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Abstract
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1 Introduction

When dealing with (unbounded) operators, it is sometimes beneficial to identify them
with their graph, that is, to treat them as linear subspaces of the corresponding product
space. This approach is especially useful if the operator in question is non-closable,
that is, when the closure of its graph is not the graph of a ‘single-valued’ operator
anymore. In addition, the adjoint of a linear transformation can be interpreted as an
operator only if it is densely defined.

The theory of linear relations (or ‘multi-valued’ linear operators in other words)
between Hilbert spaces goes back at least to the fundamental paper by Arens [1]. By
definition, a linear relation 7' between two Hilbert spaces H and K is just a vector
subspace of the product Hilbert space H x K. In this way, the only (but significant)
difference between operators and relations is that {0, k} € T does not necessarily
imply k& = 0. However, this generality greatly simplifies the handling of operations
such as taking closure, adjoint, or inverse.

A linear relation T consists of certain ordered pairs {x, y} of H x I, so one may
consider the first and second coordinate projections of 7" into H and /C, respectively:

PT{x9y}:=x7 QT{X’)’}ZZ}” {x’y}eT'

Note that both P, and Q. are continuous (with norm bound 1) if we endow 7" with the
inner product coming from that of H x /C. We shall therefore call P, and Q. the canon-
ical contractions of T. Assume in addition that T is a closed relation, then the domain
of P, and O, becomes a Hilbert space and thus we may take the adjoint operators
Py :'H — T and Q% : K — T, and also the product operators P, Py, P;. Q% QO Pf
and Q, Q7 are well defined contractions (Fig. 1).

The present paper is devoted to the study of these canonical contractions and their
connection with the closed linear relation 7. The paper is organized as follows. Sec-
tion 2 contains a short overview of concepts that are needed in later sections of the
paper. In Sect. 3 we analyse the first coordinate projection Pr. It turns out that the range
of P isidentical with the restriction of T, the so called regular part of 7', to dom T*T.
(We recall that the regular part 75 of T is defined as the relation T := (I — Py,)T
where P, is the orthogonal projection of & onto mul 7, see [6].) Being so, the relation
ran P} is always the graph of a closable linear operator. In Sect. 4 we are going to
establish some necessary and sufficient conditions for a pair S, T of operators in order
that they satisfy

S*=T and T*=S, (1.1)

AN

Fig.1 The canonical graph contractions and their adjoints
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by means of the corresponding graph contractions Py, O, and Pg, Q, respectively.
A different approach to the the same issue was treated in the recent paper [15] of the
authors. The interested reader may also consult with [10,11,13,14,16]. In Sect. 5, we
examine the appropriate products P, P}, PrQ%, QP and Q, Q7% of the contrac-
tions in question, and we are going to clarify their connection with the relations 7
and T*. In particular, we present a new and constructive proof of self-adjointness of
T*T (provided that T is closed) by showing that (I + T*T)~! = P, P}. Finally, we
conclude the paper by showing how Stone’s decomposition [17] of a closed linear
relation 7' can be obtain by applying the results.

2 Linear Relations

Throughout the paper, H and X will denote real or complex Hilbert spaces. A linear
relation T between H and K is nothing but a linear subspace of the product Hilbert
space H x KC. We shall call the relation 7 closed if it is a closed subspace of H x /.
Accordingly, the closure T of T is always a closed linear relation, and being so, it
becomes a Hilbert space with respect to the induced inner product

(e, Y} Hu, oD = (0 lw)gy + (I v)e, fx,y) {u v} e T.

If we refer to T as the above Hilbert space, we shall denote it by G(T').
Recall that every linear operator T : H — K when identified with its graph is a
linear relation:

T={{x,Tx} : x edomT}.

Nevertheless, the closure (of the graph) of a linear operator is no longer an operator
in general, namely, it may be that {0, k} € T for some non-zero k. Accordingly, we
call T closable if its closure 7 is itself an operator.

