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Abstract
In this paper we study the so-called Radon inversion problem in bounded, circular,
strictly convex domains with C2 boundary. We show that given p > 0 and a strictly
positive, continuous function � on ∂�, by use of homogeneous polynomials it is

possible to construct a holomorphic function f ∈ O(�) such that
1∫
0
| f (zt)|pdt = �(z)

for all z ∈ ∂�. In our approach we make use of so-called lacunary K -summing
polynomials (see definition below) that allow us to construct solutions with in some
sense extremal properties.

Keywords Radon inversion problem · Divergent Taylor series · Boundary behaviour
of holomorphic functions of several complex variables · Inner functions

Mathematics Subject Classification Primary 32A40 · Secondary 32A0

1 Introduction

In general, Radon inversion problem is to reconstruct a function on the basis of the val-
ues of its integrals over some subset of submanifolds of its domain. Here we consider
bounded, circular, strictly convex domains and we are interested in finding a holo-
morphic function such that its radial integrals are equal to the values of some given
strictly positive, continuous function on the boundary. More precisely, let � ⊂ C

ν

be a bounded, circular, strictly convex domain with C2 boundary. Fix p > 0. For a
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holomorphic function f ∈ O(�) we may consider the integral operator Rp defined
as follows

Rp( f )(z) :=
∫ 1

0
| f (zt)|pdt, z ∈ �

and called Radon operator. Then for a given strictly positive, continuous function
� : ∂� �−→ R+ we look for a function f ∈ O(�) such that

Rp( f ) = � on ∂�. (1)

Slightly different formulation of the Radon inversion problem in terms of considered
integrals for the operator Rp was described in [7] and solved at almost all boundary
points with respect to a given probability measure on the boundary of the domain.
Moreover, in the same paper it was observed that Radon inversion problem for holo-
morphic functions is similar to construction of inner functions in several variables. The
radial limits that exist almost everywhere on the boundary are replaced by the Radon
operator. However, the Radon operator Rp is well-defined at all boundary points, so
the aim of the present paper is to solve (1) for all z ∈ ∂�. For the first two independent
constructions of a non-constant inner function in several variables see [1] and [9].

To achieve our aim we make use of homogeneous polynomials constructed in [6].
Historically they are a generalization of Ryll-Wojtaszczyk polynomials (see [11]).
For our purpose we add some properties to the polynomials from [6] to obtain, as we
call them, lacunary K -summing polynomials (see definition below). They will form
generators that enable us to construct by induction a solution to (1).

Then we intend to study properties of the obtained solution. In our approach, the
solution is clearly unbounded on the boundary of the domain.Nevertheless,more inter-
esting properties might be seen by considering a linear operator S p for holomorphic
functions, p > 0. If {uk}k∈N is a sequence of homogeneous polynomials of degree
nk ∈ N respectively, then the operator S p is defined as follows

S p : O(�) �
∞∑
k=1

uk �−→
∞∑
k=1

uk
p
√
pnk + 1

∈ O(�).

First of all, we construct a solution f to (1) such that S p( f ) is continuous up to
the boundary for any p > 0. Then we show that one may find another solution g
such that all slice functions of S p(g) have divergent series of Taylor coefficients with
every exponent s < min{1, p}. Moreover, if p ≤ 1, then S p(g) ∈ C(�) and for
p ∈ (1, 2], function S p(g) is square-integrable on all circles z∂D, z ∈ ∂�. This is
a similar result to the ones obtained for functions in the ball algebra in [12] and for
inner functions in [2] and [3]. In some sense these two approaches give us flexibility
and diversity in solving Radon inversion problem and might be useful in view of
constructing holomorphic functions with prescribed boundary behaviour.



Radon Inversion Problem for Holomorphic Functions... Page 3 of 31 80

2 Notation and Preliminaries

In this paper we set the following notation. Let σ , μ and λ be normalized Lebesgue
measures on ∂�, � and ∂D, respectively, i.e. σ(∂�) = 1, μ(�) = 1 and λ(∂D) = 1.
Let CM (�) stand for the space of continuous functions in � and bounded by M . Let
us denote L1 norm on circles z∂D, z ∈ ∂�, by || f ||1,z∂D := ∫

∂D

| f (zω)|dλ(ω)

and supremum norm || f ||T := sup
z∈T

| f (z)|. For z ∈ ∂� denote by fz : D � ω �−→
f (ωz) the slice function for f . Recall that a polynomial P is said to be of order k if
∂ |α|

∂zα
P(0) = 0 for any multi-index α such that |α| < k and we write ord(P) = k.

Finally, for p > 0 and q = max{p, 1} we define the space

HRp(�) :=
{
f ∈ O(�) : sup

z∈∂�

Rp( f )(z) < ∞
}

equippedwith themetric d( f , g) := sup
z∈∂�

(
Rp( f −g)(z)

) 1
q
,where f , g ∈ HRp(�).

This space is complete as we shall show it in the following proposition.

Proposition 2.1 The space
(HRp(�), d

)
is complete for any p > 0. Moreover, if

fn
d−→

n→∞ f inHRp(�), then Rp( fn) ⇒ Rp( f ) on ∂� as n → ∞.

Proof Let { fn}n∈N be a Cauchy sequence inHRp(�). Set ε > 0. There exists N ∈ N

such that

(
Rp( fm − fn)(z)

) 1
q

< ε ∀m,n≥N ∀z∈∂�

which implies that

∫ 1

0
|( fm − fn)(zt)|pdt < εq ∀m,n≥N ∀z∈∂�. (2)

Now we may integrate (2) over ∂� to obtain that

∫
∂�

∫ 1

0
|( fm − fn)(zt)|pdtdσ(z) < εq ∀m,n≥N .

Since fm − fn is a holomorphic function, on the basis of [10] (Prop. 1.5.4.), function
| fm − fn|p is subharmonic. Let K be a compact subset of �, w ∈ K and r =
1
2dist(K , ∂�), so B(w, r) ⊂ �. The sub-mean value theorem applied to the function
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| fm − fn|p and B(w, r) gives the following estimate

|( fm − fn)(w)|p ≤ 1

μ(B(w, r))

∫
B(w,r)

|( fm − fn)(ζ )|pdμ(ζ )

≤ 1

r2ν

∫
∂�

∫ 1

0
|( fm − fn)(zt)|pdtdσ(z) <

εq

r2ν

for any m, n ≥ N . In particular,

sup
w∈K

|( fm − fn)(w)|p <
εq

r2ν
∀m,n≥N .

This implies that { fn}n∈N converges locally uniformly on compact subsets of �. Let
f be the limit function for the sequence { fn}n∈N. Since fn are holomorphic, so is f .

Now we shall show that fn
d−→ f and f ∈ HRp(�). It follows from (2) that

∫ δ

0
|( fm − fn)(zt)|pdt < εq ∀δ∈(0,1) ∀m,n≥N ∀z∈∂�. (3)

Since fm −→ f locally uniformly we may pass with m to the limit in (3) to obtain
that

∫ δ

0
|( f − fn)(zt)|pdt ≤ εq ∀δ∈(0,1) ∀n≥N ∀z∈∂�.

Above inequality holds for any δ ∈ (0, 1), so we get that

∫ 1

0
|( f − fn)(zt)|pdt ≤ εq ∀n≥N ∀z∈∂�.

Moreover, by triangle inequality,

sup
z∈∂�

(
Rp( f )(z)

) 1
q ≤ sup

z∈∂�

(
Rp( f − fn)(z)

) 1
q + sup

z∈∂�

(
Rp( fn)(z)

) 1
q

< ∞ ∀n≥N .

Therefore fn
d−→

n→∞ f and f ∈ HRp(�).

If fn
d−→

n→∞ f , then d( f , fn) −→
n→∞ 0. Triangle inequality implies that

sup
z∈∂�

((
Rp( f )(z)

) 1
q −

(
Rp( fn)(z)

) 1
q
)

≤ sup
z∈∂�

(
Rp( f − fn)(z)

) 1
q −→

n→∞ 0.

Hence
(
Rp( fn)

) 1
q ⇒

(
Rp( f )

) 1
q
on ∂� asn → ∞ and consequently thatRp( fn) ⇒

Rp( f ) on ∂� as n → ∞. 
�
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In the construction of a solution to the Radon inversion problem we will use the
following theorem from [4]. It provides a collection of holomorphic and continuous
up to the boundary functions that in some sense together approximate a given strictly
positive, continuous function on ∂�. It is important to emphasise that the number
of elements in this set of functions does not depend on the function we want to
approximate.

Theorem 2.2 ([4], Theorem 3.2) There exists a natural number N = N (∂�) such that
if ε ∈ (0, 1), T is a compact subset of �, h is a continuous strictly positive function
on ∂�, then there exist holomorphic functions f1, . . . , fN ∈ O(�) ∩ C(�) such that

1. || fm ||T ≤ ε, m = 1, . . . , N

2.
h

2
< max

1≤m≤N
| fm | < h on ∂�.

As it is observed in [8], functions in Theorem 2.2 may be replaced with polynomials.

