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Abstract. The aim of this paper is to study global bifurcations of non-
constant solutions of some nonlinear elliptic systems, namely the system
on a sphere and the Neumann problem on a ball. We study the bifur-
cation phenomenon from families of constant solutions given by critical
points of the potentials. Considering this problem in the presence of
additional symmetries of a compact Lie group, we study orbits of so-
lutions and, in particular, we do not require the critical points to be
isolated. Moreover, we allow the considered orbits of critical points to
be degenerate. To prove the bifurcation, we compute the index of an
isolated degenerate critical orbit in an abstract situation. This index is
given in terms of the degree for equivariant gradient maps.
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1. Introduction

The aim of this article is to study global bifurcations of solutions of two kinds
of nonlinear systems of elliptic equations: the system on a sphere

— Au=V,F(u,\) on SN7! (1.1)
and the Neumann problem on a ball

—Au=V,F(u,)\) in BN
{ Ju =0 on SN,
with a potential I’ satisfying some additional assumptions given in Sect. 3
(the conditions (B1)-(B6)).

The global bifurcation problem concerns finding connected sets of solu-
tions of some equations, emanating from a known family of so-called trivial
solutions. One of the most famous results on this topic is the Rabinowitz
alternative, see [32,33]. This result gives conditions to an occurrence of the
phenomenon of global bifurcation and describes the basic structure of the

(1.2)
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emanating sets of solutions. It has been proved with the use of the Leray—
Schauder degree. It is worth pointing out that the proof relies on the prop-
erties of the degree, not its exact definition. Therefore, similar results can be
obtained with the use of other degree theories satisfying analogous proper-
ties, in particular the property of generalised homotopy invariance (or otopy
invariance), see for example [2,16,21,28,34].

Rabinowitz’s result and its later generalisations deal with an equation
of the type T'(u, A) = 0 having a family of trivial solutions of the form {ug} x
R. Such a situation appears naturally if the variational method of studying
differential equations is applied, i.e., solutions of the differential equation
are associated with critical points of some functional, defined on a suitable
Hilbert space. Then, the family of trivial solutions often consists of known
constant functions, and the bifurcation of non-constant solutions from this
family is studied.

In such an approach, one uses some topological invariant (for instance
a degree theory) and computes its values on some given levels X € R. To that
end, it is required that, for some of these levels, the pomt ug is isolated in
the set of solutions of the equation T'(u, )\) = 0, with fixed \. However, if one
considers a symmetric case, i.e., assumes that 7" is G-equivariant, where G is
a compact Lie group, the situation is more complicated. If uq is a solution,
all points from its orbit also solve the equation. Therefore, if the group has
a positive dimension, it can happen that ug is not isolated at any level by

Symmetries in differential problems come naturally from applications, in
particular from mathematical physics. That is one of the reasons why elliptic
systems with different kinds of symmetries are presently studied by many
mathematicians, see for example [1,3,23,24,26,27]. In these articles, various
methods have been applied: variational and non-variational.

A symmetric situation is also considered in this paper. Namely, systems
(1.1) and (1.2) are defined on SO(N)-symmetric domains and we assume
additionally that their potentials are I'-invariant for I" being a compact Lie
group. We study these problems using variational methods, investigating as-
sociated functionals. These functionals are G = I" x SO(N)-invariant, i.e.,
they inherit both kinds of symmetries of the problems. The family of trivial
solutions is, therefore, of the form G(ug) xR, and we study global bifurcations
from orbits of critical points (called critical orbits).

Methods of studying bifurcations from critical orbits have been devel-
oped recently, mainly by Pérez-Chavela, Rybicki, Strzelecki and the authors
of this article, see [15,18-20,30,31]. In [30] and [31], the authors have given
formulas for an equivariant Conley index, allowing to study local bifurcation
problems in the presence of orbits of solutions. These formulas, combined
with the relation of the index with the equivariant degree theory, have been
applied in [15] to obtain global bifurcations of solutions in Neumann problems
on a ball. In [19], a different approach has been proposed to study global bi-
furcations with a use of an equivariant degree at a neighbourhood of an orbit.
Elliptic systems on symmetric domains have been studied as an application
of these results. These methods have been also used to study the existence
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of unbounded connected sets of solutions of systems on a sphere, see [20]. In
the papers mentioned above, it has been assumed that the isotropy groups
of the critical points of the potentials are trivial. However, the case without
this assumption has also been considered, see [18].

As far as we know, these are the only articles about elliptic systems
where it has not been required that the critical points of the potentials are
isolated. In all of these papers, it has been assumed that the family of trivial
solutions is given by critical orbits of the potentials of the systems, requiring
additionally that these critical orbits are non-degenerate.

In this article, we consider a more general situation, allowing degener-
acy of critical orbits. To investigate the global bifurcation problem in this
situation, we apply an equivariant generalisation of the Rabinowitz alterna-
tive (see Theorem 4.7) obtained by an application of the equivariant degree.
We also apply Dancer’s result proposed in [6] and its generalisation from [11]
called the splitting lemma (see Lemma 4.8). This lemma allows to separate
the non-degenerate and degenerate parts of the problems and, under some
standard assumptions, it allows to reduce comparing the degrees to com-
paring its non-degenerate parts. In that way, we obtain global bifurcations
of solutions of the system on a sphere (Theorem 3.7) and on a ball (Theo-
rem 3.8). These theorems are the main results of our paper.

These two results are of different types. This is a consequence of the
differences between the spectral behaviours of the Laplacians on their do-
mains. In the case of the system on a sphere, the only radial solutions are
the constant ones. From this, we can conclude a necessary condition for a
bifurcation, see Lemma 3.5. This allows to indicate the exact levels of global
bifurcations of solutions of system (1.1) in Theorem 3.7. In the case of a ball,
there are nonconstant radial solutions, and therefore, the reasoning from the
proof of Lemma 3.5 cannot be applied to obtain its counterpart for system
(1.2). Hence, the bifurcation result given in Theorem 3.8 does not provide
such a precise indication and it is formulated in a different way, namely there
is given only an approximate location of the bifurcation.

We emphasise that, as far as we know, the bifurcation problem in the
degenerate situation in elliptic systems has not been investigated yet, even
in the case of critical sets consisting of isolated points.