The domain, range, kernel and multivalued part of a linear relation 7 are defined
to be the following linear subspaces, respectively:

domT :={xeH : {x,y} €T} ranT :={y e K : {x,y} € T},
kerT :={x e H : {x,0} € T}, mul7 :={ye K : {0,y} e T}
It is immediate that ker 7 and mul 7" are both closed subspaces whenever T itself is
closed. It goes also without saying that T is (the graph of) an operator if and only if

mul 7 = {0}, and that T is (the graph of) a closable operator if and only of mul 7 = {0}.
The inverse of a linear relation 7 is defined as

TV :={{y,x}: {x,y} e T}.
If S and T are both linear relations then their product 7'S is given by

TS :={{x,z} : {x,y} €S and {y,z} € T for some y}.
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The operatorlike sum of S and T is
S+T ={{x,y+z}: {x,y}e S, {x,z} e T},
just like in the case of operators, while the componentwise (or Minkowski) sum is
SFT :={{x+v,y+z}: {x,y}eS, {v,z}eT}.
The adjoint of a linear relation 7 is defined by
T .= W(T)*",
where W : H x K — K x H is the ‘flip” operator
Wih, k} == {k, —h}, {h,k} e H x K. 2.1

It is immediate that 7* is a closed linear relation between K and 7 and that 7** = T .
Note that the following orthogonal decomposition of C x H holds also true:

T*®W(T*) = K x H. (2.2)

Another equivalent definition of 7* might be given in terms of the inner product,
namely,

(k,h} e T* = (ylk) = (x[h)y, V{x,y} eT.
Recall also the following identities:
kerT* = (ran 7)Y, mulT* = (dom T)*. (2.3)

For a given linear relation 7', let us denote by Py, the orthogonal projection of
onto mul 7. The regular part of T is defined as the linear relation

Is == {{x.(I = Pn)y} : {x,y} €T} 2.4

It can be shown that 7 is (the graph of) a closable operator. In contrast, the singular
part

Tsing = {x, Puy} - {x,y} €T} (2.5)
is a so called singular relation which means that Tng is the product of two closed
subspaces. By means of the regular and singular parts, the linear relation T allows the

following canonical sum decomposition

T=Ts+ Tsing,
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see [6, Theorem 4.1]. Note also immediately that the regular and singular parts may
be written as

Ts=U—- Py)T, Tsing=PmT~

We shall also use the fact that “regular part” and “closure” operations commute in the
sense that

(T)™ = (T™)s, (2.6)
see [6, Proposition 4.5]. An important consequence of this result is that the regular
part of a closed linear relation is closed itself, and also that 7 C T, provided that T
is closed.

The interested reader is referred to the books [2,12] and papers [1,6,7] where, in
addition to the proofs of the above statements, more information about linear relations
can be found.

3 Canonical Graph Contractions of a Linear Relation
Let T be a linear relation between the real or complex Hilbert spaces H and K. The

canonical graph contractions Py : T — H and Or: T — K of T are defined as the
mappings

PT{x9y}:=x7 QT{X’)’}3=}” {x’y}GT'

Note that both of those mappings are linear contractions if we consider them as oper-
ators from the Hilbert space G(T') into H and /C, respectively:

Pre BGT); H), I1Ppl <1 and  Qp € B(G(T); K), 1071l < 1.
Therefore, their adjoint operators P € #(H; G(T)) and Q% € ZA(K; G(T)) are
themselves linear contractions, and their ranges ran P; and ran Q7. are linear relations.
Observe immediately that

ker Pr = {0} x mul7, and  ker Qr =ker T x {0}. (3.1

Consequently, we see that 7T is (the graph) of a closable operator if and only if Pr is
one-to-one. The following identities

ran P, =dom 7,  ker P} = mul T* (3.2)
and

ran Oy =ranT, ker O} =ker T* (3.3)
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are also easy to verify. However, the descriptions of ran P} and ran Q7. are somewhat
more involved and need some preparations. We are going to deal with those subspaces
in Theorem 3.6 and Proposition 5.5, respectively.