3 Lacunary K -Summing Polynomials

As we said before, the main tool in our approach to solve the Radon inversion problem
is lacunary K -summing polynomials. Hereafter, we give a precise definition and then
we study useful properties of lacunary K -summing polynomials, in particular how
they behave composed with operators Rp and S p and what relation there is between
these operators.

Definition 3.1 For a given K ∈ N, a polynomial Q is called a K -summing polynomial,

if it has a homogeneous expansion
∑K

j=1
u j , where deg(u j ) = n j ∈ N, j =

1, 2, . . . , K , and satisfies the following conditions

i) max
1≤ j≤K

|u j (z)| ≤ 1 for z ∈ ∂�

ii)
1

2
deg(Q) ≤ ord(Q) = n1 < n2 < · · · < nK = deg(Q).

Moreover, Q is said to be a lacunary K -summing polynomial, if it additionally pos-
sesses properties i i i) and iv)

iii) max
1≤ j≤K

|u j (z)| ≥ 1

2
for z ∈ ∂�

iv) K
√
2 <

n j+1

n j
< 2, j = 1, 2, . . . , K − 1.

To prove the existence of lacunary K -summing polynomials we need the following
theorem from [6].

Theorem 3.2 ([6], Theorem 2.5) There exists K = K (∂�) ∈ N such that there exists
N0 ∈ N such that for all integers N ≥ N0 and n1, . . . , nK ∈ N with N ≤ n1 ≤ · · · ≤
nK ≤ 2N there exist homogeneous polynomials u1, . . . , uK of degrees n1, . . . , nK ,

respectively, such that
1

2
< max

1≤ j≤K
|u j (z)| < 1 for all z ∈ ∂�.
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Corollary 3.3 There exists K = K (∂�) ∈ N for which there exists NK ∈ N such that
for any N ≥ NK there exists a lacunary K -summing polynomial of degree N.

Proof Take K = K (∂�) ∈ N and N0 ∈ N from Theorem 3.2. Choose such a big
NK ≥ 2N0 that for N ≥ NK there exists a K -tuple of integers 1

2N < n1 < n2 <

· · · < nK = N that satisfy K
√
2 <

n j+1
n j

< 2 for j = 1, 2, . . . , K −1. For such N and
n1, n2, . . . , nK byTheorem3.2, there exist homogeneous polynomials u1, u2, . . . , uK

of degrees n1, n2, . . . , nK , respectively, such that
1

2
< max

1≤ j≤K
|u j | < 1 on ∂�. Then

observe that
∑K

j=1
u j is a lacunary K -summing polynomial of degree N . 
�

Lemma 3.4 Let p > 0, ε > 0, M > 0 and K ∈ N. There exists N0 ∈ N such that for
any K -summing polynomial Q of degree N ≥ N0 and f , g ∈ CM (�) the following
inequalities

Rp( f Q) + Rp(g) − ε < Rp( f Q + g
)

< Rp( f Q) + Rp(g) + ε

hold in �.

Proof Let q = max{p, 1} and k ∈ N be such that k ≥ p. We may

choose N0 ∈ N such that for any N ≥ N0 we have
MpKq

1
2 pN + 1

<
ε

8
and

∑k−1

m=1

(
k

m

) p
k

M pKm k
1
2Np + k

<
ε

2
.Wewill show that such N0 fulfills the require-

ments to be chosen for Lemma 3.4.
Since Q is a K -summing polynomial of degree N ≥ N0, let Q =

∑K

j=1
u j be its

homogeneous expansion of degrees n1, . . . , nK , respectively, such that 1
2N ≤ n1 <

· · · < nK = N . For simplicity denote by F := f Q. Let δ ∈ (0, 1) be such that∫ 1

δ

|g(zt)|pdt ≤ ε

8
. Then observe that for z ∈ � we have

( ∫ δ

0
|F(zt)|pdt

) 1
q =

( ∫ δ

0

∣∣∣ f (zt)
K∑
j=1

tn j u j (z)
∣∣∣pdt

) 1
q

≤ M
p
q

K∑
j=1

(
|u j (z)|p

∫ δ

0
t pn j dt

) 1
q

≤ M
p
q

K∑
j=1

(
δ pn j+1

pn j + 1

) 1
q ≤

(
MpKq δ

1
2 pN+1

1
2 pN + 1

) 1
q

<
(ε

8

) 1
q
.
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Hence
∫ δ

0
|F(zt)|pdt <

ε

8
. Since

p

k
≤ 1, we are able to make use of triangle inequal-

ity to obtain the following estimates

R p
k
(
Fk + gk

)
(z) =

∫ 1

0

∣∣(Fk + gk
)
(zt)

∣∣ p
k dt ≤

∫ 1

0

∣∣F(zt)
∣∣pdt +

∫ 1

0

∣∣g(zt)∣∣pdt
= Rp(F)(z) + Rp(g)(z)

and

R p
k (Fk + gk)(z) =

∫ 1

0
|(Fk + gk)(zt)| p

k dt =
∫ δ

0
|(Fk + gk)(zt)| p

k dt

+
∫ 1

δ

|(Fk + gk)(zt)| p
k dt

≥
∫ 1

δ

|F(zt)|pdt −
∫ δ

0
|F(zt)|pdt

+
∫ δ

0
|g(zt)|pdt −

∫ 1

δ

|g(zt)|pdt

= Rp(F)(z) + Rp(g)(z) − 2
∫ δ

0
|F(zt)|pdt − 2

∫ 1

δ

|g(zt)|pdt

> Rp(F)(z) + Rp(g)(z) − ε

2
.

If 0 < p ≤ 1, then k = 1 does the job. For p > 1 we need a little bit more effort to
make. For shortness, denote by

I p
k (F, g)(z) :=

∫ 1

0

∣∣∣
k−1∑
m=1

(
k

m

)(
F(zt)

)m(
g(zt)

)k−m
∣∣∣
p
k
dt .

Then observe that for z ∈ �

I p
k (F, g)(z) ≤

k−1∑
m=1

(
k

m

) p
k

∫ 1

0

∣∣∣ f (zt)
K∑
j=1

u j (zt)
∣∣∣
mp
k |g(zt)| (k−m)p

k dt

≤
k−1∑
m=1

(
k

m

) p
k

M
mp
k M

p(k−m)
k

( K∑
j=1

|u j (z)| p
k

∫ 1

0
t
pn j
k dt

)m

≤
k−1∑
m=1

(
k

m

) p
k

M p
( K∑

j=1

k

pn j + k

)m

≤
k−1∑
m=1

(
k

m

) p
k

M p
(
K

k
1
2 pN + k

)m

≤
k−1∑
m=1

(
k

m

) p
k

M pKm k
1
2Np + k

<
ε

2
.
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This implies that for z ∈ �

Rp(F + g)(z) =
∫ 1

0

(
|(F + g)(zt)|k

) p
k
dt=

∫ 1

0

∣∣∣
k∑

m=0

(
k

m

)(
F(zt)

)m(
g(zt)

)k−m
∣∣∣
p
k
dt

≤
∫ 1

0
|F(zt)|pdt +

∫ 1

0
|g(zt)|pdt + I p

k (F, g)(z)

< Rp(F)(z) + Rp(g)(z) + ε

2

and

Rp(F + g)(z) =
∫ 1

0
|(F + g)(zt)|pdt =

∫ 1

0

∣∣∣
k∑

m=0

(
k

m

)(
F(zt)

)m(
g(zt)

)k−m
∣∣∣
p
k
dt

[5mm] ≥
∫ 1

0
|(Fk + gk)(zt)| p

k dt − I p
k (F, g)(z)

>

∫ 1

0
|F(zt)|pdt +

∫ 1

0
|g(zt)|pdt − ε

= Rp(F)(z) + Rp(g)(z) − ε.

Above estimates complete the proof. 
�

Lemma 3.5 Let p > 0, ε > 0, M > 0 and K ∈ N. There exists N0 ∈ N such that
for any K -summing polynomial Q of degree N ≥ N0 and f ∈ CM (�) the following
inequalities

| f |pRp(Q) − ε ≤ Rp( f Q) ≤ | f |pRp(Q) + ε

are satisfied in �.

Proof There exists N0 ∈ N such that for any N ≥ N0 the following inequalities hold

true
MpK p+1

1
2Np + 1

≤ ε

2
and 1

2Np + 1 > K p+1. We will show that such N0 fulfills the

requirements to be chosen for Lemma 3.5.

