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Abstract

We establish an improvement of Bernstein—Jackson inequalities by explicitly calculat-
ing constants on special approximation scales of analytic vectors of finite exponential
types, generated by unbounded operators. Inequalities are applied to analytical esti-
mates of spectral approximations of unbounded operators. Applications to spectral
approximations of elliptic and ordinary differential boundary-value problems are
shown.
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Mathematics Subject Classification 47A58 - 41A17

1 Introduction

We investigate a spectral approximation problem for a linear closed unbounded oper-
ator A in a Banach space X, using the subspace &(A) C X of its analytic vectors of
finite exponential types. We call this the spectral approximation because in the case
of operators A with discrete spectrum the subspaces &' (A) exactly coincide with the
linear span of all its spectral subspaces Z(A) [5]. For many other operators (see e.g.,
[13]), the subspace & (A) also contains all their spectral subspaces. Non-triviality of
&(A), for example, in the case of generators A of strongly continuous 1-parameter
groups, is checked in Proposition 1.

Communicated by Jussi Behrndt, Fabrizio Colombo, Sergey Naboko.

B Oleh Lopushansky
ovlopusz@ur.edu.pl

Marian Dmytryshyn
marian.dmytryshyn @pnu.edu.ua

Precarpathian National University, 57 Shevchenka str., Ivano-Frankivsk 76-018, Ukraine

Rzeszéw University, 1 Pigonia str., 35-310 Rzeszow, Poland

) Birkhauser


http://crossmark.crossref.org/dialog/?doi=10.1007/s11785-019-00923-0&domain=pdf
http://orcid.org/0000-0002-9991-5547

3660 M. Dmytryshyn, O. Lopushansky

The basic tool in our approach is the functional E (z, x; &(A), X) (more details in
[2,16]) which in our cases characterizes the shortest distance from x € X to a sub-
space of vectors with an exponential type not larger than ¢ > 0. We use an adaptation
of approximation scales (in terms of [17]) of quasi-normed Besov spaces % (A),
determined by E (¢, x; &(A), X), which are connected with the approximation errors
by Bernstein—Jackson type inequalities.

Earlier applications of analytic vectors of finite exponential types to approximation
problems can be found in [7,8]. Looking historically, the idea of exponential type
vectors comes from analytic vectors in Nelson’s theorem [14]. Analyses of various
estimates via approximation functionals are carried out in [1] and in other publications.
In [9,10] instead of the functional E (¢, x; &(A), X), a modulus of smoothness w(-)
was used.

One of our aims is to prove the inverse and direct theorems that give an esti-
mate of approximation errors by means of elements &(A). Namely, the inverse
Theorem 2(a) which is usually identified with Bernstein’s inequality (1) and the
direct Theorem 2(b) which is identified with Jackson’s inequality (2). Here, the
main result is that in the inequalities (1)- (2) we obtain the explicit depen-
dence of constants cs ., Csr on parameters of the Besov spaces %) (A). The
calculated constants are exact in the sense that the limits (3) of direct and
inverse sequences as T — oo coincide with 1. These theorems characterize sub-
classes of elements from X in relation to rapidity of approximations. In our case,
these subclasses are completely described by the quasi-normed Besov-type spaces
HBi(A).

Theorem 2 uses the completeness of quasi-normed space & (A), which previously
is proved in Theorem 1(a). The proof of completeness is based on Bernstein’s com-
pactness principle for entire analytic functions of exponential type. Under an implicit
assumption of this completeness, the second part of this theorem in a somewhat dif-
ferent form was given in [6, Thm 3(1)].

Itis important that in the case, when A is the operator of differentiation D in L ,(R),
the scale of Besov spaces %5 (A), as well as, the Bernstein-Jackson inequalities fully
coincide with known classical analogs (see [6, Thm 7-8]). However, in this case, the
exact values of constants in these inequalities were not earlier calculated.