Note also that P, = Py and O = Q, by definition. Hence, there is no loss of
generality in assuming that the linear relation 7 is closed. In light of this, with a few
exceptions, we will do so.

Below we are going to examine the properties of the contractions Pr and Q7
and their connection with 7 in detail. We start out by analysing the first coordinate
projection Pr.

Lemma3.1 Let T be a linear relation between 'H and K, then
ran O P} C dom T*.
Proof Consider h € H and let Pjh := {z, w} € ran P}, then we have
(x12)g + O lwe = (x, v} Pri)r = (x [ h)gy,
for every {x, y} € T. Hence we get
Vlwye = @lh =2y,

which implies that {w, h — z} € T* and therefore w = Q P;h € dom T*. O

Proposition 3.2 Let T be a linear relation between H and IC, then
dom T*T = P, (T Nran PJ).

Proof ‘2:’ Assume first that {x, y} € T Nran P}, then y € ran Q, P; € dom T* by
Lemma 3.1, and therefore there exists z € H such that {y, z} € T*. This means that
{x,z} € T*T and therefore x € dom T*T.

‘C:” Suppose on the converse that x € dom 7*T, then {x, y} € T and {y, z} € T*
for some y and z. It suffices to show that {x, y} € ran PJ. Let therefore {u, v} € T,
then we have

(e, yHHu, vhr = (x[u)gy + (V[ v)c = (0 [u)gy + (2| u)gy
= (x +z| Pr{u, v})qy = (Pr(x +2) [ {u, v},

whence it follows that {x, y} = P (x + z) € ran PJ. O
From the above proposition we get the following two straightforward corollaries:

Corollary 3.3 If T is (the graph of) an operator, then
TldomT*T == T M ran P;.
If T is closed in addition, then

*
T|domT*T = ran PT'
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Corollary 3.4 If T is a closed linear relation then
dom T*T = dom(ran Py).

At the beginning of this section we determined the subspaces ker Pr, ran Pr and
ker P’Tk [see formulas (3.1) and (3.2)]. Next we deal with the range space of P}". Observe
that ran P, being a linear subspace of T, is itself a linear relation. In the ensuing result
we shall see that ran PJ is, in fact, (the graph of) a closable operator.

Theorem 3.5 Let T be a linear relation between 'H and IC, then
ran P} = Ts.
In particular, ran Py is always (the graph of) a closable operator.

Proof First of all note that if {x, (I — Pn)y} € T for some {x, y} € H x K, then
necessarily {x, y} € T. (Recall that P,, stands for the orthogonal projection of X onto
mul 7'.) Indeed,

{r.oyb={x, (I = P)y} + {0, Puy} € TF ({0} x mul(T)) ST + T =T.
Recall that by (3.1) we have ker Pr = {0} x mul T. Hence we have
ran P} = ({O} X mulT)J'
={{x,y} €T : ye mulT)'}
= {{x, y} € T : y eran(l — Py)}
={{x,(I =PV} :vek, {x,(I —P,)v}eT)}
= {{x.(I = Py} : {x,v} €T}
= (T)s =T,
as it is claimed. |

Theorem 3.6 For every linear relation T between 'H and KC we have
ran P = (T9)| yom 147 (3.4)

Proof Note that we have identity Pr = Py for every linear relation. On the other hand,
T, = (T)s according to (2.6). Therefore, without loss of generality we may assume
that T is closed, in which case (3.4) reduces to

ran Py = (T5)|dom 7+7- (3.5

By Theorem 3.5 we haveran P; C T and by Corollary 3.4, dom(ran P}) = dom 7*T
whenever T is closed. Since Ty is the graph of an operator, we obtain (3.5). O
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4 Linear Relations Adjoint to Each Other

Let T and S be linear relations between H and /C, respectively, C and H. We say that
T and S are adjoint to each other (or that 7', S form an adjoint pair), if they satisfy

TcS* and ScCT¥ 4.1
or equivalently, if
Vv = lu)gy, Vi{x,y} €T, V{v,u}eSs. 4.2)