Let
∑K

j=1
u j be the homogeneous expansion of the polynomial Q, where

u1, . . . , uK are homogeneous polynomials of degrees n1, . . . , nK , respectively, such
that 1

2N ≤ n1 < · · · < nK = N . Since f is continuous in �, there exists δ ∈ (0, 1)
such that for t ∈ [δ, 1], if z ∈ �, then

| f (z)|p − ε

2
≤ | f (zt)|p ≤ | f (z)|p + ε

2
. (4)
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Let q = max{p, 1}. Then observe that by triangle inequality,

(∫ 1

δ

|Q(zt)|pdt
) 1

q =
( ∫ 1

δ

∣∣∣
K∑
j=1

u j (zt)
∣∣∣pdt

) 1
q

≤
K∑
j=1

( ∫ 1

δ

t pn j dt

) 1
q ≤ K

(
1

1
2Np + 1

) 1
q

< 1 (5)

and

(
| f (z)|p

∫ δ

0
|Q(zt)|pdt

) 1
q ≤ M

p
q

K∑
j=1

(∫ δ

0
|u j (z)|pt pn j dt

) 1
q

≤ M
p
q

K∑
j=1

(
δ pn j+1

pn j + 1

) 1
q

≤
(
MpKq δ pN+1

1
2 pN + 1

) 1
q ≤

(
ε

2

) 1
q

. (6)

Above inequalities yield the conclusion

Rp( f Q)
(z) =

∫ 1

0

∣∣ f (zt)Q(zt)
∣∣pdt ≥

∫ 1

δ

∣∣ f (zt)Q(zt)
∣∣pdt

(4)≥
(

| f (z)|p − ε

2

)∫ 1

δ

∣∣Q(zt)
∣∣pdt

(5)≥ | f (z)|p
∫ 1

0

∣∣Q(zt)
∣∣pdt − | f (z)|p

∫ δ

0

∣∣Q(zt)
∣∣pdt − ε

2
(6)≥ | f (z)|pRp(Q)(z) − ε

and

Rp( f Q)
(z) =

∫ 1

0

∣∣ f (zt)Q(zt)
∣∣pdt =

∫ 1

δ

∣∣ f (zt)Q(zt)
∣∣pdt +

∫ δ

0

∣∣ f (zt)Q(zt)
∣∣pdt

(4),(6)≤
(

| f (z)|p + ε

2

)∫ 1

δ

∣∣Q(zt)
∣∣pdt

+ ε

2

(5)≤ | f (z)|p
∫ 1

0

∣∣Q(zt)
∣∣pdt + ε

= | f (z)|pRp(Q)(z) + ε

for z ∈ �. This finishes the proof. 
�
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Lemma 3.6 Let p > 0, m ∈ N, η ∈ (1, 2), δ ∈ (0, 1). There exist cm ∈ (0, δ)

and lm ∈ N such that for any polynomial of the form Pm(t) =
∑m

j=1
a j t

n j , where

δ ≤ max
1≤ j≤m

|a j | ≤ 1, n1 ≥ lm and η <
n j+1
n j

< 2 for j = 1, . . . ,m − 1, the following

inequality holds true

∫ 1

0
pnm |Pm(t)|pdt ≥ cm .

Proof Let q = max{p, 1}. We proceed inductively. Case m = 1 is trivial. Consider
the polynomial P1(t) = a1tn1 , where |a1| ≥ δ. There exists l1 ∈ N such that pn1 ≥ 1
for any n1 ≥ l1. Hence

∫ 1

0
pn1|P1(t)|pdt = pn1

pn1+1 |a1|p ≥ 1
2δ

p =: c1.

For the case m = 2 firstly we choose a suitable natural number l2. To do this

let us observe that there exists α > 0 such that e− pα(η−1)
q < δ

10 . Select l2 ∈ N

such that pn1
pn1+1 ≥ 9

10 and
(
1 − α

n1

) pn1+1
q ≥ 5

9e
− pα

q for any n1 > l2. Then we may
consider the polynomial P2(t) = a1tn1 + a2tn2 , where η < n2

n1
< 2, n1 > l2 and

δ ≤ max
{|a1|, |a2|} ≤ 1. Assume first that |a1| <

( 2
5δ

) q
p and so |a2| ≥ δ. We may

estimate

( ∫ 1

0
pn2|P2(t)|pdt

) 1
q ≥

(
pn2

pn2 + 1

) 1
q |a2|

p
q

−
(

pn2
pn1 + 1

) 1
q |a1|

p
q ≥ 9

10
δ − 2

(
pn1

pn1 + 1

) 1
q |a1|

p
q

≥ 9

10
δ − 4

5
δ = δ

10
.

If |a1| ≥ ( 2
5δ

) q
p , then we obtain what follows

( ∫ 1

0
pn2|P2(t)|pdt

) 1
q ≥

(∫ 1− α
n1

0
pn2|P2(t)|pdt

) 1
q

≥
(∫ 1− α

n1

0
pn2|a1|pt pn1dt

) 1
q

−
(∫ 1− α

n1

0
pn2|a2|pt pn2dt

) 1
q

≥
(

pn2
pn1 + 1

) 1
q
(
1 − α

n1

) pn1+1
q |a1|

p
q
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−
(

pn2
pn2 + 1

) 1
q
(
1 − α

n1

) pn2+1
q |a2|

p
q

≥ η
1
q

pn1
pn1 + 1

(
1 − α

n1

) pn1+1
q |a1|

p
q −

(
1 − α

n1

) pn2+1
q

≥ δ

5
e− pα

q − e− pηα
q = e− pα

q

(
δ

5
− e− pα(η−1)

q

)
≥ δ

10
e− pα

q .

Now it is enough to define c2 := δ
10e

− pα
q .

Proceeding inductively assume that the statement of the lemma holds true form−1

with constants cm−1 ∈ (0, δ) and lm−1 ∈ N. There exists β > 0 such that e− pβ(η−1)
q <

9
10

cm−1
(m−1)22m−1 . Then select an integer lm ≥ lm−1 such that pn1

pn1+1

(
1 − β

n1

) pn1+1
q ≥

9
10e

− pβ
q for any n1 > lm . Consider the polynomial Pm(t) =

∑m

j=1
a j t

n j , where

δ ≤ max
1≤ j≤m

|a j | ≤ 1 and η <
n j+1
n j

< 2 for j = 1, . . . ,m − 1 with n1 > lm . Since

the statement of the lemma holds true for m − 1 with the constant cm−1, this means
in particular that if max

2≤ j≤m
|a j | ≥ δ, then

∫ 1

0
pnm

∣∣∣
m∑
j=2

a j t
n j

∣∣∣pdt ≥ cm−1.

If |a1| <
( cm−1

2m
) q
p < δ, then max

2≤ j≤m
|a j | ≥ δ and from the induction hypothesis we

may estimate

(∫ 1

0
pnm |Pm(t)|pdt

) 1
q =

( ∫ 1

0
pnm

∣∣∣
m∑
j=1

a j t
n j

∣∣∣pdt
) 1

q

≥
( ∫ 1

0
pnm

∣∣∣
m∑
j=2

a j t
n j

∣∣∣pdt
) 1

q

−
( ∫ 1

0
pnm |a1|pt pn1dt

) 1
q

≥ c
1
q
m−1 −

(
pnm

pn1 + 1

) 1
q |a1|

p
q

≥ cm−1 − 2m−1
(

pn1
pn1 + 1

) 1
q |a1|

p
q

≥ 1

2
cm−1
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If |a1| ≥ ( cm−1
2m

) q
p , then we obtain

(∫ 1

0
pnm |Pm(t)|pdt

) 1
q ≥

( ∫ 1− β
n1

0
pnm

∣∣∣
m∑
j=1

a j t
n j

∣∣∣pdt
) 1

q

≥
( ∫ 1− β

n1

0
pnm |a1|pt pn1dt

) 1
q −

( m∑
j=2

∫ 1− β
n1

0
pnm |a j |pt pn j dt

) 1
q

≥
( ∫ 1− β

n1

0
pnm |a1|pt pn1dt

) 1
q −

m∑
j=2

( ∫ 1− β
n1

0
pnm |a j |pt pn j dt

) 1
q

≥
(

pnm
pn1 + 1

) 1
q
(
1 − β

n1

) pn1+1
q |a1|

p
q −

m∑
j=2

(
pnm

pn j+1

) 1
q
(
1 − β

n1

) pn j+1
q |a j |

p
q

≥
(

pn1
pn1 + 1

) 1
q
(
1 − β

n1

) pn1+1
q |a1|

p
q −

m∑
j=2

(
2m− j pn j
pn j+1

) 1
q
(
1 − β

n1

) pn j+1
q

≥ pn1
pn1 + 1

(
1 − β

n1

) pn1+1
q |a1|

p
q −

m∑
j=2

2m− j e− βη j−1

q

≥ 9

10
e− pβ

q
cm−1

2m
− (m − 1)2m−2e− pβη

q

≥ e− pβ
q

(
9

10

cm−1

2m
− (m − 1)2m−2e− pβ(η−1)

q

)
≥ 0.9e− pβ

q
cm−1

2m+1 .

Now from the above inequalities, we may define suitably the constant cm and this
completes the proof. 
�
Corollary 3.7 Let p > 0, K ∈ N. There exist constants cK ∈ (0, 1

2 ), CK > 1 and
lK ∈ N such that for any lacunary K -summing polynomial Q of degree N ≥ lK the
following inequalities hold

cK ≤
∫ 1

0
pN

∣∣Q(zt)
∣∣pdt ≤ CK , z ∈ ∂�.

