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Abstract

We present in this note a correction to Theorem 17 in Ran and Wojtylak (Compl. Anal.
Oper. Theory 15:44, 2021) and sharpen the estimates for eigenvalues of parametric
rank one perturbations given in that theorem.
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eigenvalues - Puiseux series

Mathematics Subject Classification Primary 15A18 - 47A55

1 Introduction and Preliminaries

This note concerns an erratum and addendum to [4], in particular to Theorem 17. One
of the main points of the theorem is to show the asymptotic behavior of the eigenvalues
of B(t) = A+ tuv* when |t| — o0o. The statement is that these eigenvalues trace out
a set of curves which asymptotically approximates a set of non-intersecting circles.
The statement of the theorem needs a small correction. The proof contains some
independent miscalculations, which fortunately, had no effect on the validity of the
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corresponding statements. Therefore, we find it necessary to present a fully corrected
version with a new proof. The detailed list of corrections can be found in Sect. 3. The
results are illustrated by an example.

First we repeat the setting of [4], to make this erratum and addendum independently
readable. Let A be an n X n complex matrix, and let u, v be two vectors in C". We
consider the eigenvalues of the parametric rank one perturbation B(t) = A + tuv*
of A. Denote by m 4 (A) the minimal polynomial of A, and define

Pus () = v ma() Oy — A~ u.
Observe that this is a polynomial (see [3]), and

det(Al, — B(7)) = det(Al, — A) - (1 — tv* (WD, — A) ')
_ det(hl, — A)

A G (ma(X) = Tpuv(Q)). ey

Also introduce Q(A) = v*(AI, — A)~'u. By Proposition 2 in [4], if A¢ is not an
eigenvalue of A, then it is an eigenvalue of B(7p) of multiplicity x > 1, if and only
if0Qo) =1, 0 (k) =0,..., 0% D) =0, 0% (1y) # 0. In this case Ao has
geometric multiplicity one.

2 Main Results

We are interested in the behavior of the eigenvalues of B(7), where T = tel? as
functions of 0 for fixed 7, and then in particular in what happens as t — oo.
For that reason, introduce for ¢t > 0 the set

oA uvin= |J o(d+td%ur)\o(A).
0<0<2m

Theorem 17 in [4] describes the asymptotic behavior of (parts of) these sets as ¢ — o0.
We correct, complete and extend the result.

Theorem 1 Let A € C"", u,v € C" and let | € N denote the degree of the minimal
polynomial mo(\). If
viu=---=v"A"lu=0 2)

then pyy(A) = 0and o (A + tuv*) = o (A) forany t € C. If
Viu = =v*Alu =0, v*Au #£0, 3)

for some k € {0, ..., 1 — 1} then the following statements hold.

(1) puv(A) is of degreel —k — 1;
(i1) I — k — 1 eigenvalues of B(t) converge to the roots of p,,(X) as T — 00;
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(iii) there are k + 1 eigenvalues A (), ..., Ag+1(T) of A+Tuv™ having the following
Puiseux expansion at T = oo

1

Aj(r):c_ltx+l—i—co—i—clr_ﬁ—i—-n, j=1,...k+1, 4
where
c_1 =(v*AKu)#,

1 vr ARty
co) =

K+1  veAKy
1 1 2 *AK-H 2
o = . 1 .(U*Amu_ k+2 (v u)>;
K41 (v*AKu)l-Fm 2(k + 1) v*AKu

(iv) if ¢ is a root of the polynomial p,,,()) of multiplicity k and is not a root of m 4 (1),
then there are k eigenvalues of A + tuv* converging to ¢ with t — 00 having
the following Puiseux expansion at T = 00

W) =C—bir k—byr E—byr ki —e, =1k (5

where, using a, = a,;,(¢) = v*(¢1l, — A)7"u form > 0,

1
bi=bi(0)=a.t. a1 #0,

1 b? aj42
k

by =b2(¢) = — o

The complex roots in Egs. (4) and (5) should be understood as in the theory of
Puiseux series: each particular root determines uniquely the eigenvalue A, see also
Remark 4 below.

