2 FE(p, T))

=[(Fe. D= Fe.D)p—5 (FFe. 1) - FEe. 1) [0 = 2500 + 157

for T € BC(V3) and for any p, s € pr(T), with s ¢ [p].

The F-functional calculus depends crucially on the powers of the A “* . This means
that when we increase the dimension of the algebra we have to increase the power of
the Laplacian and this generates more involved computations.

The F-resolvent equation when n = 5 is written in terms of the S-resolvent operators
and of the commutative pseudo S-resolvent operators, it is given by

FR. DS, . 1) + S 5. DVFE(p. T) + y5 Qs (1) S 5. TS, (p. T)Qp(T)
+ys[QH(T)Qp(T) + Qs(T)Q2(T)]
={FR. 1) = FE(p. 1)p —51FR . T) = FEp. TN (P2 = 250p + 1s) 71, (1.10)

for p,s € px(T) and where ys is given by (1.8) for n = 5. In [11] is showed that this
equation can be still written in terms of F-resolvent operators.
For the case n = 7 we have the following resolvent equation

FRs. TS (p. T) + S 5. TVFE(p. T) + 17 [ Qe (1) SR (5. T) S (p. TYQ2(T)
+QAT)Sp (5. T)S.  (p. T)Qp(T) + Qs(T)QH(T) + QT Qp(T) + Q2(T)Q2(T)]
={[FRGs, 1) = FEp. D)]p = 5[FR(s. T) = FE(p. D]} (P = 250p + 15171, (1.11)

Nevertheless, in this case it is too much complicated to write the equation (1.11) in
terms of the F-resolvent operators.

This last case shows that the general case of n-tuples of operators can be treated only
in terms of S-resolvent operators and commutative pseudo S-resolvent operators. In
this paper we show, with all the details, the proof of the following formula
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FRGs, TYS " (p, T) + S5 (s, T)FL(p, T)

h—2 h—1
+ 7 [Z QNS 5, S (p, QT (T + ) Qf"‘(T)Q;“(T)]
i=0 i=0
={[FR¢s. T) = FE(p, T)]p = 5[FF s, T) — FE(p, D]} (p* = 250p + Is1D) 71,
(1.12)

where h = 51 nisodd, T € BC(V,) and p, s € pz(T).

In the introduction of the paper [11] a comparison between all the properties of the
resolvent equations of the holomorphic functional calculus, the S-functional calculus
and the F-functional calculus, is done.

Moreover, we prove that this equation is fundamental to study the Riesz projectors
that are defined by

1
27 yn

B

1
/ FE(p. Dydpp"~' = / s" s FR Ty, (1.13)
3(G1NC) 2 yn JaGoney)

where y, is given in (1.8) and the sets G| and G2 contain part of the F-spectrum.

Outline of the paper: Besides of this introduction the paper consist of 4 sections.
In Section 2 we recall basic results of the theories of slice hyperholomorphic and
monogenic functions. Moreover, we recall also the notions of S-functional functional
calculus and F-functional calculus. In Section 3 we provide an expression of the F-
resolvent equation for any n odd. Finally in Section 4 we study the Riesz projectors
for the F-functional calculus by using the F-resolvent equation.

2 Preliminary Material

Keeping in mind the notations about the real Clifford algebra R,,, given in the Intro-
duction, we recall the main notions for the slice hyperholomorphic and monogenic
functions. These two classes of functions are the ones that appear in the Fueter-Sce-
Qian construction and they extend holomorphic functions to quaternionic or Clifford
algebra valued-functions.

2.1 Function Theories
We start by recalling the concept of slice hyperholomorphic function. To introduce this

notion we need to fix some notations. We denote by S the sphere of purely imaginary
vectors with modulus 1, which is defined by

S={£=31x1+-~-+€nxn|x12+--~~|—x3=1}_

We observe that if / € S, then 1> = —1. This means that / behaves like an imaginary
unit, and we denote by
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Cr={u+1Iv|u,velR}

anisomorphic copy of the complex numbers. Given a non-real paravector x = xo+x =
xo + Ji|x|, we set Jy := x/|x| € S, and we associate to x the sphere defined by

[x]={xo+ JIx| | J €S}.

Definition 2.1 Let U C R"*!. Wesay that U is axially symmetric if, for every u+1Iv €
U, all the elements u + Jv for J € S are contained in U.

Definition 2.2 Let U C R"*! be an axially symmetric open set and let i/ € R x R
be such that x = u + Jv € U for all (u, v) € U. We say that a function f : U — R,
of the form

f@) = fow,v) + Jfi(u,v)

is left slice hyperholomorphic if fy, f1 are R,-valued differentiable functions such
that

fou,v) = fo(u, —v), fi(u,v)=—f1(u,—v) forall (u,v) eld

and if fy and f satisfy the Cauchy-Riemann system

8uf()_avfl =0, avf0+auf1 =0.

We recall that right slice hyperholomorphic functions are of the form

Fx) = folu,v) + filu,v)J
where fy, f1 satisfy the above conditions.

Remark 2.3 There are other different notions of slice hyperholomorphic functions.
However, the previous definition is the most appropriate for the operator theory see
[14, 15].

The set of left (resp. right) slice hyperholomorphic function on U is denoted with
the symbol SH 1 (U) (resp. SH g (U)). The subset of intrinsic functions consist of those
slice hyperholomorphic functions such that fy, f] are real-valued and is denoted by
NU).

Now, we recall the slice hyperholomorphic Cauchy formulas, that are crucial to
develop the hyperholomorphic spectral theory on the S-spectrum.

Definition 2.4 Let x ¢ [s]. We define and

S, (s, %) 1= —(x? = 2Re(s)x + s/ (x — 5) .1
= (s — X)(s> — 2Re(x)s + |x|) 71, (2.2)
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Spl(s, x) = —(x — §)(x* — 2Re(s)x + |s|H) ! (2.3)
= (s> = 2Re(®)s + x|~ (s — %). (2.4)
We say that (2.1) is the left Cauchy kernel in form I, while (2.2) is in the form II.
Analogously, we say that the right Cauchy kernel in form I, while (2.4) is in the form
1L
Lemma 2.5 Lets ¢ [x].

e The left slice hyperholomorphic Cauchy kernel SL_1 (s, x) is left slice hyperholo-
morphic in x and right slice hyperholomorphic in s.

o The right slice hyperholomorphic Cauchy kernel SEI (s, x) is left slice hyperholo-
morphic in s and right slice hyperholomorphic in x.

Theorem 2.6 (The Cauchy formulas for slice monogenic functions) Ler U C R™*!
be a bounded slice Cauchy domain, let J € S and set dsj = ds(—J). If f is a (left)

slice monogenic function on a set that contains U then

fx) = i/ S;l(s,x) dsy f(s), forany x € U. 2.5)
27 Jawncy)

If f is a right slice hyperholomorphic function on a set that contains U, then

fx) = i/ f(s)dsy S;l(s,x), forany x € U. (2.6)
2 Jawne,)

These integrals depend neither on U nor on the imaginary unit J € S.
Now, we recall the definition of monogenic functions

Definition 2.7 Let U be an open set in R"*!. A real differentiable function f : U —
R, is left monogenic if

3 29
Df () = 5= f () + i;eia—xif(x) =0.
It is right monogenic if
F@D =+ 3 fe =0
X = oo X 2 ox; x)e; =0.

Also for this class of functions it is possible to have a Cauchy formula, that is the
heart of the functional calculus developed by A. Mclntosh and collaborators see [36].
A bridge between the theory of slice hyperholomorphic and monogenic functions is
the Fueter-Sce theorem. This was proved by R. Fueter in 1934, see [32] for quaternions.
More than 20 years later M. Sce, see [39], extended this result to Clifford algebras in
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a very general way; see [27] for an English translation of Sce works in hypercomplex
analysis.