Proof Let CK := 2Kmax{p,1} and cK ∈ (0, 1
2 ), lK ∈ N be constants from Lemma 3.6

withm := K , η := K
√
2 and δ := 1

2 . Let
∑K

j=1
uk be the homogeneous expansion of

Q, where each u j is a homogeneous polynomial of degree n j ∈ N. Observe that since
Q is a lacunary K -summing polynomial of degree N ≥ lK , for z ∈ ∂� polynomial
Q satisfies Lemma 3.6 with a j := u j (z), i.e.

∫ 1

0
pN

∣∣Q(zt)
∣∣pdt =

∫ 1

0
pN

∣∣∣
K∑
j=1

u j (z)t
n j

∣∣∣pdt ≥ cK .
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To prove the second inequality let q = max{p, 1}. Then we may estimate

( ∫ 1

0
pN

∣∣Q(zt)
∣∣pdt

) 1
q =

(∫ 1

0
pN

∣∣∣
K∑
j=1

u j (z)t
n j

∣∣∣pdt
) 1

q

≤
K∑
j=1

(∫ 1

0
pN |u j (z)|pt pn j dt

) 1
q

≤
K∑
j=1

( pN
pn j+1

) 1
q ≤ K

( pN
1
2 pN+1

) 1
q ≤ K q

√
2.

Hence
∫ 1

0
pN

∣∣Q(zt)
∣∣pdt ≤ CK . 
�

Lemma 3.8 Let p > 0, ε > 0 and m ∈ N. There exists N ∈ N such that for n ∈ N if
n ≥ N, then

(2pn)
1
p
(pn + pm + 1)

1
p − (pn + 1)

1
p

(pn + pm + 1)
1
p (pn + 1)

1
p

< ε.

Proof Select k ∈ N such that k ≥ 1
p , so

1
pk ≤ 1. Then by triangle inequality we may

estimate

(
(pm + pn + 1)

1
pk

)k ≤
(
(pm)

1
pk + (pn + 1)

1
pk

)k =
k∑
j=0

(k
j

)
(pm)

j
pk (pn + 1)

k− j
pk

= (pn + 1)
1
p +

k∑
j=1

(k
j

)
(pm)

j
pk (pn + 1)

k− j
pk .

Therefore

(2pn)
1
p

(pn + pm + 1)
1
p − (pn + 1)

1
p

(pn + pm + 1)
1
p (pn + 1)

1
p

≤ (2pn)
1
p

k∑
j=1

(k
j
)
(pm)

j
pk (pn + 1)

k− j
pk

(pn + pm + 1)
1
p (pn + 1)

1
p

= (2pn)
1
p

(pn + pm + 1)
1
p

∑k

j=1

(k
j
)
(pm)

j
pk (pn + 1)

− j
pk

−→
n→∞ 0.
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Hence there exists N ∈ N such that for any n ≥ N we have

(2pn)
1
p
(pn + pm + 1)

1
p − (pn + 1)

1
p

(pn + pm + 1)
1
p (pn + 1)

1
p

< ε.


�

Lemma 3.9 Let p > 0, K ∈ N and ε > 0. For every polynomial f there exists N1 ∈ N

such that if Q is a K -summing polynomial of degree N ≥ N1, then

∣∣S p( p
√
pN f Q

) − f S p( p
√
pNQ

)∣∣ < ε in �.

Proof Let
∑L

i=1
vi be the homogeneous expansion of f with deg(vi ) = mi ∈ N, i =

1, 2, . . . , L.By Cauchy estimates in the expansion of f , there exists a constantC such
that ||vi ||� < C || f ||�, i = 1, 2, . . . , L . Lemma 3.8 implies that there exists N1 ∈ N

such that if N ≥ N1, then for each mi and all n ∈ [ 1
2N , N

]
we have

(pN )
1
p
(pn + pmi + 1)

1
p − (pn + 1)

1
p

(pn + pmi + 1)
1
p (pn + 1)

1
p

≤ (2pn)
1
p
(pn + pmi + 1)

1
p − (pn + 1)

1
p

(pn + pmi + 1)
1
p (pn + 1)

1
p

<
ε

CK L|| f ||� . (7)

Let
∑K

j=1
u j be the homogeneous expansion of Q with deg(u j ) = n j ∈ N,

j = 1, 2, . . . , K . If Q is a K -summing polynomial of degree N ≥ N1, then n j

∈ [ 1
2N , N

]
, j = 1, 2, . . . , K . Hence by (7), in � we obtain what follows

∣∣∣S p( p
√
pN f Q

) − f S p( p
√
pNQ

)∣∣∣ =
∣∣∣∣S p

(
p
√
pN

L∑
i=1

K∑
j=1

vi u j

)

−
L∑

i=1

viS p
(

p
√
pN

K∑
j=1

u j

)∣∣∣∣

=
∣∣∣∣ p
√
pN

L∑
i=1

K∑
j=1

vi u j

(
1

p
√
p(mi + n j ) + 1

− 1
p
√
pn j + 1

) ∣∣∣∣
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≤
L∑

i=1

K∑
j=1

|vi ||u j |
∣∣∣∣

p
√
pN

(
p
√
pn j + 1 − p

√
p(mi + n j ) + 1

)
p
√
p(mi + n j ) + 1 p

√
pn j + 1

∣∣∣∣

<

L∑
i=1

K∑
j=1

|vi ||u j | ε

CK L|| f ||� < ε.

This completes the proof. 
�
Remark 3.10 Let p > 0 and K ∈ N. If Q is a K -summing polynomial, then for z ∈ ∂�

∣∣∣∣S p
(

p
√
p deg(Q)Q

)
(z)

∣∣∣∣ < K
p
√
2.

Proof Let
∑K

j=1
u j be the homogeneous expansion of Q with deg(u j ) = n j ∈

N, j = 1, 2, . . . , K . If Q is a K -summing polynomial, then 1
2 deg(Q) ≤ n j ≤

deg(Q), j = 1, 2, . . . , K . By properties of K -summing polynomials, we obtain the
required estimate on ∂�

∣∣∣∣S p
(

p
√
p deg(Q)Q

)∣∣∣∣ =
∣∣∣∣S p

(
p
√
p deg(Q)

K∑
j=1

u j

)∣∣∣∣ =
∣∣∣∣

K∑
j=1

p

√
p deg(Q)

pn j + 1
u j

∣∣∣∣

≤ p

√
p deg(Q)

1
2 p deg(Q) + 1

K∑
j=1

|u j | <K
p
√
2.


�

4 Radon Inversion Problem

As we saw in the previous section, lacunary K -summing polynomials possess some
interesting properties.Herein,we shall showhowwecanuse them to solve by induction
theRadon inversion problemwith given a strictly positive, continuous function�. First
of all, in Theorem 4.1 we construct generators which at each induction step allow us to
come closer to� by a constant fraction of what is still missing. Moreover, the operator
Rp is “almost additive” in the space of generators with respect to a given ε > 0. From
this, one concludes that the sum of constructed generators converges inHRp(�) and
solves the Radon inversion problem with � as we will see it in Theorem 4.2.

Theorem 4.1 Let p > 0. There exist θ ∈ (0, 1) and κ > 0 such that if � is a strictly
positive continuous function on ∂� and ε, N0 ∈ N, M0 > 0, then there exists a
polynomial F of order greater than N0 with the following properties

(c1) θ� < Rp(F) < � on ∂�

(c2) Rp(φ) + Rp(F) − ε ≤ Rp(φ + F) ≤ Rp(φ) + Rp(F) + ε on ∂� for any
φ ∈ CM0(�)
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(c3)
∣∣S p(F)

∣∣ < κ(�)
1
p on ∂�.

Proof Take N = N (∂�), K = K (∂�) and NK ∈ N from Theorem 2.2 and Corol-
lary 3.3, respectively. For such K we may choose cK ∈ (

0, 1
2

)
, CK > 1 and lK ∈ N

from Corollary 3.7. We shall show that θ := cK
8NCK

and κ := N (K+1)
p√CK

satisfy the
statement of Theorem 4.1.

First of all, by Theorem 2.2, there exist polynomials f1, . . . , fN such that

�

2N
< max

1≤m≤N
| fm |p <

�

N
on ∂�. (8)

Let f0 ≡ 0, ε̂ := min
{
ε, θ inf

z∈∂�
�(z)

}
and α := 1

p√CK
inf
z∈∂�

(
�(z)

) 1
p . Then by

Lemma 3.5 and Lemma 3.9, there exists an integer N ≥ max
{
2N0, lK , NK

}
such

that for each m = 0, 1, . . . , N any K -summing polynomial Q of degree n ≥ N
satisfies the following inequalities for z ∈ ∂�

∣∣∣∣S p
(

p
√
pN fmQ

)
(z) − fmS p

(
p
√
pNQ

)
(z)

∣∣∣∣ <
α

N
, (9)

| fm(z)|pRp(Q)(z) − ε̂

N
≤ Rp( fmQ)

(z) ≤ | fm(z)|pRp(Q)(z) + ε̂

N
, (10)

cK ≤
∫ 1

0
p deg(Q)

∣∣Q(zt)
∣∣pdt ≤ CK . (11)

Inductively we shall choose integers n0, n1, . . . , nN and construct lacunary K -
summingpolynomialsQ0, Q1, . . . , QN of orders at leastn0, n1, . . . , nN , respectively,
such that for m = 0, 1, . . . , N and for any φ ∈ CM0(�) we have on ∂�

Rp(φ) + Rp
( m∑

j=0

f j Q j

)
− mε̂

N

≤ Rp
(
φ +

m∑
j=0

f j Q j

)
≤ Rp(φ) + Rp

( m∑
j=0

f j Q j

)
+ mε̂

N
. (12)

Let n0 := 0 and Q0 ≡ 1 in �. For m = 1, we begin by selecting an integer n1 ≥ N
from Lemma 3.4 applied with ε := ε̂

N , M := M0, f := f1. Then by Corollary 3.3,
there exists a lacunary K -summing polynomial Q1 of order greater than n1 such that

Rp(φ) + Rp( f1Q1
) − ε̂

N
≤ Rp(φ + f1Q1

) ≤ Rp(φ) + Rp( f1Q1
) + ε̂

N
on ∂�.

