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Abstract

On finite dimensional spaces, it is apparent that an operator is the product of two
positive operators if and only if it is similar to a positive operator. Here, the class £+?
of bounded operators on separable infinite dimensional Hilbert spaces which can be
written as the product of two bounded positive operators is studied. The structure is
much richer, and connects (but is not equivalent to) quasi-similarity and quasi-affinity
to a positive operator. The spectral properties of operators in £12 are developed, and
membership in £ 2 among special classes, including algebraic and compact operators,
is examined.
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1 Introduction

This work aims to shed light on two questions, “Which bounded Hilbert space opera-
tors are products of two bounded positive operators?”’, and “What properties do such
operators share?”” Here, positive means selfadjoint with non-negative spectrum. This
class is denoted throughout by £ 2. The answer is easily given on finite dimensional
spaces: an operator will be in £ 2 if and only if it is similar to a positive operator
[22], and this in turn is equivalent to the operator being diagonalizable with positive
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spectrum. Answering the questions on infinite dimensional Hilbert spaces is a much
more delicate matter. Similarity no longer suffices.

Apostol [1] studied the question as to which operators are quasi-similar to normal
operators, and his work readily adapts to this setting, making it possible to construct
operators which are quasi-similar to positive operators. Another difficulty then arises,
since not every operator which is quasi-similar to a positive operator will be the product
of two bounded positive operators. For this, something extra is needed.

This is not the end of the story though, since the quasi-similar operators which are in
L*2 only form a part of the whole class. One can relax the quasi-similarity condition
to quasi-affinity. Here again, the class of operators which are in £*2 and which are
quasi-affine to a positive operator can be characterized. However, even this falls short
of giving the entire class. Nevertheless, it comes close, and in general T € £*2 has
the property that it has both a restriction and extension in £ 2 which are quasi-affine
to a positive operator.

Despite the fact that similarity to a positive operator fails to capture the whole of
L7F2, a surprising number of the spectral properties of operators similar to positive
operators do carry over. It is an elementary observation that the spectrum of an operator
in £12 is contained in RT, the non-negative reals. Also, it was observed by Wu [22]
that the only quasi-nilpotent operator in the class is 0. It happens that operators which
are similar to positive operators are spectral operators, and so decompose as the sum
of a scalar operator (having a spectral decomposition) and a quasi-nilpotent operator.
Moreover, in this case the quasi-nilpotent part is 0. Using local spectral theory, it is
possible to define an invariant linear manifold (so not necessarily closed) on which an
operator is quasi-nilpotent [14]. In case the operator has the single valued extension
property, which enables the definition of a unique local resolvent, this manifold is
closed. Since the operators in £+ 2 have thin spectrum, they also have the single valued
extension property. It then follows that for any operator in £12, the quasi-nilpotent
part is the restriction to the kernel. In addition, for non-zero point spectra, there is no
non-trivial (generalized) Jordan structure. These ideas enable the study operators in
L*? which are either algebraic or compact. While the only operators in £ 2 which are
similar to positive operators are scalar, all are generalized scalar operators (having a
C®® functional calculus). Furthermore, the algebraic spectral subspaces for operators
in £12 have the same form as that exhibited by normal operators.

Elements of £ 2 with closed range are the ones which behave most similarly to
the finite dimensional case, since they are similar to positive operators. In this case
it is possible to explicitly describe the Moore-Penrose inverse of the operator, and to
find a generalized inverse which is also in £ 2.

A good deal of the paper hinges on a theorem due to Sebestyén [18]. Sebestyén’s
theorem states that for fixed operators A and 7', the equation 7 = AX has a positive
solution if and only if TT* < AAT™ for some A > 0. A proof of a refined version is
given in Sect. 2 using Schur complement techniques (see also [2]), enabling T € £T 2
to be written as AB, A, B > 0, wheretan A = ran T and ran B = ran T7*. Such a pair
(A, B) is called optimal for T. Optimal pairs happen to be extremely useful.

Section 3 looks at those operators (not necessarily in £12) which are either quasi-
affine or quasi-similar to positive operators. Rigged Hilbert spaces are used to show
that for an operator 7' quasi-affine to a positive operator, ran T N ker T = {0} and
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ran T + ker T = H. In the quasi-similar case, since this will hold for both 7 and T*,
one has instead that ran 7 + ker T = H. Work of Hassi, Sebestyén, and de Snoo [10]
plays a key role in describing those operators quasi-affine to a positive operator.

The paper then turns to describing general properties of the class £ 2 in Sect. 4.
Central here are optimal pairs, the properties of which are explored in detail. Examples
are given which show that operators in £ 2 which are similar to a positive operator,
quasi-similar to a positive operator, and quasi-affine to a positive operator form strictly
increasingly larger subclasses when dim 7 = oo, and that there are operators in £1?2
which do not fall into any of these, further hinting at the complexities of the class.

Similarity to a positive operator completely characterizes £ 2 on finite dimensional
spaces, and this is examined in Sect. 6. The closed range operators are considered as
a special sub-category. In Sect. 7, attention turns to those operators in £12 which
are either quasi-affine or quasi-similar to a positive operator, where there are char-
acterizations given which are analogous to those found for operators similar to a
positive operator. Generally, there is only a weak connection between the spectra of
quasi-similar operators. However, for an operator in £ 2, quasi-affinity to a positive
operator preserves the spectrum. It is also proved that not every operator which is
quasi-similar to a positive operator is in £ 2, by proving that any operator in £?2
which is quasi-similar to a positive operator has a square root which is quasi-similar to
a positive operator, but not all have square roots in £+2. In Sect. 8, general operators
in £12 are considered, and the main point is that for any T € L7172 there exist both
restrictions and extensions (on the same Hilbert space) which are also in £12 and
which are quasi-affine to a positive operator.

A constant refrain throughout is that operators in £ % have many of the properties of
positive operators. Section 5 examines this resemblance with regards to local spectral
properties. This is applied in the final section to algebraic operators and compact
operators in £ 2,

2 Preliminaries

Throughout, all spaces are complex and separable Hilbert spaces. The domain, range,
closure of the range, null space or kernel, spectrum and resolvent of any given operator
A are denoted by dom (A), ran A, tan A, ker A, o (A), and p(A), respectively, and
o(A) C [0, 00) is indicated as o (A) > 0.

The space of everywhere defined bounded linear operators from H to K is written as
L(H, K), or L(H) when H = K, while C R(H) denotes the subset in L(H) of closed
range operators. The identity operator on H is written as 1, or 14y if it is necessary to
disambiguate.

As usual, the direct sum of two subspaces M and N/ with M NN = {0} is indicated
by M + N, and the orthogonal direct sum by M @ A/. The orthogonal complement
of a space M is written M. The symbol P denotes the class of all Hilbert space
orthogonal projections, while Py is the orthogonal projection with range M.

Write GL(H) for the group of invertible operators in L(H), LT = L(H)™, the
class of positive semidefinite operators, GL(H)" := GL(H) N L* and CR(H)™" :=
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CR(H) N L*. The paper focuses on the operators in
LT2:={T e L(H): T = AB where A, B € L}

Occasionally, this will be written as £+2(H) if it is necessary to clarify on which
space the operators are acting.

Given two operators S, T € L(H), the notation T < S signifies that § — T € £
(the Lowner order). Given any T € L(H), |T| := (T*T)'/? is the modulus of T and
T = U|T| is the polar decomposition of 7', with U the partial isometry such that
kerU =kerT andranU =rtanT.

For B € L7, the Schur complement B /s of B to a closed subspace S C 'H is the
maximal element of {X € L(H): 0 < X < BandranX C St}. It always exists.
The S-compression of B is defined as Bs := B — Bys.

Let B € L(H) be selfadjoint, S C H a closed subspace, relative to S & S+,

Bi1 Bz
B = .
<Bik2 BZ2>

Suppose that B > 0. Write B2 — where R}, R} are the rows of B1/2,

*
L)
R2 . .
Then for j = 1,2, R*R j = Bj;, and so by Douglas’ lemma, there are isometries

V; . fan B,/” — an R; such that R; = V;B,/*. Then By = R{Ry = B|{ FB,}’,
where F = V*Vg Tan Bzé — Tan B, / is a contraction.
On the other hand, if By, By >0 and B> has this form, then
. Bl/2 0 111/2 FBI/Z
1/2F* Bl/2 0 DFBl/z
2.1

172
B, 12 1/2) 0 0
(BI/ZF ) (B“ FBu7)+\o B))*(1— F*F)B))* )

where Dr = (lgz B,, — F*F)!/? ontan By, . Therefore, positivity of B is equivalent to
Bi1, By > 0and the existence of such a contraction F'. The second term in the sum in
(2.1) is the Schur complement B, s, while the first term is the S-compression of B. In
general, it is not difficult to verify that whenever B = C*C, where C : S® S+ — S,
then B;s = 0.

The next theorem is a slightly strengthened form of one due to Sebestyén ([18], see
also [2, Corollary 2.4]). It plays a central role in what follows.

Theorem 2.1 (Sebestyén) Let A, T € L(H). The equation AX = T has a positive
solution if and only if

TT* < AAT*
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for some A > 0, in which case X can be chosen so thatker X =ker T, X mmr = 0.
Furthermore, if A > Owithtan A =rtan T, then Pgg (1) X |7an (1) will be injective with
dense range.

Proof If AX = T has a positive solution, then A = || X|| suffices. On the other hand,
if forsome A > 0,0 < TT* < AAT*, then AT* > 0 and by Douglas’ lemma, there
exists G with |G| < A!/? and tan G C ran (T A*)!/? satisfying T = (T A*)!/2G.
Clearly then, ker T = ker G and fan7T < tan (T A*)!/2. Also tan (T A*)'/? =
ran (TA*) C tanT, so equality holds. The equality TA* = (T A*)!/>?GA* then
implies (TA*)!/?2 = GA* = AG*. Thus T = AG*G, and so X = G*G > 0 with
ker X = ker T (equivalently, fan X = tan 7'*). Also, fan G = tan (T A*)!/> =fan T

Decomposing H = ran T @ ker T*, the operator G has the form G = (Gl Gz), and

0 0
by (2.1), X jnt = 0.
Finally, if A > O withtan A = tan 7, then (T A)!/> = GA = G| A = AG?}. Hence
ker(G7G1) = {0}, and so Pgmg (1) X |7m () is injective with dense range. O

3 Similarity and Quasi-Similarity to a Positive Operator

Recall that two operators S, T € L(H) are similar if there exists G € GL(’H) such
that TG = GS.