Remark 2 Let us comment on some genericity issues appearing in Theorem 1. It was
shown in [3] that for generic u, v (i.e., u, v with arbitrary complex entries except an
algebraic subset of C*", depending possibly on A) we have that v*u # 0 and the roots
of p,y (1) are all simple and disjoint with the roots of m 4 (A). Hence, in Theorem 1 we
have generically k = 1 and in part (iv) for each root ¢ of p,, (1) we have k = 1 and
ma(¢) # 0. However, in general, many different situations might occur. For example,
aroot of p,, (A) might be a root of m 4 (1), as can be seen in Example 5 below.

Further, note that the multiplicities of the roots of p,, (1) and the number « are in
some relation, e.g., due to Theorem 1(i). In particular, if « = [ — 1 then p,,(}) is a
constant, nonzero polynomial and the only limit point of eigenvalues is infinity. There
are, however, some other hidden constraints relating « and the multiplicities of p,, (1)
and their nature needs to be studied more intensively in future work.

All these comments explain the role of the assumptions in Corollary 3 below.
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Corollary 3 With the notation of Theorem 1, if (3) holds and none of the roots ¢y, . . ., ¢y
of puv(X) is a root of m 4 (A), then for sufficiently larget = |t|the seto (A, u, v; t) can
be parametrized by disjoint curves I'1(0), ..., T'y41(0), where the k + 1 eigenvalues
which go to infinity together trace out a curve

1

Fys1(0) = c_1t8Te? + oo+ et #ie 10 4 O 1), 0<6 <2n,

while the k; eigenvalues near ; together trace out a curve I j(0) which is of the form

1

_ . _2 . _3
Lj6) = ¢ —bigpr e’ —bgpr B +0a 1), jell,..., v}
Inboth cases above the O is withrespecttot = |t| — ooandisuniformin® € [0, 2w ].

Proof of Theorem 1 Assume first (2) holds. Expanding the resolvent at infinity we get

Puv(R) = maO)V* (LI, — A)7!

oo
= ma(W)v* Zk_j_lAj u

o0
= Z)ffflmA()\)v*Afu.

Jj=l

However, recall that p,, (1) is a polynomial, hence v*AJu = 0 forall j=0,1,2,...
and py,(A) = 0. In consequence, det(Al, — B(t)) = det(Al, — A) for all t € C by
(1).

Assume now that (3) holds. Statements (i) and (ii) were proved in [4], the proof
did not contain errors. Let us now show (iii). For large values of || consider the
eigenvalues of A 4+ tuv™ which are not eigenvalues of A. These are among the roots
of mg(X) — 7 pyy(X). Dividing by 7, and viewing s = 1/t as a variable, they are
also roots of sm 4 (L) — puy(X), and hence we have by general theory concerning the
behavior of roots of a polynomial under a perturbation such as this that the roots are
given by Puiseux series, see e.g., [1], Part I, Chapter V, and [2],Theorem 9.1.1. For
the large eigenvalues of B(t) we can make this more precise as follows. Recall that
the eigenvalues of B(7) which are not eigenvalues of A satisfy tv* (A1 — A lu=1.
For |A| > ||A|| this may be rewritten as

v¥*Alu
I=rv Z N Z BV
] =K
where in the last step we used the definition of «. Hence

)\K+1

1 1
= v AU+ v AT AT 6)
T by e



Global Properties of Eigenvalues of Perturbations of Matrices Page50f13 91

We can write A as a Puiseux series as

1

1
A=cC_1TH +co+epT oH et (7
or equivalently,
A L _2
— =c_1+coT M o R 4 (8)
T k+1

Taking the (x + 1)-th power of this we arrive at

AK—H

= c’i‘i‘l + (k + 1)6{1001——,(1?