Proceeding inductively, assume that we have already chosen n0, n1, . . . , nm and con-
structed lacunary K -summing polynomials Q0, Q1, . . . , Qm of orders greater than
n1, n2, . . . , nm , respectively, with desired properties, 0 < m < N . Then again apply
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Lemma 3.4 with

ε := ε̂

2N
, M := sup

z∈∂�

(
|φ(z)| +

∣∣∣
m∑
j=0

f j (z)Q j (z)
∣∣∣
)

, f := fm+1

to obtain an integer nm+1 ≥ N . Then Corollary 3.3 produces a lacunary K -summing
polynomialQm+1 of order greater thannm+1 such that on ∂� the following inequalities
are satisfied

Rp
(
φ +

m+1∑
j=0

f j Q j

)
≥ Rp

(
φ +

m∑
j=0

f j Q j

)
+ Rp( fm+1Qm+1

) − ε̂

2N

≥ Rp(φ) + Rp
( m∑

j=0

f j Q j

)
+ Rp( fm+1Qm+1

) − mε̂

N
− ε̂

2N

≥ Rp(φ) + Rp
( m+1∑

j=0

f j Q j

)
− (m + 1)̂ε

N
,

Rp
(
φ +

m+1∑
j=0

f j Q j

)
≤ Rp

(
φ +

m∑
j=0

f j Q j

)
+ Rp( fm+1Qm+1

) − ε̂

2N

≤ Rp(φ) + Rp
( m∑

j=0

f j Q j

)
+ Rp( fm+1Qm+1

) + mε̂

N
+ ε̂

2N

≤ Rp(φ) + Rp
( m+1∑

j=0

f j Q j

)
+ (m + 1)̂ε

N
.

Define the polynomial F(z) =
∑N

m=1
p

√
p deg(Qm)

KCK
fm(z)Qm(z). Observe that by

(12), the polynomial F satisfies condition (c2). For each z ∈ ∂� one may choose
an index mz ∈ {1, . . . , N } for which | fmz (z)|p = max

1≤m≤N
| fm(z)|p >

�(z)
2N . Then for

z ∈ ∂� we obtain

Rp(F)(z) =
∫ 1

0

∣∣∣
N∑

m=1

p

√
p deg(Qm)

2CK
fm(zt)Qm(zt)

∣∣∣pdt

(12)≥
N∑

m=1

| fm(z)|p p deg(Qm)

2CK

∫ 1

0

∣∣Qm(zt)
∣∣∣pdt − cK

8NCK
inf
z∈∂�

�(z)

≥ | fmz (z)|p
p deg(Qmz )

2CK

∫ 1

0

∣∣Qmz (zt)
∣∣pdt − cK

8NCK
inf
z∈∂�

�(z)
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(11)≥ cK
2CK

| fmz (z)|p − cK
8NCK

inf
z∈∂�

�(z)
(8)
>

cK
4NCK

�(z) − cK
8NCK

�(z)

= cK
8NCK

�(z) = θ�(z).

Moreover,

Rp(F)(z) =
∫ 1

0

∣∣∣
N∑

m=1

p

√
p deg(Qm)

2CK
fm(zt)Qm(zt)

∣∣∣pdt

(12)≤
N∑

m=1

| fm(z)|p p deg(Qm)

2CK

∫ 1

0

∣∣Qm(zt)
∣∣pdt + cK

8NCK
inf
z∈∂�

�(z)

(8)
<

�(z)

2CK
CK + 1

2
�(z) = �(z).

Since any Qm satisfies (9), for z ∈ ∂� we have the following estimate

∣∣S p(F)(z)
∣∣ =

∣∣∣∣S p
( N∑
m=1

p

√
p deg(Qm)

2CK
fmQm

)
(z)

∣∣∣∣

≤ 1
p
√
2CK

N∑
m=1

∣∣∣∣S p
(

p
√
p deg(Qm) fmQm

)
(z)

∣∣∣∣
(9)
<

1
p
√
2CK

N∑
m=1

| fm(z)|
∣∣∣∣S p

(
p
√
p deg(Qm)Qm

)
(z)

∣∣∣∣ + N
p
√
CK

inf
z∈∂�

(
�(z)

) 1
p

≤ NK p
√
2

p
√
2CK

| fmz (z)| + N
p
√
CK

(
�(z)

) 1
p < κ

(
�(z)

) 1
p .

This completes the proof. 
�

Once we proved Theorem 4.1, we are ready to give the first construction of a solution
G to the Radon inversion problem such that S p(G) is continuous up to the boundary
of the domain.

Theorem 4.2 Let p > 0 and� be a strictly positive, continuous function on ∂�. There
exists a function G ∈ O(�) such that

Rp(G)(z) = �(z) for z ∈ ∂�.

Moreover, S p(G) ∈ C(�).
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Proof Take θ ∈ (0, 1) and κ > 0 from Theorem 4.1. We will show that it is possible
to construct inductively a sequence of polynomials

{
Fj

}∞
j=0 such that

(
1 − θ

2

)(
�(z) − Rp

( j−1∑
i=0

Fi

)
(z)

)
> �(z) − Rp

( j∑
i=0

Fi

)
(z) > 0 (13)

and

∣∣S p(Fj )(z)
∣∣ < κ

(
1 − θ

2

) j
p ||�||

1
p
∂�, z ∈ ∂�, j = 1, 2, . . . (14)

Set F0 ≡ 0 and observe that (14) holds. For j = 1 we construct a polynomial F1
by applying Theorem 4.1 with � := �. Notice that F1 satisfies (13) and (14). Then
assume that we have constructed polynomials F0, F1, . . . , Fj for j ≥ 1. Again from
Theorem 4.1 applied to

� := 3

4

(
� − Rp

( j∑
i=0

Fi

))
, ε := θ

4
inf
z∈∂�

(
�(z) − Rp

( j∑
i=0

Fi

)
(z)

)
,

M0 := sup
z∈∂�

∣∣∣
j∑

i=0

Fi (z)
∣∣∣,

there exists a polynomial Fj+1 such that on ∂�

1.
3

4
θ

(
� − Rp

( j∑
i=0

Fi

))
< Rp(Fj+1) <

3

4

(
� − Rp

( j∑
i=0

Fi

))

2. Rp
( j∑

i=0

Fi

)
+Rp(Fj+1)−ε < Rp

( j+1∑
i=0

Fi

)
< Rp

( j∑
i=0

Fi

)
+Rp(Fj+1)+ε

3.
∣∣S p(Fj+1

)∣∣ < κ

(
3

4

(
� − Rp

( j∑
i=0

Fi

))) 1
p

.

Hence on ∂� we have the following estimates

Rp
( j+1∑

i=0

Fi

)
> Rp

( j∑
i=0

Fi

)
+ Rp(Fj+1) − ε

> Rp
( j∑

i=0

Fi

)
+ 3

4
θ

(
� − Rp

( j∑
i=0

Fi

))
− ε
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>
3

4
θ� + (1 − 3

4
θ)Rp

( j∑
i=0

Fi

)
− θ

4
inf
z∈∂�

(
�(z) − Rp

( j∑
i=0

Fi

)
(z)

)

>
θ

2
� +

(
1 − θ

2

)
Rp

( j∑
i=0

Fi

)

and

Rp
( j+1∑

i=0

Fi

)
< Rp

( j∑
i=0

Fi

)
+ Rp(Fj+1) + ε

< Rp
( j∑

i=0

Fi

)
+ 3

4

(
� − Rp

( j∑
i=0

Fi

))

+ θ

4
inf
z∈∂�

(
�(z) − Rp

( j∑
i=0

Fi

)
(z)

)

≤ Rp
( j∑

i=0

Fi

)
+ 3

4

(
� − Rp

( j∑
i=0

Fi

))
+ 1

4

(
� − Rp

( j∑
i=0

Fi

))

≤ �.

Therefore

(
1− θ

2

)(
�−Rp

( j∑
i=0

Fi

))
> �−Rp

( j+1∑
i=0

Fi

)
> 0,which implies

that

(
1 − θ

2

) j+1

� > � − Rp
( j+1∑

i=0

Fi

)
> 0 on ∂�.

From this it follows that

lim
n→∞Rp

( ∑n

j=0
Fj

)
(z) = �(z), z ∈ ∂�.