Mimicking the spectral theory for normal operators, an operator 7T is spectral if
for all @ € C Borel, there are (not necessarily orthogonal), uniformly bounded,
countably additive projections E(w) commuting with 7 such that o (T |van £ () = @.
If in addition, T = f o (T) ME(), T is termed a scalar operator, in which case it
is similar to a normal operator A and o (T) = o (A). More generally, any spectral
operator 7" has a unique decomposition 7 = S + N, where S is scalar, N is quasi-
nilpotent, and SN = NS. See, for example, [7].

Various papers, including [17, Theorem 2], have considered operators similar to
selfadjoint operators. See also [20] for the connection with scalar operators. The fol-
lowing collects conditions for an operator to be similar to a positive operator.

Theorem 3.1 Let T € L(H). The following statements are equivalent:

(i) TG = GS for some G € GL(H) and S € L*;
(i) TX = XT* with X € GL(H)T and o(T) > 0;
(iii) T = AB, with A, B € LT, where B, respectively A, is invertible;
(iv) There exist W, Z € GL(H)™ such that TW € L7, respectively ZT € L;
(v) T is a scalar operator and o (T) > 0.

If any of these hold, then
ranT +kerT = H.
Proof (i) = (ii):1f0 < S = G™'TG, G € GL(H), then 6(T) = o (S) > 0. Also,

sinceG™!TG = G*T*G* !, itfollows that (GG*) "' T (GG*) = T*, orequivalently,
T(GG*) = (GG*)T*.



38 Page6of36 M. Contino et al.

(ii) = (iii): Let T = XT*X~!, X € GL(H)™, and assume that o () > 0. Then
X\27rx V2 = x127x12 = (x12TXV2)* ¢ ot

and so A = XV2(x~12rxVHx1/2 = 17X > 0. Consequently, T = AB, where
B = X! > 0. Work instead with 7* = X~ T X to obtain T* = BA, B > 0 and
A > 0.

(iii) = (iv): Suppose that T = AB, with A, B € L£* and B invertible. Let
W := B! € GL(H)T. Then TW = A € £*.If on the other hand A is invertible,
Z = A" !yields ZT > 0.

(iv) = (i): Suppose W € GL(H)* and TW € LT. Then

w12arwyw= 12 = w-12Twl/2 > 0.

Similarly if ZT € L.

(v) © (i):IfG € GL(H)issuchthat S = G~'TG € L*, theno (T) > 0. Let ES
be the spectral measure of S, so that § = fa(s) AdES(A). Then ET () := G7'ES()G
is a resolution of the identity for 7 and T = fa ) L dET()). Thus T is scalar.

Conversely, if T is scalar and o(T) > 0, then T is similar to S normal with
0(S)=0(T) >0, and thus S € LT.

To prove the last statement, assume (7). Since S > 0, ran S @ ker S = H. Also,
ran 7 = Gran S and ker T = G ker S. Since G is injective, tan T N ker T = {0}, and
since G is surjective tan T + ker T = H. Hencetan T + ker T = 'H. O

If T e £1?is similar to § > 0, with TG = G S (where without loss of generality
in (i) in the last theorem, G can be taken to be positive), then as previously noted,
Q =0 (T) = o(S) C RT. Moreover, since it is possible to define a Borel functional
calculus for S on €2, the same then holds for T (see Theorem 3.1, where this is
essentially what is implied by T being a scalar operator). In particular, if f is a Borel
function, then f(T) = Gf ()G~ is well-defined.

If £(2) C RT, then £(S) > 0 and

f(T) = (GF(SHGNG™) e L2

A case of particular interestis f(x) = xY2 SinceT = AB,A = (GSG),B = (G™2),
it follows that 71/2 = A’ B when

A'BA' = A, A > 0.

This is an example of a Ricatti equation, and more generally, an operator T € L£1?
will have a square root if for some factorization T = AB, A, B > 0, there exists
A’ > 0 satisfying this equality. This is examined more closely later in the section.

There is also a close connection with the geometric mean, defined for two positive
operators E and F with E invertible as

E#F = EVX(E-\2FE-YH2EL2,
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and so satisfies (E# F)E"Y(E#F) = F.

Lemma3.2 If T is similar to a positive operator and T = AB with B € GL(H)™,
respectively, A € GL(H)™, then

T2 = (B~'# A)B,

respectively, T'/> = A(A~' # B).

Proof By Theorem 3.1, B can be chosen invertible in 7 = AB, and then with
G = B2 and § = B'2AB'?2, TG = GS. Setting E = B~! = G? and
F = A = GSG, it follows that E# F = GS'/?G, and hence T'/2 = (B~'# A)B
since (B~1# A)B(B~!# A) = A.Ifinstead A is chosen to be invertible, then working
with G™I'T = SG~!, one obtains 71/2 = A(A~' # B). o

An operator which is injective with dense range is termed a quasi-affinity. An
operator T is quasi-affine to C if there is a quasi-affinity X such that

TX =XC.

The operators 7 and C are said to be quasi-similar if there exist quasi-affinities
X,Y € L(H) such that

TX=XC and YT =CY.

A finite or countable system {S,,}1 <y < Of subspaces of H is called basic if S, +
Vk #,,Sk = 'H for every n (v indicating the closed span), and ﬂnzl (VanSk) = {0}
if m = oo. In [1], Apostol uses basic systems to characterize those operators which
are quasi-similar to normal operators. With only minor modification, his proof works
to characterize quasi-similarity to positive operators.

Theorem 3.3 (Apostol) The operator T € L(H) is quasi-similar to a positive operator
if and only if there exists a basic system {Sy}n>1 of invariant subspaces of T such that
T|s, is similar to a positive operator.

It is sometimes useful to relax the conditions in the definition of quasi-similarity
so that instead, TX = XC and YT = DY. The next lemma shows that if C and D
are positive, this is no more general.

Lemma3.4 Let T € L(H) suchthat TX = XC and YT = DY, with X, Y quasi-
affinities and C, D € L. Then

(i) C is quasi-similar to D, and
(i) T is quasi-similar to C.

Proof (i): Since (YX)C = YTX = D(YX), C(YX)* = (YX)*D, and the claim
follows since Y X and (Y X)* are quasi-affinities.
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(ii): Set Y’ := (Y X)*Y. Then Y’ is a quasi-affinity and

Y'T =X)*YT = (YX)*DY = X*Y*DY
= X*T*Y*Y = (TX)*Y*Y = CX*Y*Y = CY'.

By assumption 77X = XC, so it follows that T" is quasi-similar to C. O

Definition A rigged Hilbert space is a triple (S, H, §*) with H a Hilbert space and
S C 'H a dense subspace such that the inclusion ¢ : S — H is continuous. The space
S* is the dual of S, and H* = 'H is mapped into S* via the adjoint map ¢*. The spaces
S and §* are identified as Hilbert spaces, with t*t(H) = H*.

Let X € L(H). Define an inner product on ran X by

(x,¥)x 1=<X71X,X71y>, x,y €ran X.

Then Hy := (ran X, (-, - ) x) is a Hilbert space.

The primary case of interest is when X is a quasi-affinity, in which case Hx can be
viewed as a rigged Hilbert space.

Proposition 3.5 Let T € L(H) such that TX = XC with X a quasi-affinity and
C € LT. Then Hy can be identified with a rigged Hilbert space and T = T |ran x €
L(Hx)t. Furthermore, ran T Nker T = {0} and

ranT +ker T = H.

Proof Let y = XX~ 'y € ran X. Then ||y|| < | X|[IX~'y|l = |IX|llly|lx. Therefore
the inclusion map ¢ : Hyx < H is continuous. Thus Hx (or more properly, the triple
(Hx, M, H%)) is a rigged Hilbert space. This space is simply denoted as Hx. Note

that for any set S C ran X, EHX cS. .
Since TX = XC, T(ran X) C ran X and T is well defined. Also, if y = Xx,
v = Xw for some x, w € H,

<f"y,v>X =<X_1Ty, X_1v>=<X_1TXx,w>=<X_1XCx,w>= (Cx,w).

Since ||yllx = [lx|| and ||v||x = ||w], taking the supremum over y and v with
norm 1 gives that ||f"||x = ||IC]| and so T is bounded in ‘Hyx. Taking v = y then
yields 7 € L(Hx)'. By positivity H = fanC @ kerC, and fanT = XranC,
kerT = XkerC, so m_nHX(f") DHy ker T = Hx =ranX CranT + ker T, and
thusran 7 + ker T = "H.

Now suppose that 0 #= z = Tx € ker T'. There is a sequence {h,} in H such that
XX*h, — x, and so T2XX*h, = XC?*X*h, — 0. Let g, = X*h,, for all n. Then
Xg, — xandforall y € H,

(Cgn, CX*y) = <XC2X*h,,, y> 0.
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Since tan (CX) = ran C, it follows that Cg,, — 0. Hence TXX*h, = XCX*h,, =
XCg, — 0, which implies that Tx = 0, a contradiction. O

Corollary3.6 Let T € L(H) be quasi-similar to a positive operator. Then tan T N
ker T = {0} andtan T + ker T is dense in 'H.

Proof If T € L(H) is quasi-similar to a positive operator C, by Proposition 3.5,
ranT +kerT = H andranT* + ker T* = H. Hence tan T Nker T = {0}, and so
ran T + ker T is dense in H. ]

The following is a special case of more general results found in [8, Corollary 2.12]
and [19, Theorem 2].

Lemma3.7 If T € L(H) is quasi-affine to C € LY, then o (T) 2 o (C).
If T e £*2, then it will be shown that these spectra are equal (Proposition 7.2).

Proposition 3.8 Let T € L(H). The following statements are equivalent:

(1) T is quasi-affine to a positive operator;
(ii) T* = BA, with B a closed surjective positive operator and A € L ;
(iii) There exists a quasi-affinity X € L such that TX € LT.

Proof (i) = (ii): Assume TG = GS, G a quasi-affinity, S > 0. Then GG*T* =
GSG* and

T* = (GG*) N GSGY).

The operator GG* is a quasi-affinity, hence (GG*)~! maps ran(GG*) onto H, and it is
thus surjective, closed, and so selfadjoint. Since forall x, ((GG*) "' GG*x, GG*x ) =
(x, GG*x) > 0, (GG*)~! is positive.