+ <(K + D el + (K ;— 1) C'SIC%> o + 0(1:_1%1). 9
From the leading terms in (6) and (9) we see that
I = v*Au. (10)

Now consider (AZ—H — v*A"u) A. By (6) this is equal to

)\K‘l’l 1
( - U*AKM> A= v ATy 4 XU*AK+2M +0072). (11)
T

On the other hand, inserting (10) into (9), and then inserting (4) we obtain

)LKJrl
( - v*A"u) A
T

=A ((K + 1)c’ilcor_K]? + ((K + D e + <K _2'_ 1) c'i]lc%) T + O(T_K%l)>

= (C—IT"‘]H +co—|—clr_%+l + 0(1_%&))
1 1 _ _2 _3
: ((K + Dot =T 4 <(K + 1) e + (K—zi_ )C'illc%> T 4 o(r KL))
= (e + Do + (e + 1) (C'ilc% +c e + ECflcé) TTET 4 O )

2
K+2

:(K~|—1)c'iTlco+(K—|—l)< c’i]c(zrl—c'jlcl)r_#l + O @) (12)

Comparing formulas (11) and (12) we see
(k + Dt leg = v* ATy, (13)
Using (10) we obtain

1 .U*AK-‘rlu
K+1  vrAcy

(14)

co =
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In addition, subtracting the constant term in (11) and then multiplying by A we obtain

)»K+l
<( - v*AKu> A — v*AK+1u> A=A T2+ 007, (15)
T

On the other hand, subtracting the constant term in (12) and then multiplying by A we
obtain, also using (13),

)\,K+1
<( — v*A"u) A — v*A’(+1u> A
T

:A-(K+1)<K+2

1 2
c ICO + CK+161> T 4+ O(T7 e ).
Now use again (4) to see that

)\K+1
(( — v*A"u))»—v*A“‘W)k
T

:<C—1T$ +C0+0(‘[ Kil))
(( +1 < e+ c'flrlc1> TR 4 0(tx2+1)>

2
=w+1 (%cf{lcg + c’flrzc1> + O(r_ﬁ). (16)

Comparing the constant terms in (15) and (16) we see that

+1) <K ;—2 IiTl (2)+CK+2 ) — U*AK+2M.

Solving this equation for ¢; using the formulas (10) and (14), one finds after some
computation

L (a0

c] = .
2(k + 1) v*AKy

K1 r Ay

as stated in the theorem.
(iv) Since ¢ is a root of p,,(X) and by assumption is not a root of m 4 (1) we have
v*(¢1, — A)~'u = 0. Hence, for A near ¢ we expand

VO — AT = 0 (= O+ Ly — A)
=" =L — A+ L)L - A"
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=v* Y (=D =) (¢l — AV
j=0

=0 Y (€ =@l = A"
j=1

Recall that any eigenvalue of A 4+ Tuv* which is not an eigenvalue of A satisfies
1 * —1
—=vAl, — A u.
T
As ¢ is aroot of p,, (A) with multiplicity k, we have
1
=G -Van+C-DTapt a £0. (17

We express now A in a a Puiseux series in 771, this is possible because A is a root of
ma(A) — T pupy(X) = 0. Since ¢ has multiplicity k we have that

1 2 3
A= —biT7k —byt"k —b3T k — .-

2
for some by, by, .... Then¢ — A = blr_% + byt~ k 4+ - .-, and inserting that in the
equation (17) we obtain
1 1 k=1 2
; = ;b]fakJr] +kb]1€711_T ~brT T Ragy
k+1
+ bll‘H T_%ak+2 + smaller order terms

1 K+l
= ;blfakﬂ fr (kb]fflbzakH +b]f+]ak+2) + (18)

Equating terms of equal powers in 7, for the terms % on the left and right hand sides
gives
1

1 k
o1 G = (v*(:ln - A><'<+‘>u> '

The term on the right hand side with power t_kkil gives
kbyagi1 + biagz = 0,

ie.,
b 1 blagss
P = —— .
k  ar

This completes the proof. O
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Using the formula for b; we can derive an alternative formula for b, completely in
terms of a4 and ay4>, which after some computation, and with proper care for the
kth roots, becomes

