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Abstract. In this article, we study the Hamiltonian dynamics on singular
symplectic manifolds and prove the Arnold conjecture for a large class
of b™-symplectic manifolds. Novel techniques are introduced to asso-
ciate smooth symplectic forms to the original singular symplectic struc-
ture, under some mild conditions. These techniques yield the validity
of the Arnold conjecture for singular symplectic manifolds across mul-
tiple scenarios. More precisely, we prove a lower bound on the number
of 1-periodic Hamiltonian orbits for b*™-symplectic manifolds depend-
ing only on the topology of the manifold. Moreover, for b"*-symplectic
surfaces, we improve the lower bound depending on the topology of the
pair (M, Z). We then venture into the study of Floer homology to this
singular realm and we conclude with a list of open questions.
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1. Introduction

Symplectic structures on manifolds with boundary [40] led naturally to the
investigation of a class of Poisson manifolds which are symplectic mani-
folds away from a hypersurface but degenerate along this hypersurface (see
[15,16]1). In the literature, these structures are called b™- or log-symplectic
manifolds. They also show up in the space of geodesics of the Lorentz plane
[24] and furnish a natural phase space for regularized problems in celestial
mechanics such as the restricted 3-body problem [3,7,25,26,34,35]. Another
example where Hamiltonian dynamics on b-symplectic manifolds is outstand-
ing is in the context of Painlevé transcendents [31,32].

The investigation of the dynamics on the odd-dimensional sibling of
these singular manifolds started in [9,10,34,36]. In this article, we initiate
the exploration of singular Hamiltonian dynamics on the even-dimensional

L1Other contributions are included in [5,17-22,25,26,29,30,39].
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counterpart and compare it to Hamiltonian dynamics for symplectic mani-
folds. To do so, we adopt the revolutionary approach due to Andreas Floer
to prove the Arnold conjecture on compact symplectic manifolds.

Conjecture 1.1. (Arnold conjecture) Let (M,w) be a compact symplectic man-
ifold and let H : R x M — R be a time-dependent Hamiltonian function.
Suppose that the solutions of period 1 of the associated Hamiltonian system
are non-degenerate. Let P(H) denote the set of 1-periodic orbits. Then

#P(H) = ZdimHz‘(M;Zz)-

To tackle this long-standing conjecture, Floer defined a homology whose
generators are the Hamiltonian periodic orbits and showed that this homology
is isomorphic to the standard homology of the manifold M, thus depending
only on the topology of M. Floer’s pioneering work paved the way for a
novel set of methodologies that have proven to be effective in establishing
the validity of the Arnold conjecture across various contexts (we direct the
reader to [46, Section 1.1] for a comprehensive chronology of the work on the
Arnold conjecture and references therein).

In this paper, we lay the groundwork for adapting Hamiltonian Floer
theory to b-symplectic manifolds. This will allow us to apply the resulting
theory to many natural examples endowed with a singular symplectic struc-
ture in celestial mechanics, Lorentzian geometry and the study of Painlevé
transcendents. The geometry on these manifolds can be described as open
symplectic manifolds equipped with a cosymplectic structure on the open
ends. In a way, our theory provides a generalization of Floer theory to non-
compact symplectic manifolds, but it is different from the theory of tentacular
Hamiltonians in [42,43]. The cosymplectic structure on the open ends is de-
termined by a symplectic vector field that is transverse to the boundary. To
avoid compactness issues in the definition of the Floer complex, the set of
Hamiltonian functions needs to be restricted.

This is reminiscent of symplectic manifolds with convex boundaries: for
them, the Hamiltonian dynamics was thoroughly studied in [13]. To define a
Floer theory for those open symplectic manifolds, a special care needs to be
taken at the boundary to have a well-defined complex.

In the class of 0™-symplectic manifolds, we are interested in periodic
Hamiltonian orbits away from the critical set. The b™-symplectic structure
induces on the critical set a codimension one symplectic foliation, known as a
cosymplectic structure. When the leaves of this symplectic foliation are com-
pact and the Hamiltonian function is smooth, the Hamiltonian vector field
restricts to a smooth Hamiltonian vector field on each leaf, and therefore,
there are infinitely many periodic orbits on the leaves. The existence of peri-
odic orbits away from the critical set, however, is much more subtle. To study
this question, we will argue that the appropriate Hamiltonian functions are
the ones that are linear along the normal symplectic vector field and pre-
served by the Reeb vector field given by the cosymplectic structure. Those
Hamiltonian functions are called admissible Hamiltonian functions and they
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are not smooth functions (as they present log-terms or higher order singu-
larities), but they belong to the class of functions naturally associated with
b"-symplectic manifolds, the b™-Hamiltonian functions.

In the case of b>™-symplectic manifolds (without any restriction on the
dimension), we can bound from below the number of time-1 periodic orbits
of such Hamiltonian vector fields by the topology of the ambient manifold.
This bound is achieved by proving that its associated dynamics is indeed
symplectic for a smooth geometric structure, called the desingularized sym-
plectic structure. This desingularization process was previously introduced
and studied in [20]. In the case where the Hamiltonian satisfies a condition
of global nature (i.e., being unimodular, see Definition 3.9), or when the b-
manifold satisfies the condition of being acyclic, the dynamics associated with
an admissible Hamiltonian is Hamiltonian (this is the content of Proposition
4.8 and 4.11). As a corollary (Corollary 5.1), we obtain that the number of
non-degenerate periodic orbits is bounded from below by the topology of the
manifold, as given by the Arnold conjecture.

Theorem A. (Arnold conjecture for b?"-symplectic manifolds) Let (M, Z,w)
be a compact b>™-symplectic manifold, and let H, € bMC’OO(M) be a time-
dependent admissible Hamiltonian function. Assume that either the b-manifold
is acyclic or that the Hamiltonian is unimodular (see Definition 3.9). Sup-
pose that the solutions of period 1 of the associated Hamiltonian system are
non-degenerate. Then

#P(H) > ZdimHMi(M;Zz)~

3

We remark that for manifolds with trivial H'(M), the condition of hav-
ing a globally defining function defining Z is automatically satisfied. When
the defining function is not globally defined, the associated Hamiltonian flow
is symplectic and we therefore obtain a weaker corollary in this case (Corol-
lary 5.2).

For b2™*1_symplectic structure, this strategy breaks down, as the desin-
gularization as introduced in [20] associates a folded symplectic structure with
a b2l structure instead of a symplectic structure.

In this article, we demonstrate that the process of desingularization
can be enhanced in various scenarios. Specifically, we prove that for surfaces
and higher dimensional b?"*!-symplectic manifolds with critical sets that
are trivial mapping tori, a natural topological condition on b>™+!-symplectic
manifolds,? it is still feasible to desingularize the singular symplectic struc-
ture into a symplectic one. Additionally, we show that the b™-Hamiltonian
dynamics can be understood as the smooth Hamiltonian dynamics of this
new desingularized structure.

Building on these methods, we establish a sharper lower bound for ori-
entable b™-symplectic surfaces. This lower bound depends just on the topol-
ogy of the surface and the relative position of the critical curves. The lower

2 The critical set of a b"-symplectic manifold with integral b™-cohomology class is a trivial
mapping tori, as shown in [22,23].



16 Page 4 of 60 J. Brugués et al.

bound holds regardless of the parity of m and the existence of cycles in the
associated graph.
Hence, we obtain the following,

Theorem B. Let (2, Z,w) be a compact b -symplectic orientable surface. Let
H,; be an admissible Hamiltonian in (X, Z,w) whose periodic orbits are all
non-degenerate. Then, the number of 1-periodic orbits of Xy is bounded from
below by

4P(H) > S (29, + [deg(v) - 2]),

veV

where v is a connected component of ¥\ Z, g, denotes its genus and deg(v)
is its degree as a vertex in the graph.

Under the admissibility condition of the Hamiltonian functions, we show
that the associated Floer solutions satisfy a minimal principle:

Theorem C. Let (M, Z,w) be a b™-symplectic manifold and denote by N is
a tubular neighborhood of Z in M\Z. Let f : N — R be the function given
byloglz| if m=1 and—m ifm>1landletu:QCcC—NCM be
a solution of the Floer equation for an admissible Hamiltonian H € C*°(S! x
N). If f ow attains its mazimum or minimum on 2, then fow is constant.

From this result, we deduce the compactness of the space of solutions.
We are thus able to introduce a well-defined Hamiltonian Floer-type homol-
ogy on b™-symplectic manifolds.

Our definition of Hamiltonian Floer theory on b™-symplectic manifold
together with the lower bounds in Theorem A and B gives rise to new open
questions which we describe at the end of this article.

Organization of the paper

In Sect. 2, we include a brief introduction to b"-symplectic geometry and
Floer homology. We also include some known results concerning symplectic
manifolds with convex boundaries, which are in some sense at the opposite
end of the spectrum to b™-symplectic manifolds. Next, we show in Sect. 3
some preliminary results concerning the Hamiltonian dynamics around the
critical set of b™-symplectic manifolds. This section will serve as a motivation
to study a particular class of Hamiltonian functions on b"-symplectic mani-
folds. We then revisit the desingularization in Sect. 4 and study the effect of
this technique on the dynamics of Hamiltonian vector fields. In Sect. 5, we
prove in Theorem A and Theorem B a lower bound for the number of periodic
orbits for this class of Hamiltonian functions. The Hamiltonian functions are
suitable to define a Hamiltonian Floer type homology on b™-symplectic man-
ifolds, as is seen in Sect. 6. We conclude the article by presenting a list of open
questions in Sect. 7, which we intend to explore in future work. We include
an appendix, proving that the lower bound for in Theorem B is optimal.
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2. Preliminaries

In this section, we provide a summary of the background material required
for our setting. We begin by giving an outline of the proof of the Arnold
conjecture in the case of closed and aspherical symplectic manifolds using
Floer theory, following mostly the contents of [1,46].

After that, we will collect the basic results on b- and b™-symplectic
manifolds that we will need.

Finally, we will reproduce shortly the construction developed in [13],
which has been an important inspiration for our version of the Floer complex
on b™-symplectic manifolds.

2.1. Basics on Floer homology

Let (M,w) be a compact symplectic manifold. Let us assume that the first
Chern class of M vanishes on 75 (M) and also that ([w], m2(M)) = 0.

Let us introduce informally the domain on which we will work. For a
formal introduction, we refer the reader to [1, Section 6.8].

Definition 2.1. Let p > 1 and a Riemannian metric g on M. The space of loops
of M, denoted by L1PM, is a subset of C°(S'; M) given by the exponentials
(with respect to g) of sections of the Banach bundle W1P(x*T M), where
x € C®(SY, M).

Theorem 2.2. [47, Theorem 10] LYY M has a structure of smooth manifold
for all p > 1 which does not depend on g. Moreover, C>(S*; M) C LY M C
CY(SY; M), where each inclusion is dense in the next one.

From now on, we will denote by £M the subspace of £L2M of loops
that are contractible.

Definition 2.3. Let H; : R x M — R be a time-1 periodic smooth Hamilton-
ian. The action functional is defined on the space of contractible loops LM
and is given by

An(x) = [ Hi(e)dt — / v,

St D2
where v is a filling of x within M.

Proposition 2.4. [1, Proposition 6.3.3] A loop x is a critical point of Ap
if, and only if, it is a periodic solution of the Hamiltonian system z'(t) =
Xp(x(t)).

Definition 2.5. Let x a critical point of Ay . We say that it is non-degenerate
if
1
det (Id — d$(0)<pXH) #£0,

this means, the operator dz(o)goﬁ{H does not have the eigenvalue 1. By @}(H,
here, we mean the time 1 flow of the Hamiltonian vector field Xg.

We say that a Hamiltonian H; is regular if all of the 1-periodic solutions
of Xy are non-degenerate. We denote the set of regular Hamiltonian functions
by Hyeg-
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The set of regular Hamiltonian functions is generic, in the sense that it
is a countable intersection of open and sets dense in the C*°-topology.

The Floer complex consists of the graded Zs-vector space CF.(M, H)
generated by the critical points of Ay and graded by an index called the
Conley—Zehnder index (see for instance [46, Section 2.4]).

Definition 2.6. An almost complex structure is an endomorphism J € End(TM)
such that J2 = —Id. We say that an almost complex structure is compatible
with a symplectic form w if w(JX,JY) = w(X,Y) for all X,Y € X(M) and
if the bilinear map (u,v) — wy(u, J(p)v) is positive definite for all p € M
(where u,v € T, M).

If (M,w) is a symplectic manifold and J is a compatible almost complex
structure, we define the compatible Riemannian metric on M by g,(u,v) =
wp(u, J(p)v) for p e M, u,v € T,M.

Definition 2.7. Let M a compact manifold and g a Riemannian metric. We
say that the metric induced on LM is the Riemannian metric given by

1
(€, C)a = / Gage) (E(2), C(1)) dt
0
forall £, € T, LM.

Definition 2.8. Let (M,w,J) a compact symplectic manifold with a com-
patible almost complex structure. Consider the contractible loop space LM
equipped with the metric introduced in Definition 2.7.

The Floer equation is the negative gradient flow equation of the action
functional Ay with respect to the induced metric. If we take u : R — LM
smooth, the equation has the expression

ou ou

If w is a solution to the Floer equation 2.1, we say that its energy is the
map EC*(R; LM) — R given by

E(u) := / u dApy.
R
We denote the set of finite energy solutions of the Floer equation by
M :={u e C®(R;LM) | uis a solution of 2.1 and E(u) < +o0}. (2.2)

+ grad Hy(u) = 0. (2.1)

Moreover, the moduli space of solutions from x to y, where x,y are
1-periodic Hamiltonian orbits, is the set

Mz, y) = {u eM

lim u(s,-) =z, ligl u(s,-) = y} . (23)

The properties of M were studied by Floer using the techniques pio-
neered by Gromov in his analysis of pseudo-holomorphic curves. In the par-
ticular context of the Floer equation, very similar methods are used to show
the following theorem:
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Theorem 2.9. [1, Theorems 6.5.4 and 6.5.6] The set M is compact in CZ. (R x
S M). Moreover, for any u € M, there exist two critical points of Aw, ©
and y, such that

lim wu(s,”) ==, lm u(s,-)=y
§— —00 §— 400

in C*°(S*, M), and

Therefore, M =, yecuiv(az) M)

To define a boundary map for the Floer complex, one must study the
sets M(x,y). It is possible to show that each M(x,y) is a finite-dimensional
smooth manifold. To do so, one studies the linear approximation of the Floer
operator acting on the set of perturbations of elements of M. The space of
such perturbations is defined as

PP (w,y) = {P: (5,8) = expy, (oY (s,8) | u € M(z,y),Y € WHP (" (TM)) }

Here, WP (u*(TM)) denotes the set of maps Y : R x S — T'M, such
that m oY = u (where m : TM — M is the natural projection of the tangent
bundle) and such that their local trivializations belong to the Sobolev space
wtp,

Then, the Floer operator is defined as

F:PLP(z,y) — LP(R,SY)
w — % + J(w)%—? + grad,, Hy,

and its linearization has the expression

dF,(Y) = % + J(u)%—}tf +(Ly J), % + Ly (grad, H).

One can check (see [1, Theorem 8.1.5] or [46, Theorem 2.2]) that dF,
is a Fredholm map for any v € M(z,y) and that it has Fredholm index
is Ind(dFy,) = pez(z) — poz(y), the difference of Conley—Zehnder indices.
Further, it can be seen that it is a surjective map for any non-degenerate
Hamiltonian H and any almost complex structure J compatible with w.

From this, it is possible to determine the dimension of M(z,y) as fol-
lows:

Theorem 2.10. For p > 2, F~1(0) is a finite-dimensional compact manifold
of dimension pcz(x) — pcz(y).

Definition 2.11. Let x and y be two 1-periodic Hamiltonian orbits. The set
of non-parametrized trajectories, denoted by 7T (z,y), is the quotient of the
manifold M(x,y) by the action of R.

It is possible to conclude (see [1, Chapter 9]) that 7 (x,y) is Hausdorff.
Moreover, for any pair (z,y) of orbits, 7(z,y) can be compactified into a
manifold of dimension pucz(x) — pez(y) — 1, which we denote by 7 (z,y).
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Definition 2.12. Let (z,y) be a pair of Hamiltonian orbits such that pucz(x) =
oz (y)+1. Then, we denote by n(z,y) the cardinality of the zero-dimensional
and compact manifold 7 (z,y), modulo 2.