(ii) = (iii): Assume (ii). Since B is surjective, by the closed graph theorem,
B~!: H — dom (B) is bounded, and since B is positive, B~! is a quasi-affinity, and
is also positive. Then B~1T* = A > 0, and the claim follows with X = B!,

(iii) = (i): Suppose there exists a quasi-affinity X € £ such that TX = XT* >
0. According to [10, Theorem 5.1], if A, B, and C are bounded operators with A > 0
and AB = C*A, there exists a unique bounded S with ker A C ker S such that
A2B = SA'/2 and C*A'/? = A'/2S. Translating to the present context, take A =
X and B = C = T*. Then there exists a bounded S so that X!/2T* = Sx1/2,
equivalently, 7X'/? = X!/25* Thus §* = X~ 1/217X1/2,

Forallx e Hand y = X2y,

($*y,y)= <X’1/2TXx, X1/2x> — (TXx,x) > 0.

It follows by polarization that S is selfadjoint, and so S > 0. O
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Corollary 3.9 Let T € L(H). The following statements are equivalent:

(1) T is quasi-similar to a positive operator;
(ii)) T = AB, with A a closed surjective positive operator and B € L, and T* =
B'A’, with B a closed surjective positive operator and A’ € L;
(iii) There exist quasi-affinities W, Z € LV such that TW and ZT € L;
(iv) There exists a basic system {Sy},>1 of invariant subspaces of T such that for all
n, T|s, is scalar and o (T |s,) > 0.

Proof The equivalence of (i)—(iii) is a direct consequence of Proposition 3.8. The
last item is equivalent to (i) by Theorem 3.3. O

The last result resembles Theorem 3.1, though under the weaker condition of quasi-
similarity it appears not to be possible to say much about the spectrum of 7" without
some extra conditions. See Sect. 7.

Coming back to square roots, suppose that 7G = G S, where G > 0 is a quasi-
affinity and S > 0. Then there exists a densely defined linear operator R mapping
ran X to itself such that RX = XC'/2. However it may not be the case that R is
bounded. Circumstances when it is will be addressed further on.

4 The Set £12

The remainder of the paper is devoted to the study of the set of products of two positive
bounded operators,

LT2:={T eL(H):T = ABwith A, B € L*}.

The subclasses P-P and P- LT were considered in [2] and [4].

If T e £12,itis straightforward to check that T* € £LT2and GTG~! € £T? forall
G € GL(H). Then the similarity orbit of T,Q7 := {GTG™' : G € GL(H)} € L£*+2.
Also, it can easily be verified that {T" : n € N} € £+2.

From the basic fact that for two operators C and D, o (CD) U {0} = o (DC) U {0},
the following is immediate.

Lemma4.1l LetT = AB € L2 A, B € Lt. Then o(T) = 6 (AY*BAY?) > 0.

Proof As already observed, o (T)U{0} = o (A'/2BA'/2)U{0} > 0.If0 ¢ o (T), then
A and B are invertible, so 0 ¢ a(Al/zBAl/Z). Likewise, 0 ¢ G(A‘/zBA‘/Z) implies
0 ¢ o(T), and so the stated equality holds. O

Example 1 Lemma, 4.1 implies that a normal operator in £ 2 is positive. Suppose
now that 7 € £ is subnormal. Let N be the minimal normal extension of 7. Then
o(N) =0(T) > 0,and so N is positive. Since T is the restriction of N to an invariant
subspace, it too is then positive.

It will be proved in Proposition 6.3 that an operator in £ 2 with closed range is
similar to a positive operator. This will imply then that any partial isometry V in
L7172 is similar to an orthogonal projection, and so is itself a projection. Since V is a
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contraction, this means thatran V is orthogonal toker V,and so V > 0is an orthogonal
projection.

Proposition 4.2 Let T € L12. Then there exist A, B € LT such that T = AB,
ran A =tan T and ker B = ker T. For this pair, ran BNker A = ran ANker B = {0},
and it follows then that

ranT Nker T = {0}.

Proof Let T = AgBy € £12. Then, by Theorem 2.1, there exists B € £ such that
T = AoB and ker B = ker T. On the other hand, T* = BAg € £2 and again
by Theorem 2.1, there exists A € £ such that T* = BA and ker A = ker T*. If
x € ran B Nker A then x = By forsome y € H and 0 = Ax = ABy = Ty. Hence
y € ker T = ker B, and so x = 0. The other equality follows in a similar way. It is
then immediate from this that ran 7 N ker T = {0}. O

Corollary4.3 If T € Lt?, thentan (T |mnr) =Tan T.

Proof If T € L2, then T = AB withtan T = ran A by Proposition 4.2. Therefore,
fan (T |mn7) = 1an (T Pant) = (ker(Pan7T*))L. But ker(Pan7T*) = (ran T* N
ker T*) + ker T* = ker T*, again by Proposition 4.2. O

Definition For A, B € LT, the pair (A, B) is called optimal for T = AB ifranT =
ran A and ker B = ker T.

According to Proposition 4.2, whenever T € £%72, it can be written as a product
involving an optimal pair. Clearly, the pair (A, B) is optimal for 7 if and only if the
pair (B, A) is optimal for T*.

Example 2 Any oblique projection Q is in £ 2. For suppose that M = ran Q. Then

QPpr = Pog = PAgQ* and Py Q = Q. Therefore Q = Pp(Q* Q). Obviously,
(Papm, Q* Q) is an optimal pair for Q.

If 7T € P2thentanT Nker T = {0} (see [4, Theorem 3.2]). This no longer need
be the case if T € £12, as the following example shows.

Example 3 [2,Lemma 3.1] Let A € LT with non-closed dense range and x € fan A \
ran A. Define S = span{x}-and T = APs € £12. Thenker T = span{x}, fan T* =
S,kerT* = {y : Ay € ker Ps} = {0}, andtanT = H. HenceranT NkerT =
span{x}, Tan T* Nker T* = {0}, and ran T* + ker T* = S. By Proposition 3.4, T* is
not quasi-affine to any positive operator, though 7 is.

Ifinstead T = (A® B)(B @ A) on H & H, then for neither T nor T* is the closure
of the range intersected with the kernel nontrivial, nor the sum of the range with the
kernel dense in H @ H. As a consequence of Proposition 3.4, neither is quasi-affine
to a positive operator. Clearly, in these examples T is not quasi-similar to a positive
operator.

Operators T € £12 with a factorization T = AB where one of A or B has closed
range have special properties (see, for example, Theorem 5.4 and Corollary 7.4).
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Proposition 4.4 Let T € L2 If T is similar to a positive operator, then there exists
an optimal pair with ran A, respectively ran B, closed.

Proof Suppose that T € L2 is similar to a positive operator, so T = GCG™!,
C > 0. Let P be the projection onto the closure of the range of C. Then
GPG* and G*~'PG~! have closed range, and T = (GPG*)(G*~'CG™") =
(GCG*)(G*~' PG 1. Itisreadily seenthat (GPG*, G* ~'CG ) and (GCG*, G* !
PG~ are optimal pairs. O

It is natural to wonder at this point if the class of operators in £+2 which are quasi-
similar to a positive operator is strictly larger than the class of those which are similar
to a positive operator.

Example4 As noted, if T € P2 thentanT NkerT = {0}. Furthermore, Tan T +
ker T = H if and only if ran T is closed. An operator T € P2 without closed range is
constructed as follows. Assuming dim H = oo, there exist two closed subspaces M
and N such that M N A = {0} and M + N is dense in, but not equal to H. Take
T = AB, A and B be orthogonal projections onto M and N, respectively. Then
fanT = M and ker T = N, sotan T + ker T is dense in, but not equal to H.

Let W = A+ Py and Z = B + P .. Clearly, both are positive. Also, ker W =
M+ NN = {0}, and similarly, ker Z = {0}, so both are quasi-affinities. Since
TW = ABA and ZT = BAB are both positive, it follows from Corollary 3.9 that
T is quasi-similar to a positive operator. By Theorem 3.1, T cannot be similar to a
positive operator, since Tan T + ker T # H.

The above example can also be used to construct T € £12 which again is quasi-
similar, but not similar to a positive operator, but now with ker 7 = ker 7* = {0}. Let
H = K & K, where dim K = oco. Define M := K @ {0}, and choose N\ as above.
Notice that dim A = dim M, so there is a unitary V on H mapping N to M and N'-
to M.

Let Ay = Pyq, Bl = Ppi, Ay = Py, By = Ppr. So Ay = V*A1V and
B, = V*BV.Set A = \%(m + Aj), B = \%(Bl + B»). These are both positive

and injective, but since neither M -+ N nor N - M=+ equals H, the ranges of A and
B are not closed.

1
_ 1
Let W = Wil (V)’ and set

T=AB=AB)+AB,=W"(A1B1 ® )W,

where A1B1 ® 17 is the 2 x 2 diagonal operator matrix with diagonal entries A B;.
The operator W is an isometry, and 7 is injective with dense range.
Suppose that T is similar to a positive operator, 7 = GCG~!. The operators

e (1) =)
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are also isometric and U = (W W’) is unitary. Furthermore,

W*(AIB; @ 1)W = W"* (_01 (1)) (A1B1 ® 19) (_01 (1)) w”

=W (AIBI® 1)W' = VW*(A1B| ® 1) WV* = (VG)C(VG) .

Hence

—1
(G 0 G 0 e
AlB1®12—U<0 VG) (C®12)<0 VG) U,

thatis, A1 B1 ® 1, is similar to a positive operator. But by the same reasoning employed
in showing that A By is quasi-similar, but not similar to a positive operator, the same
holds for A;B; ® 17, giving a contradiction. Hence, T is also quasi-similar, but not
similar to a positive operator.

It is noteworthy that if the operator 7 just constructed were to have a factorization
T = AB, where one of A or B has closed range, then by Theorem 3.1, 7 would be
similar to a positive operator. Hence there can be no such factorization for this 7'.

The following characterization of the elements of £*2 is immediate from Theo-
rem 2.1.

Theorem 4.5 Let T € L(H). Then T € L2 if and only if the inequality TT* < XT*
admits a positive solution.

Proof If T e L£*? then there exist A, B € LT such that T = AB. Since B> < || B||B
then TT* = AB?A < ||B|ABA = || B||AT*. Therefore, || B||A is a positive solution
of TT* < XT*. Conversely, if A € L7 satisfies TT* < AT* then, by Theorem 2.1,
the equation T = AX admits a positive solution. Therefore T € £12. O

Corollary4.6 Let T € L2 and A € L*. Then T can be factored as T = AB, with
B € LT ifand only if AA is a solution of TT* < XT¥*, for some A > 0.

Corollary 4.7 The operator T € LT -P if and only if TT* = XT* admits a positive
solution. Moreover, T € P? ifand only if TT* = XT* admits a solution in P.