) 1 ageo 1 vl — A 2y
k142 142
At (v*(¢ 1y — A)=UtDy) Tk

Remark 4 As stated in the Corollary 3, the x + 1 eigenvalues going to infinity
together trace out the curve I',41(0). Let us number the eigenvalues so that these
are A(7), ..., Ae+1(7). After possibly renumbering these eigenvalues, one derives
from the theory of Puiseux series, see e.g. [1],

. . 2j
2j(te!?y = i dem OO L o), =12,k +1,
where v¥A¥u = rel®. As & — 27 one has that
Ay = ai(@), G=1,.00,6 Aepr(te?) = 1),

A similar statement holds for the k; eigenvalues near ¢; tracing out the curve I'j (0).

3 List of Corrections

e The analysis of the case indicated in formula (2) above was missing in [4]. For
completeness, we have included it in the current version.

e The eigenvalues ¢; in point (v) of Theorem 17 of [4] were not assumed to be
disjoint with the roots of m 4 (A). If some ¢; is a root of m4(A) several things
might occur, which need an independent work. A reformulation of the Theorem,
including that assumption, was necessary.

e A more detailed Puiseux expansion for the eigenvalues for T — oo was given,
both in the case of eigenvalues converging to infinity and to a root of p,, (1). The
version in [4] contained only the first term.

e All results on the set o (A, u, v, t) were moved to a separate Corollary. This is
partially due to the two previous items, and partially due to presentation issues.

e On page 17, line 13 in [4] the formula given there for c; is wrong.

e On page 17, last three lines, and page 18, the first line in [4] the display formula
contains a mistake which has an effect on the remainder of the proof. There is a
factor (—1)* missing in the summation.

e The formula at the bottom of page 18 in [4] contains an error.

4 Examples

Let us begin with the promised example when m 4 (A) and p,,, (A) have a common root.
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Fig.1 Eigenvalues for = 1 in Example 5

Example 5 Let

1 0 0
A=1|0 05 0, u=v=|1
0 0 15

Then k = 1 and p,, (1) = 2(1 —1)%. Hence, A + Tuv* has one eigenvalue converging
to infinity and two eigenvalues converging to 1 with t — oo. However, unlike in
Theorem 1(iv), in the plot of o (A, u, v, t) we do not have a circle around 1 formed
by two eigenvalues. In the current situation one eigenvalue remains at 1 forall T € C,
while the other one forms the full circle, see Fig. 1. The plot in Fig. 1 shows these
circles for ¢ = 1, together with the eigenvalues of B(re'?) forr = 1and § = 2276—6 for
j=172,...,200.

Remark 6 The formulas in Theorem 1(iii) take an especially nice form in the generic
case, when « = 0. In that case we have

2
* v*Au’ ¢ = ! v*A%u — (o Auy .
v*u (v*u)? v*u

As a first approximation we obtain the circle

v*Au

v¥u

@)~ viu-tel? +

)

while a further refinement is the curve

v¥Au 1 (v*Azu B (U*Au)2> . le*ie

v*u (v*u)? v¥u t

I'©) ~ v¥u - tel? +
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01 01
0.051 0.051
0 0
-0.05 -0.05
-0.1 : : : : : 01 : . : : : )
03 0.35 0.4 045 05 055 06  -09 -0.85 0.8 0.75 0.7 -0.65 0.6

Fig.2 Eigenvalues for = 1 in red, the circular approximation in blue. On the left around ¢1, on the right
around &>

Let us also specialize the formulas in Theorem 1(iv) for the generic case k = 1. In
this case we have

1 v¥ (I, — A)u

D= = T T — A

As a first approximation we obtain the circle
~ i61
L@)~¢—bie”;
as a second approximation we obtain the curve

L)~ ¢ —bie'’ —bye?'? S

1.0 0 1

Example7 Consider A = | 0 0 O|,u = |1|,v = |2]|. Then p,,(A) =
0 0 1 1 3

612 421 —2, with zeroes £ = —1 + Y13 ~ 0.4343and ¢ = — 1 — Y12 ~ _0.7676.