The last two sections are applications. It is essential that estimates of spectral
approximations are given in terms of quasi-norms of classic Besov spaces what are
well investigated.

If A is a regular elliptic operator with variable smooth coefficients over the space
L, (£2) on a bounded domain £2 C R", we prove in Theorem 3 that the space % (A)
coincides with an appropriate subspace in the classic Besov space B), . (£2) and the
Bernstein—Jackson inequalities for the last space give estimates of spectral approxi-
mations. A partial case of constant coefficients in elliptic boundary-value problems
was considered earlier in [6].

Second example of analytic estimates of spectral approximations errors for some
self-adjoint ordinary differential boundary-value problems is described in Theo-
rem 4.
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2 Approximation Scales Generated by Unbounded Operators

In what follows, let A: ®(A) — X be a closed linear operator with dense domain
D(A) inacomplex Banach space (X, |-[)). Set DFF1 (A):={xeD*(A): Akx € D(A)}
and D°(A) = mkeN ’Dk(A) where all integer powers A¥ are assumed closed. We
associate with an element x € ©°°(A) the scalar functions

Ak Ak
x(z):ZOO I xllzk and i(z):ZOO A% x|

k=0 k! k=0 Zk+1

in variable z € C, interconnected by Laplace’s transform.
An element x € ©°°(A) is called the vector of exponential type v > 0 of A, if one
of the following equivalent conditions holds (see, e.g. [3, Thm 1.1.1]):

(1) x(z) is entire with the exponential type v = lim sup, _, o, In A:I O with M r) =
maxy=r [x(A)[;

(ii) the power series X(z) is such that v = lim sup_, o, | Ak x| /¥

< 00.
We consider the subspace of all exponential type vectors &(A) as the union
Uy=0 € (A) which is endowed with the quasinorm

Ixlgcay = x|l +inf {v > 0: x € £Y(A)},

where for any v > 0 the subspace £V (A) = {x € &(A): X(v) < oo} is endowed with
norm

lxlly := v ().

Then the continuous embedding & (A) &~ &*(A) with u > v holds and each &V(A)
is A-invariant, as well as, the restriction A|gv(4) is a bounded operator (see [6, Thm
1]).

We assume that exponential type vectors &' (A) are dense in X. Such an assumption
is not restrictive, since & (A) contains spectral subspaces of A (see, e.g., Propositions 1
and Remark 3 or [5, Thm 2.2]).

To investigate approximation errors, we consider a special scale of Besov-type
spaces %5 (A) = {x € Xt |x|zsa) < oo}withapairindexes {0<s<00,0 < T < 00}
or {0 <s < 00, T = o0}, where

(/OO [P E(t, x: £(4), X)° %
0

sup t'E(t, x; £(A), X), T =00

t>0

)1/‘[
, 0<t<o00,
x| 25 ) =

with E(t,x; £(A), X) = inf {lx — x9: % € £(A), [x%]g(a) <t} for all x € X
andr > 0.

We will use the real interpolation method. Recall that for a pair of quasi-normed
spaces (Xo, | - |x,), (X1, 1x;) and 0 < 6 < 1, 1 < g < oo the interpolation space
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generated by K -functional is defined as

(X0, X1)o.g = {x € Xo+ X1: [X|(x0.x1)5, < OO}

with [x|(xg.x1),, = (o[ K@, x; Xo,Xl)]th/t)l/q, where K -functional is
determined to be K(z,x; Xo, X1) = ir(}f 1 (Ix%lx, + 2 1x']x,) for all x* € X,
x=x"4+x

xteXyandt >0 (see, e.g. [2]).