Our main tool to obtain the bifurcation results is the equivariant degree.
We define an index of an isolated critical orbit to be the degree on some
neighbourhood of this orbit. To obtain the results for the differential systems,
we have developed the methods of computing this index, generalising the
methods from [19]. In Theorem 2.4, we have obtained a connection between
the index of an orbit with the index of an isolated point from the space normal
to this orbit. Using this result, in the case of admissible pairs of groups, we
have simplified the comparison of the indices of orbits by reducing it to the
comparison of the indices of the critical points, see Corollary 2.5.

The abstract results described above are proved in Sect. 2, while Sect. 3
is devoted to study elliptic systems (1.1) and (1.2). At the end of the paper,
for the convenience of the reader, we recall some relevant material in the
appendix.
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2. Degree of a critical orbit

In this section, we introduce the topological method that we use to prove
the bifurcation, i.e., a method of computing the index of an isolated critical
orbit. We allow the case when such an orbit is degenerate. The index is
defined in terms of a degree for equivariant gradient maps, computed in some
neighbourhood of the orbit. Note that we recall the notion of the degree in the
appendix. Since the bifurcation phenomenon occurs when the index changes,
our aim is to formulate results which allow to compare the degrees.

Let G be a compact Lie group, V be a finite-dimensional orthogonal
G-representation and ¢ € C?(V,R) be a G-invariant function. Fix vy €
(V¢)~1(0) and consider the orbit G(vg) of vg. It is known that G-invariance
of ¢ implies G-equivariance of V¢, hence G(vg) C (V$)~1(0). Assume that
this orbit is isolated in such a set. Therefore, we can choose a G-invariant
open set 2 C V such that (V¢)~1(0) N cl(Q) = G(vp), which implies that
¢ is Q-admissible. Moreover, without loss of generality, we can assume that
Q = G- B(vg,W), where W = T;-G(vo) is the space normal to the orbit
G(vo) at vg, Be(vg, W) is the open ball in W of radius ¢, centred at vy, and
e is given by the slice theorem (see Theorem 4.1).

Under the above assumptions, the degree V g-deg(Vo, Q) is well-defined,
and our aim is to obtain conditions simplifying the comparison of the degrees
of such form. The result of this kind has been given in [19]. However, it can
be applied only in the case when critical orbits of ¢ are non-degenerate. In
this section, we allow the situation when G(vg) is degenerate.

In this case to compute the degree, we use the fact that it can be given as
the degree of an associated (2-Morse function, see Lemma 4.4. More precisely,
this lemma implies the existence of a G-invariant open set g C 2 and a
G-invariant 2-Morse function (E, which coincide with ¢ outside the set €.
Therefore, qg and ¢ are -homotopic, so the homotopy invariance of the degree
implies that N

V-deg(Ve, ) = Vg-deg(Vo, Q). (2.1)

Since gg is an 2-Morse function, it has a finite number of critical orbits
in . In the next lemma, we show that the isotropy groups of elements of
critical orbits of (;AS are related to the isotropy group of vg. Recall that by G,
we denote the isotropy group of vy and put H = G,,. It is known that W is
an orthogonal representation of H. With the above notation, there holds the
following result:

Lemma 2.1. Ifv € (V(;AS)_I(O) NQ, then G, is conjugate to a subgroup of H.

Proof. Fix v € (V(Z)_l(O) N Q. Then, since Q = G - Be(vg, W), there exist
g € G and w € B(vp, W) such that v = gw. From Theorem 4.1, it follows
that gw = 0([g, w]), where ¢ is a G-diffeomorphism. Hence, G4, = Gg,.- TO
finish the proof, we use the fact that G|y .,) = gH,g~ ! (see Lemma 4.16 of
[25]). Obviously, H,, C H. O

With functions ¢ and 5, we consider their restrictions to the space W.
Consider an H-invariant function ¢): W — R given by ¢ = ¢|w. From the
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definitions of ¢ and 2, it follows that (V1)=1(0) N cl(B.(vo, W)) = H(vg) =
{vo}, and therefore, v is a B (vg, W)-admissible function.

In a similar way, consider an H-invariant function {b\ : W — R given by
Y= QA5|W In the following, we will show that ¢ is an H-invariant B (v, W)-
Morse function associated with . First of all note that from the definitions
of ¥ and ¥ it follows that QZ(w) = ¢(w) for every w ¢ Qg NW.

Denote by G(v1),...,G(vg) the set of all the critical orbits of ¢ in Q.
In the next lemma, we show that all critical orbits of ’LZ in B.(vg, W) can be
obtained from this set.

Lemma 2.2. There exist wi,...,wg € Be(vg, W) such that G(v;) "W =
H(w,), fori=1,....q, and (V)1(0) N Be(vo, W) = H(wy) U... U H(w,).
Proof. Fix i € {1,...,q} and observe that from the definition of ) there
exist g € G,w; € Bc(vog, W) such that v; = gw;. Therefore, w; € G(v;) "W
and hence H(w;) C G(v;) NW. To prove the opposite inclusion, assume that
gu; € W for some g € G. This implies that gu;, € QNW = B.(vg, W). On the
other hand, taking again ¢ € G and w; € W such that v; = gw; we obtain
that ggw; € Be(vg, W). By Theorem 4.2, this implies that gg € H. Hence,
G(v)) "W = H(w;).

To prove that H(wi)U---UH(w,) C (V) ~1(0) N Be(vo, W) note that,
by the orthogonality of W as an H-representation, if w; € Be(vg, W), then
H(w;) C Be(vo, W) and, since hw; € G(v;) for every h € H, Vi)(hw;) =
Vé(hw;) = 0. Therefore, H(w;) C (Vi))~1(0) N Be(vo, W) for every i =
1,...,q.

To finish the proof, note that if w € (V))~1(0) N Be(vo, W), then ob-
viously w € (ng)_l(O). In particular, for some i = 1,...,¢q, w € G(w;) N
Be(vo, W), which is equal to H(w;). Therefore, (V))~1(0) N B.(vg, W) C
H(wi)U...UH(w,g). O

In the following lemma, we prove that all the critical orbits of 77; in

B (vg, W) are non-degenerate.

Lemma 2.3. Let H(wn),...,H(wy) be the orbits obtained in the previous
lemma. Then, for every i = 1,...,q, the orbit H(w;) is a non-degenerate

critical orbit of 1.