One computes that b1(¢1) ~ 0.0489 and b1 (%) =~ 0.0437: So the first approximation
of the curves I';(0) are given by I';(8) ~ ¢; — bl({j)ele%, which are circles with
centers at ¢; and radii b1 (¢;). The plots in Fig. 2 show these circles for t = 1, together

with the eigenvalues of B(teie) fort=1and 6 = % for j =1,2,...,200.

It is obvious from the graphs that the circle around ¢ is already a fairly good
approximation for the eigenvalues of B(t). However, the circle around ¢, is definitely
not a very nice approximation. We further compute that b»(¢1) ~ —9.5594 x 10~
and b(¢2) ~ —0.062. Focusing on the next approximation of I'2(f) we get as an
approximation I';(9) &~ —0.7676 — 0.0437¢'? + 0.062¢%1%. Incorporating this extra
term in the approximation leads to a much better approximation as is shown in Fig. 3.

For the large eigenvalues of B(t), already for ¢ = 1 the circular approximation
is fairly good, the extra term in the approximation only makes it even better. In this
case we have c_1 = 6, cp = % and ¢ = %. See Fig. 4, where for 200 equally
spaces values of 6 the eigenvalues of B(e'?) are plotted, together with the circular

c ] i0 coe ] 0, 23 —ip
approximation 5 + 6¢'” and the second approximation 3 + 6e'” + 57-e7'".
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Fig.3 Eigenvalues fort =1 01
close to ¢ in red, the circular
approximation in blue, in green 0.08 1

the more accurate approximation
with an additional term

o
T
ererereaness®®”

0.02 | f!’

-0.04
-0.06
-0.08
01 ‘ ‘ ‘ ‘
-0.85 -0.8 -0.75 -0.7 -0.65
Fig.4 The eigenvalues of ' ' ' ' ' ' '
B(e'?) are plotted in red, the 6F 1
circular approximation is plotted
in blue and the second 4t ]
approximation is plotted in green
ol ]
ol ]
2Ff J
4t -
6 F J

Fort = % the picture is clearer. The approximating circle in this case is % + 3elf,

the second approximation is % + 36l 4+ %e‘ie, as is shown in Fig. 5

1
Example 8 Take A and u as in the previous example, but let v = —% .Thenv*u =0
2
and v*Au = —%, so k = 1. Furthermore, v*AZu = % and v*A%u = —%. In that case,
cz_1 = —%, SOC_| = \/gi, co = —é and ¢| = ;jﬁ i. With 7 = re'? we obtain for

the circular approximation of the two eigenvalues going to infinity

:I:\/g\/; (— sin (%9) +1icos (%9)) — é
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Fig.5 The eigenvalues of 4
B(%e‘ %) are plotted in red, the
circular approximation is plotted 3t
in blue and the second
approximation is plotted in green ol
1 -
ok
At
2t
3t
4 . . .
-4 -2 0 2 4
3 T T T T T T T
2 - -
1k ]
0 - -
aF ]
2+ -
3 L L L L L L L

-3 -2 -1 0 1 2 3

Fig.6 The eigenvalues of B(4e'?) plotted in red, the circular approximation in blue and the second approx-
imation in green

Adding the extra terms with ¢ is a bit more involved; it gives

e (5 (on () () G (3 o (39)

For t = 4 Fig. 6 shows the situation, and also illustrates that the fit for the circle is not
satisfactory, while the fit with the next term is essentially better. Obviously, for larger
t this will improve even further.

The results of Theorem 1 and Corollary 3 show how the curves I'; can be described
not only qualitatively, but as the examples show, also quantitatively the results are fairly
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sharp, certainly if we take into account the correction term to the circular approxima-
tion.
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