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Abstract. The existence of solutions for the Dirichlet problem associated
with bounded perturbations of positively-(p, ¢)-homogeneous Hamilton-
ian systems is considered both in nonresonant and resonant situations.
To deal with the resonant case, the existence of a couple of lower and
upper solutions is assumed. Both the well-ordered and the non-well-
ordered cases are analysed. The proof is based on phase-plane analysis
and topological degree theory.
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1. Introduction

Let H : R? — R be a continuously differentiable positively-(p, ¢)-homogeneous
positive-definite function. By this we mean that, for some p > 1 and ¢ > 1

with (1/p) + (1/¢) = 1,

H(Nz, Xy) = NPT H (z,y) >0, (1)
for every A > 0 and (z,y) # (0,0). We are interested in Dirichlet problems
of the type

OH OH
o= gr@y) Feltay), y =—Fr@y) +ihtay),
ZL’(G) =0= .’E(b),

where the functions ¢, : [a,b] x R? — R are continuous and bounded.

(2)
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The autonomous system

xr = ?y(m,y), Yy = _%(l‘ﬁg) (3)

is isochronous (see [25]). More precisely, (0,0) is a global center, and all
solutions are periodic of the same period, which we denote by 7. Moreover,
if yo > 0, for all solutions (x,y) starting with (2(0),y(0)) = (0,yo) there is
a first time 7 > 0 for which z(7}) = 0, while z(¢) > 0 for every ¢t €]0, [,
and this time 7 is independent of yo > 0. Symmetrically, if yo < 0, there is
a first time 7_ > 0 for which z(7_) = 0, while z(¢) < 0 for every t €]0,7_[.
Clearly enough, 7 +7_ = 7.
First of all, let us state the following nonresonance result.

Theorem 1. Assume that there is an integer n > 0 such that one of the
following alternatives hold

nt <b—a<nt+min{r_, 74}, (4)

nt+max{r_, 74} <b—a<(n+1)7. (5)

Then, problem (2) has a solution.

Its proof relies on the so called shooting method, following the ideas
presented in [10] (see also [3,23]), and will be given in Section 3.
As a possible example we may consider the function

H(ay) = 2 (66)7 +967)7) + (e + @),

for some positive constants 9,7, u, v (we use the standard notation where
ft =max{f,0}, f~ = max{—f,0}). If we choose 6 =~ =1 and ¢ = 0, our
problem is then equivalent to

{%Ww')/ + et P2t — e P2 = k(@)

(6)

z(a) =0=xz(b),
with A(t,,v) = —i(t,z, [v[P~2v). In this case, 74 = mpu~ /P and 7_ =
mov /P cf. [18], where
2(p—1)'/P
Ty = ———————T.
" psin(r/p)

If p = 2, the differential equation in (6) models an asymmetric oscillator, with
Ty = n/\/l, - = 7//v, and it is well known that some care on the choice
of p,v must be taken to avoid resonance phenomena; when h is bounded,
the existence of a solution depends on the position of (u,r) with respect to
the Fucik spectrum, cf. [10]. In Fig. 1, the assumption of Theorem 1 can be
visualized, when b — a = m,, taking the values (u~'/?,1~1/P) in the white
regions.

A different way of avoiding resonance would be the assumption of the
existence of a well-ordered couple of lower/upper solutions o < 3, together
with some Nagumo-type conditions. This method goes back to the pioneering
papers [20-22]. Some more care is needed in the non-well-ordered case o £ 3,
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F1GURE 1. The Fuéik spectrum

see [1,8,9,16,17]. We refer to the book [7] for an extensive exposition on
the theory of lower and upper solutions for scalar second order differential
equations.

The concept of lower and upper solution has been recently extended to
planar systems in [15] for the periodic problem (see also [12]), and in [14] for
Sturm-Liouville type problems, including the Dirichlet problem. We recall in
Section 4 the main definitions in this case.

Here is our result for problem (2), in the well-ordered case.

Theorem 2. Assume H to be a continuously differentiable positively-(p,q)-
homogeneous positive-definite function, for somep > 1 and q¢ > 1 with (1/p)+
(1/q) = 1. Let ¢, be uniformly bounded continuous functions, and let (c, 3)
be a well-ordered pair of lower/upper solutions of problem (2). Then, there
exists a solution (x,y) of (2) such that o < x < .