Proof. Suppose that the orbit H(w;) is a degenerate critical orbit of zZ,
i.e., ker VZ(w;) = T, H(w;) ® U;, where U; is a linear space such that
dim U; > 0. Then, since T,,G(vo) ® T, H(w;) = T\, G(w;), we obtain
ker V2 (w;) = Ty, G(v0) @ ker V24p(w;) = Ty, G(v0) @ T, H(w;) & U;
= TwiG(wi) @ U;,

which contradicts non-degeneracy of G(w;) as a critical orbit of P. O

Therefore, we have proved that 12 is an H-invariant Be(vg, W)-Morse
function associated with 1. Hence,

V i-deg(V1, Be(vo, W) = V y-deg(V1, B.(vy, W)). (2.2)
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From Egs. (2.1) and (2.2), we see that in order to obtain a connec-
tion between equivariant degrees of V¢ and Vi) we need to establish such a
connection between ng and Viz;.

Such a result has been given in [19] (as a part of the proof of Theorem
2.6). Note that we can apply this result, since (;5 is the G-extension of 1])\, given
by a(gw) = @(w) for w € W, g € G. From the slice theorem, it follows that
the G-extension to the space G - Bc(vg, W) is unique, see Theorem 4.3.

Theorem 2.4. Let (Z, @E and € be defined as above. Denote by (H;o)m, (Hi, )m,
o, (Hi,)m all possible conjugacy classes of the groups Hy,, ..., Hy, in H

s

and let mq,...,mg be such that

Vir-deg(Vh, Be(vo, W) =Y my - xu (H/H;) € U(H).

j=1
Then,

Va-deg(Vo, Q) = > nu xe(G/EY) € UG),
(K)GE%[G}

n(K) = Z mj

(Hu)e=(K)c

where

and sub[G] is the set of conjugacy classes of closed subgroups of G.

Now we turn our attention to the problem of comparing degrees. Con-
sider two G-invariant functions ¢1,¢2 € C%(V,R) with critical orbits G(v;)
isolated in (V¢;)~1(0) for i = 1,2. Suppose that G,, = G,, = H. In the corol-
lary below we study the special case when (G, H) is an admissible pair. The
concept of an admissible pair has been introduced in [30]. The pair (G, H),
where H is a subgroup of G, is called admissible, if the following condition
is satisfied: for any subgroups H;, Hy of H if H; and H, are not conjugate
in H, then they are not conjugate in G. It is worth pointing out that in
the considered applications to elliptic systems the admissibility assumption
is satisfied in a natural way.

Corollary 2.5. Consider G-invariant functions ¢; € C*(V,R) with critical
orbits G(v;) isolated in (V¢;)~1(0) fori =1,2. Suppose that G,,, = G, = H
and put W; = T;-G(v;). Fiz Q; = G - Be(v;, W;) such that (V)71 (0) N
= G(v;) and e satisfies Theorem 4.1. Define 1;: Be(v;, W;) — R by 9; =
Gi|B. (vi,w,)- If (G, H) is an admissible pair and

Vi-deg(Vipr, Be(vi, Wh)) # Vi-deg(Vipa, Be(v2, W2)),  (2.3)

then
Va-deg(V1, Q1) # Va-deg(Va, Q). (2.4)
Remark 2.6. With similar assumptions, a counterpart of the above result

can be also formulated in the infinite-dimensional case. Then, ¢;,; instead
of being finite-dimensional maps can be completely continuous perturbations
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of the identity or, in a more general setting, completely continuous pertur-
bations of some Fredholm operators. In the former case, one can apply the
degree for equivariant gradient maps in infinite-dimensional spaces (see the
appendix), whereas in the latter case the degree for invariant strongly indef-
inite functionals (see [16]) can be used. However, since in the proofs of our
results we restrict our attention to the finite-dimensional maps, we do not
give the precise formulation of the infinite-dimensional result. Such a rela-
tion in the non-degenerate infinite-dimensional case has been formulated in
Theorem 2.8 of [19].

3. Elliptic systems

3.1. Formulation of the problem

Our aim in this section is to study bifurcations of weak solutions of some
nonlinear problems, parameterised by A € R. We consider two different types
of problems, namely the system defined on the (N — 1)-dimensional unit
sphere SN~

—Au=V,F(u,\) on SN7! (3.1)
and the Neumann problem on the N-dimensional open unit ball BV:

—~Au=V,F(u,)\) in BV (3.2)
9u — on SN-L '
We consider these systems with analogous assumptions. Moreover, the general
setting in both problems is similar. Therefore, in the rest of this subsection,
we describe both cases simultaneously.

We assume that the considered systems satisfy the following conditions:

(B1) RP? is an orthogonal representation of a compact Lie group T,

(B2) F € C*(R? x R,R) is I-invariant with respect to the first variable, i.e.,
F(yu,\) = F(u, \) for every v € T, u € RP, A € R. Moreover, there
exist C > 0 and s € [1,(N + 2)(N — 2)71) such that |[V2F(u,\)| <
C(1+ |ul*71) (if N = 2, we assume that s € [1,+00)),

(B3) up € RP is a critical point of F'(-,\) for all A € R and there exists a
symmetric matrix A such that V2 F(ug, \) = \A,

(B4) Ty, = {e}.

From (B2)-(B3) it follows that T'(ug) C (V. F(-,A))"(0) for every A € R.

We assume:

(B5) there is € > 0 such that for all A\ € R there holds: (V,F(-,\))~1(0)
NT'(ug)e = I'(up), where I'(ug)e is an e-neighbourhood of T'(ug) in RP,

(B6) degp(V,F Td_ol"(uo)(', A), Bo(T=T(u)), 0) # 0 for every A € R\ {0} and
sufficiently small €, where degp denotes the Brouwer degree.

Remark 3.1. The assumption (B6) is given in terms of the Brouwer degree
of some map on a space normal to the orbit. It is worth pointing out that in
some cases this assumption is easy to verify. For example, it is satisfied if one
of the following conditions holds:
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(i) dimker V2 F(ug,\) = dimT'(ug) for all A € R\ {0}, i.e., the orbit T'(ug)
is non-degenerate,
(ii) wo is a minimum of the potential F(-,A) for all A € R\ {0},
see for example the proofs of Theorems 5.6-5.7 of [35]. Additionally, it is easy
to see that in the former case the assumption (B5) is also satisfied.