Theorem 1 (a) The quasi-normed space & (A) is complete.
(b) For0<0 <1, 1<g<oo, 7 =0g s =1/0 —1 the following isomorphism
holds,

B (A) = (E(A). Xy, .

where (&(A), X)g 4 is the interpolation space determined by K-method, and

(g(A),X)é’/qg is defined to be (&(A), X)y, endowed with the quasi-norm
1/6

%l Ay x00,°

Proof (a) By definition ||x|, = vx(v) for each x € &V (A) with a given v > 0, where
x(z2)=L[x(®)] = fooo x(t)exp (—zt)dt with{z € C: |Re z| > h*}isLaplace’s trans-
form of the entire function x () in variable A € C of an exponential type h* < v.

Let (x,) be a fundamental sequence in & (A). It is uniformly bounded, i.e.,3v > 0 :
|xnlga) < vioralln € N.Sinceinf {p: (x,) C £*(A)} < v, wehave (x,) C &7(A).
Thus, the sequence {[0, 00) > f > x,(t) exp (—tv): n € N} is uniformly absolutely
bounded by a constant K, > 0 for all + > 0.

By Bernstein’s compactness theorem [15, Thm 3.3.6] there exists a convergent
subsequence {xni (t)exp(—tv):i e N} with respect to the topology of uniform
convergence in variable + € [0,r] for all » > 0. Thus, Ve >0, In, € N
SUPse[0.r, ] [x; (1) — X, ()| €xp (—1V) < &,Vn;, m; > ng, wherer =r, > Oischosen
so large that K, exp (—r,v) < &. Therefore,

”xni — Xm; 2y = ZVLHxn,' () — Xm; ®I]
o0
= 21)/ |x; (2) — x,; ()| €xp (=2tv) dt
0
e o0
_ 2v</ +f )[|xn,. (£) = X, ()] exp (— )] exp (—1v) d
0 re
T'e [e’e}
< 21)8/ exp (—tv)dt + 2vK, / exp (—tv) dt
0 re
=2¢[l —exp (—rev)] + 2K, exp (—rev) < 4e, nj,m; > ng.
Thus, (x,,) is fundamental in £2¥ (A). Below, it will be proven that &2 (A) is complete.

As a conclusion of this, there exists xo € &2”(A) such that Xp; = Xo ati — oo and,
consequently, x;, — xg in &2 (A). Hence, &(A) is complete.
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Now, we prove that & (A) with any v > 0 is complete. Let (x,) be a fundamental
sequence in &Y (A), i.e.,Ve > 03n, € N: |lx, — x;u|lv < & forall n, m > ng. From
x> ||(A/v)kx|| with x € &V (A) it follows that the sequences (x,) and ((A/v)kxn)
forany k € Z, are fundamental in X. By completeness of X and closeness of A there
exist x, yx € X such that x,, — x and (A/v)kxn — yx in X. So, y; = (A/v)kx with
x € DF(A) for all k € Z4. Thus, x € D*°(A) and (A/vV)¥x, — (A/v)*x in X as
n— ooforallk € Z.

Taking in X the limit of [[x, [lv < [lxn — Xu Iy + X0, 1y < €+ [l xn, [y as n — oo,
we find ||x|l, < ||xn, |y + ¢, thatis, x € &Y(A), since x,, € &Y(A). Similarly, from
|xn — xmlly < €asm — oo, we find that ||x, — x|, < eforalln > n..Hence, & (A)
is complete.

b) Now, taking into account the completeness of & (A) and the continuous embed-
ding £(A) % X, the required equality % (A) = (6(A), X),/{ directly follows from
[2, Thm 7.1.7]. The proof is completed. O

Remark 1 Note that if A is the closure of the differentiation operator D in X = L, (R)
with 1 < p < oo then #(A) exactly coincides with the classic Besov space By, . (R)
[6, Thm 7].

3 Analytical Estimates of Best Approximation Errors

The analytical estimates of approximation errors are based on exact values of constants.

In direct and inverse approximation theorems this problem is solved by exact values of

constants in the Bernstein—Jackson inequalities, presented in the following statements.
—1 nl/t

Theorem2 Let0 <5 < 00,0 <t <ooandkg = (rs (s+1) ) .