Proof If T = AP, A > 0 and P an orthogonal projection, then 7T7* = APZA =
APA = AT*. Conversely, if TT* = XT* admits a positive solution X = A > 0,
then |T*|> = AU|T*|, where U is a partial isometry from fan 7' onto ran 7*. Thus
|T*| = AU = U*A,and so T* = UU*A, where UU* is an orthogonal projection. O

The next result will be particularly useful for describing spectral properties of ele-
ments of £ 2 in Sect. 5. It was proved for invariant subspaces in the finite dimensional
case in [22]. Recall that a subspace M is invariant for an operator T' if T M C M.

Proposition 4.8 Let T € L2 and suppose M is invariant for T. Then T Pyq € L12.
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Proof Write T = AB, A, B € L. Then T*T < ABT for A = || A||. Assume that M
is invariant. Then

P T*TPpyg < APMBT Ppg = APABPAT Ppg.
Since APprqBPpq > 0, by Theorem 4.5, T Ppq € L2 mi
From the proof of Theorem 4.5, T P4 above has the form C(PpqB P4) for some
Ceclt.
In fact, it is not difficult to see that since T* € £12, the above proposition is true
more generally for semi-invariant subspaces; that is, subspaces of the form M =

M © My, where M| and M, are invariant for 7.

Definition Given 7 € £72 and A > 0 with fan A = tan T, define
B ={X>0:T = AX).

Note that even if tan A =ran 7 and ran A D ran T, the set B;‘ may be empty. As
just seen in Corollary 4.6, A must also satisfy TT* < AAT* for some A > 0.

Theorem 4.9 Let T € L2 and A > 0 be such that B? # (. Then B;‘ has a minimum
By. The pair (A, Bo) is optimal and the set B;‘ is the cone

B ={Bo+Z:Ze Lt andTan Z C ker T*}.

Moreover, for every B € B?, BrmntT = By, and the pair (A, B) is optimal if and only
ifran Z Cran T* Nker T*.

Proof Let B € B;‘ and Byp = G*G the solution of T = AX constructed in the proof
of Theorem 2.1. With respect to the decomposition H = ran 7 & ker T*, B has an

LU-decomposition,
ok Fl* 0 F B
B_FF_<F2* ) o m)

Also by Theorem 2.1,

Bo— GT 0\ /G1 Gy
°=\cs oJlo o)
Since the theorem also gives in this circumstance that G} G is a quasi-affinity, there

is no loss in generality in taking G| > 0 with dense range.
Now

TA=ABA = AF{FiA = AByA = AGiA,
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and since Tan A = ran 7T, F['F| = G%. Without loss of generality, take F1 = G
(adjusting F, and F3 as necessary). So

T=AG*'G=A(G} GG2))=AF'F=A(G} GF).
Therefore,
G3G1A = FfGA.

Since both G| and A are positive with dense ranges in ran 7', ran (G1A) = ran 7.

Hence by continuity, F» = G,. Therefore F = <G01 IGVZ) and
3

0 0
Z:= Bt = (0 F;F3> > 0,

giving B=By+ Z,Z > 0,tan Z C ker T*, and Bgn7 = Byo.

Finally, suppose that the pair (A, B) is optimal. So tan B = ran T*, where B =
By + Z, and since ran By = ran 7%, it must be that ran Z C ran T*. Hence, tan Z C
ran T*Nker T*. On the otherhand,if B = By+Z,Z > 0,andtan Z C tan T*Nker T*,
then ran B = ran 7™, and so (A, B) is optimal. O

Theorem 4.9 states that if T € £12 admits an optimal pair (A, B), then there
is an optimal pair (A, Bg) where By has minimal norm among the operators in the
set B/;. Furthermore, By is the minimal positive completion of the operator matrix
<Bu B>

B,
the first factor.

). However, (A, Bp) need not be the unique optimal pair for 7 with A as

Example5 Consider T = PsA, where A > 0 and S are defined as in Example 3.
Then by Theorem 4.9, for any A > 0, (Ps, A + A(1 — Ps)) is an optimal pair for 7.

The next result gives a condition for the optimal pair (A, B) to be unique when one
of the terms is fixed.

Corollary4.10 Let T € L1? and A such that B? # () with minimal element By.
Then (A, By) is the unique optimal pair for T with A as the first factor if and only if
ran T + ker T = H. Additionally, for fixed A, (A, By) and (By, A) are unique optimal
pairs for T and T*, respectively, if and only iftan T + ker T = H.

Proof This follows directly from Theorem 4.9, since there can be more than one
optimal pair (A, B) for fixed A if and only if ran 7* N ker T* # {0}. The condition
ran T + ker T = H implies that tan 7* Nker T* = {0}, and by a similar argument as
at the end of the proof of Theorem 4.9, this condition is necessary and sufficient for
there to be a unique optimal pair (B, A) for T* with A fixed. O

There is a dilation theory for elements of £12 which mimics that of contractions
on Hilbert spaces.
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Proposition 4.11 LetT € LT 2. Thenthereis a Hilbert space H' 2 'H, and an operator
T' € LT P on H such that T is the restriction of T' to an invariant subspace,
ranT’ = tan T, and ker T’ D ker T. There is also a Hilbert space H" 2 H' and
T" € P2 onH", such that H' is invariant for T"*, H is semi-invariant for T", and T
is the compression of ¢cT" for some ¢ > 0.

Proof Suppose that T = AB, where (A, B) is optimal and by scaling if necessary,
that | B|| < 1. On H' = 'H @ 'H, the operator

B B Bl/2(1 —B)]/2 Bl/z
B = ((] _By\2pIn 1 & ) = ((1 B B)‘/2> (Bl/z a1- B)l/z)

is seen to be a projection since the column operator is an isometry. Extend A to A by
padding with Os. Then 7’ := AB € LT - P and

7 _ (AB ABV2(1-B)'?
— 0 0 '

Clearly, H is invariant for 7" and T = Py T'|. Also,TanT C tanT’ Cfan A =
ran 7', so equality holds throughout. It is obvious that if f € H is in ker 7', it is in
ker T".

The operator T” is constructed by applying the same method to ¢T’*, where c is
chosen so that ||cT"*| < 1. m]

Let T € £12. Using the Lowner order, define a partial order on the set of optimal
pairs for T’ by

(AOU BO[) < (A/S, B/S)

if A, < Ag and B, < Bg.

Definition Let 7 € £12. An optimal pair for T, (Anin, Bmin), 1S said to be min-
imal if for an optimal pair (A, B), (A, B) < (Amin, Bmin) implies that (A, B) =
(Amina Bmin)-

Proposition 4.12 Let T € L2, For every optimal pair (A, B) for T, there exists a
minimal optimal pair (Apin, Bmin) < (A, B).

Proof Suppose that with respect to the partial order <, (A;, By)yea is a chain in
the collection of optimal pairs for 7. Then the decreasing nets of positive operators
(Aj)x, (By)s converge strongly to some A, B € L7, respectively, and T = AB.
Since ker B, = ker T, ker T C ker B, and since T = A B, equality holds. Likewise,
ker T* = ker A. Hence (A, B) is optimal. Thus every chain has a lower bound, and
so minimal optimal pairs exist by Zorn’s lemma. O
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Remark For any minimal optimal pair (A, B), A = Agmr* and B = Bggr. So
A = F*F, B = G*G, where

_(F1 P _ (G1 G
F_<O O) and G_<0 0)
ontan T* @ ker T and ran T @ ker T*, respectively.
Minimal optimal pairs need not be unique. As a simple example, let R > 1 on H,

andT =R®R 'onH®H.Thenfor A=R@1,B=1 @R’l,both(A,B) and
(B, A) are minimal optimal pairs for 7.

Lemma 4.1 already hints that operators in £ 12 share certain properties with positive
operators, many more of which will be explored in the next section. It is reasonable to
wonder if an operator in £ 2 has a square root in £ 2. Partial results in this direction
are given next. First, recall the following result of Pedersen and Takesaki [15] (slightly
rephrased).

Proposition 4.13 (Pedersen-Takesaki) Let H, K € LT, and write K for tan H. A
necessary and sufficient condition for the existence of X € L such that Px K P =
XHX is that (HI/ZKHI/Z)I/2 < aH for some a > 0.

Though they do not show it, under the conditions of the proposition, with respect
to the decomposition H = S; & Sy, S| = &> = K, X can be chosen as the (2, 2)
entry of the S1-compression of

aH (Hl/2KH1/2)1/4 -0
(HI/ZKH1/2)1/4 1 =

Proposition 4.14 Let T € L2 and suppose that T is quasi-affine to a positive oper-
ator, TX = XC. IfCY? < aX*X for some a > 0, then T has a square root in LT2.
Otherwise, if tan T = tan T* and T has a factorization satisfying the conditions of
Proposition 4.13, then T admits a square root in L12.

Proof If C1/2 < aX*X, by Douglas’ lemma, Cl/* — x*F. Hence CY/? = X*GX,
where G > 0, and so TX = (XX*)G(XX*)GX. Since ran X is dense, T =
(XX*)G)*.

Now suppose instead that tan 7 = ran 7* and T has a factorization satisfying the
conditions of Proposition 4.13. Choose H = B and K = A in Proposition 4.13. Then
A = XBX forsome X € L1, andso T = (XB)>. m|

It was already noted in Theorem 3.1 that if 7 is similar to a positive operator, it
has a square root in £ 2. The next example shows that this fails more generally. The
explanation requires a lemma showing that an injective positive operator has a unique
square root in £ ?—namely the positive square root.

Lemma4.15 If A € L7 is injective, R> = A%, and RX = X A for some quasi-affinity
X, then R = A. Consequently, if R € LT? satisfies R> = A?, then R = A.
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Proof Suppose that A € L7 is injective, R? = A2, and RX = XA, where X is
a quasi-affinity. Then A2X = R2X = X A2, and so AX = XA since A is in the
commutative C*-algebra generated by A2. Thus RX = AX, and therefore R = A.
Write R = XY, X,Y € L7 and injective. Then (XY)? = R> = A% = R*? =
(YX)z. Hence A2X1/2 = X1/2(X1/2YX1/2)2, and by [6, Lemma 4.1], there is a
unitary U such that A> = U(X'/2Yy X1/2)2U*, and so A = U(X'/?Y X'/2)U*. Thus

R(X'?U* = (xY)(x'?U*) = (x'?U*)A.