In the original paper of R. Fueter, [32], holomorphic functions are defined on open
sets of the complex upper half plane. However, this condition can be relaxed if one
consider functions of the following type

g =gou,v) +igi(u,v), z=u-+iv

defined in aset D € C, symmetric with respect to the real axis such that the functions
go and g satisfy the so-called even-odd conditions, namely

go(u, —v) = go(u,v) and gi(u, —v) = —g1(u, v).

Furthermore gp and g; satisfy the Cauchy-Riemann system. The same conditions are
required by Sce for higher dimensions.

Theorem 2.8 (Sce [39]) Consider the Euclidean space R"L 5 odd, whose elements
are identified with paravectors x = xo + x. Let f(z) = fo(u,v) + ifi(u,v) be a
holomorphic function defined in a domain (open and connected) D in the upper-half
complex plane and let

Qp={x=x0+x | (xo0, |x]) € D}

be the open set induced by D in R"*'. The map
- X
F@x) =Trs1(f) = fo (XO, lx) + mf] (x0, |£|)

takes the holomorphic functions f(z) and gives the Clifford-valued function f (x).
Then the function

F) = Trsa(folwo, e+ fixo, 12D

|x|

n—1

where Trgy = A,z] and A, 41 is the Laplacian in n + 1 dimensions, is a monogenic
function.

We observe that the operator TFs» is a differential operator when n is odd. On the
other side when n is even the operator Trs> is a fractional operator, and it is possible
to define Trgy by means of the Fourier multipliers, as Tao Qian did in in [37].

Moreover, we note that a different method to connect slice hyperholomorphic and
monogenic functions is the Radon and dual Radon transform, see [19].

In [23] the Fueter-Sce theorem is written in integral form. The main advantage of
this approach is that one can obtain a monogenic function by integrating suitable slice
hyperholomorphic functions. We recall what happens when we apply the Fueter-Sce

n—1

map Trsy» = Aer to the slice hyperholomorphic Cauchy kernels written in the second
form.
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Theorem 2.9 Let n be an odd number and let x, s € R"*!. Fors ¢ [x], we have

n+1

A”T“S;l(s, X) = yu(s — X)(s> — 2Re(x)s + [x|>) " 2,

and
AT S (s, %) = yu(s® — 2Re(x)s + [x) " (s — ),

where the constants vy, are defined in (1.8).
Remark 2.10 The previous result has been generalized for all the dimensions in [12].

Proposition 2.11 Let n be an odd number and let x, s € R"*! be such that x ¢ [s).
Let SZI (s, x) and SIEI (s, x) be the slice hyperholomorphic Cauchy kernels in form
II. Then:

e The function A%SZ] (s, x) is a left monogenic function in the variable x and
right slice hyperholomorphic in s.

e The function A%SEI (s, x) is a right monogenic function in the variable x and
left slice hyperholomorphic in s.

Definition 2.12 (The F-kernels) Let n be an odd number and let x, s € R*1. We
define, for s ¢ [x], the f,,L-kernel as

FL(s.x) = A"T 8715, 2) = yuls — $)(s2 — 2Re(x)s + |x[) T,
and the FX-kernel as
FR(s.x) = AT S5 (s, %) = yu(s? — 2Re(x)s + [x[2) T (s — ),

where the constant y;, are defined in (1.8).
Theorem 2.13 (The Fueter-Sce mapping theorem in integral form) Let U C R"*! be
a bounded slice Cauchy domain, let J € S and set dsj = ds(—J).
(a) If f is a (left) slice monogenic function on a set that contains U, then the left
monogenic function f x) = AT f (x) admits the integral representation

y 1
fx) = o / FE(s, x)dsy f(s). 2.7)
Y4 a(UNCy)

(b) If f is a right slice monogenic function on a set that contains U, then the right
v —1
monogenic function f(x) = AT f (x) admits the integral representation

9

1
fo) = / f(s)dsy FR(s, x). (2.8)
T a(UNCy)

The integrals depend neither on U and nor on the imaginary unit J € S.
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2.2 Functional Calculi on the S-Spectrum

In the sequel, we will consider bounded paravector operators 7 = e1 71 + - - - + ¢, T,
with commuting components 7; acting on a real vector space V, i.e. T, € B(V) for
£ =0,1,...,n. The set of bounded paravector operators is denoted by BCO*I(Vn)
where V,, = V ® R,,. The subset of B(V,,) given by the operators 7" with commuting
components Ty will be denoted by BC(V,,).

Let T € BC®'(V,). We denote by SM (o5(T)), SMg(os(T)) the set of all left
(or right) slice hyperholomorphic functions f with o5(7) C dom(f). We now recall
the following definition:

Definition 2.14 (The S-functional calculus for n-tuples of operators) Let V,, be a two
sided Banach module and T € B%!(V,). Let U ¢ R"*! be a bounded slice Cauchy
domain that contains os(7) and set ds; = —dsJ. We define

1
S(T) = 2—/ S M. Ty dsy f(s), for feSMp(os(T)), (2.9
T JawncCy)

and
1
() = —f f(s)dsy Sgl(s, T), for feSMpg(os(T)). (2.10)
IUNCy)

The definition of the S-functional calculus is well posed since the integrals in (2.9)
and (2.10) depend neither on U and nor on the imaginary unit J € S.

Remark 2.15 The S-functional calculus has been generalized for fully Clifford opera-
tors with non commuting components in [18].

The F-functional calculus is based on the Fueter-Sce theorem in integral form.
Since this result is obtained by means of the second form of the slice hyperholo-
morphic Cauchy kernels the F-functional calculus is limited to paravector operators
with commuting components. Moreover, it is based on the commutative version of the
S-spectrum, the so-called F-spectrum.

Definition 2.16 (The F-functional calculus for bounded operators) Let n be an odd
number,letT = e T1+- - -+e, T, € BC(V,), assume that the operators Ty, £ = 1, .., n
have real spectrum and set ds; = ds/J. For any function f € SMy(os(T)), we
define

£(T) = zi FE(s, Tydsy f(s). (2.11)
T JyWUunCy)

For any f € SMpg(os(T)), we define

1

f(T) = —/ f(s)dsy f,f(s, T), (2.12)
27 Jywne,)

where J € S and U is a slice Cauchy domain U.
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The definition of the F-functional calculus is well posed since the integrals in (2.11)
and (2.12) depend neither on U and nor on the imaginary unit J € S.

We can write the left F-resolvent operator in terms of the pseudo S-resolvent
operators as follows.
Definition 2.17 (F-resolvent operators) Let n be an odd number. Let us consider

T =Ty+ Tie; + -+ Tpe, € BC®'(V,). For s € pF(T), we define the left F-
resolvent operator as

FE6, 1) = (T -THQUT) ', (2.13)
and the right F-resolvent operator as

FR(s, T) =y Qy(1)'F T =T, (2.14)
where y;, are defined in (1.8).

For these operators hold the following relations, proved in [13, Thm. 5.1]

Theorem 2.18 (The left and right F-resolvent equations) Let n be an odd number
and let T € BY%Y(V,). Let s € pr(T). Then the F-resolvent operators satisfy the
equations

n—1
FEs, T)s = TFE(s, T) = Qs (1) T (2.15)
and
SFR(s. T) — FR(s. T)T = y, Qu(T)"T . 2.16)

where the constants y, are given by (1.8).

In [11] a series expansions of the F-resolvent operators is proved in terms of 7" and
T . To state this result we need to introduce the following notation

E)]z 2117] (_1)% <%>m+l—n—l <%)Z

Kem, n) := [F< 2 Om—n+1-0)

0<l<m—-—-n+1, m>n-—1

Theorem 2.19 Let s € R*!. For ||T|| < |s|, we have

400 m—n+1
Z Z Ko(m,n) Tm—H—n—( TE S—l—m
m=n—1 (=0

= YT —T)T — (T +T)s +TT)"F, 2.17)
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and
+o00 m—n+1
Z Z Kg(m, n)s—l—m Tm+l—n—£ Tl
m=n—1 {¢=0
= (2T — (T +T)s + TT)""F (T - T), (2.18)

where vy, are as in (1.8).

The following diagram sums up all the constructions exposed

SHU) AM(U)

!