In addition,
∣∣S p(Fj+1)

∣∣ < κ
(
� − Rp( j∑

i=0

Fi
)) 1

p < κ
(
1 − θ

2

) j+1
p ||�||

1
p
∂� on ∂�.
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Let q = max{p, 1} and observe that if n ≥ m, then

sup
z∈∂�

(
Rp

( m∑
j=0

Fj −
n∑
j=0

Fj

)
(z)

) 1
q

= sup
z∈∂�

(
Rp

( m∑
j=n+1

Fj

)
(z)

) 1
q ≤ sup

z∈∂�

( m∑
j=n+1

Rp(Fj )(z)

) 1
q

≤ sup
z∈∂�

( m∑
j=n+1

(
�(z) − Rp

( j−1∑
i=0

Fi
)
(z)

) 1
q
)

<

m∑
j=n+1

(
1 − θ

2

) j
q ||�||

1
q
∂� −→

n,m→∞ 0,

so
{ n∑

j=0

Fj
}
is a Cauchy sequence in HRp(�) and by Proposition 2.1, it is conver-

gent in HRp(�). Hence we may define the function G :=
∑∞

j=0
Fj and again by

Proposition 2.1, G is holomorphic in �. Moreover, Rp(∑n

j=0
Fj

)
⇒ Rp(G) as

n → ∞ on ∂�, soRp(G) = lim
n→∞Rp( ∑n

j=0
Fj

) = �.

Since for z ∈ � we have the following estimate

∞∑
j=0

∣∣∣S p(Fj )(z)
∣∣∣ ≤

∞∑
j=0

sup
z∈∂�

∣∣∣S p(Fj )(z)
∣∣∣ <

∞∑
j=0

κ
(
1 − θ

2

) j
p ||�||

1
p
∂� < ∞,

then S p(G) is a continuous function in �. This completes the proof. 
�

5 Divergent Taylor Series

In what follows we will show that it is possible to construct a solution f to the Radon
inversion problem such that the function S p( f ) in contrast to the solution obtained in
Theorem 4.2 has in some sense extremal properties, i.e. every slice function of S p( f )
has a divergent series of Taylor coefficients with every exponent s < min{1, p}.
Moreover, for p ≤ 1 function S p( f ) is continuous up to the boundary and for p ∈
(1, 2] is square-integrable on all unit circles z∂D, z ∈ ∂�. To prove this we need the
following technical lemma.

Lemma 5.1 There exist θ ∈ (0, 1) and C > 0 such that if h ∈ C(∂�) is a strictly
positive function on ∂�, g is a bounded, continuous function in �, M > 0, a, γ, τ ∈
(0, 1), then there exist N ∈ N and a sequence of orthogonal polynomials

{
Pk

}∞
k=0

such that

(w1) ord(P0) ≥ M



80 Page 22 of 31 P. Pierzchała, P. Kot

(w2) Rp(Pk) < ah on ∂�

(w3) ord(Pk) > deg(Pk−1)

(w4) Rp( k∑
j=0

Pj
)

< Rp( k−1∑
j=0

Pj
) + a

(
h − Rp( k−1∑

j=0

Pj
))

< h on ∂�

(w5) Rp
( k∑
j=0

Pj
)

> Rp( k−1∑
j=0

Pj
) + 1

2
θa

(
h − Rp( k−1∑

j=0

Pj
))

on ∂�

(w6)

∣∣∣∣Rp( k∑
j=0

Pj
) −

k∑
j=0

Rp(Pj )

∣∣∣∣ < τ on ∂�

(w7)

∣∣∣∣Rp(g +
k∑
j=0

Pj
) −

k∑
j=0

Rp(Pj ) − Rp(g)(z)

∣∣∣∣ < τ on ∂�

(w8)
∣∣S p(Pk)

∣∣ < C
(Rp(Pk)

) 1
p on ∂�

(w9) Rp( N∑
j=0

Pj
)

> γ h on ∂�

(w10) if p ∈ (0, 1], then
∣∣∣S p( N∑

j=0

Pj
)∣∣∣ <

2C

θ
h

1
p a

1
p −1 on ∂�.

Proof Take constants θ ∈ (0, 1) and κ > 0 from Theorem 4.1. Let C := κ
p√

θ
.

We proceed inductively. For k = 0 apply Theorem 4.1 with � := 1
2ah, M0 :=

||g||�, N0 := M, ε := τ to obtain a polynomial P0 such that ord(P0) ≥ M and on
∂� the following statements hold

a)
1

2
θah < Rp(P0) <

1

2
ah

b) Rp(P0) + Rp(g) − τ < Rp(g + P0
)

< Rp(P0) + Rp(g) − τ

c)
∣∣S p(P0)

∣∣ < κ
( 1
2ah

) 1
p < C

(Rp(P0)
) 1
p .

Hence P0 satisfies conditions (w1)− (w2) and (w6)− (w8). Assuming that b) holds,
there exists τ0 ∈ (0, 1) such that

∣∣Rp(g + P0
) − Rp(P0) − Rp(g)

∣∣ < τ0 < τ on
∂�. For k = 1 we apply Theorem 4.1 to

� := 3

4
a
(
h − Rp(P0)

)
, M0 := ||P0||� + ||g||�, N0 := deg(P0) + 1,

ε := min

{
θ

4
inf
z∈∂�

a
(
h(z) − Rp(P0)(z)

)
, τ − τ0

}
.

This produces a polynomial P1 such that ord(P1) > deg(P0) and on ∂� the following
conditions are satisfied

• 3

4
θa

(
h − Rp(P0)

)
< Rp(P1) <

3

4
a
(
h − Rp(P0)

)
< ah

• Rp(P0) + Rp(P1) − ε < Rp(P0 + P1
)

< Rp(P0) + Rp(P1) + ε

• Rp(g + P0) +Rp(P1) − ε < Rp(g + P0 + P1
)

< Rp(g + P0) +Rp(P1) + ε
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• ∣∣S p(P1)
∣∣ < κ

(3
4
a
(
h − Rp(P0)

)) 1
p

< C
(Rp(P1)

) 1
p .

Then simple calculations give the following estimates on ∂�

Rp(P0 + P1
)

< Rp(P0) + Rp(P1) + ε < Rp(P0) + a
(
h − Rp(P0)

)

and

Rp(P0 + P1
)

> Rp(P0) + Rp(P1) − ε > Rp(P0) + 1

2
θa

(
h − Rp(P0)

)
.

Also since ε < τ , it is clear thatRp(P0)+Rp(P1)−τ < Rp(P0+P1
)

< Rp(P0)+
Rp(P1) + τ on ∂�. Moreover,

Rp(P0 + P1 + g
)

< Rp(P0 + g
) + Rp(P1) + ε

< Rp(g) + Rp(P0) + Rp(P1) + τ0 + ε

= Rp(g) + Rp(P0) + Rp(P1) + τ

and similarlyRp(P0 + P1 + g
)

> Rp(g)+Rp(P0)+Rp(P1)− τ on ∂�. It follows
from the above that P1 is orthogonal to P0 and has properties (w1) − (w8).

We then proceed inductively as follows: Suppose that orthogonal polynomials
P0, P1, . . . , Pk have been found such that conditions (w1) − (w8) hold. Observe
that by statements (w6) and (w7) there exist τ1, τ2 ∈ (0, τ ) such that

•
∣∣∣Rp

( k∑
j=0

Pj

)
−

k∑
j=0

Rp(Pj )

∣∣∣ < τ1 < τ on ∂�

•
∣∣∣Rp

(
g +

k∑
j=0

Pj

)
−

k∑
j=0

Rp(Pj ) − Rp(g)
∣∣∣ < τ2 < τ on ∂�.

Theorem 4.1 applied to

� := 3

4
a

(
h − Rp

( k∑
j=0

Pj

))
, M0 :=

∣∣∣
∣∣∣

k∑
j=0

Pj

∣∣∣
∣∣∣
�

+ ||g||�, N0 := deg(Pk) + 1,

ε := min

{
θ

4
inf
z∈∂�

a

(
h(z) − Rp

( k∑
j=0

Pj

)
(z)

)
, τ − τ1, τ − τ2

}

gives a polynomial Pk+1 such that ord(Pk+1) > deg(Pk) and on ∂� the following
inequalities hold

• 3

4
θa

(
h − Rp(∑k

j=0
Pj

))
< Rp(Pk+1) <

3

4
a
(
h − Rp( ∑k

j=0
Pj

))
< ah

•
∣∣∣Rp( ∑k+1

j=0
Pj

) − Rp(∑k+1

j=0
Pj

) − Rp(Pk+1)

∣∣∣ < ε
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•
∣∣∣Rp(g +

∑k+1

j=0
Pj

) − Rp(g +
∑k+1

j=0
Pj

) − Rp(Pk+1)

∣∣∣ < ε

• ∣∣S p(Pk+1)
∣∣ < κ

(3
4
a
(
h − Rp( ∑k

j=0
Pj

))) 1
p < C

(Rp(Pk+1)
) 1
p .