Since X '/2U* is a quasi-affinity, R = A. O

Example 6 Following ideas from [4], let T € P2 be the product of A and B, non-
trivial projections, given as follows. With respect to the decomposition H = ran B &
(ran B)*,

T AR — S S12(1 =512\ (10) N 0
I NG e TE S B 00) ~ \a—-952s20)

where S > 0 is injective but not invertible on ran B with || S| < 1, so that (1 — §)
1/2

is invertible. Then ker T = ker B,andran 7 = ran G, G = <(1 f §)12 0), and so

equalsran A since A = GG*. This has zerointersection withker T andtan T +ker T =

ran S @ ker B, which is dense in H. As an aside, in Corollary 7.3 it will be shown that

this condition implies that T is quasi-similar to a positive operator.

Suppose that T = (XY)2 forsome X, Y € £71;thatis, T has a square root in L£t2,
Without loss of generality, (X, Y) can be chosen to be an optimal pair for R := XY.
Clearly, ker R C ker T, and since ran R N ker R = {0}, the reverse containment also
holds. Hence tan Y = ran B. A similar calculation gives tan 7 = ran A.

Now
2
R — Xn X\ (Yu O _ (X11Y11)? 0
X{, X»J\0 0 XL XnYn) 0)°
Thus (X11Y11)? = S, and so by Lemma 4.15, X1;Y;; = S'/2. Since (1 — 5)!/? =
X7,Y11 = Y11X12 is invertible and Y7y is injective, Y1y is invertible by the open

mapping theorem, and hence the same is true for X >. The operator S is not invertible,
so X1 is not invertible. However, since X > 0, X = XHZG, and so ran Xi{z is

1/2

closed. This implies that X Hz is invertible, giving a contradiction.

5 Spectral Properties of £ 12

Recall by Theorem 3.1, any operator which is similar to a positive operator (and so in
L£72)is necessarily scalar (that is, it is spectral and has no quasi-nilpotent part). It will
be shown further that finite rank operators in £ 2 are completely characterized by the
property that the spectrum is positive and the operator is diagonalizable (Corollary 6.6).
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It has already been noted that operators in £+?2 need not be quasi-affine to a positive
operator, much less similar to one, and as a result they are in general not spectral.
Despite this, the spectral properties of operators in £ 2 are found to reflect what is
observed in these special cases.

The spectrum o (T') of an operator T can be divided into two, potentially overlapping
parts; the compression spectrum o.(T), points A of which have the property that
T — Al is not surjective, and the approximate point spectrum o,(7'), in which 7 — A1
is not bounded below. The subset of o,(T) of points A for which T — Al is not
injective constitute the point spectrum o, (T'). Standard results in operator theory are
that A € 0, (T) is equivalent to A € o.(T*), and that the topological boundary of the
spectrum is contained in o, (T). In the case of T € L2, where the spectrum lacks
interior, this means that o (T') = o,(T).

The parts of the spectrum already mentioned are for the most part enough when
studying normal operators on Hilbert spaces. Outside of this class, it helps to
refine these by looking at local spectral properties. This is ordinarily developed for
(potentially unbounded) Banach space operators, though here bounded Hilbert space
operators are solely considered.

Let T € L(H). If a point w is in p(T), the resolvent of T, T — w1 is invertible.
Equivalently, for all x € H and A € U, an open neighborhood of u, f() = (T —
A~y isan analytic function from U into H and satisfies (T — A1) f(A) = x. Even
if uw ¢ p(T), it may happen that for some x € H and neighborhood U of p, there is
an analytic f : U — 'H such that (T — A1) f(1) = x. In this case, u € pr(x), the
local resolvent of T at x. For fixed x, the complement in C of pr (x) is called the local
spectrum of T at x, and is denoted by o7 (x).

An operator T is said to have the single valued extension property (abbreviated
SVEP) if whenever U € Cisopen and f : U — 'H is an analytic function satisfying
(T —x1)f(x) =0forall L € U, then f = 0. The point of SVEP is that if T has
this property, any solution f to (T — Al) f(A) = x in a neighborhood of a point u is
unique. Operators like those in £1 2 with thin spectrum have SVEP.

For F C C closed, an (analytic) local spectral subspace for T € L(H) is defined
as

Hr(F):={xeH:or(x) C F}.

This is a (not necessarily closed) linear manifold. Properties include that Hr (F) =
Hr(o(T)N F), and if T has SVEP, H7 (#) = {0}. Hence for operators in £7 2, it will
suffice to consider Hr (F') for closed subsets of o (T'). It is also the case that for A ¢ F,
(T — AD)Hr(F) = Hr(F), Hr(F) is invariant for all operators commuting with T
(in other words, it is Ayperinvariant). Also, foralln € Nand A € C, ker(T — A1)" C
Hr ({A}), and more generally, if forx € Hand L € F, (T — Al)x € Hr(F), then
x € Hr(F).See [12, Proposition 1.2.16]. By [ 14, Proposition 1.3], when T has SVEP,
Hr (3] = {x : limy, |(T —2D)"x[|'/* = 0}.

The following is a special case of a result due to Putnam, and Ptdk and Vrbova
(see [12, Theorem 1.5.7]). The proof in this case is elementary and is included for
completeness. The more general result is discussed below.
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Lemma5.1 Let T € L(H) be normal and ) € C. Then Hy ({1}) = ker(T — A1).

Proof Recall that for a normal operator 7', the norm equals the spectral radius:
1T = Tim 7",
n—oQ

Also, T is spectral so has SVEP. Let Hz ({A}) = {x : lim, o (T —21)"x||'/" — 0},
and £ = Hr({A}). Then (T —A1)E C £,50 TE C E. Since forall y, [[(T — A1) y)|| =
I(T* = A)y)|l, T*E C €. Thus & reduces T, and Ty := PgT|¢ is normal.

Let x € Hr({A}), |lx|| = 1. Then for all ¢ > 0, for sufficiently large n, ||(To —
Ale)'x|| < €. Soify € £ with ||y|| =1,

€" > ((To— 1) "x, y) = (x, (To — A1e)*"y).

Since Hr ({1}) is dense in £ and € is arbitrary, ||(Ty —A1g)*"y||'/* — Oforall y € £.
Thus o (Ty — Alg) = o ((Tp — 21g)*) = {0}. Hence by normality, Typ — Alg = 0, and
so Hr ({A}) = ker(T — Al). O

Proposition 5.2 For T € L2 and » € C, Hy ({A}) = ker(T — A1).

Proof By definition, Hr ({A}) = {x : or(x) = {A}} = {x : or—u(x) = {0}} 2
ker(T —A1).If L € p(T),then T —X1isinvertible, and so forall x # 0, p7(x) 2 p(T),
or equivalently, o7(x) € o(T). In particular then, if A € p(T), Hr({}}) = {0} =
ker(T — 11).

So suppose that A > 0 is in o (7). Write T = AB for some optimal pair (A, B),
and set C = BY2ABY2. Then BY/2(T — A1) = (C — A1)BY/2, and by induction,
BY2(T —x1)" = (C — A1)"BY2 forn € N. Let x € Hr({x}) = {y : lim, |(T —
AD"y||Y/" = 0}. Then

IBY2(T —a1)"x V" < | B2V = A1) x|V = 1.0 =0,
and so
1(C =AD" B 2x /" — 0.
Thus B'/2x € Hc({A}). By the previous lemma H¢ ({1}) = ker(C — A1), hence
BY>(T —x)x = (C = 21)B*x = 0.

If A = 0, then either x € ker T or Tx € ker B = ker T. But by Proposition 4.2,
ran T Nker T = {0}, and so this also implies that x € ker T. If A > 0, then similar
reasoning gives either (T—A1)x = Oor (T —A1)x € ker B = ker T'. Suppose the latter.
Since (T — A1)Tx = T(T — LA1)x = 0, it follows that (T — M)2x = —MT — Al)x,

and in general, by induction for all n,

(T —AD)"x = (=D "W NT = AD)x.
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Hence
AV — aDx |V = I NT = A Dx Y = (T = A x|

Since as n — oo, the right hand term goes to 0, A~D/" — X > 0, and |(T —
ADx||Y" — 1if |(T — x| > 0, the conclusion is that x € ker(T — A1). o

A simplified version of the above argument can be used to show the following.

Proposition 5.3 If T € L(H) is quasi-affine to a normal operator, then
Hr({r}) = ker(T — Al).

There are further ways in which operators in £+?2 resemble positive operators.
To explain this requires the introduction of some additional ideas from local spectral
theory, details for which can be found in [12] and [3].

Recall that a scalar operator is one which is similar to a normal operator, and so has
a Borel functional calculus. By Theorem 3.1, if T € £*?2 and is similar to a positive
operator, then it is scalar, and so also has a Borel functional calculus. An operator
T is termed a generalized scalar operator if it has a C*° functional calculus; that
is, there is a continuous homomorphism & : C*°(C) — L(H) with ®(1) = 1 and
®(z) = T. An operator which is the restriction of a generalized scalar operator to an
invariant subspace is said to be subscalar. Obviously, the classes of generalized scalar
and subscalar operators include that of scalar operators.

Theorem5.4 Let T € Lt2. Then T is a generalized scalar operator and T has a
C2([0, ||IT|11) functional calculus.

Proof To begin with, claim that if either A or B has closed range, then T is generalized
scalar. So suppose T = AB, A, B € LT, where ran A is closed (the case where
ran B is closed can be handled identically by working with 7*). Decompose H =
ran A @ (ran A)L, and write
(T T
7= (% %)

with respect to this decomposition. By the assumption that ran A is closed, 77 is similar
to a positive operator, and so is scalar by Theorem 3.1. Hence there is a constant k > 1
such that for A € C\R,

1T = AD 7Y < (14 [Im Al ™.

Since L )
_ (Ty — A= (T — AT
(T—M)1=< ! A 2),

0 —x
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G5))

From [12, Theorem 1.5.19], T is a generalized scalar operator.
For the general case, let T € £12 and let 7/ € £ - P on H’ be the dilation of T
from Proposition 4.11. So H is an invariant subspace for 7’ and 7 is the restriction of
T’ to H. Hence T is subscalar.
Subscalar operators need not be generalized scalar. However, in this case any A €
T T
00

it follows that for sufficiently large «’,

T = AD7 < k(14 Imal™h (1 + |Im A

<«'[1 4 ImA| 2.

C\R is in the resolvents of both T and 7. So writing 7" = ( ) with respect to

the decomposition H' = H @ H+, for A € C\R,

(T -~ J(T - MH)1T2>
) 8 .