. T .
Slice Cauchy Formula —"2, Fueter — Sce theorem in integral form

! !

S—Functional calculus JF — functional calculus

Remark 2.20 Observe that in the above diagram the arrow from the space of axially
monogenic function AM (U) is missing because the F-functional calculus is deduced
from the slice hyperholomorphic Cauchy formula.

3 The F-Resolvent Equation for n Odd

Inspired from the F-resolvent equations in the cases n = 3,5,7 studied in [11], we
get a general F-resolvent equation for any n odd. From the case n = 7, see (1.11), it
is clear that writing the F-resolvent equation only in terms of F-resolvent operators
is too much complicated. For generic n odd we write the JF-resolvent equation in
terms of S-resolvent operators and pseudo S-resolvent operators. We start by showing
a technical result.

Lemma 3.1 (The general structure of the F-resolvent equation with the pseudo S-
resolvent operators) Letn > 3 be an odd number, and leth = % be the Sce exponent.

Let us consider T € BC%'(V,)). Then for p,s € pz(T) the following equation holds
Fl s, IS, (p, T) + Sg' (s, DF(p, T)

h—2 h—1
+7n [Z QNS (s, S (p, YT (T + ) Q?"(T)QQ,“(T)]
i=0 i=0
={[F 6. T) = Fr (0, D] p = 5[Ff 5, T) = Fr(p, D]} (p* = 250p + Is1) 7
3.1
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Proof We left multiply the S-resolvent equation (1.3) by , Q"(T)

FR6DS (0, T = {1786, 1) = v QDS (0. Tl
SSIERGT) = QS (. D1

(p* = 2s0p + Is/H)7! (3.2)

and we right multiply it by y, Qil, (T), so we get

S . DFE(p.T) = {[yns,gl(s, T)Q(T) — FE(p. T)Ip — 5y Sg ' (5. THQL(T)

~FEp D 0 = 2s0p + 157 (3.3)

We now multiply S-resolvent equation on the left and on the right by Qﬁ“l_i (T) and
Q;,“ (T), respectively. Then, we sum on the index 0 < i < h — 2 and we obtain

h—2 h—2

Q) sp . Tys  (p QU (T = {[Z Q=) s 5. QN (1)
i=0 i=0
h—2
— ==y p, T>Q”;1(T)]p - E[Z Q1= (st (s, T) QN (T)
i=0

- ays o, T)Q’;,“m] }«pz —2s0p + s 7" (3.4)

Now we sum (3.2), (3.3) and (3.4) multiplied by y,,, and we get

FRGs, T)S (p, T) + S5 (s, TVFL(p, T)
h—2
+ vy QTS . TS, (0, QTN
=0
= {[ff(s, T) — v, QN(T)S;  (p, T)

h—2
+yuSg (5. YD) = Fi(p, T +ya ) QU (TS (5, TYQ (D)
i=0

— Q)5 (p. T)Q;“(T)]p

- E[f,f(s, T) — ya QTS (p. T) + v Sz (5. TYQA(T) — FE(p. T)

h—=2

oy Yy QTS (s, QYT

i=0
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— Q)5 (p. T)Qi,“(T)]}
(p* —2s0p +1IsH7". (3.5)

Putting in order the terms in the right hand side of the previous equation we get

FRs. S . T+ S5 5. THFE(p. 1)

+¥n %Q?*"*lmsgl(s, S (p. T)QLT(T)
i=0
={[FRs.T) - FE(p. D]p = 5[FRs. T) = FE(p. D]} p* = 250p + 157!
+w{[Sg' . Q) - Qs (p. 1) +;§Q.’J’1”'(T)S,§l(s, 7)QLH(T)
i=0
— Qs N p. QLT )] p - 5[Sp 5. QT — QA (1)s (p. T
+ hf QM1 () s 5. QL () — QM) s (p. Q)
i=0
(p* —2s0p +1sH7. (3.6)

Now, using the definition of left and right S-resolvent operators we get

h—2
Sg' (5. TIQY(T) = QDS (p. T+ Q' (DS . Q1)
i=0

h—2
=y oy s QT
i=0

h=2
= QuI)6T = Q1) = QUTIPT —THQp(T) + Y AT (1T = TH Q! (T)
i=0

h—2
= ) (pT - T QT
i=0

= Q)T ~ THQM(T) - QT (PT ~ TYQp(T) + QUT)(T — T)Q)(T)

h=2
+ 3 QT - TN (T)
i=1
h-3 . .
= QNI =TT = 3 A~ T M(GT ~TQ(T)
i=0
h—2 . ‘
= QM6 = MM + QM) = P + 3 AT (MGT - T (M)
i=1
h—3 ) o
- Y QT MGT -
i=0
h—2 ) -
= Qu(T)(s — P)QB(T) + QUT)(s — P)Qp(T) + Y QI (1T - TH QLT (1)

i=1
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h—2
=Y ATHM(PT -THQLT(T)
i=1
h—2 ) )
= Qs(T)(s — p)QY(T) + QUT)(s — PQp(T) + Y QU (T)(s — P QLT (T)
i=1
h—1 ) )
=Y Q1) s = p QL. (3.7)
i=0

Then we compute

h—2
7{[Sk' (5. QM) = QDS (0. 1)+ Y Q7 I (T)Sp (5. 1), (T)

i=0
— Qs (p. QL) ] p — 5[ Sk (5. THQL(T) — QTS (p. T)
h—2
+ Y QTSR (5. THQETN(T) — QTS (p, TH QLT
i=0

(p* —2s0p + Is|H) !

h—1 h—1
=W [Z QI N(T)(s — p) Q! (T)}p = E[Z QT (s — p) Q4! (T)“
=0 =0
(p* = 2s0p +1sH~"!
~h—1 . . h—1 ‘ '
= | Y QT (sp — pH QTN (T) = > QT (Is)* - EP)Q’,,“(T)]
-i=0 i=0
(p* = 2s0p + s~
rh—1 . .
=yl Y QTHD)sp—p* — s/ + Ep)Q’,,“(T)](p2 —2s0p + s/~
-i=0
h—1 ' '
==y y_ QDT (p* — 2s50p + s (p* — 250p + 15!
i=0
h—1 ' '
==y y_ QHMHQLT(T).
i=0
Hence
h—=2 ) )
yf{[Sg' . 1T — Qh s (p. Ty + Y QET (s, QLT (1)
i=0

— Qs p 1T p - F[SR 5. Tl (T) — QE (s (p. T)

h=2
+ Yo s s Qb ) — o s p. T QST D] N p? = 250p + 15D 7!
i=0
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h—1
==y QM (). (3.8)
i=0
Finally, by substituting (3.8) in (3.6) we get (3.1).

Remark 3.2 The proof of the previous lemma shows that the structure of the resolvent
equations of the hyperholomorphic functional calculi is crucial. In fact the term

[FRs. T) = FE(p. D)]p = 5[FR(s. T) — FE(p. )]} (p* = 250p + s ™!

involves the difference of the F-resolvent operators entangled with the Cauchy kernel
of slice monogenic functions. This term is equal to a function involving the products
of the F-resolvent operators and of the S-resolvent operators that appear in the term

FRs, T)S (p, T) + Sz (s, T)FE(p, T)

and of a more complicated part that involves the S-resolvent operators and the pseudo
S-resolvent operators, namely

h—2 h—1
Vi [Z QNS (5, S (p, QT (T + ) Q?‘%T)Q;WT)} :

i=0 i=0

Remark 3.3 If in equation (3.1) we consider n = 5, then & = 2, and n = 7, then
h = 3, we get the equation (1.10) and (1.11).

