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Restrictive Lipschitz continuity, basis
property of a real sequence, and fixed-point
principle in metrically convex spaces

Janusz Matkowski

Abstract. A mapping T of a metric space (X,d) into a metric space
(Y, p) is called restrictive Lipschitz if there exist: a positive decreasing
to zero sequence (t, : n € N) and a nonnegative sequence (L, : n € N),
with L :=liminf, o L, < 0o, such that for all z,y € X, n € N

d(z,y) =tn, = p(Tx,Ty) < Lnpty.

Using a basis property of the sequence (¢, : n € N) (Lemma 1), we prove
that if 7" is a continuous and restrictive Lipschitz mapping of a complete
metrically convex space (X,d) into a metric space (Y, p), then T is
Lipschitz continuous with the constant L, that is

p(Tz, Ty) < Ld(z,y), =,y¢€ X,

and, in the case when the set {n € N: L, < L} is infinite, even essen-
tially more, namely

p(Tx, Ty) < La(d(z,y), =y€X,

where the function « : [0,00) — [0, 00) is continuous, increasing, concave
(so subadditive) and such that o (¢) < ¢ for all ¢ > 0. This result leads
to the following fixed-point principle: Every continuous selfmapping 7'
of a nonempty metrically convex complete metric space (X,d) that is
restrictive Lipschitz with a sequence (L, : n € N), such that 0 < L,, <
1 (n € N) and liminf,,—o Ly < 1, has a unique fixed point, and either
it is a Banach contraction, or there is an increasing concave function
a:[0,00) — [0,00), such that a (t) < ¢ for t > 0 and

d(Tz,Ty) <a(d(z,y)), =zyeX.
Some applications of these results to the theory of iterative functional
equations are proposed.
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1. Introduction

In this paper, we show that, under some general conditions, the Lipschitz
continuity of a mapping as well as its nonlinear version, important for instance
in fixed-point theory, are implied by much weaker ones.

We say that a mapping T of a metric space (X, d) into a metric space
(Y, p) is restrictive Lipschitz if there exist: a positive decreasing to zero
sequence (¢, : n € N) and a nonnegative sequence (L, : n € N), with L :=
liminf, .~ L, < oo, such that for all x,y € X, n € N, the implication

d(z,y) =t, = p(Tz,Ty) < Lty

holds true.

In view of our main result (Theorem 1, Sect. 5), if a continuous mapping
T of a complete metrically convex metric space (X,d) into a metric space
(Y, p) is restrictive Lipschitz, then T' is L-Lipschiz, that is

p(Tz,Ty) < Ld(z,y), =y¢€X,

(see [15] where it is assumed that X is a convex subset of a normed space
and Y is a normed space) and, in the case when the set {n € N: L,, < L} is
infinite, even more, that

p(Tx,Ty) < La(d(z,y), z,y¢€X,

where the function « : [0,00) — [0, 00) is continuous, increasing, concave (so
subadditive) and such that

a(t)y<t, t>0.

The assumption of the continuity of T' can be omitted by a strengthening
of the restricted Lipschitz continuity (Theorem 2).

In the proof of this result, besides the metrical convexity and some prop-
erties of subadditive functions (Sect. 4), the key technical role is played by
the following base type result: if (¢, : n € N) is a strictly decreasing sequence
of real numbers and lim,, .., t, = 0, then every positive real number ¢ can
be represented in the unique way in the form

t= f: Ky () th,
n=1

where (ky, (t) : n € N) is a sequence of nonnegative integers (Lemma 1 in
Sect. 2).

In Sect. 6, we show that Theorem 1 leads to the following: every contin-
uous selfmapping T' of a nonempty metrically convex complete metric space
(X,d), satisfying rather modest restrictive Lipschitz conditions with a se-
quence (L, :n €N), such that 0 < L, <1 (n € N) and lim,,—o L, < 1,
not only has a unique fixed-point, but either it must be a Banach contraction
or there is an increasing concave function « : [0,00) — [0,00), a(t) < t for
t > 0, such that

d(Tz,Ty) < a(d(z,y), =z,y€X,

i.e., T' must be a regular nonlinear a-contraction with a concave function
«. This result unifies the Banach principle and its nonlinear generalizations.
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In particular, it implies that, in metrically convex space, every nonlinear
contraction is a nonlinear contraction with a concave function. This fact
improves the relevant result of Boyd and Wong (Th. 2 in [2]).