(T = algy)~ ' = (

1
x
Consequently, for all A € C\R, there is a k' > 0 such that

1T = 2137 < T = 1) M < /(A [Im A7)

by the first part of the proof. Thus [12, Theorem 1.5.19] gives that T is a generalized
scalar operator. The fact that 7 has a C2([0, ||T'||]) functional calculus follows from
the proof of that theorem. O

Let F C C. For an operator T, the algebraic spectral subspace Er (F) is the largest
linear manifold such that (T —A1)Er (F) = Ep (F) forall A ¢ F. Moreover, for every
positive integer p,

Hy(F) C Er(F) C ﬂ ran(T — A1)P.
rEF

When T is normal and E7 (F') is the spectral projection for the set F, it turns out that
Hr(F)=&r(F) = ﬂmF ran(T — A1) =ran E7(F) [12, Theorem 1.5.7]. The next
result states that the operators in £ 2 behave in this respect like normal operators.

Proposition 5.5 Let T € L2, Then for closed F C C,

Hr(F) = Ep(F) = ﬂ ran(T — A1).
rEF

Proof By Theorem 5.4, T € L*? is a generalized operator, so by [12, Theo-
rem 1.5.4], there exists an integer p such that for any closed set F, Hy(F) =
Er(F) = (N;gpran(T — A1)P. Fix & ¢ F. Since T* € L*?2, by Proposition 5.2,
ker(T* — A1)? = ker(T — A1)*P = ker(T* — A1) for all p € N, and so
ran(7T — A1)? = ran(T — A1) for all p. O
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6 £*2 and Similarity; the Set £}2

In Proposition 4.2, it was proved that if T € £2 then ranT Nker T = {0}. It is
always the case then that

H=ranT +kerT @ (ker T* Ntan T¥).

This section considers the case where ran T + ker T is dense in . In Sect. 8, the
general case will be taken up.

Recall from Proposition 3.1, T € £12 and T admits a factorization T = A B where
A, B € LT and either A or B is invertible is equivalent to T being similar to a positive
operator.

Proposition 6.1 Let T € L2 and A € LT such that Tan A = tanT. Then the
following are equivalent:

(i) There exists B € GL(H)™ such that T = AB;
(ii) There exists B € LT such that (A, B) is optimal for T and ran B + ker A = H;
(iii) B? # W andran T = ran A.

As a result, for this choice of A, there is a unique optimal pair (A, Bg) and By has
closed range.

Proof (i) = (ii): Suppose that T = AB with B € GL(H)" thentanT =ran A =
ran(AB’) for any optimal pair (A, B’). Then H = A~!'ran(AB’) = ran B’ + ker A,
where the sum is direct by Proposition 4.2.

(ii) = (iii): Suppose that there exists B € £ such that (A, B) is optimal for T
and ‘H = ran B + ker A. Applying A to both sides gives ran A = ran(AB) =ranT.

(iii) = (i): Let (A, B’) be an optimal pair for T. Such a pair exists by Proposi-
tion 4.2. Since ran T = ran A, by the same calculation as above, H = ran B’ + ker A.
Then by [9, Theorem 2.3], which states that if an operator range is complemented,
then it is closed, ran B’ is closed.

Now define the positive operator B = B’ + Pier 4. By [9, Theorem 2.2], ran B!/? =
ran B’ + ran Pier 4 = H, and so B is invertible.

The last statement follows from Corollary 4.10. O

Theorem 3.1 indicates a number of ways of finding operators which are similar to
positive operators. In addition, it combines with the last result to give yet another.

Corollary 6.2 Let T € L(H). Then T is similar to a positive operator if and only if
T € £12 tanT + ker T = H and there exists and optimal pair (A, B) such that
either A or B has closed range.

It is not true in general that if 7" is similar to a positive operator, then every optimal
pair for T is such that one of its factors has closed range.

Example7 Let A € L7 be such that ran A is not closed. Then clearly A is similar
to a positive operator and (A'/2, A'/2) is an optimal pair for A. But, since ran A C
ran A'/2, then none of the factors of this optimal pair has closed range. However, since
A = A Pry 4, the optimal pair (A, Pgr 4) is as in Corollary 6.2.
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The situation when the range of 7 € £*? is closed happens to be special as well.
Write

L£5?:={T € £?: T has closed range}.

Proposition 6.3 Let T € L2, Then the following are equivalent:

(1) T € CR(H),
(ii) ranT + ker T = H;
(iii) For any optimal pair (A, B), A, B € CR(H) and ran A + ker B is closed.

In this case, T is similar to a positive operator.

Proof Let T e £*? and suppose that T € CR(H). Then T* € CR(H). Let (A, B) be
an optimal pair. Thenran A D ran 7 =rtan T = ran A, and similarly, ran B = ran B.
Thus A,B € CR(H) and H = B~ 'ranT* = ranA + ker B = ranT + ker T.
Conversely, if ran T + ker T = 'H, by [9, Theorem 2.3], ran T is closed.

Finally, suppose that for an optimal pair (A, B), A, B € CR(H) and ran A + ker B
is closed. By [11, Corollary 2.5], ran T = ran(AB) is closed. On the other hand, if
ranT + ker T = H, then arguing as above, ran A + ker B = H, and so is closed.
Hence all of the items are equivalent.

The statement that 7 is similar to a positive operator follows from Corollary 6.2. O

Proposition 6.3 and Theorem 3.1 together imply the following.

Corollary 6.4 Let T € L(H). The following are equivalent:
(i) T eLl?

cr
() T=ST*S ' withS € GL(H)t and o (T) C {0} U [c, 00) for ¢ > 0;
(iii) There exists G € GL(H) such that GTG™' € CR(H)™;
@iv) T is a scalar operator and o (T') C {0} U [c, 00) for ¢ > O.
IfT e Ej‘rz, then by Proposition 6.3, T is similar to a positive operator C. From this

itis notdifficult to check that o (T)) = o (C), C also has closed range, and consequently
the spectrum of both operators have the form indicated in the corollary.

Corollary 6.5

cr=|J ow.
WeCR(H)*T

Corollary 6.6 Suppose that T € L(H) is finite rank. Then T € L2 if and only if T is
diagonalizable and o (T) > 0.

Remark 1f T on 'H with dim(H) < oo is diagonalizable with positive spectrum, it is
in principle straightforward to write T as a product of two positive operators. Let C
be the diagonal matrix of eigenvalues of T, V the matrix with columns consisting of
the eigenvectors of T, arranged in the same order as the diagonal entries of C. The
matrix V is invertible, and TV = VC. Therefore, T = (VV*)(V*~1cv~1).
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Example 8 The situation for the product of three or more positive operators is more
complicated. In particular, such products need not be diagonalizable. As a simple

example,
I 0\(1 1)y/0 0\ _ (0 1
(0 0) )6 D=6 o)

Hence the class £ of products of three positive operators strictly contains £+ 2.

Maganja showed in [13] that every bounded operator on a Hilbert space is the sum of
at most three operators which are similar to positive operators (and so by Theorem 3.1,
three operators in £ 2). On finite dimensional spaces, Wu proved that if det 7 > 0
(which includes those T with non-negative spectrum), 7 is the product of at most 5
positive matrices [22], and in [5], an algorithm is given for determining the number of
matrices between 1 and 5 needed. In the setting of separable Hilbert spaces, Wu also
showed that any operator which is the norm limit of a sequence of invertible operators
is the product of at most 18 positive operators [21]. For invertible operators, this was
improved by Phillips to at most 7 [16].

It is also possible to give an explicit formula for the Moore-Penrose inverse T of an
operator T € Ejrz. In this case, if Q := Pran 7+ //ker 7+ 18 the oblique projection onto
ran T* along ker T*, Q is bounded. Recall that an operator 7" is called a (1, 2)-inverse
of TIf TT'T =T and T'TT’' = T’. Generally, there will be infinitely many (1, 2)-
inverses for an operator 7. The Moore-Penrose inverse is the (1, 2)-inverse for which
TTT is the orthogonal projection onto ran T and 77T is the orthogonal projection
onto ran 7.

Proposition 6.7 Let T € £;",2 with optimal pair (A, B). Then
T = BTQA".
Furthermore, T' := Q*TT Q* is a (1, 2)-inverse of T in Ejrz.

Proof LetT € Ej‘rz. The fact that A and B have closed range follows from Proposi-
tion 6.3. Hence A" and B are bounded positive operators. Also, ran T* is closed. For

Q = Pran7*//ker 7% Pran 7+ QPranT = QPran7 = Q. For W = BT Q AT,
TWT = AB(B'QA")AB = APian7+QPean7B = AQB =T.
Therefore T W is a projection. Furthermore,
TW =ABB QAT = AP7-0AT = AQAT.
Also, ran(TW) = ran T and ker(T W) = ker T* since

ranT =ran(TWT) Cran(TW) CranT, and
ker W C ker(TW) C ker(WTW) = ker W = ker T*.
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The last equality holds since if x € ker W, QATx € ker T Nran Q = ker TNran T* =
{0}, s0 ATx e kerQ Nran AT = ker T7* Nran T = {0}. Thus x € ker AT = ker T*.
Hence ran(7 W) and ker(7 W) are orthogonal, and so TW € P.
Similar calculations show that WT'W = W, hence WT is a projection, and by
identical reasoning, it is an orthogonal projection. Thus, 77 = BTQAT, as claimed.
Since Q*T = T Q* =T, itis easy to see that for 7" = Q*TTQ*, TT'T = T and
T'TT =T'. Also,

ranT' = Q*T ranT = Q*T"H = Q*ranT* = Q*H =ranT.

Finally,

T'=(Q*B'Q)(QATQ") e £} O
Remark 1f T € P? with closed range, the formula 77 = Pran 7+ j/ker 7+ from [4] is
recovered.

7 £*2, Quasi-Affinity and Quasi-Similarity

In Proposition 3.8 it was seen that the statement that 7 being quasi-affine to a positive
operator is equivalent to, among other things, being able to write 7* = BA where B
and A are positive, but where B may be unbounded. The situation for quasi-similarity
is no better (Corollary 3.9). Conditions equivalent to 7 = AB where A and B are
bounded and positive require something extra, and this will then imply o (7") > 0 by
Lemma 4.1.

Theorem 7.1 For T € L(H), the following are equivalent:

() T € L2 and is quasi-affine to a positive operator;

() T e L2 andranT + ker T = H;

(iii) There exists a quasi-affinity X € L such thattanT C ran X and TX > 0;

(ivy T=AB,A,Be LT and A injective;

(V) o(T) N (=00, 0) = @, and there exists a quasi-affinity X € LV such that TX =
XT* andranT C ran X;

(vi) There exists C € LV and a quasi-affinity G € L(H) such that TG = GC and
ranT C ran(GG™).

Proof (i) = (ii): This follows from Proposition 3.5.