Then, for each k£ € N the boundary map of the Floer complex is a map
O : CFy41(M; H,J) — CF(M;H,J), and given by

w@)= Y nley.

yECFy,(M;H,J)

From the established properties, it follows that the boundary map is
well defined.

Theorem 2.13. [12, Theorem 4]
Ok 0 O41 = 0.

Thus, the Floer complex (CF,(M;H,J),0,) is well defined and it in-
duces a homology. It is clear that we used both H and J to define this
complex, so the complex (and therefore the homology) can depend on these
choices. However, as the following theorem shows, this turns out not to be
the case for this homology.

Theorem 2.14. [12, Theorem 5], [1, Chapter 11] The homology induced by
the Floer complex does not depend on the choice of a pair (H,J).

Indeed, this complex can be identified with the Morse homology.

Theorem 2.15. [12, Theorem 1], [1, Theorem 10.1.1] The Floer homology is
isomorphic to the Morse homology

HFy (M) 2 HM,yon(M),
where dim(M) = 2n.

Theorem 2.15 proves that the Floer homology is indeed a topological
invariant of an (aspherical) symplectic manifold. Moreover, it provides ex-
plicitly the dimensions of the homology groups, in relation to the groups of
the Morse homology.

The power of this result resides in the fact that the groups of the Floer
complex may be impossible to compute, rendering an explicit computation
of the Floer homology impossible. However, the theorem allows the Morse
inequalities to be translated to this setting without any further effort.

In particular, this proves the Arnold conjecture for the aspherical sym-
plectic case.

2.2. Geometrical structures on b™ -manifolds

We begin by providing a quick summary of the theory of b™-symplectic man-
ifolds. For a more detailed development on this topic, we direct the reader to
[3,17,48].

Definition 2.16. Let M be a compact and connected manifold, and let Z C
M be an embedded submanifold of codimension 1. We call such pairs b-
manifolds. The hypersurface Z is given by the regular zero level set of a local
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defining function z. When the function z is globally defined, the function will
be called a global defining function. When M is orientable, the existence of
the globally defining function implies that Z is coorientable. We define the
set of b-vector fields as
PX(M) = {v e X(M) | v|, € X(2)},

that is the set of vector fields on M that are tangent to Z. This set has the
structure of a projective module, so using the Serre-Swan theorem (see for
instance [49]), we can define the vector bundle whose sections are *X(M), the
b-tangent bundle *T'M — M.

The b-cotangent bundle is its dual, "T'M* := (*TM)". The forms on this
vector bundle form a complex, denoted by ®Q®(M), which contains Q°*(M)
canonically, and moreover, we can extend the notion of differential to this
complex, d : PQ* (M) — bQ*+1(M).

A b- symplectic manifold is a 3-tuple (M, Z,w), where (M, Z) is a b-
manifold and w € *Q2?(M) is a closed and non-degenerate b-form. We will
often omit the critical set Z in the notation.

More generally, we can consider singularities such as b”*-symplectic man-
ifolds, as was done by [48]. Mimicking the b-case, we start by introducing the
analog of sections of the b™-tangent bundle.

Definition 2.17. A b™-vector field is a vector field v on a b-manifold (M, Z)
tangent of order m at Z.

The b™-vector fields are locally generated by {zm%, 8%2, ceey %} where
z = 0 describes Z and (z,23...,x,) are coordinates on M. By the Serre-

Swan theorem [49], given a b-manifold (M, Z) there exists a unique vector
bundle *"TM whose smooth sections are b"-vector fields. Such a bundle is
called the b™-tangent bundle. Analogously, the b™-cotangent bundle can be
defined either as dual to the tangent one

VUM = (P TM)*.

We can then introduce the set of b™-forms *" QF(M) as sections of
the exterior product of this bundle A*(*"T*M). The forms on this vector
bundle form a complex, denoted by *" Q®(M), which contains Q°*(M) canon-
ically, and moreover, we can extend the notion of differential to this complex,
d: QM) — " Q*+1(M). We denote by *" H*(M) the associated b™-
cohomology. The zero-degree terms of this complex are the motivation to
introduce the definition of b™-functions which we denote as " C> (M) as

m—1
YUCo (M) = <@ ziCOO(Z)> @ bCce(M),
i=1
where °C>° (M) denotes the space of b-functions (see [18], respectively [21] for
the case of b™-functions)

°C>(M) = {alog|z| + g,a € R,g € C=(M)}.

Among b"-forms, we consider forms of degree two and define the analog
of symplectic form in this set-up.
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Definition 2.18. Let (M?", Z) be a b-manifold. Let w € *"Q2(M) be a closed
b™-form. We say that w is b™-symplectic if w, is of maximal rank as an
element of A2 (bm ryM ) for all p € M. We call a b™-symplectic manifold a
triple (M, Z,w).

When m = 1, these forms are simply called b-symplectic forms.

Remark 2.19. Alternatively, b™-symplectic forms can be described by Pois-
son structures on the b-manifolds that are non-degenerate away from the
critical set Z and are degenerate in a controlled way on the critical set. More
precisely, a Poisson structure is a bi-vector field II that satisfies that the
Schouten—Nijenhuis bracket with itself is zero, i.e., [II, II] = 0. A b-symplectic
structure is then equivalent to a Poisson structure, such that IT" cuts the zero
section transversally (see [17, Section 4]). The case of b™-symplectic structure
relaxes this condition, see [48]. The symplectic foliation associated with the
Poisson structure in these particular cases can be described using the normal
local forms of the b™-symplectic forms.

A b™-symplectic form can be described in a tubular neighborhood N;(Z)
of the critical set Z given by M. = 27 !(—¢,¢) as

w:Z%/\W*(aj)—i—ﬁ, (2.4)

where the a; are closed one forms on Z, (3 is a closed 2-form on N, and
m : N. — Z is the projection. Non-degeneracy of the form w implies that
Blz is of maximal rank and «,,|z is nowhere vanishing. The form a,,|z
defines the symplectic foliation of the Poisson structure associated with w,
and [ gives the symplectic form on the leaves of this foliation. The regular
Poisson structure induced on Z is known as a cosymplectic structure.

Definition 2.20. Let Z a smooth manifold of dimension 2n — 1, and let o €
OY(Z) and B € Q%(Z) be closed forms. We say that (Z, «, 3) is a cosymplectic
manifold if a A B7~1 is a volume form.

Given a b™-function H, the Hamiltonian vector field X is defined by
the non-degeneracy of the b"-symplectic form by tx,,w = —dH. We highlight
here that the vector field X g is a b™-vector field, and therefore, when we are
interested in the dynamics of this vector field, we view it as a smooth vector
field as we did before.

The only local invariant for b"*-symplectic forms is the dimension as the
following theorem shows:

Theorem 2.21. (b™-Darboux Theorem, [20]) Letw be a b™-symplectic form
on (M?",Z). Letp € Z. Then, we can find a local coordinate chart (z,y1, T2, y2,
ey TnyYn) centered at p, such that hypersurface Z is locally defined by z =0
and

dz

w = —
Z’ITL

1=2
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Natural examples of b-symplectic manifolds are given by symplectic
manifolds with boundary (see [40]). Other examples are given by the space
of geodesics on the Lorentz plane (as described in [24] and discussed in [35]).
Let us recall this construction: Let M be a smooth manifold endowed with
a pseudo-Riemannian metric g. Recall that the geodesic flow in T*M is the
Hamiltonian vector field Xy of H(q,p) = ¢(p,p)/2. Then, the set of all
oriented geodesic lines £ can be decomposed as £ = £, U £_ U £y where
£, L. £ stand for the space of oriented non-parameterized space-, time-,
and light-like geodesics respectively . The set £y is the common boundary of
£+ . Khesin and Tabachnikov proved in [24] that the manifolds £1 carry sym-
plectic structures which are described from 7™M by Hamiltonian reduction
on the level hypersurfaces H = 1. The manifold £( carries a contact struc-
ture whose symplectization is the Hamiltonian reduction of the symplectic
structure in 7% M (without the zero section) on the level hypersurface H = 0.
In dimension 2 (the Lorenz plane case), this structure is just a b-symplectic
surface (as, in dimension 1, a contact structure is the same as a cosymplectic
one).

The following vector field will play an important role in this paper.

Definition 2.22. Let (M, Z,w) be a b™-symplectic manifold. By definition,
there exists a natural epimorphism of vector bundles ¢ : *"TM ‘ , = TZ
induced by the restriction of b™-vector fields into Z. The kernel of this map,
V" N(M, Z) := ker(y), is a line bundle over Z which is trivializable (see [16,
Proposition 4]).

We call a b™-vector field X € T'(*" N(M, Z)) C *" %(M, Z) trivializing
the line bundle a normal b™-vector field.

We will call it a normal symplectic b™-vector field and denote it as X7
if it is also symplectic with respect to w, this means, if Lxow = 0.

b™-Symplectic manifolds can be seen as open symplectic manifolds with
a certain geometric structure prescribed at the open ends. A similar situation
occurs with convex symplectic manifolds, which we will discuss briefly in
Sect. 2.3, where near the boundary the existence of a transverse Liouville
vector field is required. In [13], the Floer homology for convex symplectic
manifolds is defined. From this perspective, b-symplectic manifolds represent
the other end of the spectrum: they can be seen as symplectic manifolds with
boundary equipped with a symplectic vector field (instead of Liouville) that
is transverse to the boundary. The role of the symplectic vector field is played
by the normal symplectic b-vector field (as in Definition 2.22).

Ezample 2.23. Consider a b™-symplectic manifold (M, Z,w) and let z be a
defining function, such that in local coordinates around a point in Z we
have the decomposition w = 42 Ao+ 3, o € Q' (M) and 8 € Q*(M) as in
Theorem 2.21. The normal symplectic b™-vector field can then be given by
X7 =om 2
Ezample 2.24. Consider the b™-symplectic torus (T2, {sin#; =0}, w= Sif,ilal A

df). A normal symplectic b™-vector field is given globally by X7 = sin" 6 8%1.
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The tubular neighborhood and the defining function will always be cho-
sen to satisfy the following lemma.

Proposition 2.25. [21, Theorem 2] Let (M,w) be a b™-symplectic manifold
and let N'(Z) be tubular neighborhood around the critical set Z. There exists
a choice of defining function z for the critical set and a projection 7 : N'(Z) —
Z, such that
" dz
N8 A+ 8, 2.5

w ; S AT +7°8 (2.5)
where o; € QY(Z) is closed and 3 € Q%(Z) is symplectic on the foliation
defined by .

The series as in Eq. (2.5) is called the Laurent series associated to the
b"-symplectic form.

The following lemma shows how the case that we are studying is actually
quite general. In particular, we can construct a b-symplectic structure for any
symplectic manifold with boundary provided we choose a normal symplectic
vector field.

Lemma 2.26. [14] Let (M,0M) be a manifold with boundary OM and let w €
O2(M) a symplectic form on M\OM, such that there exists a symplectic
vector field X9 that points outwards or inwards of the boundary. Then, for
each m € Nym > 1, there exists a b™-symplectic structure on (M,0M) with
critical set given by OM that coincides with the symplectic structure outside
of a tubular neighborhood of the boundary OM .

Proof. We start by showing that the boundary OM can be endowed with a
cosymplectic structure.

We assume without loss of generality that the normal b-symplectic vec-
tor field X7 points inwards at OM. Let ¢, : U C M x R — M denote the
flow of X?. As X7 is transverse to OM, there exists a tubular neighborhood
Vei={(z,2) | 0 <z < e(x)} C OM x R for some function ¢ : 0M — R, such
that

c: V. — M
(z,2) — p.(z)
is an embedding.

Let 6 := c*(txow|im(e)) and 7 := c*W|iy(c). Both are forms in V¢, but
they can be naturally restricted to 9M C V., because they are invariant with
respect to the coordinate z. We can show this for n under the observation
that the vector fields % and X7 are c-related, so Lo 1 = ¢* (Lxow) = 0.
Conversely

Eage =c* (EXULXULU) =c* (dLXwXﬁw + LXcrdeaw) =c* (anﬁxaw) = 0,
where the first term vanishes, because w is skew-symmetric, and the second
does, because X7 is a symplectic vector field.

Moreover, § A"~ ! is a volume form for M, because

. 1, 1,
oA t=c¢ (LXaw/\w" 1):ﬁc (onw"):EL%c w",
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which is a well-defined non-degenerate form due to its z-invariance.
Therefore, (OM, 0, 7) is a cosymplectic manifold, and V% is an embedding
into M. Moreover, by our definitions, it is clear that
c* w|1m(c) =dz N0 +n.
Let v : V. — R be a bump function, such that
e For 0 <z < E(;), (z,2) = 1.
e For z > 257(:,:)7 Y(x,z) =0.
Consider then the b-form

W= (1/1?—1—(1—1&)0?2)/\9—1—77.

Showing that @ is symplectic is then trivial, as @™ = 1/)% AOADE+ (1 -
)dz A O An"~1 which is a non-vanishing b-form of maximal degree. If we
push @ forward to M, it coincides with w outside of a tubular neighborhood

of OM.
In the same way, for m > 1, we can use the b™-form

dz
W= (meJr(l—w)dz) ANO+n,
which is b"-symplectic by the same argument. O

Associated to a cosymplectic structure as introduced in Definition 2.20,
one can define the Reeb vector field as follows.

Definition 2.27. The Reeb vector field R associated with a cosymplectic struc-
ture (a, () is defined by trae =1 and g8 = 0.

The notion of Reeb vector field of the cosymplectic structure of the
critical set of the b™-symplectic manifold, which can be seen as a conjugate
of X7 with respect to w, will play an important role in our constructions. For
m = 1, that is for b-symplectic structures, there is a relationship between the
Reeb vector field in Z and the so-called modular vector field. Let us recall
the definition of modular vector fields.

Modular vector fields are well defined for any Poisson manifold and
measure how far Hamiltonian vector fields are from preserving a given volume
form.

Definition 2.28. Let (M, Z,w) be a b™-symplectic manifold equipped with a
smooth volume form © € Q?*(M). The modular vector field is the vector
field defined as a derivation by

Lx,Q

fl—)Q.

The modular vector field depends on the volume form 2. Changing
the volume form yields the same modular vector field, up to the addition of
Hamiltonian vector fields (that are by definition tangent to the leaves of the
symplectic foliation on Z (see [17, Proposition 25]).
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As shown in [16, Theorem 19] and [17, Theorem 56], when one of the
leaves of the symplectic foliation of the associated Poisson structure is com-
pact, then the critical set is given by the mapping torus

L x[0,T]
(93, 0) ~ (¢(17)7 T) ’
where L is a leaf of the symplectic foliation and ¢ : £ — L is the symplectic
map, given by the return map of the modular vector field, which is transverse
to the symplectic foliation.

The modular vector field is then given by %, where 6 represents the
translation in the second coordinate (see [18]). We refer to the period of the
modular vector field in the mapping torus as the modular weight of that
component of Z.

In the case of b"-symplectic manifolds for m > 1, the modular vector
field vanishes on Z. However, the Reeb vector field of the associated cosym-
plectic structure defines a flow transverse to the symplectic foliation. When
one of the symplectic leaves is compact, the critical set is given by the map-
ping torus, as shown in Eq. (2.6), where ¢ represents the flow associated
with the Reeb vector field. By analogy, the period of the Reeb vector field in
the mapping torus is called the modular weight. It is noteworthy that both
definitions agree when m = 1.

Z

1

(2.6)

Definition 2.29. The mapping torus in Eq. (2.6) is trivial if the function ¢ is
isotopic to the identity.

Lemma 2.30. Let (M, w) be a b™-symplectic manifold and N'(Z) be a tubular
neighborhood around the critical set as in Proposition 2.25. Then, N (Z) is
foliated by symplectic mapping tori.

Proof. By the decomposition of Eq. (2.5), the differential formsa = >~ 2™~
7*a; and 3 are closed differential forms on Z such that & A 5"~ ! # 0. Hence,
the restriction of & and 7*@ to the hypersurface Z = z~!(g) for & small
enough to assure that ZCcN (Z) are closed forms, and as the condition
a A B~ £ 0 is open, they define a symplectic mapping torus. O

2.3. Symplectic manifolds with convex boundary

Floer theory in the non-compact set-up has already been studied previously
in [13], most notably when there exists a Liouville vector field (instead of a
symplectic one as described in the previous section) pointing outwards of the
boundary.