We are going to study bifurcations of non-constant solutions of these
systems, by applying the results from the previous section. To this end
we will formulate the problem in a variational setting, i.e., we will con-
sider weak solutions as critical points of some associated functionals. We
define such functionals on appropriate Hilbert spaces. More precisely, con-
sider M € {BY,SN=11 denote by H'(M) the Sobolev space on M with the
inner product

(0, gy = / (Vo(2), Voo(z)) + v(x) - w(z)dz
M

and consider a separable Hilbert space H = @!_, H'(M) with the scalar
product

p
Z vl,wl HY(M)- (3.3)

Weak solutions of problems (3 1) and (3.2) are in one-to-one correspon-
dence with critical points of the functional ®: H x R — R defined by

A) = %/|Vu(x)|2dx - /F(u(z),)\)dx. (3.4)
M M

Denote by g € H the constant function g (z) = ug. A standard compu-
tation (see, for example, [14] for a similar reasoning) shows that the gradient
of the functional ® has the following form:

qu)(u, )\) =u-— ﬁo — L)\A(’U, — ’L~L0) + V’U(’LL — ﬁ07)\),
where Ly 4: H — H is given by

(Lxau,v)y = /(u(x),v(a:)) + (AMu(z),v(z))dz  for all v e H.
M
Moreover, Ly, is a self-adjoint, bounded and completely continuous oper-
ator and V,n: H x R — H is a completely continuous operator such that
V.un(0,)) =0, V21(0,\) = 0 for every A € R.

Systems (3.1) and (3.2) have two kinds of symmetries: the T-invariance
of the potential F and the SO(N)-invariance of the domain M. These sym-
metries are inherited by the associated functional. More precisely, it is easy
to check that the space H, with the product given by (3.3), is an orthogonal
representation of G =TI' x SO(N), where the action is given by

(v,)(u)(z) = yu(a™tz) for (y,a) € G, ucH, x€ M. (3.5)

This definition and the assumption (B2) imply that the functional @ is
G-invariant.
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Since ug € (Vo F(-,A))71(0), the function g is a solution of problem
(3.1) (respectively problem (3.2)) for all A € R. By the definition of the action
of the group G on H given by (3.5), we obtain that G(ug) = I'(4g) is an orbit
of weak solutions for all A € R. We are going to study bifurcations from this
family, i.e., from G(ug) x R.

Definition 3.2. We say that a global bifurcation of solutions of V,,®(u, A) = 0
occurs from the orbit G(@ig) x { Ao} if there is a connected component C (g, Ao)
of

cd{(u,\) € (H x R) \ (G(iig) x R): V,, ®(u, \) = 0}

containing (g, Ao) and such that either C(tg, Ag) is unbounded or it is bounded

and C (o, Ao) N (G (o) x (R\ {Ao})) # 0.

Note that if a global bifurcation occurs, we obtain a connected com-
ponent of the set of nontrivial solutions for every v € G(@g) (by nontriv-
ial solutions we understand solutions different than those from the family
G(1p) x R). In particular, if the group G is connected, we obtain a connected
set of nontrivial solutions bifurcating from G(tg) x {Ao}.

To investigate the global bifurcation problem, we apply the degree for
equivariant gradient maps, see the appendix. From the above reasoning, it
follows that V,®(-, A) is G-equivariant and of the form of a completely con-
tinuous perturbation of the identity for every A € R. Therefore, to be able
to apply the degree, it only remains to define a G-equivariant approximation
scheme on the space H. This scheme is defined with the use of the eigenspaces
of the Laplacian; therefore, we first recall some basic spectral properties of
this operator.

Denote by o(—A; M) ={0=01 < B2 < --- < Bk < ---} the set of all
distinct eigenvalues of the Laplacian on M. Let V_a (%) be the eigenspace of
—A corresponding to an eigenvalue (. From the spectral theorem, it follows
that H'(M) = cl(@jr—; V_a(Bk)). Therefore, it is natural to define the
approximation scheme in the following way: consider H" = @;'_, Hy, where
Hy = @Y_, V_a(Bk) and a natural G-equivariant projection 7, : H — H
such that m,(H) = H" for n € N. Then, {m,: H — H: n € N} defines a
G-equivariant approximation scheme on H.

Remark 3.3. A standard computation shows that

o(Id— Lya) = {m: aj € o(A), Bk € 0(—A;M)},

where () denotes the spectrum of a linear operator. For the details, we refer
the reader, for example, to the proof of Lemma 3.2 in [14].

In the proofs of the main theorems of this section, we consider the
eigenspaces of the Laplacian as representations of the group SO(N). We
recall the characterisation of their nontriviality in the following lemma.

Lemma 3.4. Fiz € o(—A; M).

(1) If M = SN=L then for all B # 0 the eigenspaces V_a(3) are irreducible
nontrivial SO(N)-representations and V_A(0) is a trivial one.



36 Page 10 of 22 A. Golebiewska et al. JFPTA

(2) If M = BN and dimV_Aa(B) > 1, then the eigenspace V_a(B) is a
nontrivial SO(N)-representation. If imV_a(B8) = 1, then the corre-
sponding eigenspace is trivial.

For the proof in the case of a sphere, we refer to [22] (Theorem 5.1), in
the second one to Remark 5.11 of [15].

3.2. Global bifurcations of solutions of the system on a sphere

From now on, we consider the systems separately, starting with the one on a
sphere:

—Au=V,F(u,\) on SN! (3.6)
under the assumptions (B1)—(B6). For such a system, we can describe exactly
all the levels where a bifurcation can occur. Such a description is given in
the lemma below. Its proof is similar in spirit to the one of Theorem 3.2.1
of [31] and it is based on the fact that the only radial eigenfunctions of the
Laplacian on a sphere are constant functions.

r= U J {2}

_ ;
a; €0 (AN\{0} Brea(—A;SN-1)\{0}

Lemma 3.5. If (tg, Ao) s an accumulation point of nontrivial solutions of
system (3.6), then Ao € A.

Proof. Fix Ag € R and suppose that (ig, \g) is an accumulation point of non-
trivial weak solutions of system (3.6), i.e., there exists a sequence of nontrivial
solutions (vy,, A\,,) converging to (tg, Ag).

By the definition of the functional associated with the system, weak
solutions of (3.6) are solutions of

Vu®(u,\) = 0. (3.7)

This equation is equivalent to the system
Vo, @(ur,u2, A) =0, (3.8)
Vo, @(ug,ug, A) =0, (3.9)

where u = (u1,uz) € ker V2®(iig, \g) @ im V2®(iig, \g) = H.