The proof will be given in Section 5. We will first need some properties
of positively-(p, ¢)-homogeneous Hamiltonian systems, which we provide in
Section 2. Then, the main issue will be the construction of some guiding
curves in the phase plane so to enter the framework of [14, Theorem 11].

In the sequel, we denote by Cljc’,i the space of C7-smooth real functions

whose jth derivative is locally ¢-Holder continuous, with ¢ > 0. Moreover,
defining the function

p1(t) = sin (Z_ Z 77) ,

we introduce the following order relation: for any continuous function z :
[a,b] — R, we write

x>0 (7)
if and only if
there exists € > 0 such that z(t) > ep;(t), for every t € [a,b] .
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We will write either u > v or v < v when v — v > 0.

Concerning the non-well-ordered case, we recall that the existence of a
pair of lower /upper solutions does not guarantee the existence of a solution,
since resonance phenomena can occur with respect to the higher part of the
spectrum. However, at least for scalar second-order equations, it is well known
that resonance can be handled with respect to the first eigenvalue, cf. [7]. This
observation leads us to assume, in the non-well-ordered case, that

b—a<min{ry,7_}. (8)
Here is our result, in the non-well-ordered case.

Theorem 3. Let ¢ > 0 and assume H to be a C’llo’f—smooth positively-(p, q)-
homogeneous positive-definite function, for somep > 1 and ¢ > 1 with (1/p)+
(1/q) = 1. Let ¢, be uniformly bounded C’lof;ﬁ-smooth functions, and let («, 3)
be a non-well-ordered pair of lower/upper solutions of (2). Assume moreover
that

oOH
—— (o, ) is a strictly increasing function, for every xo € R. (9)

dy

Then, if (8) holds, there exists a solution (x,y) of (2) such that o &€ = and

The above theorem generalizes [14, Theorem 19]. Its proof is provided
in Section 6 by the use of topological degree techniques, which require the
above regularity assumptions. It would be interesting to know whether the
result still holds when the functions ¢, are only assumed to be continuous.
Notice that assumption (9) is surely verified for problems like (6), where
G (x,y) = |yl 2y.

In the final section of the paper, we extend the previous results to sys-
tems in R?Y which can be considered as weakly coupled planar systems of
the above type. The different planar systems involved could have either well-
ordered or non-well-ordered lower and upper solutions. We are able to deal
with this mixed type of situations, still obtaining an existence result, thus car-
rying out the investigation opened in [14]. However, for the non-well-ordered
case, we need to ask the lower/upper solutions to be strict, a concept we will
introduce in Section 7.

2. Elementary properties of positively-(p, q)-homogeneous
Hamiltonian systems

For the autonomous system (3) the origin (0,0) is an isochronous center, all
solutions having minimal period 7 > 0. We denote by S(t) = (S1(¢), S2(t)) the
periodic solution such that S7(0) = 0 and S2(0) > 0, with H(S1(¢),S2(¢)) =1
for every t. Then, the periodic solutions of system (3) having energy H(x,y) =
E can be written as

(z(t),y(t)) = (E»Sy(t+0), E1 Sy(t + 7)),
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for some o € R. We will use the notations
S =max{|S1(t)| + [Sa2(t)| : t € R},
S” = max{|S](t)| +|S5(t)| : t € R}. (10)
For any function u = (x,v) : [a,b] — R?\ {(0,0)}, we can introduce the
generalized polar coordinates

2(t) = r(t)7 S1(0(t)) ,
{yu) = r(t)15:(0(¢),
where r(t) > 0. If u(t) = (0,0), we set r(¢t) = 0, while 6(¢) is not defined. Let
Np(u) = [[r| 2 = sup{r(t) : t € [a,b]} .
For every D > 0, one has that
Np(w) <D = |ze <DS and |ylloo <D

(11)

P
q

S.
Condition (1) can be rewritten as
1 1
H(Arx,\ey) = AH(z,y) >0,
for every A > 0 and (z,y) # (0,0). Then,
H H
vtz ) = e M g = 0O ), (12)
v
H
Mz, xy) = D Oy a0 ). (13)
Y
We can write the generalized Euler formula
Ty
(£.2)-wtrte.n) = ). (14)
P q
We can rewrite (12) and (13) as

OH OH , _a
OH ¢ OH

afy(w,uy)Zw 9y (nra,y), (16)

for every p > 0. We will need the following property.