Definition 2.31. (1) A compact symplectic manifold (W,w) with boundary
OW is convex if there exists a Liouville vector field X near the boundary,
this means that £yw = w pointing outwards.

(2) A non-compact symplectic manifold is convex if there exists an increas-

ing sequence of compact convex submanifolds W; C W exhausting W.

By convention, we assume that X is always outward-pointing on the
boundary.
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This induces a contact 1-form on the boundary, given by a = txw, and
the Hamiltonian dynamics on the boundary is described by the dynamics of
the Reeb vector field R, on M. Important examples are given by cotangent
bundles or Stein manifolds.

Compact convex symplectic manifolds can be viewed as non-compact
symplectic manifolds. Indeed, one can attach a so-called proboscis to the
boundary: using the Liouville vector field, one can glue

(P. := 0W X (—&,00),d(e"a))

to the convex symplectic manifold (W,w). The resulting manifold, denoted
by (W7 W) is called the completion of (W,w). The flow of the Liouville vector
field generates an R*-action on the proboscis P.. The compatible almost
complex structure in the proboscis is chosen to be invariant with respect to
this action, and on the boundary, the Liouville vector field is sent to the Reeb
vector field.

The non-compactness is an issue for the Floer trajectories, as they may
run along the proboscis to infinity. A wise choice of the notion of admissibility
for the Hamiltonian functions assures that the Floer trajectories remain in the
original manifold. Namely, the Hamiltonian function H is asked to satisfy on
P. that H =ho f: P. — R, where f(x,r) =e€" (here (z,r) € IM, (—e,0))
and h € C*°(R) satisfies that 0 < h/(p) < k, where

k:=1inf{c > 0 | #(t) = cR(z(t)) has a l-periodic orbit}. (2.7)
It follows that the Hamiltonian equation on M is given by:
(t) = h'(1)R(x(t)),

and thus, that there are no 1-periodic solutions on M x [0, 00).

The authors in [13] apply the maximum principle to the function A to
assure that the Floer trajectories do not escape to infinity but remain inside
M.

This gives rise to a Floer-type homology defined for convex symplectic
manifolds. To compute this Floer homology, the authors proceed by proving
that this homology is isomorphic to a Morse homology adapted to this non-
compact situation. Morse theory for non-compact manifolds is generally not
well defined and additional assumptions on the Morse functions under con-
sideration need to be taken. In this particular setting, an admissible Morse
function is a smooth Morse function on M whose restriction to P. is given
by

F(z,r)=e", x€0M,rec[—e, ).

By choosing a suitable compatible almost complex structure J, the neg-
ative gradient of an admissible Morse function with respect to the metric
w(-, J) fits well with the Hamiltonian vector field associated with an admis-
sible time-independent Hamiltonian function. Indeed, by the choice of the
almost complex structure, the negative gradient of an admissible Morse func-
tion in P is just the Liouville vector field X and therefore transverse to the
boundary.
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This homology gives rise to a well-defined Morse-type homology and it
is classically known that this does not depend on the choice of F' (within the
class of admissible Morse functions considered); see [47].

The authors prove that a PSS-isomorphism between the above-defined
Floer homology and Morse homology holds. Thus, this turns the Floer ho-
mology on convex symplectic manifold into a homology that can be computed
rather easily.

In this article, we will proceed analogously as in [13]: namely, b™-
symplectic manifolds can be viewed as manifolds with boundaries, equipped
with a transverse symplectic vector field and with an induced cosymplectic
structure on the boundary as presented in Lemma 2.26. Around the criti-
cal set, the Hamiltonian dynamics that we will consider in the case of b™-
symplectic manifolds will have a component in the direction of the Reeb
vector field of the cosymplectic structure as defined in Definition 2.27. How-
ever, this component, similar to Eq. (2.7), will be assumed to have period
small enough to avoid periodic orbits close to the critical set.

3. Dynamics around the critical hypersurface and admissible
Hamiltonian functions

In this section, we focus on the definition of admissible Hamiltonian that
gives rise to well-behaved dynamics close to the critical set of the b-symplectic
(and b™-symplectic) manifold. We will present the conditions on our func-
tions incrementally to lay out the motivation underlying them, particularly
in relation to the dynamics of the induced Hamiltonian vector fields.

Note that if we consider M\Z as an open symplectic manifold with
cosymplectic behavior at infinity in the sense introduced in Lemma 2.26,
these are a subcategory of Hamiltonians on the open manifold with a pre-
scribed behavior toward infinity. In this, our work here has parallels to the
construction in [42,43] and more recently in [27], where the dynamics of the
Hamiltonian needs to be subscribed near the singular locus or infinity.

We also provide a detailed definition of the concept of admissible Hamil-
tonians.

We begin by extending the notion of an almost complex structure com-
patible (see Definition 2.6) to b™-symplectic structures.

Definition 3.1. Let (M, Z,w) be a b™-symplectic manifold. An almost com-
plex structure on the b™-tangent bundle is an endomorphism
J T M =T M,

such that J? = —1Id. As (*"TM,w) is a symplectic vector bundle, there
exist almost complex structures that are compatible with the b™-symplectic
structure, that is

9s() i=w( J)

defines a b™-Riemannian metric (that is a bilinear, symmetric, and non-
degenerate 2-form on *"TM). We furthermore ask for the almost complex
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structure to be compatible with the cosymplectic structure in the tubular
neighborhood around the critical set. More precisely, the almost complex
structure must satisfy the following:
(1) The restriction of J to the symplectic leaves is a smooth almost complex
structure.
(2) Tt leaves the distribution (X7, R) invariant, and in particular

J(X%) = R.

(3) The almost complex structure commutes with the flow of the normal
symplectic b™-vector field, that is

dtﬂt(% .’IJ)J(Z, 3;) = J(‘Pt(z)v l‘))d(pt(z, x)

This definition is very similar to the definition of an almost complex
structure compatible with a symplectic structure around a contact-type hy-
persurface. The only difference here is that, instead of linking the Reeb vector
field with the Liouville vector field, we have a relation between the symplectic
vector field and the Reeb vector field. We give here an example that serves
as a semi-local model around the critical set.

Ezxample 3.2. In a tubular neighborhood N (Z) around the critical set Z, the
b"-symplectic form is given by
" dz
w = Z; ANT¥a; + 73,
i=1
where a; € Q1(Z) and B € Q?(Z) are closed forms as in Proposition 2.25.
The Reeb vector field is defined by the equations tga,, = 1 and tg8 = 0 and
we consider its extension to the tubular neighborhood. At each point around
the tubular neighborhood, we have the splitting
Y'TM = (X°) & (R) @ F,
where F is the symplectic foliation, given by the kernel of 7*ay,,.
We define the almost complex structure by the following;:
e J(X?)=R
e J|x = Jr, where Jr is an almost complex structure on the foliation F,
compatible with the induced symplectic structure by .

The b™-metric g;(-,-) is given in this decomposition by

dz \?
g7 = (zm) +a®a+gr, (3.1)
where gr is the leafwise Riemannian metric on the foliation F'.

Riemannian metrics on *T'M as in Eq. (3.1) have appeared previously
in [36, Definition 2.12] under the name of asymptotically exact b-metric.

Definition 3.3. A metric on " T'M is called asymptotically exact if there ex-
ists a trivialization around the critical set Z

(z,m) : N(Z) — (—¢,e) X Z,

such that g = (j—,ﬁ)2 + m*h, where h is a smooth metric on Z.
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This example in fact serves as a local model around the critical set.

Lemma 3.4. [4, Lemma 2.6] Let (M, Z,w) be a compact oriented b-symplectic
manifold, with a defining function and tubular neighborhood N'(Z) chosen as
in Proposition 2.25.

There exists a direct sum decomposition "TM |y (z) = "TN(Z) = m*E&®
7*F, where F = ker(a) and E = (X°, R) are subbundles of *TM|z. Here,
X% and R are defined as in Definitions 2.22 and 2.27, respectively.

There also exists a compatible complex structure J on the symplectic
vector bundle (*TM,w), such that the metric g(-,-) = w(-, J-) takes a product
form near Z

dz\?2 .
9|N(Z):(?) ta®@a+mgr,

where g is a compatible metric on the symplectic vector subbundle (F, Bx) C
(bTM|Z, w|Z).

We will assume from here on that the defining function and the tubular
neighborhood are chosen as in Lemma 3.4.

By this choice, we will denote by X and R the extensions of the normal
(respectively Reeb) vector field to #* F in N (Z).

The lemma can be generalized without any technical difficulties to b™-
symplectic manifolds and the proof will therefore be omitted. From this
lemma, it readily follows that the associated b™-metric to a compatible al-
most complex structure is an exact b”*-metric.

Lemma 3.5. The space of compatible almost complex structures is non-empty
and contractible.

Proof. We start by defining a compatible almost complex structure in a tubu-
lar neighborhood around the critical set as in Example 3.2 and we then apply
Exercise 2.2.19 in [51]. O

Let (M, Z) a b-manifold, and take z : M — R a defining function. We
will denote the set of time-dependent b™-Hamiltonian functions (respectively
b-Hamiltonian functions) as

(St x M) == {k(t)log|z| + hs | k € C®(SY),h € C=(S* x M)},
m—1

YTC (S x M) = (@ 27IC (St x R)) @ b= (S' x M),
i=1

where C*(S! x R) refers to the set of functions taking values in time ¢ (the
S1-component) and the defining function z (the R-component).

Definition 3.6. Let (M, Z,w) be a b™-symplectic manifold and let X7 the
normal symplectic b™-vector field. We say that a (time-dependent) Hamil-
tonian Hy € °"C>(S' x M) is linear along X% if LxoH; = k;(t), where
k; € C°°(S!) is a time-dependent function defined in the neighborhood of the
critical set Z;.
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Remark 3.7. If k = 0, this means that the Hamiltonian is a first integral of
X°.

Remark 3.8. Note that the time-dependent function k;(t) is a smooth func-
tion defined in a local neighborhood around a connected component of the
critical set Z;, i.e., they can change from one connected component of Z to
another one.

Definition 3.9. If there exists a global defining function f for the critical
set and a unique smooth time-dependent function k(t), such that in each
connected component of Z, the Hamiltonian H is given in the tubular neigh-
borhoods by H; = k(t)log | f|+hy, or Hy = k(t)%—f—ht when m > 1, where
h¢ is a smooth time-dependent function, we say that H; is unimodular.

Ezample 3.10. Consider the b-symplectic manifold (T?,{#; = 0} U {6,
T}hw= Sﬁlgél A dfs) and the Hamiltonian globally defined by
H; = k(t)log |sin 0y | + sin 6,

where k € C*(S') is a time-dependent function. This is a unimodular b-
Hamiltonian function.

Ezample 3.11. Consider the b-symplectic manifold (T?,{6; = 0} U {6,
7} w= L1 Adfy) and the Hamiltonian

sin 61

sin 01

et inf
1+ cos 64 +sinbs,

H, = k() log ‘

where k € C°°(S1) is a time-dependent function. First, let us see that this is
indeed a globally defined b-function.

The defining function for the connected component of the critical set
Zy = {6, = 0} is given by fi1(0;) = S2%_ which is a smooth function

1+cos 6y
around this connected component of the critical set. Using the trigonometric
relation 1113102101 = 1;‘;1003191 , We can rewrite
1 — cosb; sin 61
Hy = k(t)log | ————| +sinfy = —k(t)log |—————| + sinfs.
¢ (t)log in 64 2 (t)log 1 — cos b, 2
Around the critical set Zo = {6; = =}, the function f2(6;) = 1ii£02191 is

a smooth defining function for the connected component of the critical set
given by {#; = 7}.

However, this b-Hamiltonian function is not a unimodular Hamiltonian
function, as it cannot be written as H; = k(t) log | f| 4 h for a global defining
function f. The Hamiltonian vector field is then given by Xy = k(t)% +
cos 05 sin 6 8%1.

Considering the particular case in which k is a constant and k ¢ Z, then
the time 1-flow of Xy does not have any periodic orbits around the critical
set.

We note that, in dimension 2, the Hamiltonian vector fields associated
with b-Hamiltonian functions that are linear along X? will always have in-
finitely many periodic orbits around the critical set:
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Proposition 3.12. Let (X, Z,w) be a compact b-symplectic surface with X°
a normal symplectic vector field. Let H be a b-Hamiltonian function, such
that Lx-H = k € R is constant and different from zero in a tubular neigh-
borhood around Z. Then, for any € > 0 small enough, there exist periodic
orbits of period % in the tubular neighborhood N¢(Z) around the critical set
with modular weight T'. Furthermore, if k € TZ, then there exists 1-periodic
Hamiltonian orbit in N-(Z).

Proof. By compactness, Z must be a finite union of circles. The mapping
torus as in Eq. (2.6) is trivial and, thus, a tubular neighborhood of the critical
set is diffeomorphic to (—¢,&) x [0,7]/(0 ~ T) and the b-symplectic form is
given in these coordinates by w = @ A df.

In these coordinates, the normal symplectic b-vector field is X7 = 26@
By definition, the b-Hamiltonian function is given by H;(z,0) = k;log|z| +
ht(0,z). If H; satisfies the conditions of the proposition, then k; = k and
hi(0,z) = ht(0), where hy(0) is a T-periodic function in 6. Thus, the Hamil-
tonian function is given by Hy(z,0) = klog|z| + hi(6).

Hence, the Hamiltonian vector field is given by

Y
90 90 92
The flow of this vector field X, is given by

0(t) = 6o + kt
* Ohy
z(t) = zp exp (— 0 " (0o + ks)ds )

where (zg,6p) is the initial position. Recall that, as the image of 6 lies in
[0,7]/(0 ~ T), 6(t) is merely a periodic flow, and in particular, 6(t + L) =
0(t).
Let us define the function
Bht

F(b0) = | G G0+ k)t

The z-component of the flow has a 1-periodic orbit if and only if there
is some 0y € S1, such that F(y) = 0. We claim that such a  always exists.
Indeed, integrating the function F over S, we obtain by applying Fubini’s
theorem that

F d0_/ / Ohs (0 + kt) dtdo_/ / Ohy (0 + kt)dbdt
0 0

_ / [ (0 + kt))9=T dt.

0

As h; periodic in 6 of period T, it follows that hy(T + kt) = hy(kt), and
hence, F'(6) = 0 for some 6 € [0,T]. Then, for any zy small enough, there
exists some 6y, such that (zg,60p) belongs to a periodic orbit of period %
In particular, if k € TZ, then there exists orbits of period % in N:(Z), and
therefore also 1-periodic orbits. O
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A similar statement holds for b™-symplectic surfaces.

Proposition 3.13. Let (2, Z,w) be a compact b™-symplectic surface with X7 a
normal symplectic vector field. Let H be a b -Hamiltonian function, such that
LxoH =k € R is constant (different from zero) in a tubular neighborhood
around Z. Then, for any e > 0, there exist periodic orbits around the critical
set.

In contrast to the last proposition, in the b™-symplectic case, we do
not have a family of orbits with the same period. The proof will be as in
Proposition 3.12, and we only repeat here the most important steps.

Proof. In the tubular neighborhood, the b™-symplectic form is given as the
following Laurent series:

w = (Z Zmlal) el A db.
zm

i=1
By the condition on the Hamiltonian, it is given by H;(z,0) = fﬁzm% +
ht(0) if m > 1, where k is constant. The Hamiltonian vector field is therefore
given by
1 0 Ohy 0
X, ==m—— |k — 2" —=— ] .
e S 2T, ( 0 " o0 8,2)

As in a tubular neighborhood, the function W is non-vanishing,
we consider the parametrization of the vector field Xy given by
DD

00 00 0z

As this is a reparametrization, both vector fields are orbitally equivalent,
and thus, periodic orbits of )N(Ht correspond to periodic orbits of X, .