Considering the latter equation, due to the fact that V2 D (g, Ag) is an
isomorphism, we can use the equivariant implicit function theorem (see [11]).
This theorem implies the existence of an SO(N)-equivariant map

w: D (ker V2®(iip, Ao)) X (Mg — &, Ao + &) — im V2P (g, \o)

such that (u1,u2,\) = (u1,w(u1,A),\) is the only solution of (3.9) at a
neighbourhood of (dg, Ag). Therefore, the solutions of (3.7) in such a neigh-
bourhood must be of the form (u1,w(uz, A), A).

Consider the isotropy group of such a solution. Using the G-equivariance
of w, we obtain Gy, w(uy,2),0) = Guy N Gu(uy,n) N Ga = Gy, . Therefore, the
existence of a sequence (v, A,) converging to (g, Ag) implies that

ker V2®(iig, Ao) N EP Hy, # 0. (3.10)
k=2
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Indeed, assume, by contrary, that ker V2®(ag, \g) C H; and consider the
group action (3.5), restricted to the subgroup {e} x SO(N), on the spaces
H,. Identifying {e} x SO(N) with SO(N), from Lemma 3.4 we have H; =
HSOV)  Therefore, the above computations, with the assumption
ker V2® (g, Ag) C Hy, imply that SO(N)(,, A,y = SO(N) for every n. As a
consequence, v, € Hy, i.e., (v,,A,) are constant solutions corresponding to
critical points of F. This is a contradiction with (B5).

To finish the proof, notice that the inequality (3.10) and Remark 3.3
imply that there are 3, € o(—=A;SN=1)\ {0} and a; € o(A) such that

B’“%/\ﬁoka" = 0, i.e.,, B = Aoej. This in particular proves that a; # 0 and
finally Ay = % €A O
J

Remark 3.6. Lemma 3.5 gives us a necessary condition for the so-called lo-
cal bifurcation. This bifurcation does not have to be a global one, i.e., the
bifurcating set does not have to be connected.

Now we are in a position to prove the sufficient condition for the global
bifurcation phenomenon of nontrivial solutions of system (3.6). Namely, we
will show that for all A € A the phenomenon occurs from the orbit G(ig) x
{A}. In other words, we will prove that for the system on a sphere, the
necessary condition is also a sufficient one.

Theorem 3.7. Consider system (3.6) with the potential F' and ug satisfying
the assumptions (B1)—=(B6) and fix \oy € A. Then, a global bifurcation of
solutions of (3.6) occurs from the orbit G(ug) X {Ao}.

Proof. Fix Mg € A and choose € > 0 such that AN [Ag — &, 0 +¢] = {Ao}.
From the definition of A, such a choice is always possible. Since \g £ ¢ ¢
A, Lemma 3.5 implies that G(@p) C H is an isolated critical orbit of the
G-invariant functionals ®(-, \o £¢): H — R. Therefore, there exists an open,
bounded and G-invariant subset 2 C H such that (V,®(-, Ag=£e)) ~1(0)Nel ()
= G(1up).

Due to the global bifurcation theorem (see Theorem 4.7), and taking
into consideration the necessary condition of bifurcation (Lemma 3.5), to
prove the assertion it is enough to show that

Va-deg(V, (-, Mg — €),Q) # Va-deg(V, (-, Ao +€), Q). (3.11)
From the definition of the degree, this inequality is equivalent with

Va-deg(V,@lun (-, Ao — €), QNH") # Va-deg(Vu Pl (-, Ao + ), QNH"),

(3.12)

where n is sufficiently large. In the following, we assume that this n is fixed.

Denote by H the isotropy group of 4y and note that by the assump-

tion (B4) we have H = {e} x SO(N). Consider an H-representation W =

Ti G(ip) and an H-invariant functional W = ®|yw. By Corollary 2.5 (note

that the pair (G, H) = (I' x SO(N),{e} x SO(N)) is admissible, see Lemma

2.8 of [15]) and the excision property of the degree, to prove (3.12) it is enough
to show that
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VH—deg(Vu\IJ|Wn(-, /\0 — 6), Bg(ﬂo,W”))
#* VH-deg(Vu‘I'\Wn (-, Ao + 6), Bg(ao, Wn)),

where W = W NH" and Bs (g, W™) C QNW" is such that § > 0 is taken
from the slice theorem (see Theorem 4.1).

Instead of the functional ¥|wn, it is more convenient to consider the
shifted functional II" (u, ) = ¥|yw» (utdg, A). Denote by Iy (u) = ™ (u, Agte)
and note that (by (B5)) 0 is an isolated critical point of IT. Moreover,

Vu-deg(V ¥lwn (-, Ao £ €), Bs(tig, W")) = V-deg(VIly, Bs(W™)).

Put L4 = V214 (0): W™ — W". Since \g+¢e ¢ A, we obtain ker(£_) =
ker(£4) and, by the self-adjointness, im (£_) = im (£1). We denote the
kernel and image of L4 by A and R, respectively.

The computation of the degree of VIIL can be reduced to the com-
putation of the degrees of some maps defined on Bs(N') and Bs(R). More
precisely, using the splitting lemma (see Theorem 4.8) we obtain € > 0 and
H-equivariant homotopies V, Hy: (Be(N) x B¢(R)) x [0,1] — W", connect-
ing VII; with a product mapping (Voy, (£1)|r) where Vo : B{(N) = N
are some H-equivariant maps. Without loss of generality, we can assume that
€=24.

Therefore, by the homotopy invariance property of the degree we obtain

VH—deg(VHi, B5(W")) = VH—deg((Vgoi, ([:i)|R),Bg(N) X Bg('R,))

Note that since £4 are isomorphisms, the (Bs(N)x Bs(R))-admissibility
of the product maps described above implies the Bs(N)-admissibility of V..
Therefore, we can apply the product formula (see Lemma 4.5) of the degree
and obtain
Vi-deg((Ves, (L1)lr), Bs(N) x Bs(R))

= Vy-deg(Vy, Bs(N)) x Vi-deg((L+)|r, Bs(R)).

Denote by 7 the space normal to the orbit I'(4g) in Hy at 4 (i.e., T =
T3-T(@ig) where the complement is taken in Hy). Note that, since A\g e & A,
we have N' C H; and R = (T 6 N) @ @} _, Hi. Put R =7 6N and
R, = @Z:Q H.