(a) For each x € &(A) the Bernstein-type inequality holds,

Kgr:T <00
|x|<%’§(A) = Cs,t |x|s£,(A)||x|| where c5 ¢ = { 1_&:,1' T = 00. (D
(b) For each x € %8 (A) the following Jackson-type inequality holds,
1.
K;;: T<o00
CE(, x; 6(A), X) <2 Cyr x|y, Cor = {2“*51 AR
Herewith, for a fixed s, we have

liminf k; ; = limsupk;; = 1. A3)

T—>00 T—00

Proof (a)Let1 < g < ooand x # 0. Since K (r, x; £(A), X) < min (x| ga). t]1x]]),
we obtain

o o0
q q —14q(1—6) q —1-06q
|x|(éa(A)’X)0.q < |lx]| /0 t dt + |x|g(A)/a t dt
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1 1
_ _— ,q0-0) q_ _— 091,14
= q(l—@)a [Ix]| +0qa |x|w@(A)

1
= =g (i)

with @ = |x|g(4)/llx|l. It can be rewritten as
Xl x5, < [0 =14 1x] 8 el

If ¢ = oo, we have K (¢, x; &(A), X) < t9|x|(go(A)||x||9 By combining the previous
inequalities,

[g6(1 — )11/ x4 Ix11 = g < o0

el el g = o0.

“

|X|(£(A),x)91q =

Consider the functional Koo (¢, x; & (A), X) := inf,_ 0, 1 max (x| ga), tllx]).
Note that v_eKoo(v,x; &(A),X)—>0 at v—>0 or v— o0, as well as,
t'E(t,x; &(A), X) —> 0 att — 0 or t — oo. Integrating by parts with the change
of variables v = t/E(t, x; &(A), X), we get

[oo(v_eKoo(v, x;: &(A), X)4dv/v
0

1 o0
=—— Koo(v, x; E(A), X)4dv 04
0q Jo
L[, 1 [ 9
= LT i ak v ), X0 = - / (/E (1, x: E(A), X))
0q 0q Jo

oo
—2/ (CE(t, x; £(A), X)dt/t with s =1/0 — 1.
0

The following inequalities are a consequence of definitions K and K, [16, Rem.
3.1],

Koo(t,x; 8(A), X) < K(t,x; &(A), X) <2Kxo(t, x; E(A), X). 5)

According to the left inequality from (5), we have
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1 o
oq 2| Gy = q2/0 (CE(t, x; £(A), X))"d1 /1
= / (0" Koo (v, x; E(A), X))dv /v
0

* s . q — x4
5/0 WK, x; £(A), X)) d”/”_lxl(é&(A),X)e,q'

On the other hand, from the right inequality (5) it follows that

_ (%6 )
g5, _fo WK (v, x; £(A), X))!dv/v

— 04 [w(v—gkm(v,x; &(A), X))1dv/v

= _f (FPE(t, x; £(A), X))eth/t—Zq |x|JS(A)
Thus, combining the previous inequalities, we get

— 0
<27(0g%) " |x|

91414 : —
s (A) <2 |x|(@@(A>‘X)M with 7 = 6q. (6)

q
|x|(<€"(A),X)9.q
Via [2, Lemma 7.1.2] for every v > 0 there exists ¢ > 0 such that

v /Koo (v, x; £(A), X)
(FEG—0,x: 6(A), X)) @)

PE(t, x; £(A), X))?