In order to find a pseudo F-resolvent equation we divide into two cases according

n—1
to the parity of the Sce exponent i = — To state the following result we introduce
this notations

Ao(s, p, T) := —s"FR(s, YT FE(p, T)p" =" = "V FR (s, TYT FE(p, T) p"
+s"VER (s, TYT2 FE(p, T p" !

h—1

2 h—1
h R 2 2 k L h—2k
T T —2T; T
+ 5" FRGs, >Z(k>(| | op) Fr(p, Thp
2 ,sh—1
—s"FR(s, T) ( >(|T|2 —2Top)*TFE(p, T)p" '
)T(|T|2 —2Top)* FE(p, T)p" %

)T(|T| —2Top)* T FE(p, T)p" 172,

(3.9)
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}

2. /b=t
Bo(s, p, T) := Z( i )sthf,f(s,T)(|T|2—2Tos)k
k=1
h—1
Z. /bt
> ( B >(|T|2 —2Top) Fy (p, T)p"
k=1
h—1
? bl
— Z( B ) h=2k FR (s, TY(IT > — 2Tps)*
k=1
h—1
2 bl
Z( B )(|T|2—2Top>ka,f(p, T)p'
k=1
h—1
z bl
- Z( B ) WAL ER (5, TYT (1T = 2Tps)*
k=1
h—1
z bl
Z( R ><|T|2—2Top)"f,f(p, T)p"=2
k=1
h—1
7 bl
+ Z( Ii ) h=2=1 R (s TVT(|T|* — 2Tps)¥
k=1
h—1
7 bl
Z( B )(|T|2—2Top>"Tf,,L<p, p"1 (3.10)
k=1
and

2 /h=t
Co(s, p. T) := Z( H ) "EER s, TYT P = 2Tos)* | Fy(p, THp"
2 sh—1
-~ ( )h HKERG, TYT* = 2To)'T | FE(p, T)p" !

2 sh—1
_ ( )h R, YT (T = 2To9)* | FE(p, T)p"
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h—
AT’ h—
Z ( ) W= R (s, TYT(IT 1> = 2Tos) T | FE(p, THp" .

(3.11)

3.1 The General Structure of the Pseudo F-Resolvent Equation for h 0dd

The main result of this subsection is the following theorem.

Theorem 3.4 (The general structure of the pseudo JF-resolvent equation for 4 odd
number) Let n > 3 be an odd number as well as h. Let T € BCY'(V,). Then for
p,s € pr(T) the following equation holds

FRe. DS N p. 1)+ S5 5. HFE(p. T)
h—2 ) ) h-2 ) )

+¥n [s Yo MQHMIp s Y QITHMT Q1)
i=0 i=0

h—2 h=2 h—1

YT A+ Y. AT T M+ Y Qi (T)]
i=0 i=0 i:O,i#%

+yy ! [ sPFER (s, TYFE(p. T)p" + Ao (s, p. T) + Bots, p, T) + Co(s. p. T)]

={[FRs. 1) = FE(p, D)p = 5[FR . T) = FE(p. D]} (0* = 2500 + Is1H) 7L, (3.12)

where the three terms Ay (s, p, T), Bo(s, p, T) and Cy(s, p, T) are defined above.

Proof We start by rewriting formula (3.1) as

FRs, TS N, T) + Sg' (s, YFE(p, T)
h—2

+yn[z QI TS (5. THST (p, T)Q’+1(T)+Q%(T)Qp2 (T)

i=0
+ 0y Q?"(T)Q’,,“(T)]
i=0,iz"51

= [FRs, T) = FF(p. D)]p = 5[FR (s, T) = FL(p. D]} (p* = 250p + 151"
(3.13)

NH

h
Now, we focus on the term Qg (T) Q ,,2 (T) and with some manipulations we obtain

h+ h+1

1 h+1 h+1
o (1o, (=07 (1,7 (N, (1, (1, (1Y, (T)
= QN(T)Q,7 (1)Q,7 (T)QL(T). (3.14)
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By the binomial formula we get

9,7 (1NQ,” (T) = QNT)(*T — 25Ty + TT) 2

h—1
2

= ol (Z( )” =272 - ZT()S)k)
k=0

h+1 h+1 h=1 5 h=l _p
T (2T - 2pTy+TT) T Qh(T)

N——

h—1

Z kol

(Z ( ; <|T|2—2Top>"ph‘2k) oh1)
—1

k=0
i
( )h =2k (172 — 2Tk
1

=) [" 1+
k
h—1
h=1
( ( i >(|T|2—2T0p)kph_]_2k+ph_1) Q?’(T)

ML

9
=

=]

|

=1

o~

h—1
B ><|T|2 - 2Top)kph_1_2k) Qh(r)

h—1

2
=" 1l Q)" + 5" Q1) (Z (

k=1

h=1
+ Q?(T) ( <?)sh_l_2k(|T|2 _ 2T0s)k)

—1

h—1
2
(Z ( ar? 2Top>"ph“‘2’<) ol ()

>

—1

0+

~
Il
-

=
19
N——

k=1

+ Q1)
k

Now, we use the left and right F-resolvent equations, (see Theorem 2.18)

>

0+

h—1
<?>sh_l_2k(|T|2 - 2Tos)k) Qb (rp"1. (3.15)

I
-

Fa(p, T)p = TF(p, T) = yu Qy(T)
and
sFR(s, Ty — FR(s, T)T =y, Q"(T).
We go through the computations term by term
"N Q)"

=y [shf,f(s, TFE(p, T)p" — s"FR(s, YT FE(p, T)p"™!

=R DT FE (p. TP + 5" FR 6. DT (. T)ph‘l]- (3.16)
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Then we consider

h—

2 sh=l
s"1ol(T) ( B )(|T|2—2Top)kQ’;,<T>ph‘1‘2k
k=1

h—1

[+

=y, [shf,f s, T) 7

h—1
( >(|T|2 — 2Top)* Fl(p, T)p"

=~
Il

1
h—1

Z /b=l
—s"FR(s, T) ( . ><|T|2—2Top)ka,f(p, T)ph 1=
k=1
h—1
T hol
—sh‘lf,f(s,T)Z( ; )T<|T|2—2Top)"f,%<p, T)p" =2
k=1

h=1
2

h-l
+sh1f,f<s,T>Z( k >T<|T|2—2T0p>"Tf,f<p, rp" LG

Then we compute the term

h—1

h—1
2 h—1 2 h—1
2\ h—1-2k ~h _ v 2 k Ah h—1-2k
(E( B ) QUTY(IT|* - 2Tps) ) (Z( H )(\T| 27pp)* Qp(T)p )

k=1

h—1

h—1
2 ,h—1
=y{2{ Z( z >sh—2’<f,5(s, T><T|22T0s>’<)
h—1
2 ,h—1
(Z( i >(|T|2—2Top)kfnL(p, T)ph_zk)

h—1

2 /hot

(Z( i ) h=2k R s, T)(|T2—2Tos)k)
k=1

T h—1
( <|T|2—2Top>ka,,L<p,T)ph‘l‘2")

h—1
2 h
(Z i sh=2k=1 R s TYT (T - 2T0s)k)

1

h—1
2 L
(Z 2 ><|T|2 —2Top)* FE(p. T)p“k)
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h—1
2 —1
+ (Z ( ).sh—z"—‘f,f(s, T(T* - 2T0s)k)
k=1

=
~

h—1
2

2 ,h—1
(Z (f)(mz — 2Ty TF (p, T)ph_l_Zk):| : (3.18)

k=1

We have also

[+

|
[+
N /N /N
= N|i
N———" N—" SN——"

~
Il
_

SPURER G, YT (T = 2T0s)* | FE(p, T

k=1
h—1
Z. /b=
22 )TTEEN G DTATE = 2T0s) T | Fr (o, TP
k=1
(3.19)
Finally by using the definition of left and right S-resolvent operators we get
h—2 A ) h—2 ) )
Yo QT s s 1S (p QG (T = Y QU ~ TH(pT - TH QG (T)
i=0 i=0
h—-2 ) ) h—2 ) o h—2 ) o
=5y QI MQAMp—s Y QITHNHTQLA (1) = Y QU (T Q, (1)
i=0 i=0 i=0
h=2 L
+ AT QA (3.20)
i=0

and this concludes the proof. O
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3.2 The General Structure of the Pseudo F~-Resolvent Equation for h Even Number