An important and natural question is under what conditions are the equations 7 = S*
and § = T* satisfied. Below we provide some necessary and sufficient conditions on
the pair §, T by means of the corresponding graph contractions Py, Q, and Py, Q¢
in order that they satisfy the weaker identities 7** = §* and §** = T*

Theorem 4.1 Let S, T be linear relations between 'H and IC, respectively, K and H,
that are adjoint to each other in the sense of (4.1). Then the following statements are
equivalent:

(i) §* = T* and T* = $**,

(i) (@) Py P} + Q0% = Iy,
(b) PgPs+ Q0% = Ik,
(©) 0P} = PyQ:

Proof Since the corresponding canonical contractions of 7 and T (resp., of S and )
are identical, we may assume without loss of generality that both S and T are closed.
Let us introduce the following operator matrix

Pr  —0s

Urs:= |:QT Ps

i| :G(T)xG(S) > HxK, 4.3)
which acts between T x S and H x K by the correspondence

UT,S[g yﬂ x—u,y+v}, {x,y)eT, {v,u}es.

Since T and S are adjoint to each other, one concludes that Ur s is an isometry: for
let {x, y} € T and {v, u} € S, then by (4.2)

H [{jj Zi] H = ul + Iy + vl

= [lxlI> + Iy 1% + [lol + lull® + 2 Rel(y | v)c — (x [ u)g/]

M)
{v, u}
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Observe immediately that the range of Ur g can be written as
ranUr g = T@W(S),

where W is the ‘flip’ operator (2.1) and & denotes orthogonal Minkowski sum. On
the other hand, we have the orthogonal decomposition

HxK=T&W(T

for the closed linear relation 7. From these last two identities it follows that U7 g is
unitary if and only if W(S) = W(T*), i.e., S = T*. An easy calculation shows that

Ut [PrPE+ 0505 P0G — OGP}
1s7ns QrPr — PsQs  PgPs+ 007

from which the desired equivalence between (i) and (ii) already follows. O

Remark 4.2 Some characterizations of those linear operators S, 7 which satisfy iden-
tities S* = T and T* = S were given in [15] by means of the operator matrix

cf. also [10,14]. The general case of linear relations was discussed in [11] in the same
spirit. For an exact interpretation of matrices with linear relation entries the reader is
referred to [8].

5 Products of Graph Contractions

Let T be linear relation between the Hilbert spaces  and K and consider its canon-
ical graph contractions P, : G(T) — H and Q : G(T) — K. Then the following
four operators P, P}, P, Q%, Q P} and Q. Q% are all well defined linear contrac-
tions between the appropriate Hilbert spaces. In this section we clarify their role and
connection with the relations 7 and T*.

Lemma 5.1 Let T be a closed linear relation between H and IC, then

(@ mul(TT*) =mul T,
(b) T*T = (Ty)*T,
(©) (TT*)s = Ts(T*)s.

Proof (a) Let k € mul T, then {0, 0} € T* and {0, k} € T implies that k € mul TT*.
Assume on the converse that k € mul 77 *, then there exists u such that {0, u} € T*
and {u, k} € T. Since we have u € dom T N mul 7*, from (2.3) it follows that
u =0.S50 {0, k} € T and therefore k € mul T.
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(b)

(©

First we show inclusion T*T C (T5)*T,. Take {x, z} € T*T, then there exists
y such that {x, y} € T and {y, z} € T*. In particular we have y € dom T* C
mul 7+, thus {x,y} ={x, I — Py)y} € T;. On the other hand, we have inclusion
T; C T by closedness, so T* C (Ty)*. Consequently, {x, z} € (Ts)*Ts, indeed.
Conversely, let {x, z} € (Ts)*Ts, then there exists y such that {x, y} € Ty and
{y, z} € (Ts)*. Here we have {x, y} € T as Ty C T. Furthermore, (T5)* can be
written as

(T =T*® (mul T x {0}),

where @ denotes Minkowski direct sum. This yields us {k, h} € T*and w € mul T
such that {y, z} = {k, h} + {w, 0}. Since y, k € mul T+, we getw =0andy =k,
consequently {y, z} € T* and {x, z} € T*T.