We now analyze the flow of the vector field Xy, and show that this
vector field has always infinitely many periodic orbits around the critical set

Xu

0(t) = 6o + kt
¢ T
z(t) = (mll —(m—=1) %(90 + ks)ds)
20 0 69

The flow in the 6 coordinate is periodic of period % as in the proof
of Proposition 3.12 and the same arguments apply as therein apply. This
implies that for any zg, there exists 6y, such that the integral curve of the
reparametrization Xy, with initial condition (z,6o) is periodic. The same
thus holds for the Hamiltonian vector field Xg,. However, notice that due

to the reparametrization, the periods of the periodic orbits are not constant.
O

Remark 3.14. On Z, the flow described in Proposition 3.13 is as the flow in
Proposition 3.12. Hence, on Z, there is a periodic orbit of period %* on Z,
where a,, is the modular weight.
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This result is also true in higher dimensions if H does not depend on
time.

Lemma 3.15. Assume H is a time-independent Hamiltonian that is a first
integral of X?. Then, there is a l-parametric family of critical points ap-
proaching the critical set.

Proof. As H is a first integral of X, H can be viewed as a function on
27 1(e), where Z = 271(0). As Z is compact, there exist critical points of H
on each hypersurface. The critical points translate to trivial periodic orbits
which appear as a 1-parametric family. O

The same result holds also in higher dimensions if Lx-H = 0 and the
geometry of Z is that of a symplectic mapping torus.

Proposition 3.16. Let (M, Z,w) be a b-symplectic manifold, such that Z is
compact and Z s a trivial mapping torus as in Remark 2.29. Then, all X7 -
imwvariant Hamiltonian functions have periodic orbits arbitrarily close to Z.

Remark 3.17. A sufficient condition so that (M, Z,w) has a trivial mapping
torus at Z is that the cohomology class [w] € YH?(M) is integral. See [22,
Section 2] for more details.

Proof. Around the critical set, we have w = % Aa+ (3 as in Proposition 2.25.
The tubular neighborhood admits a codimension 2 symplectic foliation as in
Proposition 3.4. Denote the codimension 2 foliation around the critical set
by F. We want to solve Hamilton’s equation ¢x,w = —dH. The Hamiltonian
vector field can be computed using the b-Poisson structure (see also Remark
2.19), which is given by

H:zg/\RJr?rg,
0z

where 7, is the restriction of the Poisson structure associated with the b-
Poisson structure to the leaf of the foliation. Thus, the Hamiltonian vector
field is given by IT¥(dH).

As H does not depend on z, the Hamiltonian vector field has the expres-
sion Xg = (Xpg)c + %—gz% where %—Ig is a function which does not depend
on z and (Xg), is a Hamiltonian vector field along the leaf. On one hand, by
the Arnold conjecture applied to a compact symplectic leaf £, there always
exists a 1-periodic orbit of (Xg), in £. On the other hand, we can apply
Proposition 3.12 to the term %—gz%, and thus, we always find a 1-periodic
orbits on the direction of the normal symplectic vector field X . Hence, there
are periodic orbits for Xy . Furthermore, they come in 1-parametric families.

O

In contrast to the last propositions, we define admissible Hamiltonian
functions to be linear along X? and without periodic orbits close to the crit-
ical hypersurface. Remember that when the foliation induced on the critical
set has compact leaves, the symplectic foliation is a mapping torus. Thus,
by means of the classical Arnold conjecture, a smooth Hamiltonian has an
infinite number of periodic orbits. The condition of admissible Hamiltonian
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is on the other side of the spectrum and thus underlying the importance that
the associated function is not smooth. In later sections, we will prove that if
this condition is met, then finite energy solutions to the Floer equation will
not approach the critical hypersurface.

Definition 3.18. A Hamiltonian H, € *"C> (M) is admissible if in a tubular
neighborhood around a connected component of the critical set Z;
(1) it is linear along the normal symplectic b™-vector field, £Lxo Hy = k;(t),
(2) it is invariant with respect to the Reeb vector field: LrH; = 0,
(3) there are no 1-periodic orbits of Xy in a tubular neighborhood around
Z.

We denote the set of admissible Hamiltonian functions by " Adm(M, R, X7).

Remark 3.19. Definition 3.18 depends on the choice of the normal symplectic
vector field and the tubular neighborhood, which induces the extensions X7
and R as denoted in Lemma 3.4. However, the lower bounds concerning the
number of periodic Hamiltonian orbits in this paper are independent of these
choices.

Remark 3.20. In the surface case, the expression in a tubular neighborhood
of the critical set of an admissible Hamiltonian function is H; = k(t)log|z|
for m = 1 and Hy = —k(t) -5 = for m > 1, where k € C>(S') is a
smooth function, and z is a local defining function for the critical set.

In higher dimensions, there is an additional term, represented by a local
function hy, such that Lxoh; = 0 and Lrh; = 0, which means that h; depends
only on the coordinates on the symplectic leaves. The local expression of an
admissible Hamiltonian functions is then H; = k(t) log |z| + h; for m = 1 and

Hy = —k(t) =5 == + hy for m > 1.

Recall that if there exists a global defining function z such that the above
expression holds, then we say that the admissible Hamiltonian is unimodular,
see also Definition 3.9.

Example 3.21. Consider (T?, Sﬁfél A df3) and let H € *C*°(T?) be a Hamil-
tonian, such that Lx-H = k(t) and LgH = 0. Under those conditions, the
Hamiltonian is given by H; = k(t)log | tan(‘g1 )|, and thus, the Hamiltonian
vector field is Xy, = —k(t)s2- = —k(t)R. This has 1-periodic orbits if and

002
only if

1
/ k(6)d6 € TZ.
0

where T is the modular weight.
Thus, the condition that there do not exist any periodic orbits in a
tubular neighborhood around Z is necessary.

The preceding example can easily be adapted to the b?>-symplectic case:

Ezample 3.22. Consider the b*-symplectic surface given by (T?,w = =21 A

sin? 0,

df3). An admissible Hamiltonian is given by H;(01,63) = —k(t)<= 91 where

sin 0y’
k(t) is a globally defined function, such that 0 < fo t)dt < 1. It follows
that the associated Hamiltonian vector field is given by X 7= k(t)2- 505
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More generally, b-Hamiltonian functions that are linear along X? and
invariant with respect to the Reeb vector field do not admit any periodic
orbits in a tubular neighborhood around Z if the following is satisfied:

Proposition 3.23. Assume that the leaves of the mapping torus associated
with the b-symplectic structure are compact. Let Hy € YC>°(M), such that
[:XaHt = k(t) and L:RHt =0. If

/1 k(t)dt € (0,T),
0

where T is the modular weight of Z, then there are no periodic orbits of Xy
in a tubular neighborhood around Z .

Proof. In a neighborhood of a point in Z, the b-Poisson structure can be
described as I = X? A R + 7. Under the assumptions of the proposition,
the Hamiltonian vector field is given by Xg = II*(dH) = —k(t)R + (X#),.
The critical set is given by the mapping torus

B L x[0,T]
B (1‘,0) ~ (¢(I)aT)

as in Eq. (2.6) and the Reeb vector field is R = %, where 6 is the transla-
tion in the second coordinate (see [18]). Observe that the description of the
mapping torus holds in a neighborhood, as is explained in Lemma 2.30.

A necessary condition for the Hamiltonian flow to have a 1-periodic
orbit in the neighborhood of Z is that the flow of Xy returns to the same

leaf of the symplectic foliation. Consequently, it requires fol k(t)dt € TZ.

The condition fol k(t)dt € (0,T) imposes thus that the Hamiltonian vec-
tor field moves along the transverse direction, but not enough for it to return
to the same leaf. Thus, this condition imposes that there are no periodic
orbits in a tubular neighborhood around the critical set, as the Hamiltonian
vector field is not returning the same leaf of the symplectic foliation. 0

In the case where M is a b™-symplectic surfaces, there exists an upper
bound 7, > 0 such that if fol E(t)dt € (0,T:), then there are no periodic
orbits of Xy in a e-neighborhood.

Proposition 3.24. Assume that the leaves of the mapping torus associated

with the b™-symplectic structure are compact. In a tubular neighborhood Nz (Z),
let Hy € " C>(M) such that Lx-H; = k(t) and LrH; = 0. Then, € can be

chosen sufficiently small, such that there exists T. > 0 such that if

1
| wiee 0.1,
0
then there are no periodic orbits of Xy in N-(Z).

Proof. In N.(Z), the b™-symplectic form is given by (Zzﬂil zm’iai) gz Adb,
k(t)
T (m—1)zm=Te

quently, the Hamiltonian vector field is given by Xpg = % 9. The

T (aizm ) 06

and by assumption, the Hamiltonian is given by H = Conse-
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Hamiltonian flow is given by

) =20 00) =0+ s /k
z 10”LZO

The necessary condition for a 1-periodic orbit to exist is given by

/0 dTGT(ZaZmZ> ,

with T the modular period. Without loss of generality, we can assume that
am > 0 and that € > 0 is small enough, so that

a >7hm1nf a;zm
m 2 ze(— EEZZ

Consequently, if we take T. < T lim inf Z a;z™ ", then there are no 1-

z€(—e,e) =1

periodic orbits in N;(Z). O

Example 3.25. Let us consider the 2n-torus T?" with coordinates (01, ..., fa,,),
with a critical set Z = {sin#; = 0} and with a b-symplectic form w globally
given by

db,

w = — ANa+ (3,
sin 64

for some closed o € Q' (T?") and 3 € Q?(T*").
Let us then take H, = klog|-22% ‘ for k constant, so that dH; =

1+cos 6q

kbffé and, thus, Xy = kR. As we saw in Proposition 3.23, we can choose k

small enough, so that Xz does not have 1-periodic orbits. Thus, there exists
a family of admissible Hamiltonian functions in T?" with no 1-periodic orbits.

Remark 3.26. Consider the product of b™-symplectic manifolds. This is no
longer a b™-symplectic manifold but admits a symplectic structure over a Lie
algebroid. Those manifolds are called ¢-symplectic manifolds in [37] and are a
particular case of E-symplectic manifolds (see also, [33,41]). More precisely,
let (M;, Z;,w;) be a collection of b-symplectic manifolds, and consider (M :=
0 \M;, Z,w =3, mjw;), where m; : M — M, denotes the projection and

Z=|JMyx - x Zixx My

The vector field X7 = >"" | X7 is a symplectic vector field on M \ Z, which
is transverse to the boundary. The same constructions as before thus work in
this more general set-up.

As for Floer homology, we need to consider non-degenerate periodic
orbits.

Definition 3.27. Consider a Hamiltonian H; € *" Adm(M,w). We denote by
P(H) the set of 1-periodic orbits of the flow of Xy that are completely
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contained in M \ Z. We say that H is regular if, for all periodic orbits = €
P(H), we have that

det(Id — dg,, (x(0))) # 0.
We denote the set of regular admissible Hamiltonian functions by *” Reg(M, w).

The set of regular Hamiltonian functions is open and dense in
" Adm (M, w) in the strong Whitney C*>°-topology.

4. Desingularization of singular symplectic structures: old and
new

The desingularization process introduced in [20] associates a family of sym-
plectic structures with a b™-symplectic structure for even m. We use this
technique to relate the initial dynamics to the desingularized dynamics.

In this section, we revisit this technique and generalize it for arbitrary m
on surfaces and in higher dimensions when the critical set is a trivial mapping
torus. Our novel approach allows to associate a symplectic structure in these
scenarios also for odd m.

We will also revisit the singularization of surfaces (and manifolds with
trivial mapping tori), which defines a produces a b™-symplectic structure out
of the symplectic one.

First, let us briefly recall the desingularization procedure of a b™-symplectic
manifold.

Theorem 4.1. [20, Theorem 3.1] Let (M, Z,w) be a b*™-symplectic manifold.
Then, there exists a family of symplectic forms w. which coincide with the
b2 _symplectic form w outside an e-neighborhood of Z and for which the fam-
ily of bi-vector fields (w:)~1 converges in the C*™~-topology to the Poisson
structure w™! ase — 0 .

An immediate consequence of this theorem is that a b>™-symplectic
manifold also admits a symplectic structure. Therefore, in particular, all sym-
plectic topological obstructions apply to b?™-symplectic manifolds. We will
sketch the proof of Theorem 4.1 following [20].

As in Eq. (2.5), a Laurent series can be associated to any closed b™-form
in a tubular neighborhood N(Z) of Z (see [48])

dz m—1 . .
w= Zm/\ <§ﬂ' (az)z> + 8, (4.1)
where 7 : N(Z) — Z is the projection of the tubular neighborhood onto Z,
«; is a closed smooth de Rham 1-form on Z, and 3 is a de Rham 2-form on
M and z is a defining function for Z in N'(Z) (the function does not need to
be local at all, in fact Eq. (4.1) is valid only in N'(Z)).

Because of the formula 4.1, the b>™-form can be written as

dz 2m—1 .
W= o A Z (7" (as)2") + B (4.2)

=0
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in a tubular neighborhood of a given connected component of Z.

Definition 4.2. Let (M, w), be a b*™-symplectic manifold with critical set Z.
Consider the decomposition given by the Eq. (4.2) on an e-tubular neighbor-
hood N:(Z) = {|z| < €} of a connected component of Z.

Let f € C°(R) be an odd smooth function satisfying f’(z) > 0 for all
x € [—1,1] and satisfying outside this interval that

W+2f©rx>1

We define f. as e~ 2™~V f(z/¢). More precisely, the expression of f. is given
as follows:

2
Bm—T)a?mn 1 + ey for x> e

=L _ _2 _fo < —€
fs<x>{(2m_”x2 o (43)

Observe that f/(z) = —} for |z| > . In particular, f > 0.
The f.-desingularization w. is a smooth 2-form that is defined on a
neighborhood N (Z) as

we = dfe(2) A < z_: ziﬂ'*(ozi)> + 5. (4.4)

i=1

Observe that w. can be trivially extended to the whole manifold, so
that it coincides with w outside N.(Z). Hence, w. is a smooth differential
form on M. Furthermore, w. can be shown to be symplectic, because a direct
computation yields that in N.(Z), w? = f.(2)2*"w.

For b*™+1_symplectic manifolds, it is shown in [20] that one can desin-
gularize this singular symplectic structure into a folded symplectic structure.
We will show that in many cases, it is still possible to construct a smooth sym-
plectic structure out of the b>™*!-symplectic structure. Furthermore, given a
Hamiltonian function, the initial associated Hamiltonian vector field can be
reinterpreted a smooth Hamiltonian vector field under this desingularization.
To analyze this improved desingularization, it will be useful to associate a
graph to a b-manifold. This graph has been previously used notably in [39]
and more recently in [27].

Definition 4.3. Let (M, Z) be a b-manifold, and consider N (Z) a tubular
neighborhood of Z for € > 0 small enough. The graph associated with (M, Z)
is then given by the set of vertices defined by the connected components of
M\N.(Z), and by the set of edges given by the connected components of
N:(Z). Two vertices M;, M; C M\N.(Z) are said to be adjacent under this
definition if there exists a connected component of A (Z) which borders both
of them.

If € is small enough, it is clear that the graph does not depend on the
tubular neighborhood A.(Z), and, in particular, it can be represented by the
connected components of M \ Z and of Z for the vertices and the edges,

respectively. In this sense, the graph is a topological invariant of the pair
(M, Z).
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M;

M.
Mo :

M;

Z3

Zy
FIGURE 1. An example of the graph of a b-manifold (cyclic)

Definition 4.4. We say that the b-manifold is cyclic (or acyclic) if its associ-
ated graph contains (or, respectively, does not contain) a cycle.

Definition 4.5. Let (X, Z) be a b-surface. Then, we say that the weight asso-
ciated with a vertex ¥; C X\ Z, denoted by gs,, is the genus of the connected
component ¥; seen as a surface (assuming that each open part is completed
with a disk).

The 2-colorability of the graph of a b-manifold is equivalent to the ex-
istence of a global defining function for the critical set.

Lemma 4.6. 3 Any b-manifold (M, Z) admits a global defining function if and
only if its associated graph is 2-colorable.

Proof. A globally defining function f defines a sign on each connected compo-
nent of M\ Z, and we can thus color the associated graph using the coloring
of {+,-}.

Vice versa, given a 2-coloring {+, —} of the associated graph, we can
define a function that is positive on the connected component colored by

+ and negative on the connected component colored by —, and vanishing
on each connected component of Z (which correspond to the vertices of the
graph). O

Therefore, as acyclic b-manifolds are 2-colorable, they admit a global
defining function. When the b-manifold is cyclic, the b-manifold admits a
globally defining function if and only if the associated graph is 2-colorable.