Using again the fact that £ are isomorphisms we can apply once more
the product formula, obtaining

Vu-deg((L+)|r, Bs(R))
= Vy-deg((L4)] 5, Btg(ﬁ)) *x V-deg((L1)|r,, , Bs(Rn))
and consequently
Vg-deg(VIL, Bs(W"))
= Vg-deg(Vp, Bs(N)) * Vg-deg((£L+)| 5, Bs (ﬁ))
* Vi-deg((L1)|r,,, Bs(Ry))

= Vi-deg((Vs, (L1)]z), Bs(N) x Bs(R)) * Vi-deg((L+)|r,, Bs(Rn))-
(3.13)



Vol. 25 (2023) Bifurcations from degenerate orbits Page 13 of 22 36

Let us consider the first factor in the above product. It is easy to check
that the restrictions of the homotopies Hy (given by the splitting lemma,
see also Remark 4.9) to 7 = N @ R connect (Vi, (Li)lg) with V|05,
Moreover, from the definitions of ¥ and 7 we have VU |7 = VF|7. From the
above, since N’ & R € WH | using Eq. (4.1) we obtain

VH‘deg((VLP:tv ('C:t)|7~z)a Bé(N) X B5(R))
=degg(VF|r (-, \o £ ¢),Bs(7),0) -1,

where I is the identity in U(H).

Consider now the latter factor in the last product in (3.13). Denote
by W(A), V(A) the negative and zero eigenspaces of (Id — Lxa)|r, (i.e., the
direct sum of the eigenspaces of (Id — Lya)|r, , corresponding to negative
and zero eigenvalues, respectively). The description of these spaces can be
obtained via Remark 3.3. Moreover, from this description, it follows that for
n sufficiently large W(A) and V(\) are the negative and zero eigenspaces of
(Id— Lxa)|gs - Without loss of generality, we can assume that n satisfies this
condition. Therefore, from Remark 3.3, we have

W) = EB @ V_a(Br)Pates)

aj€0(A) Breo(—A;8N~1H\{0}
k<A

vy = P . V_a(B)ra(s),

a;€0(A) Brea(—A;8V ~H)\{0}

,Bk,:)\aj

and

Here pa(aj) denotes the multiplicity of a; as an eigenvalue of A. More-
over, V_a(Br)*4(@) is formally understood as span{h- f: h € V_a(B), f €
Va(a;)}, see also [15]. However, since in our computations only the dimen-
sions of these spaces are important, we use the fact that this space is isomor-
phic to the direct sum of p14(c;) copies of V_a(Bk).

Consider \g > 0 and assume that ¢ is such that A\g — e > 0.

A standard computation, see for example [14], shows that

Vi-deg((£4)[r,. Bs(Rn))
= Vyg-deg(—Id, BsW(Ao —€))) * Vg-deg(—1Id, Bs(V(\o)))

and
Vu-deg((L-)|Rr, , Bs(Rn)) = Vi-deg(—Id, Bs(W(Xo — €))).

Moreover, it is known that the above degrees of —Id are invertible (see The-
orem 2.1 of [16]).

Summing up, using Eq. (3.13) and the above computations, we obtain
that to prove (3.15) we have to show

degp(VF|7r (-, Ao +¢€),Bs(7),0) - Vy-deg(—Id, Bs(V(\o)))
# degp(VFE|7r (-, o —¢€),Bs(7),0) - L.
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Since V(o) is a nontrivial SO(N)-representation (see Lemma 3.4) and,
therefore, also a nontrivial H-representation, by Remark 4.6, V y-deg(—1d,
B.(V(\y))) # a -1 for any a € Z. Using the assumption (B6), we obtain the
assertion in this case.

Similarly, for A\g < 0, assuming \g + & < 0, we obtain

Vi-deg((L4)|r, Bs(Rn)) = Vi-deg(—Id, BsOV (o + €)))

and
Vu-deg((£L-)[r,, Bs(Rn)) = Vu-deg(—Id, Bs(W(Ao +¢)))
<V g-deg(—1d, By(V(A))).
The rest of the proof is analogous to the previous case. O

3.3. Global bifurcations of solutions of the system on a ball

Now we turn our attention to the system defined on a ball:

_ : N
{any T B 314
under the assumptions (B1)-(B6). For the Laplacian considered on a
ball, there exist radial eigenfunctions different than the constant ones. Con-
sequently, the method used to prove the necessary condition for a bifurcation
in the case of the system considered in Sect. 3.2 cannot be applied to find a
counterpart here. Therefore, we will study bifurcations of solutions of (3.14)
in a different way. In particular, for some A € R we are able to prove only a
local (not global) bifurcation (we say that a local bifurcation occurs from the
orbit G(tg) x {Ao} if (%o, Ao) is an accumulation point of nontrivial solutions
of (3.14)).

Theorem 3.8. Consider the system (3.14) with the potential F' and ug satisfy-
ing the assumptions (B1)—(B6). Let g € o(A)\{0} and By € o(—A; BN)\{0}
be such that dimV_a(By) > 1. Then, for every ¢ > 0, such that 0 ¢
(@ —e, By g), at least one of the following statements holds:

(e7)) [e7))
(1) a local bifurcation of solutions of (3.14) occurs from the orbit G(tg) x {\}
for every \ € (%‘; —g, 2—3) or for every \ € (g—z, 5—‘[’) +e),

(ii) @ global bifurcation of solutions of (3.14) occurs from the orbit G(gy) x
{A} for some X € (% —g, %‘; +e).

Remark 3.9. Let us emphasise the difference between Theorems 3.7 and 3.8.
While in the case of the system on a sphere the set A of possible bifurcation
points is discrete (see Lemma 3.5), in a case of a system on a ball it can
happen that a bifurcation occurs at each level of some interval (as stated in
Theorem 3.8(1)). As mentioned before, this difference is a consequence of the
different behaviour of Laplacians on a sphere and on a ball.