In Sect. 7, we present some applications (Theorems 5, 6). The advan-
tages of the convexity of o in Theorem 3 are illustrated by Theorem 6.

2. Decreasing zero sequence is a basis in the set of real
positive numbers

The following result plays the crucial role in the proof of the main result.

Lemma 1. Let (¢, : n € N) be an arbitrary sequence of strictly decreasing real
numbers, such that
lim ¢, = 0. (1)
n—oo

Then,
(I) for everyt > 0 the sequence (k, (t) : n € N) of nonnegative integers,
such that

k1 (t) t1 <t < (k’l (t) + 1) t1, (2)
kn (t)t, <t— nz_:lki )t < (kn (&) + 1D t,, neN, n>2 (3)
i=1
exists, is unique and the following holds true:
t= i kn (t) tn, (4)
n=1

for every n € N

_[lifm=n

for every m € N, and for every t

0<t<tm=t= Y Fkn(t)tn, (5)

n=m+1
for every m € N, and for every t
tng1 <t <ty = ka1 (t) > 1; (6)
(I1) for every L and for every sequence (Ly,) of real numbers, such that
0<L,<L<oo, neN, (7)
the function 7y : [0,00) — [0,00)

v (t) = %iLnkn (t)t,, t>0, (8)

is correctly defined and has the following properties:

0<~y()<t, t>0, ~(0)=0, (9)
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and

limsup~y(s) <t, t>0. (10)
s—t
Proof. (I) Take an arbitrary ¢ > 0. The existence and uniqueness of a non-
negative integer satisfying (2) is obvious. Suppose we have already chosen
nonnegative integers k1 (t), ..., k,—1 (), such that

n—2
Fna () tn1 St =Y ki ()t < (k1 (8) + 1) tn 1,
=1

for some n € N, n > 2. Then, there is a unique nonnegative integer k, (t),
such that (3) holds, and the correctness of the construction of the sequence
(kn () : n € N) follows from the induction. From (2) and (3), we have

0<t—> ki(t)ti <tn, neN,
i=1

which together with (1) implies (4). The remaining properties of (I) are ob-
vious.

(II) The correctness of the definition of the function (8) follows from
(4) and the boundedness of the sequence (L,,).

To show (9) take an arbitrary t > 0. If t > ¢1, thent € [ky (¢) 1, (k1 (t)+
1)t1), and by (8), we have

1 oo 1 o0 o0
v(t)zZ;Lnkn(t)tn < E;Lkn@)tn:;kn(tm:t.

If 0 < t < t1, then there is a unique m € N, such that ¢,,41 <t < t,,. By (5),

we have ki (t) = ... = ky, (t) = 0. Now, (8), inequalities (7) and (5) imply
that
I < >
V(t)zz Z Lyky (t) tn < Z kn (t)t, =t,
n=m+1 n=m-+1

which shows that « (t) < ¢ for all ¢ > 0. Since, obviously, v (¢£) > 0 for all
t > 0 and v (0) = 0, inequalities (9) are proved.

To prove (10) take an arbitrary ¢ > 0. Then, either ¢ > ¢; or there is a
unique m € N, such that

tmi1 St < tm.
Assume that the first case holds, i.e., that t > ¢1. Then, t € [ky (¢) t1, (k1 (¢)+
1)t1) and, clearly, for all s € [ky () t1, (k1 (t) + 1) t1) we have ky (s) = kq (t) >
0. Hence, making use of (4), (8) and (7), we have

o0

Ls— Ly (s) = S (L= La) kn () tn > (L — Ly) ki () 1 = (L — L) b (8)

n=1
for all s € [kl (t) t1, (kl (t) + 1) tl) It > Ky (t) t1, it implies that
Lt — limsup L7 (s) = lim i?f (Ls — Ly (s)) >0,

s—t
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which shows that inequality (10) holds true. If ¢ = k; (t) t1, we have

limsupy (s) < Lt,
s—t+

and the above inequality implies that

Lt — limsup Ly (s) = lim i?f (Ls — Lvy(s)) >0,

s—t+

so we have

limsup 7 (s) < t.
s—t+

In view of (5) and (6) of part (I), for all s € (t2,t1) and close enough to t1,
we have

[o0]

Ls—Ly(s) = Y (L= Ln)kn (s)tn > (L — La) ky (s) t2 > (L — Ly) t2 > 0,
n=2
whence
Lt —limsup Ly (s) = limtinf (Ls — Ly (s)) >0,
s—t— S—t—
that is

limsupy (s) < t.

s—t—
This shows that inequality (10) holds true if ¢t = k (¢) ;.