(ii) = (iii): Let T = AB, where (A, B) is optimal. Define X := A+ Pyerp € L.
Thenker X = ker 7*Nfan T* = (ran T + ker T) = {0}, and so X is a quasi-affinity.
Consequently, TX = ABA > 0and XB = AB = T.HenceranT = ran(XB) C
ran X.

(iii) = (iv): Since TX > 0, X is a quasi-affinity, and ran T C ran X, it follows
from Douglas’ lemmathat 7 = XPand TX = XT* = XPX > 0, where P > 0. So
T =XP e £*?, and by Lemma 4.1, o0 (T) > 0.

(iv) = (v):If T = AB, A, B € LT and A injective, then X = A is a quasi-affinity
and TX > 0. By Lemma 4.1, 0(T) > 0.
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(v) = (vi): By Douglas’ lemma, 7 = X P, and since 7X = X PX is selfadjoint
and X is a quasi-affinity, P is selfadjoint. By the assumption o (T) N (—o0, 0) = @, it
follows from [10, Corollary 4.2] that 7 X > 0, and hence that P > 0. Thus 7' € L2,
Set G = X'/2, which is also a quasi-affinity, and define C = GPG > 0. Then
TG = GC. The last condition in (vi) then follows since T = X P.

(vi) = (i): Since TGG* = GCG* > 0, and since ranT C ran(GG™), by
Douglas’ lemma T = GG*P. Moreover, TG = G(G*PG), and since G is a quasi-
affinity, G¥*PG = C.Hence P > Oandso T € £L12. O

Remark A simple example shows that even if 7 € £*2 and there is a quasi-affinity
X € LT such that TX = XT* > 0, it need not be true that ran 7 < ran X. For
example, take T = 1 on an infinite dimensional Hilbert space, and X € L*, but
without closed range. Also, T = C = 1 and G any quasi-affinity without closed range
together satisfy 7G = GC, but obviously, ran T is not contained in ran(GG™).

In [19, Corollary 3], Stampfli showed that quasi-similar operators with Dunford’s
property C have equal spectra. Since by Theorem 5.4, any T € £*2 has property C,
and positive operators, being scalar, also have this property, it follows thatif 7 € £+2
is quasi-similar to a positive operator C, then 0 (7)) = o (C). As the next result shows,
this continues to be true with the weaker assumption of quasi-affinity, and as a bonus,
the proof does not use any of the material from Sect. 5.

Proposition 7.2 If T € L2 is quasi-affine to C € LY, then o (T) = o (C).

Proof Suppose to begin with that 7 is quasi-similar to C. Write, using Theorem 7.1,
T =AB,A,Be LT and A injective. Then T is quasi-affine to C4 := Al2p ALz
(with quasi-affinity A'/?). Applying Lemma 3.7, C is quasi-affine to C 4. From [6,
Lemma 4.1], C and C4 are unitarily equivalent, and so have equal spectra. As noted
in Lemma 4.1, T and C4 also have equal spectra, so the result follows in this case.

Now suppose that 7 is just quasi-affine to C. If N" = tan T*, N is invariant for T*,
and T*Pys € L2 by Proposition 4.8. As observed in Lemma 4.1, o (T) € R™, so
o (T*) = o(T), and consequently

o(T)=0(T*) =0 (T*"Pn) =0 (PnT).

The middle equality follows by the same argument as in the proof of Lemma 4.1.

Define T : N' — N as the compression of 7 to N. If 0 ¢ o (T), so that T is
invertible, then ran T* = A/. By Proposition 6.3, T is similar to a positive operator,
and by Lemma 3.4, T is quasi-similar to C, and this has already been dealt with.

If0 € o(T), then o(PNT) = o(T). Suppose that 77X = XC, X a quasi-affinity.
Then R := X*N = tan C. Since X* Pyr = PRX*Py, for C = PRClg and X =
Py X|R, Xisa quasi-affinity and TX = XC. Note that 6 (C) U {0} = o(C) U {0},
andif 0 € o(C), then 0 € o (C). By Theorem 7.1, ran T +kerT =N. By definition,
ran T* 4 ker T* = ran T* + {0} = N. Applying Theorem 7.1 to T and T*, T is
quasi-similar to some positive operator, C’. It then follows from Lemma 3.4 that T is
quasi-similar to C. Hence o(T) = o (C). Finally,

o(T)=0a(T) 20(C) =o(C),
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where the containment is by Lemma 3.7, and the second equality follows since 0 €
o (C). Consequently, equality holds throughout. O

The next is a corollary of Theorem 7.1.

Corollary 7.3 For T € L(H), the following are equivalent:

() T € L2 and T is quasi-similar to a positive operator;

() T € LY?andtan T + ker T = H;

(iii) There exist quasi-affinities X,Y € LV such thatranT Cran X, ranT* C ranY,
TX >0,and TY > 0;

(iv) o(T) N (=00, 0) = @, and there exists quasi-affinities X, Y € LT such that
TX =XT* YT =T*Y, and eitherranT Cran X orranT* CranY;

(V) There exists C € LT and quasi-affinities G, F € L(H) such that TG = GC,
FT = CF, and either ran T C ran(GG*) orranT* C ran(F*F).

Proof The equivalence of (i) and (if) in Theorem 7.1 gives the equivalence of the first
two items here. Assuming 7 € £ 2 and T quasi-similar to a positive operator, one
has T* quasi-affine to a positive operator, and from this ran T* + ker T* = H. Taking
orthogonal complements givestan 7 Nker T = {0} and sotan 7 + ker T = H. On the
other hand, if tan T + ker T = H, then tan T Nker T = {0}, and so taking orthogonal

complements, ran T* + ker T* = H.
Consequently, Theorem 7.1 applies to both 7 and T*. Since o(T*) = {1 : A €
o(T)}, o (T*)N(—00, 0) = @ as well. The rest of the equivalences then easily follow.
O

Corollary 7.4 If T € L2 and T = AB where (A, B) is an optimal pair and either
ran B, respectivelyran A, is closed, then T, respectively T* is quasi-affine to a positive
operator. If there is such a pair with both ran A and ran B closed, then T is quasi-
similar to a positive operator.

Proof Suppose T € L2 and T = AB where (A, B) is an optimal pair and ran B is
closed. From Proposition 4.2, ran BNker A = {0}, and taking orthogonal complements
gives that ker T 4 ran T is dense in H. Therefore, by Theorem 7.1, T is quasi-affine
to a positive operator. The other case is handled identically. If both A and B have
closed range, T and T* are both quasi-affine to positive operators. By Lemma 3.4, T
is quasi-similar to a positive operator. O

Remark As was noted in Example 3 in Sect. 4, there exists an operator T € £+ 2 for
which neither ran 7 + ker T’ nor ran 7* 4 ker T* are dense. Hence by the results of
this section, in this particular example neither 7 nor T* is quasi-affine to a positive
operator, and in particular, 7 will not be quasi-similar to a positive operator.

On the other hand, Example 4 gives an operator T € £+2 which is quasi-similar to
a positive where there is no optimal pair (A, B) with ran A or ran B closed, so there
is no converse to Corollary 7.4.

While the operators which are similar to a positive operator are in £12, this is no
longer necessarily true for those which are quasi-similar to a positive operator.
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Proposition 7.5 For T € L12, T is quasi-affine, respectively quasi-similar, to a pos-
itive operator if and only if T has a square root which is quasi-affine, respectively,
quasi-similar to a positive operator. Consequently, there exists an operator which is
quasi-similar to a positive operator which is not in L2

Proof Suppose that T is quasi-affine to a positive operator. By Theorem 7.1, T = AB
with A, B € £* and A injective.SetC = A'/?BA'/?and X = A!/2. ThenT X = XC.
By Douglas’ lemma, Cl1/2 = AV2B12G soin particular, ran CY2X* C ran X*, and
so another application of Douglas’ lemma gives R € L(H) such that RX = XC/2.
Thus R is quasi-affine to C!/2. Since R>?X = XC = T X and ran X is dense, R*> = T.
Conversely, if R?=Tand RX = X D, D > 0 and X a quasi-affinity, then RIX =
XD2.

If in addition, T is quasi-similar to C, YR? = CY. Hence C(YX) = YRZX =
(YX)C, and by Lemma 4.15, C'/2(Y X) = (Y X)C'/2. Therefore,

YR(XC'?) = YR*’X = C(¥YX) = C'?y(xc'/?).

It is straightforward to see that fan (XC'/?) = fan T, fan (R*Y*) = ftan T*, and
fan (Y*C'/2) = ran T*. Also, ker(R*Y*) = ker(Y*C'/?) = ker T. By Corollary 7.3,
fanT T kerT = H, and so YR = CY/2Y on a dense subset. By continuity, YR =
C'2y on all of H, and thus R is quasi-similar to C'/2. The converse is as in the
quasi-affine case.

By Example 6, thereisa 7 € £*? which is quasi-similar to a positive operator, yet
does not have a square root in £ 2. Hence for this operator, the square root constructed
above is quasi-similar to a positive operator but is not in £+ 2. O

Remark In the last proposition, the operator R constructed there has o(R) <
o (CY?) U o (—C'/?), which is a slight strengthening of Lemma 3.7 in this setting.
There is no obvious way to rule out negative values in o (R) if R is not in £F2.

172
Nevertheless, for the operator in Example 6, the square rootis R = ( a f s) 12 8),

which happens to be a partial isometry with o (R) = o (S'/?) U {0} = o (5'/?). For

S 0 sl/2 0 1 0
C:(O 0), XZ((I—S)I/Z l), Y=<—(1—S)l/2 S1/2>7

C > 0, X and Y are quasi-affinities, RX = XC'2and YR = CY2Y.So even though
R ¢ LT? 0(R) =0a(C'/?).
8 £12:The General Case

The sole remaining case to consider are those operators T € £1?2 for which neither
M :=ranT +ker T nor N :=ran T* + ker T* equals H. Decompose

H=M®@ @G T*"NkerT*) =N @ (fanT Nker T).
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The spaces M and N/ L are invariant for 7', while A" and M~ are invariant for 7*. In
what follows, statements involving only the spaces M and M- are given, since it is
obvious what the equivalent statements for A" and N should be.

Lemma8.1 Let T € L2 Then Tay :== TPy € LT, tanThy =tan T, ker Thg =
ker T @ M, and Trq is quasi-affine to a positive operator. Also, if (A, B) is an
optimal pair for T, then ranT C ran(A(Pp(BPy)'/?) and (A, PAyBPpy) is an
optimal pair for T 4.