Lemma 4. For every L > 0, we have that

OH
lim —(x,y) = too uniformly with respect to x € [—L, L].
y—+oo Qy

Proof. We first prove that there are ¢y > 0 and yy > 1 such that

0H OH
2| <L = a—y(w,yo) >¢p and a—y(x, —yo) < —¢p .
From (14), we have both
H H
98 01)>0 and Ho,—1)<o0.

dy y
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Hence, we can find dy > 0 and ¢y > 0 such that

OH OH
lu| <8 = a—y(u,l) >c¢o and 8—y(u,—1) < —cp. (17)

If we set
Yo = maux{(L/&o)S , 1} ,

then, for every z € [—L, L] we get, using (16) and (17),

OH 20H [ -2 4
@($7y0)2907y(yo 3371) > Yy Co = Co,
oH

s O0H ( —% v
Ty(% —Yo) = Y§ By (yo 557—1) < =Yy o = —Co-
So, for any z € [-L, L] and p > 1, from (16) we obtain

OH OH q a
_ = P P > P
9y (z, pyo) = p 9y (,u x,yo) > preg,

oH . OH . .
. — — “rr.— < —urcp.
9y (z, —pyo) = p oy (u x, yo)_ 7 co

The conclusion follows. 0

3. Proof of Theorem 1

To prove Theorem 1, let us first assume the validity of the alternative (4).
Introducing generalized polar coordinates (11), we can compute (cf. [25,
Section 2])

0'(1) = “le:) gyu)w,x(t),y(t)) - %x@)w,m(w,y(t» ,
P (1) = (t, (1), y(£)re (1S5 (0(8) — d(t, (1), y(t))ra ()S5(8(t)) -

Since the functions ¢, : [a,b] x R> — R are bounded, there is a constant K
for which

lp(t, v, )| < K, [¢(t,z,y)| <K, for every (t,z,y) € [a,] x R%. (18)

Setting w = min{%, %} and using (10), we have

0'(t) — 1| < KSr(t)™, (19)
r'(t)] < 2K8"r(t), (20)

when r(¢) > 1. As a consequence of (20), all the solutions of
' = %I(x,y) +otwy), Y= —%(w,y) +1(t,z,y) (21)

are globally defined. Since we are assuming (4), choosing 6 > 0 sufficiently
small, we have

nt<(b—a)(l—=0)<(b—a)(1+9) <nr+min{r_,7}. (22)
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Correspondingly, we can fix R > 1 such that
KSR “<34.
From (19), a solution of (21) satisfying r(t) > R for every t € [a,b] is
such that
1-6<@(t)<1+94,
for every t € [a, b]. Hence, recalling assumption (4), from (22) we get
nt < 0(b) — 6(a) < nT +min{7r_, 7 }. (23)
Finally, from (20) and Gronwall lemma, we can find Ry > Ry > R with
the following property: if a solution of (21) satisfies r(t9) = Ry for some
to € [a,b], then
R < r(t) < Ry for every t € [a,b]. (24)
Let us set
yl = RéSg(O) >0 and vy, = R§52(7+) <0.
For any o € J := [y, ,yg ], we consider the Cauchy problem

OH )

H
xlzaiy(l'vy)ﬁ—(ﬁ(t’x’y), Yy :—ai(x,y)—kl)[)(ﬁ,x,y),

oz (25)

z(a) =0, yla) =0o.

We recall that all the solutions of (25) are defined in the interval [a, b]. Then,
by [6, Corollary 2.3], there exists a closed connected set

K C{(0,2) € J x C([a,b],R?) : z = (x,y) is a solution of (25)}

whose projection on J coincides with J.
So, we can find some (y, ,(z7,y7)) € K and (y, (z*,y")) € K. The
solutions (%, y*) satisfy (23) and

R < r(t) < Ry for every t € [a,b].

Indeed, denoting by (r*,6%) the modified polar coordinates of (z*,y™), we

have 7¥(a) = Ry and so (24) holds. Then, if we consider the initial data

y*(a) = yd, [resp. y~(a) = yy |, we can choose 0 (a) = 0 [resp. 6~ (a) = 7, ].
From (23), we get

nt < 0T(b) <nt+T14, nT+14 <07 (b) < (n+1)T,
so that
7 (b) -2t (b) <0. (26

~

Hence, defining the continuous function Z : K — R as Z(o, (z,y)) =
x(b), from (26) we easily deduce that

Z(yy . (@,y7)  Z(yg, (T, y1)) <0.