Now, assume that t,,11 < t < t,,. In view of (5) of part (I), for s €
[tmt1stm), we have

oo

Ls—Ly(s)= Y (L—Ly)kn(s)tn.

n=m-+1

Treating ¢,,+1 as t1 in the previous reasoning and arguing similarly, we con-
clude that (10) holds true for all t € [t,,41, ) . This completes the proof. [

Thus, every positive and strictly decreasing to zero sequence of real num-
bers forms a basis in the cone of positive numbers (0, c0), which means that
every t > 0 can be uniquely represented in the form (4) where (k,, (t) : n € N)
is a unique sequence of nonnegative integer coefficients satisfying conditions
(2) and (3).

Remark 1. The uniqueness of the sequence (k,, (t) : n € N) for every ¢, equal-
ity Y07 kn (tn)t, = t, imply that k, (¢,) = 1 and ky, (t,) = 0 for all
m # n, whence

Ly (t,) =L,, mneN
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3. Metrically convex space and a lemma

A metric space (X,d) is said to be metrically convex (or Menger convez),
if, for all z,y € X, x # y, there is a point z € X, x # z # y, such that
d(z,y) =d(z,2) +d(zy)

([1,6]). Clearly, every convex subset of a normed (or paranormed) space [13]
is metrically convex.

If (X,d) is a complete metrically convex metric space, then the set
I:={d(z,y):z,y € X} is an interval of the form

I=[0,a) or I =10,a] where a:=sup{d(x,y):z,ye X}.

Moreover, in view of Menger’s lemma (see Blumenthal [1], p. 41), for
any o, 0 < a <1, and any z,y € X, there exists z € X, such that

d(z,2) =ad(z,y), d(z,y)=1—-a)d(z,y).

Hence, by induction, for any system of nonnegative numbers a1, ..., Qg1
satisfying a1 +- - +ag41 = 1, and x,y € X, there exist z1, ...,z € X, such
that

d(z,z1) = ard (z,y), d(z1,22) = asd(z,y),...,d(xk—1,2%) = agd (z,y),
d(zk,y) = aprd (z,y).

This implies the following.
Lemma 2. If (X,d) is a complete metrically convexr space, then for every
x,y € X, x £y, foreveryt € (0,d(x,y)), there are a unique k € N satisfying
the inequality

kt <d(z,y) < (k+1)t,

and x1,...,x, € X, such that

d(z,z1) =1, d(z1,22) = =d(zp-1,2%) =t, d(zk,y) <t

moreover, setting xo = x, we have
k
Zd(xi—laxi) =+ d(.’l}‘k”y) = d(l‘,y) .
i=1
Proof. Take arbitrary z,y € X,z # y, and t € (0,d (x,y)). There is a unique
k € N, such that kt < d(z,y) < (k+ 1)t. The numbers

t 1 kt
Q] = =0 =, Ay = 1 —
d(x,y) d(z,y)
are nonnegative and aj + - - -+ a1 = 1. Thus, by the above consequence of
the Menger lemma, there exist z1,...,x; € X, such that
d(z,z1) =t, d(z1,22) = -+ = d (-1, 7x) = ¢, d(2k,y) = (d(2,y) — kt) < t.

Setting z( := x, we hence get

k k
Zd(xiflumi) +d($k7y) = Zt+ (d(x,y) - kt) = d(x,y),
1=1 i=1

which completes the proof. 0
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Remark 2. The assumption of the completeness of the space (X, d) can be
omitted, if it is a convex subset of a normed space.