IA

A

Since |x|2§go(A) < |x|(éa(A),X)9voo, the inequalities (7) yield

V9K, x; £(A), X) < v 2K (v, x; £(A), X) <2(°E(t — 0, x; £(A), X))?
< 2sup I E(t, x; E(A), X)) =21x1% (4

t>0

As result, |X|((§(A)’X)9 L= 2|x|% S (A)" By applying (4), we obtain

[q/(1—6)1"a1x| i lIx]? = g < oo

®)
el el g =00

Setting s = 1/6 — 1 and T = 6¢q in (8), we get the inequalities (1).
b) By integration both sides of min(1, v/t)K (¢, x; &£(A), X) < K(v, x; &(A), X),
we get
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(/OO (v min(1, v/t))q%y/ql((t,x; £(A), X)
0

o0 dv
< (/0 (v K (v, x; £(A), X)) — ) = |x|(sa).x),, and

> o 1/q
(/ (v min(1, v/t)) dv> = (f v(l—@)q—lt—qdv+/ v—eq—ldv>

1
T g0 —0)/a1%”

respectively. As a result,

t (1-60)g—1 00 1/
(/ Y W +/ v_gq_ldv) qK(t,x; E(A), X)
0 t

19
K (1, x; £(A), X)
= o —oyae = Mlewx,,

Hence, K (¢, x; £(A), X) < [¢0(1 — 0)]"/4¢? %l(#(a).x),, - Taking into account (5),
’ »q
(7), we get

v E@,xi 8(A). X)T <17 Koot 21 8(A). X) < (961 = )1 |x] (50 x), -
Applying (6), we obtain v! "7 E (v, x; £(A), X)? < 2[(1 —0)/q]"1|x|?, () Setting
s = (1 —6)/6 and T = 6q, we get (2) in the case 1 < g < oo. In the case g = 00
we have

E(t,x; E(A), X) <sup t"E(t, x; £(A), X) = x|z, (4)

t>0

for all x € %5 (A). Thus, the inequalities (2) hold for both cases that ends the proof.
The limits (3) are calculated directly. O

Remark2 The known values of constants in the Bernstein—Jackson inequalities for
some particular cases can be found in [11, pp. 257-259], [10, Thm 1], [19, p. 595] and
in others.

4 Conditions for Non-triviality of Approximation Scales

We give a simple criterion that, in the case of self-adjoint operators, ensures the equality
of &(A) with all spectral subspaces of A.

Proposition 1 If a strongly continuous group R > 1 — eV on X, generated by 1A,
is such that im sup,|_, o, le4x|| = M, < oo for all x € X then the embedding
&(A) & X is dense.
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Proof Let a function f € L{(R) be the restriction to R of an entire function of
exponential type T > 0 such that [ f(1)dt = 1 and Py = o [ f(at)e'Adt
with ¢ > 0. There exists ¢ > 0 independent on k such that Bernstein’s inequality
[ 1f® @) dt < et* holds for all k € Z [15, p. 115]. From the known relation

limj o0 | f®(£)| = 0 (see [15, Thm 3.2.5]) via integration by parts, we have

o0 . o0 .
GAK Pex = a/ flan(@A)ke xdr = ozk/ FO@) et Axdr, x e X.
—0c0 oo

By Bernstein’s inequality it follows, that || A* Pyx || < c||x||(ra)* forallx € X.Conse-
quently, | AF Pux ||/ < (c||x|))!*ra and lim sup,_, o | A% Pox||V/* < 1. Tf v > T
then P,x € &V (A) forall x € X. Hence, | J,. o {Pux : x € X} C &(A).

Using the equality Pyx — x = o ffooo f(ott)(eﬁ’Ax — x) dt, we show that

lim [[Pyx — x| =0, xe€X. 9
o— 00

Since the X-valued function R > ¢t — e"Ax — x is continuous at t = 0, for every

& > 0 there exists 6 > 0 such that maxj;<s le4x — x|| < e. Therefore,

|Pax —x]l <& f o f ()| it + / o f (@) [[4x — x| di
[t]<8

[t]>8

58[ |f(®)]dt + max ||ei”Ax—x|| | f(t)|dt.
[t[<dc

|t]>8c t]>8a

Since lim supy,|_, o lei*Ax — x|| < My + ||x|| < oo for all x € X, we obtain

lim [[Pox — x|l <€l fllL,®) + (Mx + [x[)) lim Lf@Oldt = el fllL,®)-
oa— 00 oa—> 00

[t]|>d8a

Since ¢ is arbitrary, (9) holds. Hence, | J,( {Pux: x € X} and therefore &(A) are
dense in X what ends the proof. O

Remark 3 If A is self-adjoint in a Hilbert space X then the group e¥4 is unitary by
Stone’s theorem. Thus, in this case M, = 1 and the embedding & (A) 3~ X is dense.
Approximation problems for cases of self-adjoint operators A was analyzed in [10]
where, instead of the Besov-type quasi-norm, the smoothness modulus is used.