Above inequalities imply that on ∂�

Rp( ∑k+1

j=0
Pj

)
< Rp(∑k

j=0
Pj

) + Rp(Pk+1)

+ ε < Rp( ∑k

j=0
Pj

) + a
(
h − Rp( ∑k

j=0
Pj

))

and

Rp( ∑k+1

j=0
Pj

)
> Rp(∑k

j=0
Pj

) + Rp(Pk+1) − ε

[5mm] > Rp(∑k

j=0
Pj

) + 3

4
θa

(
h − Rp(∑k

j=0
Pj

))

− θ

4
a
(
h − Rp( k∑

j=0

Pj
))

[5mm] = Rp(∑k

j=0
Pj

) + 1

2
θa

(
h − Rp( ∑k

j=0
Pj

))
.

By induction,

Rp( ∑k+1

j=0
Pj

)
< Rp( ∑k

j=0
Pj

) + Rp(Pk+1)

+ ε <
∑k+1

j=0
Rp(Pj ) + τ1 + ε =

∑k+1

j=0
Rp(Pj ) + τ on ∂�

and

Rp(∑k+1

j=0
Pj + g

)
< Rp( ∑k

j=0
Pj + g

) + Rp(Pk+1)

+ ε < Rp(g) +
∑k+1

j=0
Rp(Pj ) + τ2 + ε

< Rp(g) + Rp( ∑k+1

j=0
Pj

) + τ on ∂�.

Similarly we get Rp
( ∑k+1

j=0
Pj

)
>

∑k+1

j=0
Rp(Pj ) − τ and Rp

(∑k+1

j=0
Pj +

g
)

> Rp(g)+Rp
( ∑k+1

j=0
Pj

)
−τ on ∂�.All the above implies that the polynomial

Pk+1 is orthogonal to P0, P1, . . . , Pk and it satisfies conditions (w1) − (w8).
Combining properties (w4) and (w5) with Dini’s theorem one may conclude that

Rp
( ∑n

j=0
Pj

)
converges uniformly to h. Hence there exists N ∈ N such that
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Rp
( ∑N

j=0
Pj

)
> γ h on ∂�. Moreover, statement (w5) implies that

h − Rp
( k∑

j=0

Pj

)
<

(
1 − 1

2
θa

)(
h − Rp

( k−1∑
j=0

Pj

))
<

(
1 − 1

2
θa

)k
h on ∂�.

Therefore, if p ∈ (0, 1], we have the following estimate on ∂�

∣∣∣S p
( ∑N

j=0
Pj

)∣∣∣ ≤
∑N

j=0

∣∣S p(Pj )
∣∣ (w9)

< C
∑N

j=0

(Rp(Pj )
) 1
p

< C
∑N

j=0

(
3

4
a
(
h − Rp

( ∑k

j=0
Pj

))) 1
p

< C
∑N

j=0

(
3

4
a
(
1 − 1

2
θa

)k
h

) 1
p

< C

(
3

4
ah

) 1
p 1

1 − (
1 − 1

2θa
) 1
p

< C

(
3

4
ah

) 1
p 2

θa

<
2C

θ
h

1
p a

1
p −1

and this finishes the proof. 
�
Theorem 5.2 Let � be a strictly positive continuous function on ∂�. There exists a

holomorphic function f =
∑∞

n=0
pn, where pn are homogeneous polynomials, such

that

1. Rp( f ) = � on ∂�

2. every slice function ofS p( f ) has a divergent series of Taylor coefficients with every

exponent s < min{1, p}, i.e.
∑∞

n=0

( |pn(z)|
p
√
pn + 1

)s = ∞, s < min{1, p}, z ∈ ∂�

3. if p ≤ 1, then S p( f ) ∈ C(�)

4. if p ∈ (1, 2], then S p( f ) ∈ L2(z∂D), z ∈ ∂�.

Proof Without loss of generality assume that sup
z∈∂�

|�(z)| < 1. Take constants θ ∈
(0, 1) and C > 0 from Lemma 5.1. Inductively we will construct a sequence of
orthogonal polynomials

{
Qk

}∞
k=0 with the following properties

(p1) Qk =
∑Nk

j=0
Pk, j , where Pk,0, Pk,1, . . . , Pk,Nk are orthogonal polynomials

(p2) Rp
( ∑k

m=0
Qm

)
< � on ∂�

(p3) Rp
( ∑k

m=0
Qm

)
>

1

4

(
� − Rp

( k−1∑
m=0

Qm

))
+ Rp

( k−1∑
m=0

Qm

)
on ∂�

(p4) Rp(Pk, j ) <

(
� − Rp

( ∑k−1

m=0
Qm

))k

on ∂�, j = 0, 1, . . . , Nk
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(p5)
∣∣S p(Pk, j )

∣∣ < C
(Rp(Pk, j )

) 1
p on ∂�, j = 0, 1, . . . , Nk

(p6) Rp(Qk) −
∣∣∣∣
∣∣∣∣� − Rp

( ∑k−1

m=0
Qm

)∣∣∣∣
∣∣∣∣
k

∂�

<
∑Nk

j=0
Rp(Pk, j ) < Rp(Qk) +

∣∣∣∣
∣∣∣∣� − Rp

( ∑k−1

m=0
Qm

)∣∣∣∣
∣∣∣∣
k

∂�

on ∂�

(p7)
∣∣∣∣Rp(Qk)

∣∣∣∣
1,z∂D >

1

2

∣∣∣∣
∣∣∣∣� − Rp

( ∑k−1

m=0
Qm

)∣∣∣∣
∣∣∣∣
1,z∂D

(p8) if p ≤ 1, then
∣∣S p(Qk)

∣∣ <
2C

θ

(
� − Rp

( ∑k−1

m=0
Qm

)) k
p −k+1

on ∂�.

We begin by selecting Q0 ≡ 0, N0 := 0, P0,0 ≡ 0. For k = 1 we apply Lemma 5.1
with

a := inf
z∈∂�

�(z), h := �, τ := inf
z∈∂�

�(z), γ := 1

2
.

to obtain N1 ∈ N and orthogonal polynomials P1,0, P1,1, . . . , P1,N1 such that the

polynomial Q1 :=
∑N1

j=0
P1, j has the following properties

• 1
2� < Rp(Q1) < � on ∂�

• Rp(P1, j ) < � on ∂�, j = 0, 1, . . . , N1

• Rp(Q1) − ||�||∂� <

N1∑
j=0

Rp(P1, j ) < Rp(Q1) + ||�||∂�, on ∂�

• ∣∣S p(P1, j )
∣∣ < C

(Rp(P1, j )
) 1
p on ∂�, j = 0, 1, . . . , N1

• if p ≤ 1, then
∣∣S p(Q1)

∣∣ <
2C

θ
(�)

2
p −1 ≤ 2C

θ
�

1
p on ∂�

• ∣∣∣∣Rp(Q1)
∣∣∣∣
1,z∂D >

1

2
||�||1,z∂D.

Observe that Q1 satisfies conditions (p1) − (p8). Then assume that the orthogonal
polynomials Q0, Q1, . . . , Qk with desired properties (p1) − (p8) have been found.
Lemma 5.1 applied to

M := deg(Qk) + 1, a := inf
z∈∂�

(
�(z) − Rp

(∑k

m=0
Qm

)
(z)

)k

,

h := 3

4

(
� − Rp

(∑k

m=0
Qm

))
,

γ := 2

3
, τ := 1

8
inf
z∈∂�

(
�(z) − Rp

( ∑k

m=0
Qm

)
(z)

)k+1

produces Nk+1 ∈ N and orthogonal polynomials Pk+1,0, Pk+1,1, . . . , Pk+1,Nk+1 that
are also orthogonal to the polynomials Q0, Q1, . . . , Qk . If we define Qk+1 :=
Nk+1∑
j=0

Pk+1, j , then on ∂� it satisfies the following conditions
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a) ord(Qk+1) ≥ deg(Qk) + 1

b) Rp(Pk+1, j ) <

(
� − Rp

( ∑k

m=0
Qm

))k+1

, j = 0, . . . , Nk+1

c)
∣∣S p(Pk+1, j )

∣∣ < C
(Rp(Pk+1, j )

) 1
p , j = 0, . . . , Nk+1

d) Rp(Qk+1)−
∣∣∣∣
∣∣∣∣�−Rp

(∑k

m=0
Qm

)∣∣∣∣
∣∣∣∣
k+1

∂�

<

Nk+1∑
j=0

Rp(Pk+1, j ) < Rp(Qk+1)+
∣∣∣∣
∣∣∣∣� − Rp

( ∑k

m=0
Qm

)∣∣∣∣
∣∣∣∣
k+1

∂�

e) Rp(Qk+1
)

< h = 3

4

(
� − Rp

( ∑k

m=0
Qm

))

f) Rp(Qk+1
)

>
1

2

(
� − Rp

(∑k

m=0
Qm

))

g) if p ≤ 1, then
∣∣S p(Qk+1)

∣∣ <
2C

θ

(
� − Rp

( ∑k

m=0
Qm

)) k+1
p −k

h)
Rp

( ∑k+1

m=0
Qm

)
< Rp

( k∑
m=0

Qm

)
+ Rp(Qk+1) + 2τ

< Rp
( ∑k

m=0
Qm

)
+ � − Rp

( ∑k

m=0
Qm

)
= �

k)

Rp
( k+1∑
m=0

Qm

)
> Rp

( k∑
m=0

Qm

)
+ Rp(Qk+1) − 2τ

≥ Rp
( k∑
m=0

Qm

)
+ 1

4

(
� − Rp

( k∑
m=0

Qm

))
.