4. Some properties of subadditive functions
Lemma 3. If a function X : [0,00) — [0, 00) is continuous at 0 with X (0) = 0,
and X\ is subadditive, that is

A(s+1t) < A(s)+ (), s,t>0,

then
(i) [19] (see also [7], Th.7.8.3) for every t > 0, there exist the one-
sided limits A (t+) = lm, sy A(r), A(t—) := lim,—;— A (r) satisfying the
inequality
A(t+) S A(H) < A(t-);
(ii) [19] (see also [7], Th. 7.6.1, [12], Lemma 3)

Ho+¥ SUP{ASL)WW}, tlilg))\iﬂ:inf{/\sl):u>0};

(iii) the function ¢ : [0,00) — [0,00) defined by
@ (t) :=sup{A(s):s€]0,t]}, t>0,
(the smallest increasing function bounding ¢ from above) is increasing, con-

tinuous, and subadditive.

Proof. (iii) Take s,¢ > 0 and an arbitrary w € [0, s + ¢]. Choosing u € [0, s]
and v € [0,t], such that w = w + v, by the subadditivity of A, and the
definition of ¢, we have
Aw) = A(u+v) SA(u) + A (v) <o (s) + (1),
whence by the definition of ¢
Pp(s+t)<op(s)+o(t), s,t>0.

Since ¢ is continuous at 0 and ¢ (0) = 0, in view of (i), we get

¢(t+) <o (t) <o (t—), t>0.
Now, the increasing monotonicity of ¢ implies that

¢(t+) =0 () =9 (—), t>0,
0 ¢ is continuous in [0, 00) . O

Remark 3. A function A : (0,00) — R is subadditive if “it is concave at the
point 07, i.e., if the function

A(t)

(0,00) >t +— 4 is decreasing.

A function A : [0,00) — R is subadditive if it is concave at the point 0 and
A(0) > 0.

For some results involving more general linear inequalities than subad-
ditivity, see Pycia [16]).
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Lemma 4. If ¢ : [0,00) — [0, 00) is subadditive, ¢ (0) =0, & (t) <t for every
t>0, and
o(t—) <t, t>0,

then there is an increasing concave function o : [0,00) — [0,00), such that
for everyt >0

o) <alt)<t.

Proof. By the subadditivity of ¢, the inequality ¢ (t—) < t for all ¢ > 0, and
from Lemma 3(i), we have

limsup ¢ (u) <t, t>0.

u—t

Put
Fo= cl{(t,u) €[0,00)2:0<u< ¢(t)}
and define a function « : [0,00) — [0, 00) by the formula
a (t) := max{u: (t,u) € convF},
where convF stands for the convex hull of the set F.
Take arbitrary t1,t2 € (0,00), & € [0,1] and choose u,us € [0,00), such
that (t1,u1), (t2,u2) € convF. Then
(kt1 + (1 — K) to, kt1 + (1 — K) ug) € convF
and by the definition of «
a(kty + (1 — k) t2) > kuy + (1 — k) ug,
whence, passing to supremum, we get
a(ktyr + (1 —k)t2) > ka(ty) + (1 — k) a(ta),
which shows that « is concave. The concavity of a together with its nonneg-
ativity and « (04+) = 0 imply that « is increasing.
Since @ < 1 for every t > 0, by Lemma 3(ii), we have

lim w <1,
t—oo
it follows that there is a > 0, such that « (t) < t for all ¢ > a.

Of course, we have a(t) < ¢ for t € [0,a] . To show that «(t) < t
for t € (0,a], assume, for the contrary, that « (ty) = to for some ty €
(0,a]. Thus, the point (tg,tp) belongs to the convex hull of the set F N
{(tw):te€0,a], 0<wu<t}. Inview of Caratheodory’s theorem ( [10], Cor.
17.4.2, p. 433), there is a two-dimensional simplex S C convF with vertices
in the set F', such that (tg,%0) € S. Since (o, tp) belongs to the boundary of

S, it follows that for some x € [0,1] :
(to,to) = Kk (t1,ur) + (1 — 1) (t2,u2),
where (t1,u1) € F and (t2,us) € F are two of the vertices of S. Hence
to=rkt1 + (1 —7)ta < kug + (1 — 7) ug = to,
that is, ty < tg, and this contradiction completes the proof. O



Restrictive Lipschitz continuity, basis property of a real sequence Page 9 of 19 17

5. Main result on the restrictive Lipschitz mappings

The key result of this paper reads as follows.