By continuity, Z(K) is an interval and we find the existence of (7, (Z,7)) € K
satisfying Z(7, (Z,7)) = 0. Hence, (T,7) is the solution we were looking for.
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The proof is thus completed if (4) holds. If (5) holds, the proof is similar:
we need to replace (22) by

nT+max{T_, 7} < (b—a)(1—-¥8) < (b—a)(1+6) < (n+1)r
and (23) by
nT + max{7_, 74} < 0(b) —0(a) < (n+ 1)7
Finally, we get
nTHTL <0 ) <(n+)71, (n+D7<6,0)<n+1)7+710,

which gives (26), permitting us to conclude as above.
The proof of Theorem 1 is now completed. O

Remarks. Other types of boundary conditions can be considered, leading to
similar results. The case of a Neumann-type problem, with boundary condi-
tions y(a) = 0 = y(b), is nothing but the previous Dirichlet-type problem by
a simple switch in the variables x = y. The mixed problem

OH OH
=G @u)+otay), o =-Fo@y) it ny),

2(a) = 0= y(b)

can be considered, as well. Going back to the solution S = (S1,S3) of the
unperturbed system (3), we can find the positive values 71, 72, 73, 74 such that

(27)

51(0) =0, S52(0) >

Si(m) >0, Sa(m) =

Si(m +712) =0, 52(71+7'2) <0,
S1(m + 12 +713) <0, Sa(m + 12+ 73) =0,

T+ To+T3+T4=1T,

leading to the following.

Theorem 5. Assume that there is an integer n > 0 such that one of the
following alternatives hold

nt <b—a<nrt+min{n, 3},

nT 471+ 73+ max{r,u} <b—a<(n+1)r
Then, problem (27) has a solution.

Similarly, we can consider the boundary conditions y(a) = 0 = x(b), as
well, thus obtaining the corresponding existence result. Finally, Carathéodory
conditions on ¢ and 1 could be assumed. We avoid entering into details, for
briefness.
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4. The definition of lower and upper solutions

Let us consider the boundary value problem

{fl)/:f(t,fﬁ,y); y/:g(t7x7y)a
x(a) =0= ‘T(b) )

where f, g : [a,b] xR? — R are continuous functions, and recall the definitions
introduced in [14].

(28)

Definition 6. A continuously differentiable function « : [a, b] — R is said to be
a lower solution for problem (28) if there exists a continuously differentiable
function y, : [a,b] — R such that, for every ¢ € [a, b],

y<ya(t) = fltalt)y) <o ’
{y Sl = fa) >, = otethel)

and
ala) <0, alb) <0.

Definition 7. A continuously differentiable function f : [a, b] — R is said to be
an upper solution for problem (28) if there exists a continuously differentiable
function yg : [a, b] — R such that, for every ¢ € [a, b],

{y<yﬂ<t> = f(LB[),y) < B,

y>usl) = fBWMy) > g, U0 =eEA0us),

and

We say that (a, ) is a well-ordered pair of lower/upper solutions of
problem (28), if « and [ are respectively a lower and an upper solution for
problem (28) and they satisfy

a(t) < B(t), foreveryt € [a,b].

On the other hand, if the above inequality does not hold, we say that the
pair (a, 3) is non-well-ordered.

5. Proof of Theorem 2
Define

f(ta) = G (@) 4 06a0) . g(t9) =~ 5 (o) + k),

and set m, = mina and Mz = max . To apply [14, Theorem 11], we need
to construct some guiding curves fyfo ¢ [Ma, M) — R such that, for every
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t € [a,b] and x € [a(t), B(t

~—

vi () < min{ya(t), ys(t)} ),Ys
g(t, 7 (@) > f(t2,9 () (7)) (2) (29)
g(t,z, 73 (2)) < f(t 2,75 () () (2), (30)
gtz (2) < f(tz,71 (2)) () (2) (31)
g(t,z, vy () > f(t, 2,75 (2)) (7)) (). (32)

This can be obtained as an immediate consequence of the next two lemmas.

Lemma 8. For any L > 0 and yo > 0 we can define two continuously differ-
entiable functions vi, 74 : [-L, L] — R satisfying

vii(x) >yo, i=1,2, forallxzel[-L,L],
and such that (29) and (30) hold for every t € [a,b] and x € [-L, L].