4.1. Hamiltonian dynamics in the desingularization of b%>™-symplectic man-
ifolds

In this subsection, we study the effect of the desingularization procedure in
[20] of b>™-symplectic manifolds, taking into account the dynamics defined
by the Hamiltonian vector field of an admissible b>™-Hamiltonian function.

Proposition 4.7. Let (M, Z,w) be a compact b*™-symplectic manifold and let
H, € b2mC°°(M) be an admissible Hamiltonian. Then, the Hamiltonian vector
field X is a symplectic vector field with respect to the desingularization we.

3This lemma is basically a reformulation of Theorem 5.5. in [39].
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Proof of Proposition 4.7. The main idea of the proof is to desingularize the
b*™_symplectic form as in [20], and to use the desingularization function to
desingularize the Hamiltonian function as well: we will show that the admis-
sible Hamiltonian can be desingularized in a tubular neighborhood around
the critical set. In this tubular neighborhood, both vector fields agree, and
therefore, this gives rise to symplectic dynamics.

The desingularization of the b™-symplectic form as in Theorem 4.1 in
a tubular neighborhood N (Z) as in Eq. (4.2) is given by

2m—1
we = df. A ( Z z’ﬁr*(aﬁ) + 3,
i=0
where f¢ is defined as in Eq. (4.3). Away from this neighborhood, this form
agrees with the initial one.
By the assumptions of admissibility, the Hamiltonian is given in a tubu-
lar neighborhood around Z (as in Remark 3.20) by

1 1
Hy = —k(t)ﬁw + hy.
The differential of H; is given by dH; = k:(t)% + dh; and, thus, the Hamil-
tonian vector field of H; with respect to the b>™-symplectic form is given by
X4 =k(t)R+ Xg. Here, 3 is a symplectic form on the leaf of the symplectic
foliation and by the condition of admissibility, the function h; is a function
defined on the leaf of the symplectic foliation (see also Remark 3.20). We
define in the tubular neighborhood AN.(Z) the smooth Hamiltonian H, =
—k(t) f- + h¢. Similarly, the differential of His given by dH, = k(t)df. + dhy
and, thus, the Hamiltonian vector field of EIE with respect to the symplectic
form w, is given by X 7“}5 =k(t) R+ X 5 . Thus, both Hamiltonian vector fields
agree, i.e., X¥ = X% As this is only a local construction, we conclude that

X by a symplectic vector field with respect to the symplectic structure we.
O

We will show that under additional conditions, the previous proposition
can be strengthened, namely that the Hamiltonian vector field with respect
to the b>™-symplectic structure is a Hamiltonian vector field associated with
the desingularization w..

Proposition 4.8. Let (M, Z,w) be a compact b*™-symplectic manifold with
Z being defined by a global defining function. Let H; € bsz‘X’(M) be an
admissible Hamiltonian and assume that Hy is unimodular (see Definition
3.9). Then, there exists a smooth Hamiltonian function I;Tt on M, such that
X:N; coincides with X$;.

Proof of Proposition 4.8. As in the proof of Theorem 4.7, we will use the
desingularization function to desingularize the b>™-Hamiltonian function. We
will show that in the case where the critical set is defined by a global defining
function and the Hamiltonian is unimodular, it can be globally desingularized
into a smooth Hamiltonian function H. The desingularized dynamics still
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agrees with the initial one globally, and we will therefore conclude that in the
case where the defining function is globally defined the associated dynamics
are Hamiltonian.

We denote by M, respectively M, the set of connected components
where the globally defined defining function z is greater then e, respectively
smaller than e, that is

M* ={z e M|+z>c} (4.5)

Let Mz(Z) be a tubular neighborhood around the critical set as in Definition
4.2.

We desingularize the Hamiltonian function H; to a smooth Hamiltonian
function H; in such a way that the Hamiltonian vector field of H; (with
respect to the b>™-symplectic structure w) agrees with the Hamiltonian vector

field of ﬁt (with respect to the desingularized symplectic form w;).
We define the following function:

Ht — Eg,,%k(t) on M~
Hy = S E(t) fo(2) + he in N2 (2) (4.6)
Ht + M%k(t) on M+.

By the definition of H; and f.

1 2
(2m _ 1)82771—1 + k(t) g2m—1

Hy(e) = k(t) f-() + he = —k(t) + Iy,

and lim I;t(z) = —k(t)m +h + Ezm%k:(t) Therefore, H, defines
zZ—E™

a continuous function. Furthermore, as the derivatives agree on {z = €}, we
obtain a smooth function.

As outside of N-(Z) the Hamiltonian H, is given by H; up to a constant,
and as w. = w, by construction X% = XI‘i;f. In N.(Z), the computation is
similar as was done in the first case. This finishes the proof of Proposition
4.8. O

Remark 4.9. Note that due to Eq. (4.6), the function k(t) must be a globally
defined function, as it is added globally to M=*: for this reason, we ask that
H is unimodular, as in Definition 3.9.

Remark 4.10. Example 3.22 is not an example that satisfies the condition
of Proposition 4.8. Consider the b2-symplectic manifold given by (T?,w =
Sizglel A df3) and the b?-Hamiltonian given by H = k(t) cot(d). This Hamil-
tonian is not unimodular. Indeed, if H could be written as k(t)% + hy for a
global defining function f, the global defining function would always a crit-
ical point away from the critical set (see also Lemma 4.6), whereas cot is a

strictly decreasing function.

We will now see that in the case where the associated graph is acyclic,
we can relax the conditions of the previous proposition: the time-dependent
function k£ does not need to be globally defined. This means that for each
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connected component of the critical set, there is a locally defined time-
dependent function k;, such that the b>”-Hamiltonian writes down as H; =
_ki(t)m + hy.

Proposition 4.11. Let (M, Z,w) be a compact acylic b*™-symplectic manifold
and let Hy € b2mC°°(M) be an admissible Hamiltonian. Then, there exists a
smooth Hamiltonian Hy € C*°(M), such that X%E =Xy.

Proof. As the associated graph is acylic, there exists a global defining function
(see Lemma 4.6). By the assumptions of admissibility, the Hamiltonian is
given in a tubular neighborhood around a connected component of the critical
set Z; (as in Remark 3.20) by

1 1

Ay = —kilt) 3 — a1

+ hy.

The differential of Hy is given by dH; = ki(t)zg—fn + dh; and, thus, the Hamil-
tonian vector field of H; with respect to the b>™-symplectic form is given by
Xy = ki(t)R—}—X,’?t. Here, 3 is a symplectic form on the leaf of the symplectic
foliation, and by the condition of admissibility, the function h; is a function
defined on the leaf of the symplectic foliation (see also Remark 3.20).

We denote M* as in Eq. (4.5). We start to define a smooth function
ﬁt on a connected component of M+ and we denote the corresponding ver-
tex in the associated graph by vipitiqr. On this connecjed component, we
set Hy = H;. We extend the definition of the function H; by defining it on
the connected components of N.(Z) corresponding to the edges incident to
Vinitial and on the connected components of M~ corresponding to the ad-
jgcent vertices of vinirial. We then reiterate this step to continue to extend
H, to the neighboring connected components of N.(Z) and to the connected
components of M\N:(Z) corresponding to the adjacent vertices. The condi-
tion on the associated graph being acyclic implies that the graph does not
close up and, therefore, this gives rise to a globally defined function ﬁt. To
simplify the wording, we use interchangeably the connected components of
M\ No(Z) (respectively connected components of N.(Z)) and the vertices
(respectively edges) of the associated graph V. For instance, when we write
Vinitial, We mean the connected component of M\N:(Z) corresponding to
Vinitial @nd vice versa.

The extension of H, goes as follows. Having already defined H, on
Vinitial, We then define Hy on the edges incident to v;nitial-

In each edge e; incident to v, we define the Hamiltonian by f[t =
f=(2)ki(t) + hy — k;(t) =2=. In this way, the function H, defines a smooth
function on viniiar U |, €:, as the function defined by parts are identical on
a small neighborhood of the intersection of v N e . Indeed, by the formula of
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fe, we obtain that for z > ¢

_ 2
Hy = fe(2)ki(t) + he = kilt)
-1 2 2
- ki(t)<(2m D+ o) +he— k()
1

(2m — 1)z2m—1
A similar computation yields that for z < —e, H, = —k; (t) W%—
hy — E%Q%ki(t). On the adjacent vertices v;, we therefore define H, = H, —
ki(t)sgrfl%. As the function f. satisfies f. > 0, the function H, defines a
smooth function on the domain of M corresponding to vinitiai, €; and v;.
We iterate this construction step by step over all the edges incident and
vertices adjacent to the vertices of the domain of definition until the domain
of definition of the function I;'t is M. As the graph is acyclic, the function

ﬁt is a well-defined smooth function on M.
As in the proof of Proposition 4.8, it can be checked that the Hamilton-

ian vector field of H; associated with (M, &.) equals to Xp, i.e., X$ = %E.
This finishes the proof of Proposition 4.11. U

Remark 4.12. Once more, Example 3.22 is not an example that satisfies the
condition of Proposition 4.14, as the graph is cyclic.

Remark 4.13. There are b*"-symplectic manifolds where neither Proposi-
tion 4.8, nor Proposition 4.11 directly apply, but combining the two re-
sults, we can still desingularize the b*"-Hamiltonian function by applying
ideas from both proofs. Consider for example the b-manifold as depicted in
Fig. 1 and a b*>™-Hamiltonian function, that has the semi-local expression
H, = —k; (t)m + h; in a tubular neighborhood around Z;, Zs, Z3

m + h; in a neighborhood
around Zs5. Here, z denotes a global defining function, which exists, because
the graph is two-colorable (see Lemma 4.6). This b*™-Hamiltonian function
does not satisfy the conditions of Proposition 4.8, and as the graph is not
acyclic, Proposition 4.11 cannot be applied either. However, we can first apply
the reasoning of Proposition 4.11 to the cyclic subgraph, and then finish the
desingularization of the Hamiltonian function in the connected component
denoted by Mj following the proof of Proposition 4.14.

In short, the desingularization process described in Proposition 4.8 and
in Proposition 4.11 can be applied to certain subsets of the manifold, as long
as the right conditions hold in each of those subsets.

and Z4, and the expression H; = —ko(t)

Note that the above results only hold for b?™-symplectic manifolds. In
the case of b>™*+1-symplectic manifolds, the singular form cannot be desingu-
larized generally due to topological constraints, as there exist manifolds that
admit a b-symplectic structure but do not admit symplectic structures. See
[5, Figure 1] for an example. In the case of b>™*!-symplectic manifolds, the
desingularization (Theorem 4.1) yields a so-called folded symplectic form. In
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the next section, however, we will see that the desingularization can still be
adapted in the particular case of surfaces.

4.2. Desingularizing b -symplectic surfaces 1

As we saw in the previous section, b™-symplectic manifolds together with
an admissible Hamiltonian function can be desingularized as long as m is an
even number. In this subsection, we prove that in the case of surfaces, we can
desingularize independently on the parity of m.

As will be proven, b™-symplectic structures on orientable surfaces can
be regularized into symplectic structures. While the case of m even is already
covered in Proposition 4.8 and 4.11, we will show that the desingularization
theorem can be adapted to the case of m odd in the case of surfaces. We show
that for m odd and under similar conditions as in Proposition 4.8 and 4.11, the
Hamiltonian dynamics of an admissible b"*-Hamiltonian on a b™-symplectic
surface is given by the Hamiltonian dynamics of a smooth Hamiltonian on a
symplectic manifold.

For the sake of clarity, we distinguish the two cases in two different
propositions.

Proposition 4.14. Let (3, Z,w) a compact b™-symplectic surface with Z being
defined by a globally defining function. Let H; be an unimodular admissible
Hamiltonian (see Definition 3.9). Moreover, assume that ¥ is orientable.
Then, there exist a smooth symplectic structure we and a smooth Hamiltonian
H,; on X, such that X% coincides with X .

The case when m is even is already covered in Proposition 4.8, so the
novel case to consider is when m is odd. The proof of the proposition is
based on an adaptation of the desingularization procedure introduced in [20].
However, this adaptation only works for surfaces?.

Proof of Proposition 4.14. The sketch of the proof is as in Proposition 4.8: we
will first construct a smooth symplectic form w, out of the b™-symplectic one.
We will also construct a smooth function I:Th such that its Hamiltonian vector
field with respect to w. coincides with the initial b"-Hamiltonian vector field
everywhere.

As Z is compact and ¥ is a surface, a connected component of Z is
diffeomorphic to S and any tubular neighborhood of a connected component
of the critical set is diffeomorphic to (—¢,¢) x S! and the b™-symplectic
structure in this neighborhood writes down as w = 1" | % A 7% (o) where
a; € QY(Z) are closed 1-forms and z is a defining function for Z. As Z is
one dimensional, o; = a;df, where a; are smooth functions on S*, and we
therefore rewrite

Zm: —/\dﬁ (4.7)

i=1

4A different adaptation of the desingularization strategy for dynamical systems works in
the integrable case in higher dimensions (see [38, Chapter 7]).
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klog |z klog |z

—klog|z| — C

FIGURE 2. An illustration of the regularization function g.
used to build a symplectic form and a smooth Hamiltonian
out of the initial b-symplectic form and the b-Hamiltonian
function

where a,,(0) # 0 for all € S! (as otherwise, w would not be a b™-symplectic
form).
By the assumptions on admissibility, the Hamiltonian is given by

) k(t)log 2| when m =1
| —k(t) =5 =+ whenm > 1.

m—1 zm—1

We denote by X1, respectively ¥, the set of connected components where
the globally defined defining function z is greater than e, respectively, smaller
than —e as in Eq. (4.5).

When m = 1, let g : (—¢,6) — R be a smooth function, such that
g-(z) = log|z| in (£,¢) and g.(z) = —log|z| + 2log(5) — ¢ in (—&,—5). As
9e(5) — 9:(—5) > 0, the function g. can be smoothtly extended to (-3, 5)
without having any critical points in this neighborhood.

When m > 1, instead of the above function, we consider g. : (—e,e) — R

>

a smooth function, such that g.(z) = ——15-—L+ in (£,¢) and g.(z) =
m41 | .
ﬁ‘w‘% — ﬁgm—_l in (—e,—%). As g:(5) — g:(—=5) > 0, it can be ex-

tended to a smooth function in (—&,¢) without any critical points in the
neighborhood (—¢,¢).5
We define a smooth 2-form on ¥ by

won Xt
we =4 (=1)™w on X~
Sty (2™ a;)dg. A df in (—e,e) x St

Note that the 2-form w, is well defined as the differential of g. is well defined
and the form extends smoothly to ¥~ and X+.

5Note that the function g resembles the desingularization function f (up to the addition
of constants) in Eq. (4.4) in the case where m is even.
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Similarly, we will define the Hamiltonian function by
Ht in 2+
Hy = < k(t)g-(z) in No(Z)
(=1)™H; — k(t)C(e,m) in 3,

where C'(g,1) = —log(e) and C(g,m) = ?:—i for m > 1.

We claim that @, is a symplectic 2-form and that the Hamiltonian vector
field of H. associated with (2,0¢) equals to Xp, i.e., X = X%.

Indeed, as the changes do not affect ¥ 1, the above statement holds in
Y. In ¥, as dH; = (=1)™dHy, and @ = (—1)"w, it follows that both

Hamiltonian vector fields agree. In the tubular neighborhood, by definition
k() & 7

of the Hamiltonian function, Xy = —72- 5. Similarly, by definition of Hy,
. . . . ~ . . o ]g(t) o
its Ham1~1t0n1an vector field with respect to w is given by I“; = =50 and
thus, X2 = Xj (Fig. 2).

This finishes the proof. O

In the same way, we can do the singularization for b™-symplectic sur-
faces whose associated graph is acylic without the condition that the Hamil-
tonian function is unimodular, which generalizes Proposition 4.11.

Proposition 4.15. Let (X, Z, w) a b™-symplectic surface whose associated graph
is acyclic. Moreover, assume that 3 is orientable. Then, there exist a symplec-
tic structure W. and a smooth Hamiltonian ﬁt on X, such that X%f coincides
with X%

The proof is done by taking the symplectic form obtained as in Propo-
sition 4.14, and desingularizing the Hamiltonian as was done in Proposition
4.11 for b*™-Hamiltonians (but using the desingularization function of Propo-
sition 4.14).