5 Applications to Elliptic Operators on Bounded Domains with
Smooth Coefficients

Note that a simple case of elliptic operators with constant coefficients was considered
in [6]. Now, we adapt the Bernstein—Jackson inequalities (1-2) to the case of regular
elliptic operators with variable smooth coefficients.



3668 M. Dmytryshyn, O. Lopushansky

We will need one general result obtained earlier in [5]. Suppose that A has a discrete
spectrum o (A), i.e., its resolvent R(:, A) = (A — A)~! has only isolated eigenvalues
{r; € C: j € N} of finite multiplicities which are poles with the limit at infinity. In
particular, this guarantees the compactness of R(A, A) (see, e.g. [12, p.187]). Let
%’M (A) = {x €eD®A): (A —A)ix = 0} be the spectral subspace, corresponding
to the eigenvalue X ; of multiplicity ;. Denote by %" (A) the complex linear span in
X of all spectral subspaces %’,\j (A) such that |[1;] < v. Let us define on Z(A) :=
Uyp=0Z" (A) the quasi-norm

|x|!@(A) = |lx|| + inf {\) >0:x¢€e <%V(A)} .
In [5, Thm 2.2] it is proved that the following equalities hold,
E(A) =Z(A), |xlew) = Ixlzn) (Vx € £(A)). (10)

As a consequence, in the case of operators A with discrete spectrum, Theorem 2 can
be slightly strengthened. Namely (see [6, Thm 6]), the following inequalities hold,

|x|f’<§(A) = Cs1 |x|x6](A)”x”v ueZA),

inf{||x — X020 € %’"(A)} < VPG x|y, € BLA) (1)

with the constants ¢, ; and Cs ; from Theorem 2.

Consider the space L,(£2), (1 < p <oc) on £ C R". The Sobolev space
W3'(82) has norm (ullwm@2) = Xz IDullL, @), @ = (a1,....0n) €
N' || = a1 + -+ + an, where D is differentiation. The asymptotic equality
K (tm’ u, W(82), Lp(.Q)> < wpm(u, 1)1, holds, where wp, (u, 1)1, = supjy <, 1A}
(u,-) ”LP(_Q) is the mth order modulus of smoothness for u € L ,(§2) and A;l” (u,t) :=
S (=mk (’,Z’)u(t + kh) is the mth difference with step i. Take m = [s] + 1 (the
smallest integer larger than s), then the classic Besov space B), . (£2) can be endowed
with the norm (see e.g., [4,16])

- di\1/t
(/ [ o, 0L, ] T> , 0<7t<o0,
lullgy .2 = o .
sup ¢t wps+1 (1, t)Lp , T = Q.
t>0

Now, let A be a closed linear operator in the space L, (£2) over an open bounded
set 2 C R" with infinitely smooth boundary 952, which is determined on the domain

W[%’”A(Q) = {u € Wg’”(.Q): bjulape=0,j=1, m} via the regular elliptic sys-
tem [18, Def. 5.2.1/4]
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(Au)(§) = Z ag(E)D*u(§), ay € C¥(2), 2=02U0%2,
|| <2m

bju)) = Z bjo«(E)Du(E), bjo e C®@82), j=1,...,m.

le|<m

We assume that its resolvent set p (A) is non empty. This is enough for the compactness
of R(A, A) for any A € p(A) and the closeness for all integer powers A¥. Thus, the
spectrum o (A) is discrete and is independent on p [18, Sec. 5.4.4]. Let 0 € p(A) for
simplicity.