Theorem 1. Let (X,d) be a complete metrically convex metric space, and
(Y, p) a metric space. Suppose that T : X — Y is a continuous and Lipschitz
restrictive mapping, i.e., there are: a positive strictly decreasing sequence of
real numbers (t, : n € N)

lim t, = 0;
n—oo

and a sequence (L, : n € N) of nonnegative real numbers with

L :=liminf L,, < oo,

such that for every n € N and for all x,y € X
d(z,y) =t, = p(Tz,Ty) < Lpd(x,y). (11)
Then
p(Tx,Ty) < Ld(z,y), x,y€X;
moreover, if the set {n € N: L, < L} is infinite, then
p(Ta,Ty) < La(d(z,y)), zy¢€X, (12)
for an increasing concave function o« :[0,00) — [0,00), such that
a(t)<t, t>0.

Proof. Choosing, if necessary, a subsequence of the sequence ((¢,, L) : n € N),
we can assume, without any loss of generality, that (L,, : n € N) is monotonic
and

L= lim L,.

n—oo

Take arbitrary x,y € X, © # y. For every n € N, there is a unique k,
€ NU {0}, such that

kntn < d(2,y) < (kn + 1) t,.

In view of Lemma 2, for every n € N, there is a sequence of n points
20m, L1 n, -3 LTh,,n i X, such that

Ton =T, Ad(Ticim, Tin) =ty fori=1,...ky,
and
d(Th, s Y) < tn- (13)
From (11), we have
p(Txi 1, Tim) < Ltn, i=1,... k. (14)

Hence, by the triangle inequality
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kn—1
p(T2,Ty) < Y p(Ti10, Tin) + p (T, 0, Ty)

1=0
kn—1

< Z Lty + p(Txg, 0, Ty)
1=0

= Lpkntn + p(T2p, 1, TY)

< Lpd(z,y) + p(Txk, n, TY) .

Letting n — oo in the resulting inequality, taking into account the continuity
of T" and the relation

lim xg,,n=1y

n—oo

following from (13), and (14), we conclude that:
p(Tx,Ty) < Ld(z,y),

which proves the first result.

To prove the “moreover” result, note first that the condition that the
set {n € N: L, < L} is infinite implies that the sequence {L, : n € N} is
strictly increasing. By Lemma 1, for every ¢ > 0, equality (4) holds, where
(ky, (t)) is a unique sequence of nonnegative integers satisfying conditions (2)
and (3). The boundedness of the sequence (L,) implies that the function
v :[0,00) — [0, 00) given by (8) is well defined and, as L,, < L for all n € N,
we have

y(t)<t, t>0.
To prove (12), take arbitrary x,y € X, « # y, and put
t=d(z,y).
The metrical convexity of X, Lemma 2, and the continuity of the metric d ,
imply that in the metrical segment of endpoints x,y, there is a sequence of
points (z, : n=0,1,2,...), such that

xo=x, d(xp_1,2,)=k,)t, for neN, y= lim z,,
n—oo

and, for every n € N, there is a finite sequence (Yn.,0,Yn,1;- - - Yn.k, ) Of points
in the metrical segment of the endpoints x,_1, x,, such that

Yn,0 = Tn—1, d(yn,jflvyn,j) =ty for J = 1;~~-akn (t)v Yn,kn(t) = Tn-

Applying in turn, the continuity of T, the definition of the sequence (z,,),
the equality y = lim,, ., x,,, the triangle inequality, the definition, and the
properties of the sequence (Yn.0, Yn,1,-- -, Yn,k, ), the assumed implication (5),
the definition of the function v, and the equality ¢t = d (x,y), we get

n

p(Tx,Ty) = lim p(Tx,Tx,) < lim Z p(Txpm—1,Tam)
n—oo n—od me1

o0 kn (t)

= Zp(T:cn_l,Txn) < Z Z P (TYn,j—1,TYn, ;)
n=1 j=1

n=1
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oo kn(t)

<ZZLtn72k ) Lty = Ly (t)

n=1 j=1
= Ly (d(z,y)) .
Since v (0) = 0, we hence obtain
p(Tx,Ty) < Ly(d(z,y)), =z,y€X.