By (a) we have mul 7 = mul(7 T*), hence

(TT")s = = Pp)TT" = T,;T* D T(T")s,

because (T*)s C T*. To see the converse inclusion take {v, (I — P,,)w} € (T T¥)s,
and let {v,u} € T* and {u, w} € T for some u, then {u, (I — P,)w} € Ty
and from u € dom 7 we get that u € (mul T)*, hence {v, u} € (T*)s. Thus
{v, I = Ppw} € Ts(T*)s. O

In the next theorem we are going to deal with the contractions P, P}, Q, Q% P, Q7

and O, P;.

Theorem 5.2 Let T be a closed linear relation between H and K. Then

(@)
(b)
©
(d)

PP =(I+T*T)",

Q. Pf =T +T*T)"",

PTQ;' = (T*)S(I + TT*)_I,

0707 =1~U+TTH ™ =Py + TTHU+TTH™".

Proof (a) Let us introduce the linear operator

P; :domT — H x K, P}u = {u, Tsu}.
Observe that P;u € T; € T forevery u € dom T, and that
Py Py {u, Tau) = {u, Tou). 5.1

Since ran P} C T, by Theorem 3.5, from (5.1) it follows that P;f P, Py = PJ.
Letnow x € dom T and & € H, then

(x| )y = (PpPix | h)y = (Pix | Ph)r = (Pix | Pf Py Pih)T
= ({x, Tyx} | {P; Pih, TyPy PERY) T
= (x| Py Pfh)g, + (Tox | TyPp Pih)
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consequently,
(Tsx | TsPp Prh) e = (x | h — Pp Prh)y,.
This implies that
PpPih € dom(T)*T, and h= (I + (T5)"T,) Py P}h,
that is, PrP; = (I + (T*)STS)_I. Since we have identity T*T = (T™),T, by

Lemma 5.1, the proof of part (a) is complete.
(b) Take any vector & € H. From (a) and equality P; P, P} = P} we conclude that

Qr Pih = Qp PP Pih = Qp Pi(I +T*T) 'h
=Qr{U +T*T) 'h, T(I + T*T) 'h)
=T.(I +T*T) 'h,

whence we get identity (b).
(¢) Replacing T by T* in (b), we obtain that

QrPre = (TH)s(I+TT*™".
On the other hand, it follows from Theorem 4.1 (ii) (c) that P, O} = Q. P}.,

hence the desired identity follows.
(d) First we note that

(I = Pp)Qr =T Pr,
because for {x, y} € T,
(I = Pp)Qrix, y} = (I — Pp)y = Tox = Ty Prix, y}.
From this and (c) we get that

(I — Py)Q7 Q% = T Pp Q5 = Ty(T)s(I + TT*)™!
= (TT"(I+TT"™".

On the other hand, we have
07 0% =1 — Pr. P},
by Theorem 4.1 (ii) (b). Since ran Pr+ = dom T* C (mul )+, we get
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From the above identities we get
07 Q% = PuQ7 Q7 + (U = Pu) Q7 QF = Pu + (TTH(I +TTH ™,
which completes the proof. O

Remark 5.3 We notice that P;f appearing in the proof of the preceding theorem is
identical with the Moore—Penrose inverse of Pr, cf. [3] or [4]. We also remark that the
proof might be slightly simplified when T is a closed operator. Namely, in that case
we have T = Ty and Py = P{l.

Corollary 5.4 Let T be a densely defined closed linear operator between two Hilbert
spaces. Then

(@) PpP;=(+T*T)",

(b) Q P;=TU+T*T)",
() PpQs =T*(I+TT*™1,
(d) 0,05 =TT*I+TT* L.