Proof. Fix ¢ > 0 such that 0 ¢ (g—g — g, 2—‘(’] + €) and assume that the first
statement does not hold. Then, there exist A+ such that

@—6</\_<@</\+<@+5
(7)) Qo (7))
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and G(tg) is an isolated critical orbit of ®(-,Ay): H — R. Therefore, there
exists  C H being an open, bounded and G-invariant subset such that
(Vo ®(-, A1)~ H0)Ncl(Q) = G(7ip). Hence, the degrees Vg-deg(V, (-, A1), Q)
are well-defined, and to prove the assertion we will apply the Rabinowitz al-
ternative given in Theorem 4.7. To this end, we will show that

Ve-deg(Vy,@(-,A2), Q) # Va-deg(V,@(-, A\t ), ). (3.15)
To prove (3.15), consider an orthogonal H-representation W = T G (i)

U
and an H-invariant functional ¥ = ®|wyg, where H = {e} x SO(N) is the
isotropy group of ug. Then, as in the proof of Theorem 3.7, we obtain that

(3.15) is equivalent with

VH'deg(vu\II‘W" ('7 )\*)7 Bﬁ(’ljo, Wn)) # VH-deg(Vu\plwn ('a )\+)7 Bg(ﬂo, Wn))a

(3.16)
where W" = W N H". Considering the shifting of the critical point to the
origin, we get

VH—deg(Vu\IJ|Wn (', /\i), Bg(ﬂo, Wn)) = VH—deg(VHi, B(s(Wn)),

where IT4 (u) = Ulwn (u + g, Ax).

It is easy to observe that from the assumptions it follows that A, and
A_ are of the same sign. Suppose that A > A_ > 0. Reasoning as in the
proof of Theorem 3.7, we can obtain formulas for Vy-deg(VIIL, Bs(W™)).
More precisely, for A € R let us denote

= @ D vamn
aj€o(A) Breo(—A;BY)\{0}
Br<Aay

Moreover, put

A VA OB )

aj€a(AN\{0} Brea(—A;BN)\{0}

Voean= @B @D D V@,

AEAN(A_,A}) aj€0(A) gpco(—A;BY)\{0}
r=Aaj

and

Then, applying the splitting lemma with the homotopy invariance property
and the product formula, we obtain

Via-deg(VIL_, B5(W")) = degp(VF|1L r(ug) (A=), Be(Ty T (u0)), 0)
V -deg(—Id, B.W(X_)))
and
Vi-deg(VILy, Bs(W")) = degp(VF|1L r(uy) (5 A), B(Ty;T(up)), 0)
V r-deg(—Id, B.(W(A_)))  Vgz-deg(—Id, B.(Vr_x,))).

Hence, by the invertibility of Vy-deg(—Id, B(W(A_))), see Theorem
2.1 of [16], we can reduce (3.16) to

degB(VF|TuLOF(uo)('7 A*)v BE(TJBF(U‘O))? 0) -1
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# degB(VF‘T,fOF(uO)('a A4), Be(ToT(ug)), 0) - Vg-deg(—Id, Be(V(n_ xy)))-

To finish the proof, note that V_a(8y) is a nontrivial SO(N)-
representation (by Lemma 3.4). Therefore, since V_a(8o) C Via_ x,), the
space V(x_ a,) is also a nontrivial SO(NN)-representation. Hence, by Re-
mark 4.6, Vg-deg(—1Id, B«(V(x_x,))) # a1 for any a € Z. Using (B6), we
therefore obtain (3.16), from this and Corollary 2.5 we get (3.15). Applying
Theorem 4.7 we complete the proof in the case of positive 4.

Reasoning in a similar way in the case A < Ay < 0, we finish the
proof. O

Remark 3.10. In [15], we have investigated a problem similar to (3.14).
Namely, we have considered the system (3.14) with the potential of the form
F(u,\) = Af(u) with f having a non-degenerate critical orbit. In particular,
we have proved that in this non-degenerate case, under the assumptions
of Theorem 3.8, there occurs a global bifurcation exactly from the orbit
G(up) x { g—‘;} Theorem 3.8, therefore, generalises this result to the case of a
degenerate critical orbit and a more general potential F'.

The precise indication of the bifurcation level is a consequence of the
necessary condition given in Lemma 3.1 of [15]. Since we do not have such
a condition in the degenerate case, we have obtained only an approximate
location of the bifurcation, i.e., we have proved that there is a global bifur-
cation at any arbitrarily small neighbourhood of 2—‘3 or there occurs a local
bifurcation at every level from this neighbourhood.
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4. Appendix
4.1. Equivariant topology

Let V be a finite-dimensional, orthogonal representation of a compact Lie
group G. Fix vg € V, put H = G,, and consider an H-representation W =
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T;-G(vo), i.e., W is the space normal to the orbit G(vg) at vg. Denote by
B, (vg, W) the open ball of radius € centred at vg and by G x gz X the twisted
product of an H-space X over H, see [25,37]. In the theorems below, we
collect some properties of a neighbourhood of an orbit, for their proofs see

for example [4,8,10,29].

Theorem 4.1. (Slice theorem) There exists € > 0 such that the mapping
GxgW —V defined by g, w] — gw induces a G-equivariant diffeomorphism
0 from G x g Bc(vo, W) to an open G-invariant neighbourhood G- B(vy, W) =
{gw: g € G,w € Bc(vg, W)} of the orbit G(vo).

Theorem 4.2. If ¢ is given by Theorem 4.1 and g- B.(vo, W) N Be(vg, W) # 0,
then g € H.

Theorem 4.3. Fiz G-invariant functions ¢1,d2: G - Be(vg, W) — R, where
€ is given by Theorem 4.1 and assume that ¢1(w) = ¢a(w) for every w €
Be(UOaW)' Then, ¢l = ¢2-

In our paper, we use a topological invariant (namely the degree for
equivariant gradient maps) which is an element of the Euler ring (U(G), +, %),
see [36,37] for the definition of this ring. When applying the degree, we use
the fact that U(G) can be identified with the Z-module @ ;1 , c5up(a) Z (see

Corollary IV.1.9 of [37]), where sub|G] is the set of conjugacy classes of closed
subgroups of G. Moreover, we use the representation of elements of U(G)
as finite sums of the form > 4 csupiq na - xc(G/H™"), where ng € Z
and xg(G/H™) is a G-equivariant Euler characteristic of a pointed G-CW-
complex G/H™* (see [37]). The unit in U(G) is I = xq(G/G™).

4.2. Equivariant degree

Let V be a finite-dimensional, orthogonal representation of a compact Lie
group G, and let ¢ € CY(V,R) be a G-invariant function. Moreover, let
Q) C V be an open, bounded G-invariant set such that 9Q N (Vy)~1(0) = 0.
In such a case, we say that ¢ is an Q-admissible function. For such V, ¢ and
2, Geba has defined in [13] the degree V-deg(Vp, Q), being an element of
the Euler ring U(G).