Now, consider the best upper estimation of the function X2 > (z,y) —
%p (T'z, Ty) with respect to the metric d, i.e., the function A : [0, 00) — [0, c0)
defined by
A1) = sup{%p(Tx,Ty) cd(z,y)=t; x,y € X} if tel
' 0 if te0,00)\I"’

(the interval I is defined in Lemma 2).
Take s,t € I and z,y,z € X such that s = d(x,z), t = d(z,y). Then,
by the triangle inequality and the definition of A
p(Tx,Ty) < p(Tx,Tz) + p(Tz,Ty) < LA(s) + LA(t),
whence LA (s +1t) < LA(s) + LA (t). The definition of A (¢) for ¢ € [0,00) \I
implies
As+t) < A(s)+A (), s, te0,00),
i.e., A is subadditive in [0, c0).
Since A (0) = 0 and
0<A(t)<~() <t t>0,
the function A is (right) continuous at 0. Hence, applying Lemma 4, we con-
clude that there is a concave increasing function « : [0,00) — [0, 00), such
that
0<At) <alt)<t, t>0,
which completes the proof. ]
The following fact is noteworthy:

Remark 4. Replacing in Theorem 1 the sequence ((t,,L;):n € N) by its
arbitrary subsequence gives the same first thesis—thus, the first result does
not depend on the choice of a subsequence. The situation changes radically
in the case of the “moreover” result: it can happen if and only if there is a
strictly increasing subsequence of (L, : n € N). Therefore, without any loss
of generality, we can assume that the sequence (L, : n € N) is monotonic.

Remark 5. In the above result, for a mapping 7" and a sequence (t,), one
could choose the sequence (L,,) as follows:

= su 7(T$Ty) x,y) = n
L, = p{ 0.9 ye X, d(x,y) = t} eN.

The following result allows us to avoid the assumption of the continuity
of the mapping T'.
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Theorem 2. Let (X,d) be a complete metric space that is metrically convex
and let (Y, p) be a metric space. Suppose that a mapping T : X — Y and a
real function B : (0,00) — [0,00) are such that

p(Tx,Ty) < B(d(z,y)), zyeX, x#y. (15)
If
limsup& < 00,
t—0+ t

then T is Lipschitz continuous, that is
p(Tz,Ty) < Ld(z,y), =zy€X,

where

L := liminf &
t—04

Proof. The continuity of 7" follows from the inequality limsup; @ < 00

and from (15). It is easy to verify that the remaining assumptions of the first
part of Theorem 1 are satisfied. O

6. Fixed-point theorems, consequences, and remarks

The following result generalizes the Banach fixed-point principle in metrically
convex spaces:

Theorem 3. Let (X, d) be a nonempty complete metrically convex metric space
and T : X — X be a continuous mapping, such that there are: a positive de-
creasing sequence (t, :n € N) with lim, .. t, = 0, and a sequence of real
numbers (L, : n € N), such that

L,<1, neN,
and for alln € N and z,y € X
d(z,y) =t, = d(Tz,Ty) < Lpd(z,y).
Then, T has a unique fized-point. Moreover:
(i) if
L :=liminf L,, <1,

n—oo

then T is a (linear) Banach contraction with the constant L, that is
d(Txz,Ty) < Ld(z,y), =ycX;

(ii) of L =1, then there is an increasing concave function « : [0, 00) —
[0,00)

a(t)<t, t>0; o' (0)=1,
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such that
d(Tz,Ty) < a(d(z,y), z,y€X,

Proof. Assume Y = X and p = d in Theorem 1.

IfL <1,wegetd(Tz,Ty) < Ld(z,y) for all x,y € X, soT is a Banach
contraction.

If L = 1 then, by the inequality L, < 1 for all n € N, the set {n €
N:L, < 1} is infinite. Consequently, T is a nonlinear a-contraction with an
increasing concave function «. Since lim,,_., @™ (t) = 0 for every ¢t > 0, where
a™ is the nth iterate of «, the existence and uniqueness of the fixed-point of
T follows from Th. 1.2 in [14] (see also [11] and [6] p. 15). This completes the
proof. O

Let us note the following important result in applications.

Remark 6. Assume that the conditions of Theorem 3 are satisfied and denote
by u € X a unique fixed point of 7. Then, the sequence of the iterates
(T™ : n € N) of the mapping T converges (uniformly on bounded subsets of
X) to the constant mapping X > & — u. Moreover:

(i) if L <1, then

n

1-L

d(T"z,u) < dTz,xz), ze€X, neN;

(ii) if L = 1, then
d(T"z,u) <a"(d(z,u)), =€X,nel,
where (a™ : n € N) is a sequence of iterates of the function «, and

lim o™ () =0, ¢>0.
Remark 7. In Theorem 3, without any loss of generality, the sequence (Ln :
n € N) can be assumed to be monotonic; moreover, the case (i) holds if
(Ly, : n € N) is increasing, and (ii) holds if (L,, : n € N) is strictly increasing.