In this last subsection we consider the case in which 2 = (n — 1) /2 is an even number.
To state the following result we need these notations

Ai(s, p, T) : = —s"FR(s, DT FE(p, T)p" =1 — "V FR (s, YT FE(p, T) p"
+s"VER s, TYT2 FE(p, T) p" ! (3.21)
and
h=2
h=2
Bi(s, p, T) := shf,f(s,T)Z< ; )(|T|2—2Top>kf,f(p, T)p" =%
k=1

h—

h=2
—s"FR(s. T) ( B >(|T|2—2Top>ka,f(p, T)ph =

N‘
N

k=1
h=2
. h=2
— " FRGs, T) </§ )T<|T| —2Top) Fy (p, T)p"
k=1
h=2
T h=2
+s" R )Y ( i )T<|T|2 — 2Ty TFE(p, T)p" 2
k=1
(3.22)
and
h=2
2
Ci(s,p, T) = Z

~
Il
—_

>
[N

h=2

[+

(TP = 2Top)* FE(p, T)p"

h—2
( z >s"—2"ff(s, TY(T|? = 2Tos)*

2
k

w-
I
—_

;~

—2

N‘

h=2
( i >sh—2kf,f(s, TY(T)? = 2Tos)*

b

{20

»

=1

h=2
( ; )(m2 —2Top)* TFE(p, T)p" 172

&
)
,_. N

}
[N]

h=2

T
k

M~\

shHELER (5 YT (1T = 2Tos)

I
-
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2. /h2
Z( h )(m —2Top)* FE(p, THp"
k=1
h=2
= b2
" ( /i ) h=2k=1 R (s, TYT (IT|*> = 2Tps)*
k=1
h=2
2 sh=2
Z( i )(|T| —2Typ) T FE(p, T) ph 1%
k=1
h=2
> b2
+ < p ) Wk ER s, YT = 2Tos)* | FE(p, T)p"
k=1
h=2
2 sh=2
_ ( ‘ ) "SRRGS, TYT P - 2T T | FE(p. T)p" !
k=1
h=2
T b2
_ ( K > MRER s, DTATI? = 2To)" | Fr(p, T)p"
k=1
h=2
T b2
+ ( P > W1k R (s, TYT (T = 2Tos) T | FE(p. THp" .
k=1

(3.23)

Theorem 3.5 (The general structure of the pseudo F-resolvent equation for /2 even
number) Let n > 3 be an odd number and h be even. Let T € BC%'(V,,). Then for
p,s € pr(T) the following equation holds

FR. DS p. T+ S5 5. THFE(p. 1)

ht2 _ hf2 h+2 _ h+2 h+2 +
+yn[—sgsz (1)TQ,” (T)—Qs% (NTQ,? (T)p+Qs2 (INT°Q,° (T)

h—1 h—2 h—2
+Y ooty +s Y, QMR mp-s Y. QTN
i=0 i=0,i#52 i=0,i#52
h—2 h—=2
- Y AT mp+ Y. Qi“’(T)TZQ;,“(T)]
i=0,i£ 152 i=0,i£152

+y! [A1 (5. p.T)+Bi(s. p. T) +Ci (5. p. T) + s" FR(s. TV FE (p. T)ph]

={[FR6. ) = FE(p, D)]p = 5[FR(s, T) = FE(p, D]} (P = 250p + 151D, (3.24)
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where the three terms A\ (s, p, T), Bi(s, p, T) and C| (s, p, T) are defined above.

Proof Let us begin by writing formula (3.1) as

FRs. TS, (p. T) + S5 5. THFE(p. T>+yn[Qs (T)Sg . TS (p. T)me

h—
+ Z Q=) sp 5. TS (. T)Q’“(T)JrZQh ’(T)Q’“(T)]
i=0,i%"52 i=0

={[FRs.T) - FE(p. D]p = 5[FRGs. T) = FE(p. D)} * = 2500 + 157" (3.25)

b I
Now, we focus on the Q2 (T)SEl(s, T)SL_I(p, T)Q, (T). By definition of left and
right S-resolvent operators we get

i i
QI (T)Sg' (s, T)S, ' (p, T)QF(T) = Qs (T)(SI T)(PI T)Qp (T)

ht2 h2 2 ha2 2
=s5Q;° (T)Qp2 (T)p_SQsz (T)TQ[;Z (T) — Qv (T)TQ[) (Tp
h+2 o 42
+ Q7 (DT Q)" (T). (3.26)

h+ h+2
We continue the calculations only on the term s Q2 (T)Q p2 (T) p. By the binomial

formula we get

h+2
5Oy 2 (T)Qp (T)p-s@hm(szz 25Ty +TTY'T (2T - 2pTy + TT)' T Q”(T)

2
Z h2
=sah(T) (Z( 2 )Sh_z_Zk(ITIZZTos)k)
k=0

(é

-2
2 h
=sol) "2+ 3 (T% > h=2-2% |72 —2Tgs)k) 5

=
?T‘I\)

( )(\TV 2Tpp)*p" 2" 2") oh(mp

k=

—_

h—1
2 /h=1

x (Z ( ; )(\TF —2Typ)* pi 2 +ph‘2) Qy(T)p
k=1

h—2
2 ,h=2

="M 5" Qi) (Z( 2 )(|T|2—2Top>kph—l—2") Q1)
k=1

S

k=1

h—=2
Z /b=l
+ oM (Z < B )shflfzk(lle _ 2T0s)k)
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N h=2
Z( ; >(|T|2—2T0p)kph_]_2k Q (1)
k=1

MN

k=1

h—2
h
+ Q) ( (?) W12k 2T0S)k) Qhmpht. (3.27)

Now, we use the left and right F-resolvent equations in Theorem 2.18 and we go
through the computations term by term

sh=tolmal ! = y;z[shf,f (s, DFy (p, D" = " FR (s, DT FL(p, THp" !

—s" VR, DT FL(p, Dt + 5" FRs, DT, T)Ph_l]’ (3.28)

and

h=2
2. h2

"1l Z( B >(|T|2—2Top)kQ§;(T>ph—1—2"
k=1

>

—2

34

h=2
= yn‘z[shf,ﬁs,m ( ,’i )(|T|2—2Top>kf,f(p, T)p" =
k=1

h—2

=
—sh}"f(s, T) <
=1

=

-2
2 ko L h—1-2k
>(|T| —2Top) TF,; (p, T)p"

(V‘M|

h=2
2

h lfR(S T)

h=2
: )T(|T|2 —2Top)* FE(p, T)p" %

&?v
N»—
N

h
R (

f)nmz —2Top) TFE(p, T)ph—1—2k], (3.29)

i Mw\

then we consider the term

h—2 2
T 2 T 2
(Z( z )sh—‘—2k9?<T><|T2—2Tos>") (Z( 2 )<|T2—2Top>’<Q’;,<T>p”‘1‘2")

k=1

h—=2
2, /h=2
- y—z[(z < : )sh—Zkff(s, (T - 2T0s)k)

h=2

2 sh=2

( (,§><|T|2 2Top>kf,f<p,T)p“")
k=1
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Z k=l
- ( ; ) PRER s, DT = 2To)*
h=2
h=2
(Z( 2T P =200 T (p. TP 2")

% h=2
- Z( )h “H-LER (s TYT (T = 2Tps)*

h=2
2 ,h=2
( ( z >(|T|2 —2Top)* FE(p, T)p”‘z")

»M‘

h—=2
2 ,h=2
+ (Z( )k ER G, DT (TP 2T )

h—2
2 ,h—
(Z( H ><|T|2—2Top>"TfnL<p,T)p"“‘2")}, (3.30)

()

and the other term

h=2
,i )s“kf,f (s, YT 1> = 2Tos)* | FE(p, T p"

I
§\
)
—
74
N

h=2
i ) h=2k PR (5, TY(\T > = 2Tos) T | FL(p, T)p"~!