Proof The proof is straightforward from Theorem 5.2 by noticing that P,, = 0 when-
ever T is a densely defined closed operator. O

At the beginning of Sect. 3 we determined the subspaces ker O, ker Q7 and
ran Q. Now, applying Theorem 5.2 we are able to give a description of the range
space ran Q7 as well:

Proposition 5.5 For every linear relation T between 'H and IKC we have
ran Q% = (T9) | un 7+ngom 7 ©U0} x mul T) (5.2)

Proof Throughout the proof we may and will assume that 7 is closed. According to
Theorem 5.2 (¢) and (d) we have

ran Q7 = {{Pr Q7k, Qr Q7k} : k € K}
= ({(T)sU + TT "k, T(T*)(I + TT*) "'k + Puk : k € K}
= {(T*)s(I + TT* 'k, (TT*)s(I + TT*) "'k} : k € K}F({0} x mul T),

where in the last equality we used that
ker(l + TT*) ' = mul TT* = mul T = ran P,,.
We have on the other hand

(T +TT Yk, (TT*)s(I + TT*) 'k} : k € K}
= {{(T*)sza TS(T*)SZ} : z € dom TS(T*)s}

= Ts |ran(T*)sﬂ dom Ty -
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Finally we note that dom 75 = dom 7T and that mul 7* = dom T because T is closed.
Therefore

ran(T*)s N dom Ty =ranT* N dom T.

This together with the above observations yields identity (5.2). O

Remark 5.6 One of the anonymous referees suggested the following alternative proof
of Proposition 5.5. Observe that we have

Or = Pp1V,
where V : T — T !is the unitary operator V{x, y} := {y, x}. Hence
ran 0 = ran V_IP;‘,I. (5.3)
Using Theorem 3.6 we have
ran Py, = (T_l)g|d0m(T—l)*T—l,
where the regular part of 7~! can be written in the form
(T Ds = {{y Perax} : (x.y} € T}

Using this and (5.3), with some calculation formula (5.2) can be deduced.

Corollary 5.7 Let T be a closed linear relation between 'H and K, then
Ty = Tyldom 7*7 F Tlran 7*dom T

If T is a closed operator, then
T = Tldom*T + T lran T*ndom T -

Proof Recall that the operator matrix Ur 7+ defined by (4.3) with § := T* is an
isometry hence, in particular one has P P, + Q7 Q; = Ig(r). As a consequence, we
have by [5, Theorem 2.2] that

T =ran(P; Py + Q;QT)I/2 =ran Py Fran or
= Ts|d0m T*T 1 Ts|ran T*Ndom T $ ({0} x mul T)

Now the desired identity follows since Ty = T & ({0} x mul 7). O
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We conclude the paper with an application of the results. Let 7' be a closed linear
relation between the Hilbert spaces H and /C and denote by E7 the orthogonal pro-
jection of H x K onto 7. Then E7 admits a matrix representation as an operator in
H x K:

Ein En
Er = s
r [E2] Ex

where the components E;; are bounded operators between the appropriate Hilbert
spaces. Recall that E7 is called the characteristic projection of 7" by Stone, who
proved that the entries E;; may be expressed in terms of 7 and T*, provided that T is
a densely defined and closed operator (see [17, Theorem 4], cf. also [9, Theorem 3]):

E (T*T+DH~'  1*TT*+ 1!
"=\t +0n"" TT*TT*+D'|

In [6, Lemma 6.4], the above result of Stone was extended to closed linear relations.
In the ensuing theorem we are going to restate this general result as a straightforward
consequence of Theorem 5.2:

Theorem 5.8 Let T be a closed linear relation between the Hilbert spaces H and K.
Then the characteristic projection Et of T can be written as

Ep—| PrPr PrOp| [ (T T+D™ (T)(TT* + D)7
QrPr 0707 T(T*T + D~ 1 —TT*+1)"!

Proof Consider the canonical embedding operator Vr : G(T) — H x K, given by

Vi = [ST} {x, v} =1{x,y}, {x,y}eT.
T

Clearly, V7 is a linear isometry with range T and therefore V.V is identical with
Er,ie.,

— Pr * x 1 PTP; PTQ?j|
g=[gr )i en=[grk 58]

Theorem 5.2 completes now the proof. O
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