Hence, using the monotonic sequences (L, : n € N), we easily obtain
the following two corollaries.

Corollary 1. Let (X,d) be a complete metrically conver metric space and
T : X — X be a continuous mapping. The following two conditions are
equivalent:

(i) T is restrictive Lipschitz with a decreasing sequence (Ly :n € N),
such that L = lim,, o L, < 1;

(ii) T is a Banach contraction with the constant L.

Corollary 2. Let (X,d) be a complete metrically conver metric space and
T : X — X be a continuous mapping. The following two conditions are
equivalent:

(i) T is restrictive Lipschitz with a strictly increasing sequence (Ln :
n e N), such that L = lim,, ., L, = 1;
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(ii) T is a nonlinear contraction with an increasing concave function c,
such that a (t) <t for allt >0 and

o' (04) =1.

Remark 8. An example of a nonlinear contraction of a complete metric fol-
lowing Remark 1 in [2] shows that the metrical convexity of the metric space
(X,d) is essential for the existence of concave « in the above result.

A mapping T : X — X is called a strict contraction, if d (Txz,Ty) <
d(x,y) for all z,y € X, x # y. The following is consequence of Theorem 1:

Remark 9. A continuous selfmapping 7" of a complete metrically convex met-
ric space (X, d) is a strict contraction if and only if there is a positive zero
sequence (t,, : n € N), such that for all z,y € X

d(z,y) =t, = d(Tx,Ty) < d(z,y).

In Theorem 3, the mapping T is assumed to be continuous. The following
result allows us to avoid this condition.

Theorem 4. Let (X,d) be a nonempty complete metrically convex space, T a
selfmapping of X, and 3 : (0,00) — [0,00) a function, such that
B(t) B(t)

limsup —= < o0, liminf —= =1,
t—o04+ L t—0+ ¢

and 0 is an accumulation point of the set {t > 0: 3 (t) < t}.

If
p(Tx,Ty) < B(d(x,y), zyeX, z#y,

then T has a unique fized point, and the theses of results (i)—(ii) of Theorem 2
hold true.

Proof. Theorem 2 implies the continuity of T'. The remaining assumptions of
Theorem 3 are easy to verify. O

This theorem improves the result of Boyd and Wong (see [2], Th. 2).

Remark 10. If the sequence (L, : n € N) is such that liminf,,_,, L, = 1, but
the set {n € N: L,, < 1} is finite, then in view of Theorem 1

d(Tz,Ty) <d(z,y), =z,y€X,

that is, T is nonexpansive. The metrical convexity of the space X is not a
sufficient condition to guarantee the existence of a fixed-point of the mapping
T.

The situation dramatically changes if the metrical convex space X is
replaced by a bounded closed convex subset of a uniformly convex Banach
space (Browder [3], Gohde [4] , Kirk [8]; see also Reich [17,18] and Section 5
of the book by Goebel and Reich [5]).
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7. Some applications

In this section, we apply the main result in the theory of iterative functional
equations (see for instance Kuczma [9]).

Let C ([0, 1]) be the Banach space of continuous functions ¢ : [0,1] — R
with the norm

lell = max {|e (u)] - u € [0,1]}.

Theorem 5. Let the functions h : R — R, g : [0,1] — R and f : [0,1] —
[0,1] be continuous. Assume that there exist: a positive decreasing to zero
sequence {t, : n € N} and a nonnegative sequence (L, : n € N), with L :=
liminf, .. L, < oo, such that for all u,v € R, n € N

|lu—v|=t, = |h(u) = h (V)] < Lyt,.
If L <1 or L =1 and there is a strictly increasing subsequence of (L,, : n € N)
such that lim,, . L, = 1, the functional equation
p=hoypof+yg
has a unique continuous solution ¢ € C ([0, 1]);
moreover, for every ¢o € C ([0,1]), the sequence (¢n : n € Ng) defined

by
‘Pn+13:ho§0n°f+ga TLENO,

converges uniformly to .