Let) <s < 00,1 < p <o00,1 <7t < 00.IntheBesov space B;J(Q) we consider
the subspace which is associated with the operator A (see [18, Def. 4.2.1/1]),

BY  A(2):={ueB) (2):bjAulag=0.j=1,....m keZ}.
Theorem 3 The following Bernstein—Jackson inequalities hold,

”u”B;J(Q) = Cs,t|“|sf/j(A)”””Lp(Q)a u e #Z(A), (12)
FEG s R, Lp(2)) < 27 Cocllullpy oy, u€ B, (2 (13)

D,

with the constants cs; and Cs ; from Theorem 2, where is denoted E(t,u; Z(A),
Ly(£2)) = inf {|lu — u®l,2): u® € Z(A), |u®|a) < t} forallu € L,(2). In
addition, for each functions u € B; . 4(82) the following inequality holds,

inf {[lu — u®llL, @) u® € Z° (A} < v 2 Co 1 ullsy (@)- (14)

P.T
Proof Let the space &(D) = {u € C®(2): Du € L,(2),|a| =k € Zy} be
endowed with the norm ||lullgvpy = Zkzo Zlal:k v’kllD"‘uHLp(_Q). On &(D) =

Uy=0 & (D) we define the quasinorm |u| o py = lullL,2)+inf {v > 0: u € &(D)}.
First, we show that for any a, € C*(£2) the following equality holds,

P (A, Lp(2)) = B}, ; 4(£2), (15)

where % (A, L,(R2)) := %;(A) with X = L ,(£2).Itis enough to prove the equality
EA) ={ue&D): bjAu |yo=0, j=1,...,m, k € Z.}. (16)

Since | A¥ull L, @) < vFllullz,@) < V(X gk v EID Ul 2) + v L, @)
for all u € & (A), we get Y v [ A%ull @) < X (X mk v ¥ ID%ullL, @) +

U_k”M”Lq(Q)). Substituting 1 = v? with v > 1, we have

viullL, )
—1

vijullgvipy — 2v

—1
llulle < lullgrpy + < lullgrpy + 1 — lullgv(py-



3670 M. Dmytryshyn, O. Lopushansky

It directly follows that {u € (E’W(D): bjAku lsgo=0,j=1,...,m k € Z+} C
&V (A).

On the other hand, according to [18, Thm 5.4.3] for any k € N there exists ¢ > 0
such that || A%ul,2) > cillullwznk () forallu € D% (A). Thus,

1
1A ) = 1A (A1, 02) = exll Aullyam oy =k Y I1D*AullL, o)
|| <2mk
> ¢k Z IADullL,2) > ckel Z I1D% ullyan ()

|a|<2mk | <2mk

= Ck+1 ||M||W§m(k+l)(9)

where cr+1 = cpc; = c’f by induction on k. Hence, foreachk € Z and u € Dk(A),
we have ||Aku||Lp(g) > C]f”bt”ngk(_Q) for all u € ©¥(A), where ¢; > 0 does not
depend on k. This leads to the inequality >~ v || A¥u I, = Z(cl_lv)_k Il ]| WE(2)
from which it follows that

E"(A) C {ue VDY bjAku lhg=0,j=1,...,m keZ).

Hence, the equality (16) holds.
Applying now Theorem 2 and (10), as well as, taking into account (16), we obtain
the required inequalities (12—13), while (14) directly follows from (11). O

6 Cases of Ordinary Differential Operators

Set —o00 < a < b < 0. Let B‘ZY’T(.Q) be the classical Besov space on £2 = (a, b) and
a function p € C*(£2) is such that p(§) > 0(£ € £2),0 < C, = limg 4 g < 00,

0 < Cp = limgyyp Z(Tés) < 00. Let us define the Legendre operators

d™u

dm
A= 0" 2 (PO 5

), 1=0,1,....m, m=1,2,...
dgm
with D(Ay)) = {u € C®(2): uV (@) = uP(b) =0, =0,...,m —1 — 1} for
all indexes [ =0, 1,..., m — 1 where D (A ) = C®(£2).