Next, we remark that the proof of Proposition 4.14 does not generalize
to higher dimensions.

Remark 4.16. The construction from Proposition 4.14 does not necessarily
work in dimensions higher than 2 for m odd. We reason here for m = 1,
the case m > 1 odd being similar. Nearby a connected component of Z the
b-symplectic form has the form w = % A a + (. In contrast to dimension
2, in higher dimensions, there is a similar interpolation to glue w on M™ to
fdjz ANa+ B on N(Z)N M~ as in the proof; however, a priori the latter does
not extend to M ™.

While the argument does not generalize directly to higher dimensions, it
applies to products of b™-symplectic surfaces with symplectic surfaces (with
the product b™-symplectic structure).

Remark 4.17. The extension (as raised in Remark 4.16) holds for products
of b™-symplectic surfaces with symplectic manifolds provided that the b"-
symplectic form has a product structure. Let the b™-symplectic structure on
the product manifold be given by w := wj +ws, where w; is the b™-symplectic
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structure on the surface and ws is the symplectic structure on a symplectic
manifold (with no restriction on the dimension). In that case, it is sufficient
to realize that w can be interpolated to —w; 4+ w2 on M~ using the methods
just exposed. By the admissibility conditions, the Hamiltonian dynamics is
just the product dynamics.

The same reasoning can be applied to c-symplectic manifolds that arise
from products of b™-symplectic surfaces.

We finish this subsection by proving a construction that is “converse”
to Proposition 4.14.

The following proposition shows that symplectic surfaces with a set of
curves can be equipped with a b™-symplectic structure. Furthermore, given
a smooth Hamiltonian function with the right behavior around the critical
curves, we can define a b-Hamiltonian function, such that both Hamiltonian
vector fields define the same dynamics.

Proposition 4.18. (Singularization of a symplectic surface) Let (X,) be a
symplectic surface. Let (v;)ier C X be a set of smooth curves given by the
zero-level set of a smooth global defining function z : ¥ — R. Then, there
exists a b -symplectic structure w on X that has ~; as critical curves and
agrees with @ on z > 0, respectively with (—1)"w on z < 0 outside an e-
neighborhood of Z. Furthermore, zfﬁ € C*(X) is a smooth function, such
that in an e-neighborhood around ~;, it is given by f[(z,@) = z, then there
exists a b-function H, such that X§ = X%.

In [5, Section 5], the singularization of symplectic structures is investi-
gated in further generality. Nonetheless, the scrutiny of its dynamical aspects
was not pursued in [5]. This is precisely what we accomplish in the ensuing
proposition:

Proof. We denote by ©* = {z € 3| + 2z > 0}. In an e-neighborhood around
the curve ~;, consider the b™-function s, : ,0)U(0,¢) x v; — R given by

(—e
log |z| for z € (—5,0)U(0,5) if m =1
Se(z,0) = _Wforze( 5,00U(0,5)ifm>1
zforz>?

m 2
(=1)mz for z < —=.

For all z in (—¢,¢) \ {0}, it is defined such that 2% (2,6) # 0, and it glues
smoothly with the function (—1)™z in (—&, —%) and the identity function in

(%,¢), and therefore defines a smooth globally defined function away from

{z = 0}. In the e-neighborhood, we define the following a b™-form by w :=

sLw. By the definition of the function s., w is a b"-form that agrees for z > %5
with @, and for z < —2—6 with (—=1)™®, and can thus be globally defined on

2. By the condition that the derivative is non-vanishing, @ is a b™-symplectic
form. Let H be a Hamiltonian as above. We define the Hamiltonian H to be

H when z > ¢
H=1{(~1)"H when z < —¢
S¢ in the e-neighborhood.
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A direct computation yields that both Hamiltonian vector fields agree in the
e-neighborhood. O

For higher dimensions, the above reasoning breaks down in general. Note
that a similar trick can be used to singularize contact structures along convex
surfaces; see [35]. However, as for higher dimensional symplectic manifolds,
an equivalent result for Reeb dynamics is not true in general.

4.3. Desingularizing b™ -symplectic surfaces I1

As shown in Proposition 4.14, an acyclic b™-symplectic surface can be desin-
gularized into symplectic surfaces. This result is used in the following theorem
to associate to each connected component of a b™-symplectic surface (3, w)
a compact symplectic surface: indeed, given a connected component of ¥\ Z,
we will glue 2-disks to the critical sets bounding this connected component.
The so-obtained b"*-symplectic manifold is by construction acyclic, and we,
therefore, will be able to apply Proposition 4.14.

First, let us introduce some further notation. Consider a vertex v of
the associated graph of a b-manifold, and recall that g, denotes the genus of
the corresponding connected component of 3\ Z. Furthermore, we denote
by deg(v) the degree of the vertex v, that is, in terms of graph theory, the
number of edges incident to it. In the b-manifold, this number corresponds
to the number of connected components of Z that are the boundary of the
connected component of ¥\ Z, represented by v. With this notation in mind,
we obtain the following theorem.

Proposition 4.19. Let (X, Z,w) be a compact b™-symplectic orientable surface
and let Hy be an admissible Hamiltonian. Let ¥, be a connected component
of ¥\ Z, gy the genus of 3, and denote by (v;)icr C Z the connected
components of Z that bound %, Let Int(%,) := X,\N:(Z). Then, there exists
a closed symplectic surface (3., w,) of genus g,, such that (S, \ | |;c; D7, wy)
is symplectomorphic to (Int(%,),w).

Furthermore, there exists a smooth function defined on %,, such that
the flow of its Hamiltonian vector field agrees with Xz on 3,\ Licr D2.

As explained previously, the idea of the proof of Proposition 4.19 is to
glue 2-disks to the critical sets bounding ¥,,. We therefore start by analyzing
the dynamics of the admissible Hamiltonian functions on the 2-disk where
the critical curve is given by the boundary.

Remark 4.20. Given the 2-disk D? with critical curve Z = 0D?, the b™-
symplectic structure writes down in a neighborhood around Z as Laurent
series given by

= dr

where a; € C*°(S* x D?) are smooth functions and (r, §) are polar coordinates.
Given an admissible Hamiltonian, it is given in the tubular neighborhood by

k(t)log|l — 7| iftm=1
H(t,r.6) = kO ifm>1

T (m—D)(Q—r)ym—1
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for some k : S* — R, such that k(t) > 0 and fol k(t)dt < 2=, Here, 2~ is the
modular weight.

Lemma 4.21. Let N.(Z) = {(r,0) € D?> | r > 1 — &} be an annulus around
the boundary of the disk, and let w a b™-symplectic form on N.(Z) and H,
an admissible Hamiltonian on N.(Z). Then, there exist extensions of w and
H; to the whole disk, such that the flow of Xy has exactly one fized point.

Proof. As observed in the previous remark, w and H; must be given in a
tubular neighborhood around ~; denoted by N:(v;) by the expressions de-
scribed in Remark 4.20. We trivially extend this to the whole disk. This

means that we can choose such extensions in such a way that Xg = —?%

in the whole disk, which is smooth. The vector field % has exactly one fixed
point in (0,0) € D? and the time 1 flow of X cannot have more fixed points,
because 0 < fol k(t)dt < 2= O

The above lemma will be used, as already mentioned, to glue 2-disks
to the connected component of ¥\ Z. We will now proceed to the proof of
Theorem 4.19.

Proof of Proposition 4.19. Let v € V be the vertex associated with a con-
nected component of X \ Z of degree 1. Seen in isolation, the associated
connected component of ¥\ Z, denoted by X, is diffeomorphic to a sur-
face of genus g, punctured at one point and the attached component of Z
is diffeomorphic to S'. We will now complete it to a b™-symplectic surface,
diffeomorphic to a surface of genus g, without punctures by attaching one
2-disk to X,.

The initial b™-symplectic form in the annulus around the connected
component of the critical set has the expression 2211 aiﬁ A df. Using
Lemma 4.20, we attach to each of the critical curves ~y; a 2-disk to obtain a
closed surface of genus g,, denoted by 3, and the b™-symplectic form can
be extended to a globally defined b -symplectic form by extending the given
one to the 2-disks as in Lemma 4.20. We also choose an extension H, of the
given Hamiltonian H to this disk as in Lemma 4.20 in such a way that

(1) near the boundary dD?, the Hamiltonian vector field has the expres-

sion X4 = —%%, where k is the function associated to H; near the
boundary Z;.

(2) X7 vanishes exactly at one point in the interior of the disk.

With these choices, we can define (X,,©,, H,), where ¥, as described
before, is diffeomorphic to a closed surface of genus g,. The b™-symplectic
form @, and the Hamiltonian H, are constructed by extending (w,H) as
explained earlier. This is a b™-symplectic surface whose associated graph
is given by the initial vertex v of degree 1 with one vertex of degree 1. In
particular, this graph is acyclic, and therefore, the critical set 3, is defined
by a global defining function (Fig. 3).

The case when v € V has a degree greater than 1 is analogous. In
this case, the associated connected component of ¥\Z is diffeomorphic to
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FiGUure 3. Completion of a b™-symplectic surface with disks
at the punctures

a surface of genus g, punctured at deg(v) points and the components of Z
adjacent to X, are diffeomorphic to S* L --- 1 S'. We can use Lemma 4.21
to complete it to a closed surface of genus g, by attaching a 2-disk to each
connected component of the critical set. The b™-symplectic form and the
b"-Hamiltonian are extended to the completed surface as before.

As a result, we obtain a b™-symplectic surface whose associated graph
is given by the initial vertex v with one vertex of degree 1 for each disk
attached. In particular, this graph is acyclic and the critical set is therefore
defined by a global defining function.

We can therefore apply Proposition 4.14 to this new surface, so the
Hamiltonian vector field and the b"*-symplectic structure can be regularized
to a smooth Hamiltonian vector field on a smooth symplectic surface. The
resulting flow has deg(v) trivial periodic orbits on the attached disks. O

4.4. Desingularizing b -symplectic manifolds with trivial mapping tori

In this subsection, we further generalize the previous results. We will show
that the techniques used for the proof of b™-symplectic surfaces can be used
in higher dimensions whenever the induced structure on the critical set is
that of a trivial mapping torus. Here, trivial mapping torus means that in
Eq. (2.6), the map ¢ is the identity.

Given a b-manifold, we denote by M, a connected component of M \ Z.
Similarly, we denote by Z, the union of connected components of Z that
bound M,,.

In the following proposition, we show that under the assumption that
the mapping tori associated with the b"-symplectic structure are trivial,
we can cut along the hypersurfaces Z; and glue solid mapping tori to the
hypersurfaces. We thus obtain for each connected component of M\ Z a closed
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manifold. We will first prove that these closed manifolds can be equipped
with a b™-symplectic structure (Proposition 4.22) and then that this b™-
symplectic structure, together with an admissible Hamiltonian function, can
be desingularized into a smooth symplectic structure (Corollary 4.23).

Proposition 4.22. Let (M, Z,w) be a b™-symplectic manifold with trivial map-
ping tori. A connected component of M\ Z, denoted by M,, can be compact-
ified to a closed b™-symplectic manifold (M, Z,,©). The manifold M, is
diffeomorphic to the closed manifold obtained by gluing to v a solid mapping
torus for each connected component e, of OM,. Furthermore, there exists a
b -symplectic form @ on M, that coincides with w on M,. Given an ad-
missible Hamiltonian function H; € *"C® (M), it gives rise to an admissi-
ble Hamiltonian function H, € *"C®(M,) on the b™-symplectic manifold
(My, Z,y,w), such that Hamiltonian vector field Xy, coincides with Xy, on
M,.

Note that the associated graph to the b™-symplectic manifold (M, Z,, )
is acyclic by construction.

Proof. As the critical sets are diffeomorphic to trivial mapping tori by as-
sumption, a connected component of Z, is diffeomorphic to S' x £, where £
is a leaf of the symplectic foliation on the connected component of Z,. We
consider the solid mapping torus given by D? x £, which can be glued to the
connected component of e, along the boundary of the disk. Furthermore, the
b"-symplectic form in a neighborhood of Z, is given by w = jz Adf + 3,
where £ is a symplectic form on £ and df is a volume form on S'. On the
solid mapping torus, we consider the b™-symplectic form given by *"w + 3,
where *"w is the b™-symplectic form on D? as given in Lemma 4.21.

By the admissibility of the Hamiltonian function Hy, in a neighborhood
around the critical set, it is given by H; = k(¢)log|z| + hy when m =1 (or
H; = k(t) =+ + hy when m > 1), where h; € C>(L) is a smooth function on
the leaf of the symplectic foliation. It can be extended to the solid mapping
torus as a sum of the Hamiltonian as in Lemma 4.21 and h; on the symplectic
leaf L. O

Note that around the mapping torus, the b™-symplectic structure ob-
tained is the product of a b™-symplectic surface and a symplectic manifold
(L, ). Therefore, the regularization of the b™-symplectic structure into a
symplectic structure works, as observed in Remark 4.17.

Corollary 4.23. The b™-symplectic manifold (M., Z,,©) can be regularized
to a symplectic manifold (M,,o). Furthermore, given an admissible b™-
Hamiltonian function Hy € *"C>®(M) on the initial b™-symplectic manifold
(M, Z,w), the Hamiltonian flow of the extension H; on M, is Hamiltonian
with respect to a smooth Hamiltonian function ﬁt and the symplectic struc-
ture .

Proof. The b™-symplectic manifold (M, Z,,w) can be regularized as in Propo-
sition 4.14, because the solid mapping tori that are attached to M, are trivial,
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and the b™-symplectic structure is a product of a b -symplectic surface and
the symplectic manifold (£, 3). As for the Hamiltonian flow, the Hamiltonian
function H; can be desingularized as in the proof of Proposition 4.14 once
again, because the mapping torus is assumed to be trivial. The function is
globally defined, because the b™-symplectic manifold (M, Z,,w) is acyclic. It
then follows from the construction that the b™-Hamiltonian vector field Xz
is given by the Hamiltonian vector field of H, associated with the symplectic
structure @. O

We conclude this section by noting that the singularization as in Propo-
sition 4.18 works under the condition that the given hypersurfaces as trivial
mapping tori:

Proposition 4.24. (Singularization of a symplectic manifolds admitting trivial
mapping tori) Let (M,®) be a symplectic manifold. Let | | Z; a set of smooth
hypersurfaces given by the zero-level set of a smooth defining function z :
M — R and each of the Z; is a trivial mapping torus. Then, there exists a
b -symplectic structure w on M that has Z; as critical curves and agrees with
w on z > 0, respectively with (—1)"@ on z < 0 outside an e-neighborhood
of Z. Furthermore, if H € C>(M) is a smooth function, such that in an
e-neighborhood around ~;, it is given by ﬁ(zﬂ) = z, then there exists a
b-function H, such that X% = X%.

The above proposition was previously proved in [5] without taking into
account the dynamical aspects.

Proof. Under the condition that Z; is a trivial mapping tori, there exists a
tubular neighborhood around Z;, such that w = a A Zd—,i + B, where o, 3 €
Q% (Z) are closed forms of degree 1, respectively 2. The b™-symplectic form
in the tubular neighborhood around Z is then defined by w = ds. A a+ (3,
where the function s. is the b™-function as defined in Proposition 4.18. The
proof then follows as in Proposition 4.18. g

5. The Arnold conjecture through desingularization

This section contains a proof of the Arnold conjecture for some b™-symplectic
manifolds. More precisely, we give a lower bound for the number of periodic
orbits of an admissible Hamiltonian in terms of the topology of M and the
relative position of Z in M. The strategy will be to use the desingularization
techniques developed in the previous section. First, we provide a proof for
any b>"-symplectic manifold, with no restriction on the dimension. We then
prove an improved lower bound on the number of periodic orbits for b™-
symplectic surfaces (3, Z,w) for general m. We generalize this lower bound
for b™-symplectic manifolds of higher dimensions under the condition that Z
is a union of trivial mapping tori.
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5.1. The Arnold conjecture for b*>™-symplectic manifolds

We present two associated corollaries, obtained as a consequence of Proposi-
tion 4.8.