Proof. Clearly, the mapping T" given by
T(p):=hopof+g, ¢eC(0,1],R)
maps C ([0,1],R) into itself.

Since the interval [0,1] as well as R, with the Euclidean distances, are
complete metrically convex metric spaces, in view of Theorem 1, we have
either

|h(u)—h@)| < Lh(uw)—h@)|, uvel01],
with0 <L <1, or
h(u) =h (@) <a(h(u)=h@)]), uvel0l1],

where « : [0, 00) — [0, 00) is strictly increasing continuous function, such that
a(t) <t for every t > 0.

In the first case, taking into account that f is a continuous selfmapping
of [0,1], for all p1, 2 € C([0,1],R), we have

1T (1) = T (p2)ll = e | (1 (f (W) = (o1 (f (w)))]

< Lurél[%ﬁ] lo1 (f (w) — @1 (f (w)]

< L max ¢ (u) — @1 (u)| = L1 — o2,
u€l0,1]

so T is a contraction mapping of C ([0, 1], R), and the result follows from the
Banach principle.
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In the second case, similarly, using the increasing monotonicity and
continuity of a;, we have

IT (1) = T (p2)l
= Joax |7 (p1 (f (W) = h (1 (f ()] < max a(ler (£ (w) =1 (f @)D

uel0,1 €10,1]
< max a(|er (u) = @1 (u)]) = a(ler — e2[)
u€[0,1]
for all 1,92 € C([0,1],R), and the result follows from Theorem 3. O

Let £!([0,1]) be the Banach space of Lebesgue integrable continuous
functions ¢ : [0,1] — R with the norm

loll = [ lo(ldu
(0,1]

Theorem 6. Let h: R — R be continuous, let g € L' ([0,1]), and f:[0,1] —
[0,1] be continuously differentiable and such that f' > 0 in [0,1].

Assume that there exist: a positive decreasing to zero sequence {t, : n € N}
and a nonnegative sequence (L, :mn € N), with L := liminf, . L, < oo,
such that for all u,v € R, n € N

|lu—v|=t, = |h(u) = h (V)] < Lpt,.
If L <inf{f' (u):ue[0,1]}, or L = inf {f' (u) : uw € [0,1]} and there is a
strictly increasing subsequence of (L, : n € N) such that lim,,_,o, L, = 1, the
functional equation
p=hopoftyg

has a unique solution p € L' ([0,1]);

moreover, for every ¢o € L1 ([0,1]), the sequence (o, : n € Ny) defined
by

San+1::ho§0nof+ga n6N07

converges in the L ([0,1])-norm to ¢.

Proof. Similarly as in the proof of the previous result, we have either (the
first case)

|h(u) =h @) < Lh(u) =Rk @), wuvel01],
with 0 < L < 1, or (the second case)
h(u) = h(v)] <a(lh(u) =h@)]), wuwvel0,1],

where « : [0,00) — [0,00) is a strictly increasing continuous function, such
that « (t) < t for every t > 0.
The mapping T given by

T(p):=hopof+yg, ¢eLl(01]),
maps C ([0,1],R) into itself.

Note that, for every ¢ € £!([0,1]), the function T (¢) is measurable,
and
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/[0’1] T () (“”d”S/[o,l] |h(g0(f(u)))du+/[0’1] lg ()] du
SL/M o (f )ldu+ LB O)|+ [ g (wldu

[0,1]
L

a7 J o @@ L@ [ gl

5

< ff, lell + LR (0)] + llgll < oo,

so T maps £ ([0,1]) into itself.
In the first case, for all p1, 92 € £ (]0,1]), we have

IT (1) — T (g2)]| = /[ G @) = @)
<L / lor (f () — 1 (F ()] du
[0,1]

<7 o 01 00 = @)l

< Ly — L;72||7

so T is a contraction mapping of £! ([0,1]), and the result follows from the
Banach principle.
In the second case, using the Jensen inequality for the concave function
a, we have

1T (1) =T (p2)ll = /0 . 7 (o1 (f (w))) = b (1 (f (w)))] du

IN

/[01 a(ley (f () — @1 (f (w))]) du

mff/[m () ~ 1 (u)]) du

<y </f<[o,m el <“>|du) <a(ler - eal)

for all p1,2 € L1 ([0,1]), and the result follows from Theorem 3. O
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