Proof Applying Proposition 4.8 and Corollary 4.3, Thq € £¥? andfan T =Tan T.
Write T = AB, where (A, B) is optimal. Since ker B =ker T € M and P\(A =
A= APp,

Thmt = (A+ PeerT + PML)(PMBPM),

where A + Pier7 4 P41 8 positive and injective since by now standard calculations,

A + Pyer7 has this property on M. It then follows from Theorem 7.1 that T\ is

quasi-affine to a positive operator. Also ker Tq = ker(Pa(BPpq) = ker T & M.
Finally, since B > 0, ran(PpqB P, 1) C ran(PB Ppq)'/?. Then from

T = (TM TPML) =A (PMBPM PMBPML) ,
the last claim follows. O

It is also true that 7 is the restriction of an operator in £+ 2 which is quasi-affine to
a positive operator in the following sense.

Lemma8.2 Let T € L2, Then there is an operator TM e £12 with the properties
that TM is quasi-affine to a positive operator, T = Py TM fan T™M =tan T @ M=+
andker T =ker T.

Proof Write T = AB with (A, B) optimal. Set
TM =T+ PpyuB=(A+ Py1)B = (A+ Perr + Prg1)B.

Then TM ¢ L2, A+ Peerr + Pp 1 > 0is injective, and ker TM = ker B. By
Theorem 7.1, TM is quasi-affine to a positive operator.

Since T™M* = B(A + Pyu), ker TM* D ker(A + Py.) = ker A N M, and if
TM*x = 0, then (A + Py 1)x € ker B Nran(A + Pj,.) = {0}. The last equality
follows since if x € ker B € M and x = x] + x2, x] € ran A € M and x, € ML,
then x = 0, and since ran A N ker B = {0} by Proposition 4.2, x = 0. Hence
ker TM* = ker(A + PyyL), and sofan T = fan T @ M. O

Theorem 8.3 Let T € L(H) and M =ranT + ker T. The following are equivalent:

(i) TeLlt?
(i) Taq := T Paq € L2 and there exists an optimal pair (A, B) for Taq such that
ranT C ABY/2;
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(iii) There exists T™M € £12 satisfying T = Py TM and an optimal pair (A, B) for
TM such that AM+ = ML,

In this case, both T, and TM are quasi-affine to positive operators.

Proof (i) = (ii) and (i) = (iii) follow from the last two lemmas.

Assume (ii) holds and that Tpy = AB for an optimal pair (A, B) such that
ran(TPyy1) € ranT < ran(AB!/2). By Douglas’ lemma, there is an operator
Z € L(H) with ker Z = ker(T Pyy.) = M and such that TPy = AB!/?Z.
Hence,

T=Tm+TPyL=AB+ BY?2)=AB"*(B"? + 7) = A(B'* + 2*)(B'? + 7)

is in £12, the last equality following since fan Z* € M~ C ker A. Thus (i) holds.
Now assume (iii) is true. Then for the optimal pair (A, B) there, Pp(fA =

Ppyi(APpg + APpg1) = PpfAPpq. Hence T = PpAPMB € L£7*2, which is

(@). o

Remark Since Thry = T Prq, 0(Tag) U {0} = o(PT)U {0} = o(T) U {0}. If
0 ¢ o(T), Prg = 1, and likewise, if 0 ¢ o (Taq), ran Pyoq = H, so again Pyq = 1.
Thus, 0 (Trq) = o(T). Unfortunately, there does not seem to be any similar relation
between G(TM) and o (T).

There is also the dilation result for the class £ 2 in Proposition 4.11, though there
does not appear to be such a close connection for the spectra of these with that of 7'.
These dilations are in a sense extremal for the family £ 2, in that any further dilations
are direct sums.

Theorem 5.4 indicates that all operators in £1?2 are generalized scalar, so it is
natural to wonder if there is some characterization of the class £ 2 in terms of this
property and the spectrum of the operator being in R

9 Examples

Recall that an operator T is algebraic if there is a polynomial p such that p(T) = 0.
By the spectral mapping theorem, o (T) is then contained in the set of roots of the
polynomial.

Proposition 9.1 Suppose that T € Lt? is algebraic. Then T has the form
T=2 %0
J

where each ; > 0 is an eigenvalue for T and Q; is an oblique projection. In this
case, ran T is closed and T is similar to C = Zj AjPj = 0, where each P; is an
orthogonal projection and @ j Pj = 1. Conversely, if T has this form, then T € L2
and is algebraic.
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Proof As noted above, if p(T) = 0 for a polynomial p, the spectrum of T is a
finite set of points taken from the non-negative roots of p. For each A; € o (T), let
Q; be the Riesz projection for A; € o(T). Then H; = ran Q; is invariant for T’
and O'(T|Hj) = X;. Furthermore, Q; 0; = 0 for i # j. By Proposition 4.8 and
Proposition 5.2, T|Hj = GAG™!, with A > 0, G invertible in Hj,and o (A) = {A;}.
Thus A = A;19;, and so T'|3; = Aj1%;. Therefore, T Q; = 4 Q  for some oblique
projection Q j andif A; 7 0, T'|y; is invertible. Since Q; Qj = 0 wheni # j, Zj 0;
is a projection, and moreover »_ j Q; = 1.S0 T has the claimed form.

Since Q;Q; = 0 when i # j, ran Q; 4 ran Q; is closed, and consequently,
ranT =/ 20 Hj is closed. So by Corollary 6.6, T is similar to a positive operator
C. In this case, C must be as in the statement of the proposition.

For the converse, the statement that 7' is algebraic follows from the spectral mapping
theorem, using a polynomial with roots equal to the set of eigenvalues. Furthermore,
T is a scalar operator and its spectrum is in a set of the form {0} U [c¢, 00), ¢ > 0.
Therefore by Corollary 6.4, T is in £12. O

Remark Using Example 2, it is possible to write down an optimal pair for any 7' in
L£7F? which is algebraic. Let (Aj, Bj) be the optimal pair for the oblique projection
Qj, as constructed in that example. Claim that for A = };1;A;, B = }_; B},
(A, B) is an optimal pair for T'. Since Q ; Qx = 0ifk # j, BjA; = 0, or equivalently,
ArB; = 0.Hence T = AB. Itis immediate that tan A = ran T and ran B = ran T*,
so the pair is optimal.

Next consider the class of compact operators in £+2.

Corollary 9.2 Let T be a compact operator in L7? and let o(T) = {A;}. Then
restricted to the range H; of the Riesz projection corresponding to A; # 0,
Ty, = Ajly;. Furthermore, T has no quasi-nilpotent part other than T | ker T.

Proof The first part is obtained in the same way as in the proof of the last proposition,
The last part follows directly from Proposition 5.2. O

Remark Despite the simple form of the eigenspaces for a compact operator in £72,
a compact operator is generally not as nice as an algebraic operator. Indeed, it need
not be quasi-affine to a positive operator, even if it is in a Schatten class. It suffices to
verify this with the trace class operators.

For example, let (en);’ozl be an orthonormal basis on H, and {A;} C R™ non-zero
and absolutely summable. Also let P, be the orthonormal projection onto the span
of e,. Define A = ), A, P,, a positive trace class operator. If x = )", A,e,, then
x € 'H, and there is obviously no vector y € H such that Ay = x. As in Example 3,
define B to be the orthogonal projection onto (\/ x)*. Then 7 = AB is trace class,
and is not quasi-similar to a positive operator. With minor modifications, 7' can be
chosen to be trace class and not even quasi-affine to a positive operator.

It follows from Apostol’s theorem (Theorem 3.3) that the eigenspaces of 7' do not
form a basic system of subspaces. Moreover, it is not clear that a compact operator
with eigenvalues and eigenspaces as in Corollary 9.2 will necessarily be in £12, even
if the eigenspaces do form a basic system.
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Suppose that 7" is compact and of the form given in Corollary 9.2. Suppose fur-
thermore that \/,H,, = H. In this case the eigenspaces form a basic system. For
{on} € RT\{0} with )", < 00, define X : €D, H, — H by

X(@nxy) = Zan-xm Xp € Hy.
n

Notice that €0, H, is a sort of “straightened” version of  and is isomorphic to . By
the arguments in [1], X is bounded. Let O, : €D,, H,, — H be the oblique projection
defined by

X, Xx € Hpy;
0, X € @k#an.

Lemma 9.3 For X defined as above,

Onx =

X*y =Y a0y, yeH.
n

Proof Asdefined, Q, has the properties thattan Q}; = (ker 0,)+ = H, and ker o=
(ran Q) = H;-. Thus, for y € H and x = @, x, € @, Ha,

<ZanQ;y7x>:Zan(yv Onx) :Zan(yvxn>
:<yvzanxn>: (y, Xx).

O

Proposition 9.4 Let T be a compact operator in L(H) with o(T) = {A;} > 0, and
suppose that when restricted to the the range H j of the Riesz projection corresponding
tohj # 0, Tly; = Ajly,, and that the quasi-nilpotent part of T is T |ker T. If

Zj )\}/2 < oo, then T € L2

Proof Take X defined as above, but with o, = )\,i/ 2if An > 0 and 1 otherwise. Then
>, on < oo and by Lemma 9.3, for x = ®,x, € B, Ha,

||Xx||2 = <X*(Zanxn)’ ®nxn> = Zan<X*xm Gann)
n n

2 2 2
= Za” (@nxn, Bnxy) = Zan”xn” .
n n

Define C > 0on @, H, by (Cx,x) =", Anllxy 2. Then X is a quasi-affinity and
X*X > C (in fact, it will be equal if ker T = {0}). By Douglas’ lemma, C!/?> = X*Z
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for bounded Z. By Apostol’s theorem (or rather, the proof of it),
TX =XC=XX*"2ZZ*X,

and so since ran X is dense, T € £t+2, O

Next consider Fredholm operators in £ 2. Recall that T is left-semi-Fredholm if
there exists a bounded operator R and a compact operator K such that RT =1+ K.
On the other hand, it is right semi-Fredholm if there exist such R and K such that
TR =1+ K.Finally, T is Fredholm if it is both left and right semi-Fredholm.

Proposition 9.5 Let T € L2 Then T is left / right semi-Fredholm if and only if T is
Fredholm and similar to a positive operator with closed range and finite dimensional
kernel. In this case,

ind T :=dimker T — dimker T* = 0.

Proof Supposethat T € £1?2and thatitis left semi-Fredholm (the other case is handled
identically). Then by Atkinson’s theorem, ran T is closed and dim ker 7 < oo. Hence
by Proposition 6.3, T is similar to a positive operator. If 7 = LCL™! where C > 0
and L is invertible, ran T closed implies that ran C is closed, and dimker 7 < oo
gives dim ker C < oo. Since 7% = L*~!CL*, dimker T* = dimker 7. O
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