The definition given by Geba uses the fact that any G-invariant 2-
admissible function can be approximated by a G-invariant >-Morse function
and in the next step by a so-called special G-invariant 2-Morse function.
However, in our applications it is enough to use the relation of G-invariant
Q-admissible functions with G-invariant 2-Morse functions. Recall that ¢ is
called an 2-Morse function if for every v € (V¢)~1(0) N Q the orbit G(v) is
non-degenerate, i.e., dim ker VZ¢(v) = dim G(v).

The following lemma is a consequence of Theorem 2.2 of [9].

Lemma 4.4. If o € C?(V,R) is an Q-admissible G-invariant function, then
there exists a G-invariant set Qo and a G-invariant function @ € C*(V,R)
such that

(1) (Vo) 1(0)NQ C Qo C () C O,

(2) p(v) = @(v) for every v € V\ Q,
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(3) @ is a G-invariant Q-Morse function.

We say that a G-invariant Q-Morse function ¢ satisfying the assertion
of the above lemma is associated with ¢. Note that from the lemma it follows
that » and ¢ are Q-homotopic, i.e., there exists a G-invariant C2-function
h:V x [0,1] — R such that (V,h)~1(0) N (92 x [0,1]) = 0 and V,h(v,0) =
V), Vyh(v,1) = Vo(v).

The degree Vg-deg(Vp,2) has properties analogous to these of the
Brouwer degree such as additivity, excision, linearisation, homotopy invari-
ance, see [13,34]. Moreover, there holds the product formula for this degree,
see [17]. For the convenience of the reader we recall it below.

Lemma 4.5. Let Q; C V; be open, bounded and G-invariant subsets of

G-representations V; and let o; € C1(V;,R) be G-invariant and 2;-admissible
functions fori = 1,2. Then, o1 + 2 € C1(Vy @ V3, R) is Q) x Qy-admissible
and

Va-deg((Ver, V2), 2 x Qs) = Vg-deg(Ver, Q) « Va-deg(Vips, Q).
Remark 4.6. Tt is known (see [13]) that if G acts trivially on £, then
Ve-deg(Vp, Q) = degp(Ve, Q2,0) - L. (4.1)

On the other hand, applying the results from [12] (in particular Lemma
3.4) it is easy to prove that for a connected group G and any nontrivial
G-representation V there holds Vg-deg(—1d, B(V)) # a -1 for any a € Z.

Now we are going to provide a sketch of the definition of the G-equivariant
degree in the infinite-dimensional case. Denote by H an infinite-dimensional,
separable Hilbert space being an orthogonal representation of the group G.
Let {m,: H — H: n € N} be a sequence of G-equivariant orthogonal projec-
tions. We say that this sequence is a G-equivariant approximation scheme on
H if the following conditions are fulfilled

(1) H" = im m, is a finite-dimensional, orthogonal G-representation for any
neN,
(2) H* ¢ H"*! for any n € N,

3) lim m,u = wu for any u € H.
( Yy
n—oo

Let us consider a G-equivariant gradient operator V& € C*(H,H) of
the form of a completely continuous perturbation of the identity. Let Q2 C H
be an open, bounded G-invariant set such that 9Q N (V®)~1(0) = 0. In
this situation, the degree Vg-deg(V®, Q) € U(G) is defined by the following
formula, see [34],

Ve-deg(VP, Q) = Vg-deg(VP|yn, Q NH"),

where n is sufficiently large.

Our aim is to consider the global bifurcation phenomenon, see Defi-
nition 3.2. In the proofs of the bifurcation results in Sect. 3 we apply an
equivariant version of the Rabinowitz alternative, we recall it below.

Consider a family of G-invariant functionals ® € C?(H x R,R) of the
form V,®(u,\) = u — V,((u, \), where V,,(: H x R — H is a completely
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continuous, G-equivariant operator. Suppose that there is ug € H such that
G(ug) C (V4 ®(-,A))71(0) for every A € R. We call elements of G(ug) x R the
trivial solutions of V,®(u,\) = 0.

Theorem 4.7. Suppose that there are Ay and a G-invariant open, bounded set
Q C H such that (V,®(-,A+))"1(0) Necl(Q) = G(uo). If

Vea-deg(Vy@(-,A2), Q) # Va-deg(V,@(-, Ay), ),

then a global bifurcation of solutions of V,®(u, A) = 0 occurs from the orbit
G(ug) x {A} for some X € (A_, ;).

The proof of this theorem is standard in the degree theory, see for in-
stance [5,7,32,33].

4.3. Equivariant splitting lemma
We end this section with recalling the so-called splitting lemma that we use
in computations of the degree in the degenerate case.

Consider a compact Lie group H, a finite-dimensional orthogonal
H-representation W and an H-invariant function » € C?(W,R). Suppose
that 0 is its isolated critical point. Assume additionally that V21(0) is not
an isomorphism. Denote by A and R the kernel and the image of V24 (0),
both being orthogonal H-representations.

Theorem 4.8. There existe > 0 and an H -equivariant homotopy VH: (B.(N)
X B.(R)) x [0,1] = W satisfying
(1) (VuH)7H0) N ((B(WN) x Be(R)) x [0,1]) = {0} x [0,1], i.e., 0 is an
isolated critical point of H(-,t) for every t € [0, 1],
(2) V. H((v,w),0) = Vip(v,w) for all u = (v,w) € Bc(N) X B:(R),
(3) there exists an H-equivariant map Ve: B(N) — N such that
V. H((v,w), 1) = (V(v), (V2(0)|r)w) for all (v,w) € B{(N)xBc(R).

The proof of the above theorem can be found in [11] (Lemma 3.2) and
uses a homotopy proposed by Dancer in [6]. Since in the proof of Theorem 3.7
the form of this homotopy is needed, we recall it below.

Remark 4.9. The homotopy considered in Theorem 4.8 is of the form
1 1 . ~
H((v,w),t) = §<(V2¢(0)|R)w7w> +5t(2 - (V2 (0)|r)w(v), @(v)) +

+tn(v, w(v)) + (1 = H)n(v, w + tw(v)),

where (u) = 1(V?1(0)(u), u) + n(u) and @ is a function obtained from the
equivariant version of the implicit function theorem (see Theorem 3.1 of [11]).
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