Hence Qk+1 has properties (p1) − −(p8).

Next observe that by (p2) and (p3), lim
n→∞Rp

( ∑n

k=0
Qk

)
= � on ∂�. In

addition, property (p3) on ∂� implies the following estimate

� − Rp
( k∑
m=0

Qm

)
< � − 1

4

(
� − Rp

( k−1∑
m=0

Qm

))
− Rp

( k−1∑
m=0

Qm

)

= 3

4

(
� − Rp

( k−1∑
m=0

Qm

))
<

(3
4

)k
�.

Therefore it is clear that

Rp(Qk) <
(3
4

)k ||�||∂� on ∂�. (15)
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Let q = max{1, p}. Observe that if n ≥ k, then

sup
z∈∂�

(
Rp

( ∑n

m=0
Qm −

k∑
m=0

Qm

)
(z)

) 1
q = sup

z∈∂�

(
Rp

( ∑n

m=k+1
Qm

)
(z)

) 1
q

≤ sup
z∈∂�

( ∑n

m=k+1

(Rp(Qm)(z)
) 1
q

)

(15)
<

∑n

m=k+1

(3
4

)m
q ||�||

1
q
∂� −→

n,k→∞ 0,

so
{ n∑
m=0

Qm

}∞
n=0

is a Cauchy sequence in HRp(�) which, by Proposition 2.1,

is convergent in HRp(�). Hence we may define the function f :=
∑∞

k=0
Qk =∑∞

k=0

∑Nk

j=0
Pk, j . Proposition 2.1 implies that f is holomorphic in �. Moreover,

Rp
( ∑n

k=0
Qk

)
⇒ Rp( f ) on ∂� as n → ∞, so

Rp( f )(z) = lim
n→∞Rp

( ∑n

k=0
Qk

)
(z) = �(z), z ∈ ∂�.

It follows from the property (p4) that for z ∈ ∂�

∣∣∣
∣∣∣� − Rp

(∑k−1

m=0
Qm

)∣∣∣
∣∣∣−k

1,z∂D

∣∣∣∣Rp(Pk, j )
∣∣∣∣
1,z∂D < 1, j = 0, . . . , Nk .

Thus for z ∈ ∂� and s < min{1, p} we get that

∣∣∣∣Rp(Pk, j )
∣∣∣∣s
1,z∂D >

∣∣∣∣Rp(Pk, j )
∣∣∣∣s
1,z∂D

(∣∣∣∣
∣∣∣∣� − Rp

( ∑k−1

m=0
Qm

)∣∣∣∣
∣∣∣∣
−k

1,z∂D

∣∣∣∣Rp(Pk, j )
∣∣∣∣
1,z∂D

)p−s

[5mm] =
∣∣∣∣
∣∣∣∣� − Rp

(∑k−1

m=0
Qm

)∣∣∣∣
∣∣∣∣
−k(p−s)

1,z∂D

∣∣∣∣Rp(Pk, j )
∣∣∣∣p
1,z∂D, j = 0, . . . , Nk .

(16)

Let Pk, j (z) =
∑

n∈Ik, j
pk, j,n(z) be the homogeneous expansion of the polynomial

Pk, j , where Ik, j is the set ofmonomials’ degrees of Pk, j . By construction, Im, j ∩ Ik,i =



Radon Inversion Problem for Holomorphic Functions... Page 29 of 31 80

∅ for (m, j) �= (k, i). Moreover,

∣∣∣∣Rp(Pk, j )
∣∣∣∣ 1

q

1,z∂D =
(∫

∂D

∫ 1

0

∣∣∣ ∑
n∈Ik, j

pk, j,n(zωt)
∣∣∣pdtdλ(ω)

) 1
q

≤
∑
n∈Ik, j

( ∫
∂D

∫ 1

0
|pk, j,n(z)|pt pndtdλ(ω)

) 1
q

=
∑
n∈Ik, j

|pk, j,n(z)|
p
q

q
√
pn + 1

. (17)

Observe that if s < min{1, p}, then sq
p < 1. Hence for z ∈ ∂� and s < min{1, p} we

have the following estimate

∑
k, j,n

( |pk, j,n(z)|
p
√
pn + 1

)s =
∑
k, j,n

( |pk, j,n(z)|
p
q

q
√
pn + 1

) sq
p

≥
∑
k, j

( ∑
n∈Ik, j

|pk, j,n(z)|
p
q

q
√
pn + 1

) sq
p ≥

∑
k, j

∣∣∣∣Rp(Pk, j )
∣∣∣∣ s

p

1,z∂D

(16)
>

∞∑
k=1

∣∣∣∣
∣∣∣∣� − Rp

( k−1∑
m=0

Qm

)∣∣∣∣
∣∣∣∣
− k(p−s)

p

1,z∂D

Nk∑
j=0

∣∣∣∣Rp(Pk, j )
∣∣∣∣
1,z∂D

=
∞∑
k=1

∣∣∣∣
∣∣∣∣� − Rp

( k−1∑
m=0

Qm

)∣∣∣∣
∣∣∣∣
− k(p−s)

p

1,z∂D

Nk∑
j=0

∫
∂D

Rp(Pk, j )(ωz)dλ(ω)

(p6)
>

∞∑
k=1

∣∣∣∣
∣∣∣∣� − Rp

( k−1∑
m=0

Qm

)∣∣∣∣
∣∣∣∣
− k(p−s)

p

1,z∂D

( ∫
∂D

Rp(Qk)(ωz)dλ(ω)

−
∣∣∣∣
∣∣∣∣� − Rp

( k−1∑
m=0

Qm

)∣∣∣∣
∣∣∣∣
k

∂�

)

≥
∞∑
k=1

∣∣∣∣
∣∣∣∣� − Rp

( k−1∑
m=0

Qm

)∣∣∣∣
∣∣∣∣
− k(p−s)

p

1,z∂D

∣∣∣∣Rp(Qk)
∣∣∣∣
1,z∂D −

∞∑
k=1

(3
4

) (k−1)ks
p

(p7)
>

∞∑
k=1

1

2

∣∣∣∣
∣∣∣∣� − Rp

( k−1∑
m=0

Qm

)∣∣∣∣
∣∣∣∣
− k(p−s)

p +1

1,z∂D
−

∞∑
k=1

(3
4

) (k−1)ks
p

≥
∑

k> p
p−s

1

2
−

∞∑
k=1

(3
4

) (k−1)ks
p = ∞.

Since the last series diverges, so does the series
∑

k, j,n

( |pk, j,n(z)|
p
√
pn + 1

)s
.
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If p ≤ 1, then property (p8) gives the estimate in �

∞∑
k=1

∣∣S p(Qk)
∣∣ ≤ 2C

θ

∞∑
k=1

∣∣∣∣
∣∣∣∣� − Rp

( k−1∑
m=0

Qm

)∣∣∣∣
∣∣∣∣
k
p −k+1

∂�

≤ 2C

θ

∞∑
k=1

(3
4

)k−1||�||∂� < ∞

which implies that S p( f ) ∈ C(�).

Since polynomials Pk,0, Pk,1, . . . , Pk,Nk are orthogonal, so are S p(Pk,0),
S p(Pk,1), . . . ,S p(Pk,Nk ). Then for p ∈ (1, 2] consider the integral

∫
∂D

∣∣S p( f )(ωz)
∣∣2dλ(ω) =

∫
∂D

∣∣∣
∞∑
k=0

Nk∑
j=0

S p(Pk, j )(ωz)
∣∣∣2dλ(ω)

=
∞∑
k=0

Nk∑
j=0

∫
∂D

∣∣S p(Pk, j )(ωz)
∣∣2dλ(ω)

(p5)≤ C2
∞∑
k=0

Nk∑
j=0

∫
∂D

(Rp(Pk, j )(ωz)
) 2
p dλ(ω)

≤ C2
∞∑
k=0

Nk∑
j=0

∫
∂D

Rp(Pk, j )(ωz)dλ(ω)

(p6)≤ C2
∞∑
k=1

(∫
∂D

Rp(Qk)(ωz)dλ(ω)

+
∣∣∣∣
∣∣∣∣� − Rp

( k−1∑
m=0

Qm

)∣∣∣∣
∣∣∣∣
k

∂�

)

(15)
< C2

∞∑
k=1

((3
4

)k ||�||∂� +
(3
4

)(k−1)k
)

< ∞.

Hence S p( f ) ∈ L2(z∂D) for p ∈ (1, 2], z ∈ ∂�. The proof is now complete. 
�
Observe that for p = 2 due to orthogonality of pk, j,n in (17) each slice function of
S2( f ) additionally has divergent series of Taylor coefficients with every exponent
s < 2.
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