2 h=2
—~ Z( B ) MSRER s, YTAT)? = 2Tos)" | F (p, T)p"

?> h=1=2k PR (s, TYT (IT* — 2Tos)*T | FE(p, T)Phl}'

(3.31)
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Finally by using the definition of left and right S-resolvent operators we obtain

h—2
> QS s TS p. THQT(T)

i=0,i£"52

h—2
= Y QDGI =T (pI -T)Q(T)

i=0,i#"52
h—2 h—2
=s Y QUMY PMp-s Y, QDT
i=0,i£152 i=0,i#152
h—2 h—2
- Y TR Mmp+ Y. QI TQT) (3
i=0,i7"52 i=0,i7"52
and this concludes the proof. O

4 The Riesz Projectors for the F-Functional Calculus: The General
Case of n Odd

In the monogenic functional calculus developed by Mclntosh and collaborators, [36],

the resolvent equation is missing. They are able to study the Riesz projectors by

using another functional calculus: the Weyl calculus. For the F-functional calculus,

which is a monogenic functional calculus, the interesting symmetries that appear in

the equations of Theorem 3.4 and Theorem 3.5 allow to study the Riesz projectors.
Next result follows as in the case n = 5, see [11, Lemma 5.4].

Lemma4.1 Let T € BC(V,) and h = % Suppose that G contains just some points

of the F-spectrum of T and assume that the closed smooth curve 3(G N Cy) belongs
to the F-resolvent set of T, for every I € S. Then

/ smdsl}'f(s, T) =0,
3(GNC))
/ FL(p. Tydp p" =0,
3(GNC))

forallm <2h — 1.

In order to study the Riesz Projectors for the F-functional calculus we now state
the following results.

Lemma4.2 Let f and g be left slice monogenic and right slice monogenic functions,
respectively, defined on an open set U. For any I € S and any open bounded set Dy in
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U N Cy whose boundary is a finite union of continuously differentiable Jordan curves,
we have

/ g(s)dsy f(s) =0.
aD;

Lemma4.3 Let B € B(V,). Let G be a bounded slice Cauchy domain and let f be
an intrinsic slice monogenic function whose domain contains G. Then for p € G, and
forany I € S we have

1

> f(s)ds; (5B — Bp)(p* —2sop + Is1>) ™" = Bf (p).
T Jy(GNCy)

Theorem 4.4 Let n > 3 be an odd number and let T = Z?:l e;T; € BCO’I(Vn). Let
of(T) =or 1(T)Uor(T) with

dist (o7,1(T), 07 (T)) > 0,
and
o(Ty) CR foralll =1,...,n.

Let G1, G2 be two admissible sets for T such that o |(T) C G1 and G C Gy and
such that dist (Gz, O']-"z(T)) > 0. Then the operator

1 1
FE(p. Tydpp"~! = s"las; 7RG, 7). (4.1)

P = =
(2m) JaGncy) n(2m) JaGoney)

is a projector.

Proof We divide the proof in two cases, according to the parity of & = %

CASE I: The Sce exponent / is odd.
We start by multiplying the equation of Theorem 3.4 by s on the left and p” on
the right, and since 7p = 0 we get

sPERG TS " + s S s T FE (p. T p!
h—2 ) )
o |:Sh+l S QI (1)@ () 4
i=0

h=2 h—2
+s" Y QI T QM + 5" Y QT ()T QG () ph !
i=0 i=0
h—=2 ) )
+s" 3 (T2 QL) p +
i=0
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h—1
+s" Y oot (T)p’“]w,:‘ [ s ER (s, T FE(p. ) p*
i=0,iz51

+sh.A0(s, P, T)ph + ShBo(s, D, T)ph

+s"Cy (s, p, T)ph]z sS"{[FR s, T) = FE(p, T)]p — 5[FR (s, T) — FE(p, )]}

(P = 2s0p +IsH ' p". 4.2)
Now, we multiply equation (4.2) by ds; on the left, integrate it over 3(G, N C;) with

respect to dsy and then we multiply it by dp; on the right and integrate over (G NCy)
with respect to dp;. We obtain

/ shds; FR (s, 1) s (p. Dydpy p"
3(G,NCy) 9(G1NCp)

+/ shdsysg' (s, T)/ FEp, Tydp p"
3(G,NCy) (G1NCy)

h-2
+ ¥ [ / PN Qb (1) ds, / QU (Tydpy p" !
9(G2NC) = A(G1NC)

h=2
" s+l 3 ghei (T)ds,T/ QU2 (Tydp; p"
9(G2NCy) i—0 9(G1NCy)

: Qip+2(T)dp1p/’l+l
1

h—2
+ s Qﬁ?*"(T)ds,T/
3G2NC I 3(G1NC

h—2
+ MY QI (yds, T2 / QL (T)dp, p"
3(G2NCp Dy 3(G1NCyp)

h—1
+ / shOT Qi iTas, / Q’,)“(T)dpzph]
90GNCp . T (G 1NCy)
l:O,l;ﬁT
+y! [ / s2ds FR(s, T) FEp, Tydpr p*+
9(G2NCy) (G NCy)
+ / / shdsy Ao(s, p, T)dpy p" + s"ds; Bo(s. p, T)dpy p"
3(G,NCy) Ja(GNCy)
+s"ds Co (s, p. T)dpmh]
- / dsy / SM[FRG. T) — FE(p. T)]p — S[FR 6. T) — FE(p. T)])
9(GoNCy) 9(G1NCy)

(p* = 2s0p + 151" Ldpy p". (4.3)
Recalling the definition of Ay, By, Cp and the fact that Tp = 0 we have
h Bk h
/ / stdsp Ao(s, p, T)dpy p” +s"dsiBo(s, p, T)dpy p
3(GonCy) Ja(G1nC))

+ s"ds;Co(s, p, T)dpy p"

=- / s*hFR(s. Tyds T f FE(p. Tydpy p*~!
9(G2NCy) 9(G1NCp)
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_ / sPh=VER (s, Tydsy T / FE(p. T)dp; p*"
G(GZH(C[) 3(G|0C1)

o o lagrfenr [ m g e
3(GoNCyp) 3(G1NCyp)

-1
/ s2hds1.7-'f(s, T)
9(G2NCp)

>

+

M”\

h—
( 2 )|T|2k FEp, T)dpy p*' =%
(G NCyp)

T

N‘

h=1
< : )|T|2"T Fy(p. T2

7/ szhdsl]-—f(s,T)
3(GoNCy) 9(G1NCp)

k-
>

—1

h=1
f s?lds  F s, T)Z( 2 )TIT\Zk Fy(p. Tydpy p*" =
3(GoNC) k

N‘

3(G1NCy)

h—1
2 )T|T\2’<T / Fx(p, Tydpy p™ =12
k 3(G1NC))

+

=
M T

f sV FR (5 Tydsy
3(GoNCyp)

h—1
2 sh=1

+ 2 >/ s2h=2k g5, FR (s, T)|T|?*
(Z ( k) Jagyney "

~
Il

gl
/N

=
bl I\)"I_
\_/

T / Fy(p. Tydpr =2
3(G1NC))

s
_ Z( 7 >/ =g, FR (s Ty Tk
k 3(GoNC)

2 ,h—1
Z( b >|T\"T/ FE(p. Tydpyp?=1 %
(G NC))

2 ,h—1
_ Z( 7 >/ =21 g, 7R (o 77Tk
k 3(GoNC)
Z ko
Z( 2 )mz" f FE(p. Tydpy p*' =
k 3(G1NC))
<« (% 2h—2k—1 R 2%
+ / s?h=2k=1gs; FR s, T)T|T|
Z( k > 3(GaNC)) !