For b?™-symplectic manifolds (that are acyclic or under the condition
that the Hamiltonian function is unimodular), we recover the same lower
bound as in the Arnold conjecture for smooth symplectic manifolds:

Corollary 5.1. (Arnold conjecture b*™-symplectic manifolds) Let (M, Z,w)
be a compact b>™-symplectic manifold whose critical set is given by a global
defining function f. Let Hy; € bszoo(M) be a time-dependent admissible
Hamiltonian function. Assume that

e cither the associated graph of the b-manifold is acyclic, or that

e H, is unimodular.

Suppose that the solutions of period 1 of the associated Hamiltonian system
are non-degenerate. Then

#P(H) > dim HM;(M; Zs).

Proof. By Proposition 4.8, respectively Proposition 4.11, we can desingular-
ize the b*™-symplectic manifold into a symplectic manifold. Furthermore, the
Hamiltonian flow of the admissible b*"-Hamiltonian is given by the Hamil-
tonian flow of a smooth Hamiltonian function. We therefore conclude by the
Arnold conjecture on symplectic manifolds that the number of 1-periodic
orbits is bounded from below by

P(H) > dim HM;(M;Zs).

O

As we can semi-locally desingularize the Hamiltonian function as fol-
lows:

Corollary 5.2. (Arnold conjecture for b?™-symplectic manifolds (being de-
fined by a local defining function)) Let (M, Z,w) be a closed b*™-symplectic
manifold of dimension 2n, with Z being defined by a local defining function.
Further assume that M aspherical, i.e., mo(M) = 0. Let H be an admissi-
ble b*™-Hamiltonian and denote by ¢ the flow of Xg. Suppose that ¢ is a
b*™ _symplectomorphism on (M, Z,w) which is isotopic to the identity through
b2 _symplectomorphisms.

If all the fixed points of ¢ are non-degenerate, then the number of fized
points of ¢ is at least the sum of the Betti numbers of the Novikov homology
over Zgy associated with the Calabi invariant of ¢.

Proof. The proof is once more a corollary of Proposition 4.7. The resulting
desingularization yields a symplectic manifold with a symplectic flow. The
lower bound then follows from the main theorem of [50]. O

Note that this lower bound is zero in the case of T2, and therefore does
not contradict Example 3.25.
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Remark 5.3. The main theorem in [50] is stated for negative monotone sym-
plectic manifolds. One could try and generalize this definition for b™-symplectic
manifolds and prove that this definition is stable under desingularization.
This would yield a stronger version of Corollary 5.2.

5.2. The Arnold conjecture for b -symplectic surfaces

In this section, we improve the previous results of the Arnold conjecture for
b"-symplectic manifolds. Indeed, the above results only hold for m even,
as the desingularization theorem (Theorem 4.1) does not yield symplectic
structures for m odd.

However, in the case of surfaces, Proposition 4.14 clears the way to prove
a better lower bound on the number of 1-periodic orbits of the Hamiltonian
flow. Indeed, the flow of an admissible b"-Hamiltonian on a b™-symplectic
surface is on each connected component of ¥\ Z Hamiltonian (for a smooth
symplectic form). We therefore can use the known result about the dynamics
on symplectic manifolds. In particular, we can state the same corollaries as
for general b?"-symplectic manifolds (Corollary 5.1 and 5.2); however, we
will improve the lower bound in the following proposition.

Theorem 5.4. Let (X, Z,w) be a compact b™-symplectic orientable surface.
For a vertex v corresponding to a connected component of ¥\ Z, let g, be its
genus and deg(v) its degree, respectively. Let Hy be an admissible Hamiltonian
in (X, Z,w) whose periodic orbits are all non-degenerate. Then, the number
of 1-periodic orbits of Xy is bounded from below by

#P(H) > Y (290 + |deg(v) — 2).

veV

Proof. We will prove that for each connected component of ¥\ Z of degree
1, there are at least 2g, + 1 periodic orbits, whereas, for the connected com-
ponents of degree 2 or more, there are at least 2g, + deg(v) — 2 periodic
orbits.

Let v € V be the vertex associated with a connected component of
3\ Z of degree 1. We apply Theorem 4.19 to v and obtain a closed sym-
plectic surface (3,,w,) and a smooth Hamiltonian function H,, such that its
Hamiltonian vector field agrees with the initial one on the connected com-
ponent of ¥\ Z. Thus, the smooth Hamiltonian vector field must have at
least 2¢, + 2 periodic orbits by the Arnold conjecture for smooth symplectic
manifolds. As there is exactly one 1-periodic orbit in the glued-in disk, we
conclude that for the vertex of degree 1, there are at least 2g, + 1 periodic
orbits in the connected component of M \ Z corresponding to v.

We now treat the case when v € V is the vertex associated with a
connected component of ¥\ Z of degree strictly higher than 1. In this case,
Proposition 4.19 yields as before a closed symplectic surface (%,,w,) and
a smooth Hamiltonian function H,, such that its Hamiltonian vector field
agrees with the initial one on the connected component of ¥\ Z. On the
deg(v) glued-in disks in X,, the resulting flow has deg(v) trivial periodic
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orbits on the attached disks. These trivial periodic orbits have by construc-
tion Conley—Zehnder index +1 as they are local maxima and minima of the
smooth Hamiltonian.

We will now use the Morse inequalities for the Floer complex® to show
that the number of critical points for a Hamiltonian flow with at least deg(v)
periodic orbits of Conley—Zehnder index +1 is bounded from below by 2deg(v)+
2g, — 2.

Denote by ¢; = {z € P(H) | pcz(x) = i}, the dimension of the i-th
Floer complex group, and by b; the dimension of the i-th Floer homology
group. The Euler characteristic is given by the alternated sum of the b;, that
is

2_291):bO_b1+b2:C—1—Co+81. (51)

As there at least deg(v) 1-periodic orbits of Conley—Zehnder index +1,
that is c_1 + ¢1 > deg(v), we thus obtain that ¢; > 2g, — 2 4 deg(v). Using
again that ¢_; 4+ ¢; > deg(v), we thus obtain that the number of periodic
orbits is bounded from below by

c_1+co+c1 > 2deg(v) + 2g, — 2.

Knowing that there are deg(v) 1-periodic orbits contained in the disks
that were glued to the connected component of M \ Z, we deduce that the
number of 1-periodic orbits in v is bounded from below by deg(v) + 2g, — 2.

O

Let us note that the lower bound obtained in Theorem 5.4 is an im-
provement of the lower bound obtained in Corollary 5.1 in the acyclic case.

As is proved in the Appendix, the lower bound in Theorem 5.4 is sharp:
given any b™-symplectic surface, there exists an admissible b™-function, such
that it has exactly the number of 1-periodic orbits as given by the lower
bound in Theorem 5.4.

As discussed in Remark 4.17, the extension method of Proposition 4.14
holds for products of b™-symplectic surfaces and symplectic manifolds. The
resulting dynamics is the product dynamics. Under the same hypothesis, we,
therefore, obtain the following corollary (where we adopt the same notation
as in Theorem 5.4).

Corollary 5.5. (Arnold conjecture for b"™-symplectic product manifolds) Let
(M =YxW,Z = ZyxW,w = wy+ws) be the product of a compact orientable
b™-symplectic surface (3, Zs,w1) and a compact symplectic manifold (W, ws).
Let Hy be an admissible Hamiltonian in (M, Z,w) whose 1-periodic orbits are
all non-degenerate. Then, the number of 1-periodic orbits of Xy is bounded
from below by

#P(H) = (Z dimHM’(W;Zz)) - (Z (290 + [deg (v) — 2l)) :

veV

6The authors would like to thank Marco Mazzucchelli for this observation.
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5.3. Arnold conjecture for b -symplectic manifolds with trivial mapping tori

Using the construction of cutting along trivial mapping tori and gluing in
solid mapping tori, we obtain the following theorem.

Theorem 5.6. Let (M,Z = | |Z;,w) be a compact b™-symplectic manifold of
dimension 2n with trivial mapping tori Z;. Let H; be an admissible Hamil-
tonian in (M, Z,w) whose periodic orbits are all non-degenerate. Then, the
number of 1-periodic orbits of X is bounded from below by

ZmaX{ZdlmHM M,; Zs) ZPXh|Z }

veV =0

Here, h denotes the local function given by the expression of an admis-
sible Hamiltonian as in Remark 3.20.

As before, in this proof, we denote by M, the connected components of
M \ Z that corresponds to the vertex v and by 7 the completion to a closed
manifold as in Corollary 4.23. By Z,, we denote the connected components
of Z that in the associated graph correspond to edges, incident to v.

We remark that in contrast to Theorem 5.4, this is not a topological
invariant because of the second term that counts the number of periodic
orbits of X} in Z;.

Proof. As the mapping torus is trivial, we apply Corollary 4.23 to each con-
nected component of M \ Z. We thus obtain a symplectic manifold (M, )
and a smooth Hamiltonian function whose Hamiltonian flow coincides on the
given connected component of M \ Z. By the Arnold conjecture applied to
this symplectic manifold, we obtain that there are at least

2n

> dim HM' (M, Zs)

i=0
periodic orbits on (M, o). However, by the condition of admissibility, there
are no periodic orbits around the hypersurfaces Z,. Furthermore, by the
construction of the solid mapping tori, the Hamiltonian vector field flow is
given by

Xy =k(t 0 X

u = k(t) a0 T

where X}, denotes the Hamiltonian flow of h; € C°°(L) with respect to the
symplectic structure 3 on L. This is the product of a rotation on D? with
the flow of the Hamiltonian function h; on L, and by the assumption on
admissibility, periodic orbits are given thus by periodic orbits of k(¢ )—0 in
D? and Xg in L. As the flow of k(¢ )% is periodic in the center of the disk,
the only periodic orbits of Xy are given by periodic orbits of X, in L. [

6. A Floer complex on b -symplectic manifolds

In the preceding section, a proof of the Arnold conjecture could be attained in
the surface case for b™-symplectic manifold. Floer developed a whole toolbox
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of Floer theory to address the Arnold conjecture (see [11] for the surface case).
This motivates us to introduce the Floer complex for higher dimensional 5™-
symplectic manifolds.

6.1. The Floer equation

To control the behavior of the J-holomorphic curves approaching the critical
set Z, we need the following proposition.

Proposition 6.1. Let (M, Z,w) a b™-symplectic manifold, and let N = N (Z) =
((—£,0)U(0,¢)) X Z a tubular neighborhood of the singular hypersurface (not

including Z ) with a normal symplectic vector field X°. Let Q C C with coor-

dinates n = s+ it, and take H an admissible Hamiltonian in C= (2 x N), so

that locally it has the form

[ k(s,t)log|z| + h(s,t, ) ifm=1
H(S,t,Z,.’E) B {—k(S,t)W‘f'h(S,t,(E) me> 1.
Take also J € T(Q x N, T*M @ TM) a compatible almost complex structure

adapted to w.
Let u:Q — N C M be a solution to the Floer equation
ou ou
S+ It (G~ Xutu(a) ) = (6.1)

and take f : N — R given by f(z,z) =log|z| if m =1 and f(z,x) =
— Gyt fm > 1

Then
Ok
A(fou)= 7.
Proof. Let d°(v) := dvoi= 2ds — %%dt. Then
—dd®(v) = (Av)ds A dt.
Computing

—dc(fou)zaas(fou)dt—gt(fou)ds:(df(u)(;;) (df() )ds

(oo (224 5002 Y- (a0 (s002)
(oo (s 22~ 2) Yt (o (0002) )

— w(V ), Xp(w)dt +w (Vf( ), g;‘) di—

_w(Vf(u),J(n,u)XH(u))ds—i—w<Vf( ), 8u> ds. (6.2)

Recall that in these coordinates, the normal symplectic b"-vector field
is given by X7 = zmaa On the other hand, the metric w(-, J-) satisfies Eq.
(3.1), from which we can deduce that Vf = X°.
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Now, we apply the fact that with our choice of J, we have Vf = X7
S0, for the first term

W(X, X (w))dt = (Lxw H) dt = k(s, t)dt.

For the second and fourth terms
w <X”, Z?) dt + w (XU, ZZ) ds = u"ixow.
Finally, for the third term

w(X% Jn,u) X (u))ds = w(Xpg(u), J(n,u) X7 (u))ds
=w(Xpy(u),R)ds = (LrH)ds = 0.

Collecting everything, we deduce that Eq. (6.2) yields that
—d°(fou) = —k(s,t)dt — u*ixow.
If we apply the differential, it is clear that d(k(s,t)dt) = g—’;ds Adt, and
d(uixow) = u"(dixow) = u* (Lxow) = 0.
Therefore

(A(fou))ds Ndt = —dd°(f ou) = f%ds A dt.

As a corollary of Proposition 6.1, we obtain the following result.

Theorem 6.2. (Minimum Principle) Let u € C*°(Q,N) satisfying one of the
following conditions:

(1) w is a solution to the Floer equation (6.1) for an admissible Hamiltonian
H € C>®(S' x N). If fou attains its mazimum or minimum on Q, then
f ou is constant.

(2) u is a solution to the Floer equation (6.1) for a parameter-dependent
admissible Hamiltonian H € C>°(Q x N) such that 9% (s, t) > 0 V(s,t) €
Q. If fou attains its minimum on ), then f ow is constant.

Proof. In the first case, this is straightforward since, according to Proposition
6.1, it follows that f o w is harmonic and therefore satisfies the Maximum
(respectively Minimum) Principle.

In the second case, it is a consequence of the minimum principle, because
A(fou)= f% < 0 by the choice of the admissible Hamiltonian. O

6.2. The Floer complex

For the remainder of this section, we assume that (M,w) is aspherical, this
means, that [w] vanishes on 7o (M). Recall from Definition 3.27 that we denote
by P(H) the set of 1-periodic orbits of Xy for an admissible and regular
Hamiltonian H : M x S' — R. Since M is compact and the image of all
elements of P(H) lies outside of an open neighborhood of Z, P(H) is finite.
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Definition 6.3. Let H; € *"Reg(M,w). We define *" CF(M,w, H) as the Zy-
vector space generated over P(H), this means, the set of formal sums of the

type

V= Z Vg, Uy € Lig.
z€P(H)

Under the assumption that the first Chern class ¢; = ¢;(w) € H2(M, Z)
of the bundle (T'M,J) vanishes on mo(M), then the Conley—Zehnder index
ez of © € P(H) is well defined (see for instance [46]). This index can be
normalized in such a way that for any critical points of a C2-small enough H,
it is satisfied that

ez (x) = 2n —ind(x),

where ind(z) is the Morse index of H at x.

We can use the Conley-Zehnder index to turn *" C'F (M, H,w) into a
graded vector space.

For x,y € P(H), we denote by M(z,y) the moduli space of Floer tra-
jectories from x to y, and this means that

9u 4 J(u)2e + grad, H =0
lim (s, t) = z(t), lirll u(s,t) = y(t).

As (M, w) is aspherical, we cannot have bubbles of pseudo-holomorphic
spheres (see, for instance, Section 6.6 on [1]). Moreover, as a consequence of
Theorem 6.2, we cannot have solutions of the Floer equation approaching Z in
any way. Thus, we conclude that M (z,y) is compact for any pair z,y € P(M)
and that it is a manifold of dimension pcz(z) — pez(y). As in standard
Floer theory, we conclude from here that whenever poz(x) — pez(y) = 1,
the quotient M (x,y) / R by the action along the variable s is a finite set see
[1, Chapter 9]).

Let

n(z,y) == # {M(z,y)/R} mod 2.

Then, for each index k, we can define the boundary operator of the
Floer complex

O " CFu(M,w, H,J) — " CFj_1(M,w, H,J)

as defined in the generators of *" C Fj,(M,w, H,J) by

Ok := Z n(x,y)y.

yeP(H)
roz(y)=k—1

Definition 6.4. The Floer homology is the one given by

k
O H F (M, w, H) = 0k
im0y 41
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Remark 6.5. The homology constructed so far, as the notation implies, de-
pends on the choice of H, J, and w, besides depending on M, Z, and the
relative topology between them. To be precise, the family of admissible Hamil-
tonian functions depends on X? and R, but we do not include this dependence
in the notation as they are accounted for in the choice of a Hamiltonian H.

Showing invariance with respect to these choices is beyond the scope of
this paper, and is the subject of a paper in preparation by the authors.