From [18, Thm 7.4.1], it follows that A, ; have closures AmJ in L,(£2) with
D(An) = {u € Wi 2; p?): uP(@) = uP®) =0,j =0,....m —1 —1}

forl = 0,1,..., m— 1. Here W2"(£2; p? =[ € Ly(2): |lul? -
or m ere W3 (82; p~) w € La(s2): llullyom g, oy

S0 fg PO @ dg < 00} and D(Ay) = W2"(2; p>). Then the oper-

ators Amyl are self-adjoint with discrete o (Am,l) in L, (£2) and their sets of e>§ponential
type vectors are dense in L (£2) by Proposition 1. We assume that 0 € p(A,, ), oth-
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erwise, we replace L($2) through the subspace without the finite-dimensional kernel
of Ay .

Theorem 4 The following Bernstein—Jackson inequalities hold,

lullsy ) =< eseluliyz ulla@), e R (Am.)),

PEW u; B(AnD). La(2)) < 2 Cocllullpy (@), 1 € Bi(At. L2(R)
with the constants cs r and Cy 1 from Theorem 2, where is denoted
E(t,u; (A1), L2(2) = inf {[lu — u®lLy2): u® € ZAw), 10l s, ) < 1)
forallu € Ly(£2),

B (A, L2(2)) = {u € BS (2): (A} ;)P (@) = (A} ,w)V (b) =0,
j=0,....om—1—1,k=0,1,..},
[=0,1,..., m—1, (17)
B (Amms L2(2)) = B} (). (18)

In addition, for all u € % (Am,l, Lg(.Q)) the following inequality holds,
inf {llu =l u® € B (An) | = v2HIC o lulgy o).

Proof Let us consider the space (D) = {u € C®(2): u® € Ly(2),k € Z.}
endowed with the norm |ullgevpy = D 40 U_kllu(k)”Lz(Q) and set &(D) =
Uy=0 & (D), where D means the differentiation operator in L»(£2). The space
&(D) we endow with the quasi-norm |u|gp)y = llulli,2) + inf{v > 0:u €
éa”(D)}. Applying [18, Lemma 7.3.1/1] for all u € C(£2), we obtain the equiv-

2
Wk ($2; ply°

IAK ullL, @) = crllu® 1,2 for all u € DF(A,, ;). Then by iteration

alence ||Akm lu||%2(m = |lul| Hence, there exists cx(l) > 0 such that

IAS  ullLy2) = 1A%,/ (Ami) | Ly@) = ekl (Ama)® Ly

v

il Amiu® Ny @) = et e L@

where Cht1 = Ckel = cll‘. Thus, ||A]n(1,lu”L2(9) > cll‘||u(k)||L2(g_) for k € Z,
u€d* (A1) with ¢; (1)>0 independent on k. This implies that Y v ¥ [ A% ull1,(2) =
Y W) K u®] Ly 2). Hence, & (Apm) C £ (D), as well as,

- —1 - . - .
EV(An) C {u e &1 (D): (Ay )V (@) = (A}, )V (b) =0,
j=0,....m—1—1keZ}
[1=0,1,...,m—1.
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On the other hand, ||A’,;,1”||Lz(9) < vk||u||L2(g) for all u € o@”(fim,l), keZy.
Thus, Y v AF jully@) < v (lulliy@ + 1u®llzy@))- It follows that
EVV(D) C " (Amm).

EV(Am) D {u e &YV (D): (Af )P (@) = (AL )P b) =0,
j=0,...om—1—1,keZy},1=01,....m—1

Applying now the isomorphism (15) from Theorem 3, we obtain (17) and (18). It
remains to apply (10) and (11). O
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