2 /b1
S (7 ) [ A
A(G1NC))

k=1
h—1
2, k=t

A2 (7)o st | [ F
o\ k JJaGane) 3(G1NC)
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|
074

-
Il
-

h—1
( 2 ) / s? =K as; FRGs. T>|T|2"T) / FE(p. Tydp p*' !
k 3(G2NC)) (G NC))

h—1
( ) ) / s =1=2k g, FR (s, T)T|T2") / FE(p. Tydpy p*"
k 3(GoNC) 3(G1NC))

|
.
Ny
i

>

h—1
( 2 >/ s2h=1=2k s FR (s, T)T2|T|2k)/ FLp, Tydpy p*~ 1.
k 3(GoNC) 3(G1NCy)

(4.4)

+
0+

~
Il
-

Now, since & < 2h — 1 by Lemma 4.1 we get

/ shds1.7:f(s, T) SL_I(P, T)dp;p"
3(G,NCy) a(GiNCy)
=/ s"ds;Sg' (s, T) Fy(p, Tydprp" = 0.
9(G2NCy) 3(G1NCy)

Moreover, since 2h — 2k <2h — 1 and 2h — 1 — 2k < 2h — 1 we obtain

/ / shdsle(s, D, T)dplph + shdSIBo(S, P, T)deph
3(G2NCy) Ja(GiNCy)
+s"ds1Co(s, p. T)dp; p" = 0.

Now, we focus on the term

h—2
/ SN QU (s / QA (Mydp p"H.
9(G2NCy) i=0 3(G1NCy)

First of all we split the sum in two parts and write

h—2 L472] h—2

Y ATMOIM =Y MM+ Y AT,

i=0 i=0 i=L¥J+1

where |.] is the floor of a number. In the first sum the powers of Q(T') are more than
the powers of Q,(T'), and conversely in the second sum.
Since Ty = 0, by the binomial formula we get

1552) 20,
D ATMAM =QUT) Y Y] (Ilc>s2k|T|2“"‘)Q;+2(T)+
i=0 i=0 k=0

h—2 ' h
+ > Qi

i=[2521+1

- (h—2—i :
> ( . )pz"Ile(hz"‘)Q'},(T). (4.5)
k=0
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Consider the first sum. By the - resolvent equation, see (2.16) we get
1452
Z 2 Zk 0() Zth(T)|T|2(l k)QlJrZ(T)
. o
vt i e (Vs (sFR(s. T) — FR(s, THT) | T1200 QEF2(T).

Hence we have to compute the following integrals

i .
i . A
> (k) / "R sy FR (s DT PR / Q2 (Mydpy p"t!
3(GoNCy) a(G1NCyp)

P
-1 l)/ h 142k R 2(i—k)/ i htl
V) s dsyFy (s, T)T|T| Q" (Tdpy p

" Z Z<k 3(G2NC)) " aGincy 7

Now, since 4 is odd then we can write & = 2N + 1, with N € N. This implies that

h—2
h+2+2k<2i+24+2N+1 S2{TJ+2+2N+1

=2(N—1)+24+2N+1=4N+1=2h—1.

Similarly we get
h+142k <2h—1.

Therefore by Lemma 4.1 we get

-1 i) /' h4242k R i+2 htl
y s ds;F (s, T) Q' (T)dprp =0
" Z Z (k 3(G-NCy) " aGincy ¥

~1 i / 142k R i+2 1
Y, K ds; F (s, T) Q'™ (T)dprp =0.
" Z Z:<k> 8(GaNC;) " aGincy ¢

4.6)

Now, we focus on the second sum. By the F- resolvent equation, see (2.15), we get

h—=2 h—2—i

—i i
S o Z ( >|T|2(h 2-i=k) g () 2
i= 152 41
h—2 h—2—i i )
=vn D ATM Z ( )\TPU"Z""‘) (FRp. Top = TER (. D)) P
i h=2
i=| 5 1+1

4.7

Hence we have to compute the following integrals
h—2 2+i—

h—2— / . .
-1 h+1 h—i 2(h—2—i—k)
Y, E E " ds QTN ()T
" ( ) 3(GoNCy) s

i=| 152 ]+1 k=0
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/ FR(p, TYdp p" 12,
3(GNC))

=2 h2i
yo! Z Z < h >/ §H s @ (1) R0
=i 3(GaNCy)

/ FR(p, TYdp p" T2+
(G 1NCy)

Since h = 2N + 1, with N € N we get

2k +2+h<2h—2—i)+2+h=2h—4—2i+2+h
h—2
SAN+2-4-2( 5] +1
+242N+1=4N+1=2h—1,

and similarly
2k+14+h <2h—1,

together with Lemma 4.1 we get

h=2 h—2—i

B h—2—i » i
ynl Z Z < k )/a\ Sh+1dS[Q? I(T)|T|2(h 2—i k)

N
i=b32 )41 k=0 (@2nen

/ FRp. Tydp; p"*+2 =0
3(G1NCy)

h—2 h—2—i h 2 i
—1 e h+1 h—i 2(h—2—i—k
'Y Y ( L )/m e’ s, Q1 ()| T P2 R T
i=| 15241 k=0 aH
/ FR(p, Tydpr 2+ = 0, 4.8)
3(G1NCy)

Similar arguments applied to the other members of (4.3) lead to

V! / s?hds; FR(s. T) FEp, Tydp p™
3(GoNCy) (G NCy)

=/ dsI/ s [FR s, T) = FE(p, D)]p = 5[FR G, T) = FE(p, )]}
3(G2NC)) 3(G1NC))

(r* = 2s0p + IsP) " Ldps p". (4.9)
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Since h = %, by formula (4.1) we get

2n)? ., B[R L
——P* = ds; s [Fn (s, T) = Fy(p. T)]p
3(GoNCy) 3(G1NCy)

Vn
—5[FR(s, T) — FE(p, D]} (p? = 250p + s>~ p"dpy.

Now, we work on the integral on the right hand side. As G| C G, for any s €
9(G2 N Cy) the functions

p = p(p* = 2s0p + IsH~1p",
p > (p*—2s0p +Is/H 7 ph

are slice monogenic on G. By Lemma 4.2 we have

/ p(p* —2sop + 151> Ydprp" = 0,
3(G1NCy)

f (? = 250p + s pldps = 0.
3(G1NCy)
This implies that
/ ds / $"FR (s, TYp(p? — 250p + s \dpr p = 0
3(G,NCy) 3(G1NCy)
and
/ ds; / shiff(s, T)(p2 —2sop + |s|2)_ldp1ph =0.
9(G2NCp) 3(G1NC))

Then we have

@m)* o _ _
= sy [ SEEG D) = FE G DRI = 2500 4157
3(GoNCyp) a(G1NCyp)

Yn

From Lemma 4.3 with B =: FL(p, T) and f(s) := s" we get

v 1 v
Pr= o / Fy(p, Tydpi p™ = P.
Q2m)yn Jacinc)
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CASE II: The Sce exponent /4 is even.

We multiply the equation of Theorem 3.5 by s” left and p” on the right, and since
Th = 0 we get

sPERG. TS " + 5P s s T FE(p. T p!
+2

a2 ht2 PR = h nil
+yn[s Hog? (T (M +5"Q7 (HTQ,” (TP

h btz 2 by2 h hh_1 h—i i+1 h
+5"Q,2 (HT2Q,7 (ph +5" Y QM (M QLH (yp

i=0
h—2
+sMH S Q@R ) ph
i=0,i#152
h—-2 h=2
+sh+l Z Q?_i(T)TQ?'z(T)ph +Sh Z Q?_i(T)QI;_Z(T)ph"'I
i=0,i#152 i=0,i£ 152
h—2
w5y Qﬁ?*f<T>TZQ;+2<T>p"]
i=0,iA152

+y ! [ShAl(s, p. D" + 5" By (s, p. T)ph +s"Cy (s, p. 1) p"
+s2 FR (s, TYFE(p, T)th]

= sSM{[FR 6. 1) = Fr(p. D]p = 5[FR s, T) = F (0. D] (0% = 250p + 151 7' p". (4.10)

Now, we multiply by ds; on the left, integrate it over d(G, N Cy) with respect to ds;
and then we multiply it by dp; on the right and integrate over (G| N Cj) with respect
to dpy, and we obtain

/ s"FR(s, T)dsy / Sy (p. Tydpr p"
3(G2NCy) 9(G1NCy)