Remark 6.6. The construction of this complex (and homology) is related to
our methods in Sect. 4 due to the conditions on admissible Hamiltonian
functions, in particular to the fact that the dynamics of Xy is, in a sense,
split on the connected components of M\Z. Moreover, due to Theorem 6.2,
we can deduce that solutions to the Floer equation with finite energy do not
cross the singular hypersurface Z; this means that our Floer complex splits
on the connected components of M\Z

"CR(Mw.H D)= @ " CF(Mw H,J).
M;eEM\Z

7. Conclusions and open questions

In this article, we were able to give a complete proof of the Arnold conjecture
for b-symplectic surfaces.

Given the b3-symplectic structure of the restricted three-body problem
investigated in [26], the first open question would be the following:

Open Question 7.1. Is it possible to find a compact surface on the restricted
three-body problem where the Arnold conjecture yields new applications in
Celestial mechanics?

As shown in the previous section, by the definition of admissible Hamil-
tonian functions, there are only finitely many 1-periodic orbits around the
critical set, and by the minimum principle (Theorem 6.2), there is a Floer
complex associated to such a Hamiltonian. We furthermore proved in The-
orem 5.4 that for orientable surfaces, the number of 1-periodic orbits of the
Hamiltonian vector field is bounded from below by the topology of M and
the relative position of Z and that in the case of b>™-symplectic manifolds,
the dynamics is described by the usual Hamiltonian dynamics and therefore
the same lower bound as in the standard Arnold conjecture holds.

The second open question that we raise is whether there is a finer way
to compute the Floer homology associated with an admissible Hamiltonian
(both for b-symplectic and for b*™-symplectic manifolds). Because of the
Mazzeo—Melrose formula for b-cohomology (see Theorem 27 in [16]), we might
speculate with other decomposition formulas for the Floer complex that take
Z into account.

Open Question 7.2. Is it possible to compute bmHFk(M,w,H) in terms of
the topology of M and Z7?
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Indeed, we suspect that in the b>™-symplectic case, the lower bound
obtained in Theorem 5.1 is unsatisfactory. As for the proof of the surface
case (Theorem 5.4), the fact that the dynamics is tangent to Z should give a
higher lower bound. In that sense, an optimal lower bound should take into
account not only the topology of M, but also the one of Z and its relative
position in M. Similarly, we expect that a similar result to the one of Theorem
5.4 holds in higher dimensions. Our method of proof in the case of surfaces
is a hands-on construction in dimension 2.

Open Question 7.3. Does Theorem 5.4 hold in higher dimensions?

In Sect. 3, we justify the notion of admissible Hamiltonian by the fact
that there are only finitely many periodic orbits around the critical set. It
would be interesting to construct a Floer-type homology for more general
Hamiltonian functions. At this moment, this looks terra incognita to us.

Open Question 7.4. Can we associate a Floer homology with more general
b"-Hamiltonian functions?

More precisely, this question raises whether one could possibly enlarge
the set of admissible Hamiltonian functions considered in this paper.

Another open question that remains is studying smooth Hamiltonian
functions on b™-symplectic manifolds. Indeed, for smooth Hamiltonian func-
tions, the associated Hamiltonian vector field to a b -symplectic structure is
tangent to the leaves of the foliation. Even compact b-symplectic manifolds
can have non-compact leaves, as shown in the next example.

Ezxample 7.5. Consider the 4-torus M = T* with coordinates 6,65, 05, 6,4.
Inside this torus, consider Z the union of two 3-tori given by the equation
sinfy = 0. The critical set Z can be endowed with a cosymplectic structure
which is also a regular Poisson structure: Denote by F the codimension one
foliation with leaves given by

03 =ab, + 00+ k, keR,

where a, b, 1 € R are fixed and independent over Q. Each leaf is diffeomorphic

to R? [28]. The one-form a = x5 d0 + sz dfs — ey dO3 defines

a symplectic foliation with symplectic form induced by the form
ﬂ = d91 A d92 + bd91 A d93 - adGQ A d93

The two-form w = 81%4 A a+ (3 is a b-symplectic form on M.

Now, consider the vector field
B a 0 n b 0 1 0
T a2 4+b024100,  a?24+b2+1005 a2+1b2+1005
Due to the rational independence of a and b, this vector field does not have
any periodic orbits. To check this, it is enough to consider the projection
on the 2-torus with coordinates 6; and 6y where the vector field projects

to a vector field with dense orbits. This vector field is the Reeb vector field
associated with the cosymplectic structure on Z.
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It would be interesting to see whether, even if the leaves are non-
compact, there is a lower bound (depending on the topology of the leaf) on
the number of 1-periodic Hamiltonian orbits associated to a smooth Hamil-
tonians on each leaf of Z.

Open Question 7.6. Given a b™-symplectic manifold with a smooth Hamil-
tonian function H, is the number of non-degenerate periodic time-1 Hamil-
tonian orbits bounded on each leaf bounded from below by the topology of
VA

Given the recent advances in [45], by Theorem 1.3 therein, the b"-
symplectic structure can be regularized (in the sense of [45]) to a symplectic
foliation. The last open question can be rephrased as to whether the foli-
ated version of the Arnold conjecture holds. To put it simply, the analogous
statement for odd dimensions is true, as proven in [44]. The foliated Arnold
conjecture was first discussed at the “Workshop on topological aspects of sym-
plectic foliations” in 2017 at the Université de Lyon.
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APPENDIX A. The lower bound in Theorem 5.4 is optimal

In this section, we will prove that the lower bound in Theorem 5.4 is optimal.
More precisely, we will prove the following proposition.

Proposition A.1. Let (X,w) be a compact orientable b™-symplectic surface
with critical set Z = | |v;, where each ~; is diffeomorphic to a circle. Then,
there exists an admissible b-function F : (X, |vi) — R U {£oo}, such that
X has exactly

> (290 + |deg(v) - 2])

veV
1-periodic orbits, where V is the set of vertices associated with the graph of
the b-manifold.

The proposition follows from Proposition 4.18 combined with fairly basic
Morse theory on surfaces.

Proof. First, we sketch the idea of the proof.

(1) Given a b™-symplectic surface, we will consider each connected com-
ponent of ¥\Z, denoted by ¥,, and construct a Morse function on it
that has exactly 2g, + |deg(v) — 2| critical points (here v denotes the
associated vertex in the graph).

(2) To do so, we first construct a smooth Morse function on ¥, (as in
Proposition 4.19) having 2+ 2g, + 2(deg(v) — 2) critical points. Of those
critical points, deg(v) critical points (of index 2 or 0, i.e., maxima or
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minima) will be chosen to lie in the disks D,,, given by the connected
components of 3, \ 3,.

(3) In the next step, we singularize the smooth Morse functions to obtain
b™-functions and the aim is to glue all of those b™-functions (defined
on ¥, for each v) together to a global b™-function defined on X.

For the b™-function to be globally defined, the signs of the singularization
need to match. In Step (2), it is therefore important to choose whether to
place a minimum or a maximum in a connected component of 3, \3,, denoted
by D,. Hence, before providing a proof following the sketch above we start by
fixing supplementary data of the graph. This data will determine whether the
Morse function constructed in Step (2) will have a minimum or a maximum
in a given disk that is glued to X,. The parity of m is important: a b*>™-
function changes sign around a connected component of the neighborhood,
whereas a b®"*!-function has the same sign in a tubular neighborhood. We
therefore distinguish two cases. Let X1 and X5 be two connected components
of ¥\ Z, that correspond to adjacent vertices in the graph, and let Z15 be
the connected component of Z that corresponds to the edge that joins these
vertices.

e In the case of a b>™*+!l-symplectic surface, we will have to construct
the Morse functions in Step (2), such that it has either a maximum, or
a minimum, on both disks that compactify 3; and Yo along Z;5. We
denote by D; the disk compactifying ¥; along Z15, for i =1, 2.

e In the case of a b?™-symplectic surface, we will have to construct the
Morse functions, such that it has a maximum on one disk being glued
to ¥; along Zi5, and a minimum on the one that is being glued to X5
along Zi2 as in the proof of Proposition 4.19 (or vice versa, a minimum
and maximum).

To make these choices, we fix additional data of the graph:

e in the case of a b*™tl-symplectic surface, we fix a 2-coloring of the
edges, that we denote for simplicity by {+, —}. The color + (respectively
—) means that the Morse function will have a maximum (respectively
minimum) in the connected component of Dy and D that is glued to
212.

e in the case of b>™-symplectic surface, we choose an orientation of the
edges of the graph. The orientation indicates on which of the compact-
ifying disks we put a minimum, respectively maximum. We choose the
convention to assign a +-sign to a connected component of N.(Z;) \ Z;
that corresponds to the terminal vertex associated with the edge Z;,
respectively a —-sign to the initial vertez associated with the edge Z;
(see [6, p.28] for the definition of terminal and initial vertex).

To satisfy that the function that we construct has the least possible number of
critical points, the coloring (in the b*™*1-symplectic case) or the orientation
(in the b?™-symplectic case) has to be chosen as follows: the graph needs
to impose that in Step (2), for each X, having degree greater than 1 in
the associated graph, there is at least one connected component of %, \ 3,
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in which the Morse function has a maximum, and one in which it has a
minimum. In fact, if all the compactifying disks of a 3, had only maxima (or
similarly, all of them had only minima), then in Step (2) of the construction,
the Morse function would not satisfy the minimal bound.

In the case of b>™+1_symplectic surfaces, this translates to the fact that
the 2-coloring of the edges needs to be chosen in such a way that every vertex
of degree 2 or more has incident edges of both colors. By an elementary
result in graph theory, a graph admits such an edge coloring if and only if
it contains no cycle with an odd number of vertices. This is always true for
the graph associated with a b*™+!-symplectic surface, because, in particular,
these graphs always admit a vertex two-coloring (see for instance [39]). Thus,
as the graph admits a vertex two-coloring, it does not contain a cycle with
an odd number of vertices. For simplicity, let us denote the edge 2-coloring
by the labels {—, +}.

In the case of b>™-symplectic surfaces, we equip the edges with an orien-
tation. More precisely, we want to orient the edges, such that for each vertex
v of degree greater than 1, there exists at least one edge incident to v, whose
initial vertex is v, and at least one edge incident to v whose terminal vertex is
v. We call such an orientation a good orientation, and a graph always admits
a good orientation, as is proved in Lemma B.2. We thus fix a good orientation
of the graph.

In this way, both for 5™~ and b?™*!-symplectic surfaces, we obtain an
associated sign to NV;(Z;) \ Z; for each connected component Z; of Z.

For each ¥, we construct a closed symplectic manifold (iv,wv) as in
Proposition 4.19. Then, 3, contains deg(v) connected components of Z, still
labeled with either the sign 4+ or —. By construction, each of these connected
components bounds a 2-disk.

As 3, is orientable, it admits a perfect Morse function, this means, a
Morse function that has the minimal number possible of critical points, in our
case 2+2¢,. Such a Morse function can be manipulated in Morse coordinates
by adding non-degenerate critical points in such a way that we end up with
a Morse function F! : ¥, — R such that each disk delimited by a critical
curve 7; contains exactly one critical point of F! in its interior: a maximum
if v; has the + label, or a minimum if ~; has the — label. Moreover, we can
assume that in the tubular neighborhood of any critical curve, it is possible
to choose cylindrical coordinates (z,6), such that F! has the local expression

Fl(z,0) = 2z in the neighborhood.

The constructed Morse function has then 2 + 2g, critical points if
deg(v) = 1 or 2 + 2¢g, + 2(deg(v) — 2) critical points otherwise. This is be-
cause the perfect Morse function has the maximum and the minimum in two
different bounding disks, and 2g, saddle points. For each of the remaining
deg(v) — 2 disks, we add one minimum or maximum and a saddle point. In
the first case, exactly 1+ 2g, critical points are contained away from the disks
delimited by the critical curve, and in the second case, 2g, + deg(v) — 2.
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FIGURE 4. Cutting and filling a b>*™-symplectic surface with
signs at the disks. Red disks contain maxima and blue disks
contain minima

=
12

0

FIGURE 5. Cutting and filling a b?™*!-symplectic surface
with signs at the disks. Red disks contain maxima and blue
disks contain minima

We will now use the function F! to construct suitable Hamiltonian
dynamics on ¥. If needed, we divide F! by a constant large enough, so that
X;Y has no 1-periodic orbits besides its critical points.

We now apply Proposition 4.18 and obtain a b™-function F? on the b™-
symplectic surface (X,,w,), such that X7 has exactly the same 1-periodic
orbits as X ‘;f. In particular, there exists a tubular neighborhood around each

7; in such a way that F? has the local expression

tlog|z| ifm=1
173(279)={i L itmot (A1)

with the sign coinciding with the label associated with N-(Z;)\ Z; as explained
above (Figs. 4, 5).

Let D; denote the disk delimited by the curve +;, and let us restrict
to ¥,. The number of 1-periodic orbits of the vector field Xl‘jiv2 is 1+ 2g, if

deg(v) =1 and 2g, + deg(v) — 2 if deg(v) > 1.
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OROR0

FIGURE 6. A good orientation of the graph

OO0

F1GUurE 7. Not a good orientation

To conclude, we construct the b™-function F?* € *"C°(%) by gluing
together the components F2. To do this, we need to take into account the
parity of m. The choice of the coloring of the graph (in the 2" *+!-symplectic
case) or the orientation of the graph (in the b>™-symplectic case) assures that
we can define F'3 by its restriction on each of the connected components of
¥\ Z, so that it coincides with F2, and use the expression from Eq. (A.1) in
the tubular neighborhood of each component of Z. O

APPENDIX B. A lemma in graph theory

This section of the appendix includes a lemma in graph theory,” that we use
in the proof of Lemma A.1. We follow the notation of [6].

Definition B.1. Let G = (V, E) be an undirected graph. An orientation of
the graph G is good if for every vertex v with deg(v) > 1, there exists at
least one edge incident to v, whose initial vertex is v, and at least one edge
incident to v, whose terminal vertex is v (Figs. 6, 7).

Lemma B.2. Let G = (V, E) be a graph. Then, there exists a good orientation
of the graph.

Proof. An orientation of a graph is good if it is good for each connected
component. Hence, we may assume that G is a connected graph.

Given the connected graph G = (V| E), consider an ordering of the
edges, given by (e;)i=1,...n- We inductively define a subgraph as follows: we
initially define Gy = G. For ¢ > 0, G; is then defined to be the graph given
by G; = (V, E;), where

E;,:=F;_1\{e;} ife; isan edge incident to a vertex of degree strictly
greater than 2 in the graph G;_1, and F; := F;_1 otherwise.

We thus end up with a graph that does not have any vertex of degree
strictly greater than 2.

Assume we can give G;41 a good orientation. We claim that then G;
can be given a good orientation. Consider the edge e;. If e; is contained in
E;11, G; = G471 and thus G; admits a good orientation. If e; is contained

"The authors could not find a reference in the classic graph theory literature. We are
immensely grateful to Juanjo Rué for the helpful discussions and comments concerning
this part of the appendix.
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in E; \ E;y1, by definition, e; is incident with at least one vertex that has
degree greater than 2. We adopt the orientation of E;,; for all the edges of
E; \ {e;} and will choose a direction for e;. There are 3 possibilities for the
other incident vertex to e;:

e the other incident vertex is of degree greater than 2 in G;;1. In this
case, both incident vertices of e; have thus degree greater than 2. In
that case, any direction of the edge e; is good, because both vertices
have already a good direction in ;4.

e the other incident vertex v is of degree 1 in G;1, then we choose the
“opposite” direction, that is: if the other edge that v has, has initial ver-
tex given by v (respectively has terminal vertex given by v), we choose
the direction of e;, such that its initial vertex (respectively terminal
vertex) is v.

e the other incident vertex is of degree 0 in G;11. In this case, any direction
can be chosen for e;.

It is therefore sufficient to prove the lemma for the subgraph G,. By
definition of the subgraph G, there are no edges of degree strictly greater
than 2; therefore, there are only a limited number of possibilities. A connected
component of the graph G,, is given by

e a path,
e a cycle,
e or an isolated vertex.

All of these can be given a trivial good orientation. This thus proves that G,
can be given a good orientation. Thus, proceeding by induction, G = Gy can
be given a good orientation. O
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