+/ s"ds; Syt (s, T) Fr(p. T)p"+
3(G2NCy) 3(G1NCy)

ht2 ht2
+ Vi [/ s"*ds; 9,7 (T)T/ Q," (Tydpp"
3(G2NCy) a(G1NCy)
h+2

h42 h+2
/ shds; Q7 (T)Tf Q) (Tdpp" ™'+
3(G2NCy) a(G1NCy)

_|_

h+2

h+2 h+2
+/ s"ds; Q7 (T)TZ/ Q,” (T)dp;p"
3(G2NCy) (G 1NCy)

+

h—1
h h—i i+1 h
shds; S QM (1) / QU (T)dp '+
/B(Gzﬂ(cl) Z ’ d r

i—0 9(G1NCy)

h=2
+ / s"dsp Y Qi) / QA (Mydp p"*!
3(G,NCyp) il

G,NC
i:O,i;/:% (G2 1)
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h=2

+ / i1 Qi (1T / Q2 (Tydpy p"
3(G,NCyp) Z s r

9(G1NC
i:O,i-f-% (G 1)
h—2

4 / shas; Y @i Qi2(T)dp, p'*!
3(G,NCy)

3(G1NC
i:O,i#% (G 1)

h—2
+ / shds; Q’H(T)Tzf
3(G2NCy) Z *

a(G1NC
i:O,i;éh%z (G 1)

+ Vn_l[f / s"ds; Ay (s, p, T)dp; p"
3(G,NCy) Ja(G1NCy)

+ s"ds; B (s, D, T)deph +s"ds;Cy (s, P, T)dp,ph

o o Pas e FEp. Trdpp™]
9(G2NCy) (G 1NCy)

:/ ds,/ S[FRG, T) = FEp, D]p
3(G,NCy) (G 1NCy)

—5[FRGs, Y = FE(p, D)) (p? = 250p + s dpr p".

From the definition of A;, 51, C; and recalling that 7y = 0 we have

/ / shds; Ay (s, p. T)dpy p" + s"dsy By (s. p. T)dp; p"
9(GoNCy) Ja(G1NCy)
+s"dsCy (s, p, T)dpy p"

=- / s*h FR(s. Tyds T / F(p. Tydp p*" '+
9(G2NCy) 9(G1NCp)

- / sPh =V ER(s. Tyds; T / FLE(p. Tydp; p*
3(GoNCy) (G NCy)

+

/ $2=1q5, FR (s, T)T? / FL(p. Tydp p? '+
9(G2NCp) 3(G1NCy)

>
N

+
N
~

h=2
[ Pasfen ( A L O e
3(GoNC) 3(G1NCy)

= =
d7 0
N —

h=2
( 2 )TmZk Fr(p. TypP= 172
3(G1NCp)

—f s2hds1.7:,$(s,T)
3(GoNCy)

»
:.._.
N

h=2
2
k

AR

)Tm”‘ FLE(p, Tydp; p?' =2

—/ AVZh_ldslff(s,T)
3(G,NCy) 9(G1NCy)

T
=

0+

2
k

h=2
+/ s2h_1]-',§(s,T)dsl <
9(G2NCp) a(G1NCy)

~
Il

Q;+2(T)dp1ph}+

A.11)

>T2|T 2" Fx(p. Tdpy p™ =724
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2 h=2
+ 2 )/ s2h=2k g5, FR (s, T)|T|?*
Z ( k 3(GaNC) "

2 ,h=2
Z( 2 )mz" / FE(p. Tydpy p*' =2
3(GNC))
Z /h=2
- Z( ) )/ s2h=2kas; FR (s, )T
k 3(G,NC))

T h=2
Z( 2 >|T\"T/ FEp. Tydpy p*h =172
k 3(GNC))

2 ,h—=2
_ Z( 2 )/ s?h=2%=Lys; FR (s, )T |T 1%
k 3(GoNC))

M
—
=
»‘N‘I
\:/N

T\Zk/ FE(p, Tydpy p*=*
3(GNCy)
- % 2h—2k—1 R 2k
+ / s s F (s, THYT|T
Z( k ) 3(G2NC)) "

)
Z( 2 >|T\2kT/ FEp, Tydpy p*h =172
3(G1NC))

s2h =2k s FR(s, )| T2 / FE(p. Tydp; p*

9(G2NCp) 9(G1NCy)

ARy e | [ F . dp !
A(G1NCy)

S—

9(G2NCp)

S—

s2h =12k g5 FR (s, THT|T 1 / Fy(p, Tdpy p™

3(GoNCyp) 3(G1NCyp)

[ s sy FR s T T / Fy(p. Tydprp* .
3(GoNCyp) 9(G1NCyp)

(4.12)

Now we observe that since 4 < 2h — 1 by Lemma 4.1 we have
/ shds; FR(s, T) S;'(p, TYdp; p"
3(G2NCr) 3(G1NCy)

- / shds; Sl (s, T) FE(p. T)dprp" = 0.
9(G2NCy) 9(G1NCy)
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Moreover, since 2h — 2k <2h — 1and 2h — 1 — 2k <2h — 1 we get

/ / ShdSI.Al(S, P, T)dp[ph
9(G2NCy) Ja(G1NCy)

+s"ds; By (s, p, T)dpr p" + s"ds;Cy (s, p, T)dp; p" = 0.

Now, we focus on computing the integral

h+2 h+2
/ s"Hds; 0,7 (T)T/ Q,> (Tdp;p".
9(G2NCy) 9(G1NCy)

By the binomial formula and recalling that 7y = 0 we get

2— h=2 ht2 h—2
< )=0Q,7 (1Q,” (1Q,” (1 =*+ITP) 2 Q)
h—2

=
N‘«\L

2 s h=2 h—2
Z( 2 >|T|2( ) gl 7y,

By the F-resolvent, see (2.15), we deduce that

ht2 /i
/ sHlds Q)7 ()T / 2 (Tydpyph
9(GoNCy) d(G]ﬂC])
)
:/ h+]dY1Q 2 (T)T Z( 2 >|T| Q?l)(T)depzk‘Fh
3(GaNC)) k a(G.mC,)
h=2
= / Pas 0, (7 Z( i F(p. Tydp p** 1
9(GoNCy) a(GlﬁCn

h—2
h+2 2 ,h=2 —2
At =2 g
—/ s"las; o, (T)T? ( )m (%3 )[ FEp, Tyapy p*th.
3(G2NCy) =0 3(G1NCy)

2
k
(4.13)
We observe that
h+14+2k<h+14+h—-2=2h—-1,

similarly we have h 42k < 2h — 1, so formula (4.13) together with Lemma 4.1 imply
that

h+2 h+2
/ s"Hds 0,2 (T)Tf Q,> (dpp" =0.
3(G2NCy) 3(G1NCy)

Using similar arguments, we obtain

h+2 h+2
/ shds; Q)% (T)T / Q" (T)dpp™*' =0
9(G2NCy) 9(G1NCy)
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h42

ht2 ht2
f shds; Q7 (T)T2/ Q,7 (Ndpp" =o0. 4.14)
3(G>NCy) (G 1NCy)

By similar computations made when /% is odd we get
h—1
[ Sasy iy [ oimap <o
3(G2NC)) P 3(G1NC))

h—2
f S dsp Y Qi) / QA (Tdpi p"*! =0,
3(G2NCy) 9(G2NCy)

i=0,i#152
h—2 '
/ SN QT / Q" 2(T)dpip" =0,
a(G2ﬁ(cl) i=0 i#u B(Glﬂ(C,)
- 2
h—2
/ stds; Y QT QA (Tydp p"+! =0,
9(G2NCyp) i=0,i 212 3(G1NCy)
- 2
h—2
/ stds; Y Q()T? / Q' F(T)dp,p" = 0.
9(G2NCy) i=0,i2h=2 3(GNCy)
- 2

By formula (4.1) we get

@2n)? o
= as [ e - RG]
39(G2NCy) 9(G1NCy)

Vi
p—5[FRGs. T) = FE(p. D]} (p?* = 250p + Is1) "' p"dpy.

Finally, by following exactly the same steps done when % is odd we get

v

P2 = p.

O
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