Proof. Since both ¢ and ¢ are bounded, let us consider K > 0 as in (18).
From Lemma 4 we can find y; > yg such that

OH
8—y(x,y) > K + 1, for all (x,y) € [-L, L] x [y1, +o0[. (33)
Since H is C', we can find a positive constant c¢; such that
0H
%(:C,y) <a ) for every (.’,E, y) € [7L7L] X [ylvyl + QL} . (34)

Now, since 2 — ¢ < 1, we can find M > 1 sufficiently large so to have
(M7 +1)(K +1) < M. (35)
We define 7{2 :[-L,L] - R as
(@) =My +L-=), 75 (@@)=Muy +L+z). (36)

Notice that v;5(x) > y1 > yo, for every z € [~L, L]. If we show that, for
i=1,2,

OH

()| + K

E)il <M, foreveryxe[-L,L], (37)
a*y(z»’ﬁr(%)) - K

then, since from (36) and (33) the denominator in (37) is positive, we get
both

M (Gt @) + ottt @) 2 M (5 ot ) - K)
OH

> |G @] + K = G @i @) - vlt i (@),
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and

M (G @) + ottt @) 2 M (5 o ) - K)

OH OH

— K>—— A .
K v K2 =2 @) 4 plt, e @),
for every t € [a,b] and z € [—L, L] and the lemma will be proved. Hence, we
need to prove the validity of (37).

Using equality (15) and the estimate (34), we have that

OH
Ox

(2,7 ()

H
—(x, Mv) ‘:M‘aa (Mfgx,v> < Mcy,
x

for every x € [-L, L] and v € [y1,y1 + 2L]. (38)

Moreover, using equality (16) and recalling (33), we have that

_« O0H OH [ 4
pa—y(x,Mv)—a—y(M Pw,’v) >1,
for every x € [-L, L] and v € [y1,y1 + 2L]. (39)

From (38) and (39),
OH
oz

H
(x, Mv) = 01M2_q8—

e OH
< Mc < ClMl_;
dy

dy
for every x € [—L, L] and v € [y1,y1 + 2L].

(x, Mv) (z, Mv),

Since, using (36), for all z € [~ L, L] we have 3:7; (z) € [y1,y1+2L], i = 1,2,
then we get

H
@] <ant G ot o).
Hence, recalling (33

) and (36), we have

(
(7 )| + K _ aMP 3 (@) + K
(2,7 (x)) — K Sl (@) - K
2—q K
aM™+ gm0
— —
V= ar 7o

< (aMPTU4+1)(K+1) < M,

OH
ox
OH
oy

where the last estimate is given by (35). We have thus proved (37), and so
the proof of the lemma is completed. O

Lemma 9. For any L > 0 and yo > 0 we can define two continuously differ-
entiable functions vy ,7v5 :[—L,L] — R satisfying

v () < —yo, =12, forallaxe|-L, L],
and such that (31) and (32) hold for everyt € [a,b] and x € [—L, L].
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The proof of this lemma is analogous to the previous one, so we omit
it, for briefness.
Let us now conclude the proof of Theorem 2. Choosing

L =max{[lalleo, [[Bllc}, g0 > max{|[yalloc, lysllec}

we can apply Lemmas 8 and 9 to get the existence of the needed curves ’yl-i.
Moreover, for every t € [a,b],

y > min{~(0),75 (0)} = f(t,0,y) >0,
y <max{y; (0),7, (0)} = f(£,0,y) <0.

This is an immediate consequence of Lemma 4, choosing a larger value of
Yo, if necessary. Then, [14, Theorem 11] applies, thus completing the proof
of Theorem 2.

6. Proof of Theorem 3

As a first step, we need the following two lemmas, where the ordering relation
defined in Introduction is used.

Lemma 10. ([14, Lemma 17]). Given a continuous function ¢ : [a,b] — R,
the sets

{xeCi(a,b]) : o<}, {xeCi(ad)) :z<p}
are open in C}([a,b]) = {z € C'([a,b]) : z(a) =0 =xz(b)}.

Lemma 11. ([14, Lemma 18]). Given a continuously differentiable function
¢ : [a,b] — R, we have that

max{p(a),o(b)} <0 = Fé>0: p <K épy,
min{p(a),e(b)} >0 = FE>0: p> —Cp;.
We now use the notation introduced in Section 2, and set S (t)=S1(t+74).

Lemma 12. Given a continuously differentiable function ¢ : [0,71] — R, we
have that

max{p(0),¢(77)} <0 = Fc>0:p<cS.

Similarly, given a continuously differentiable function ¢ : [0,77] — R, we
have that

min{p(0),p(r)} >0 = Je>0:¢>cS.

Proof. To prove the former statement, we apply Lemma 11 with [a,b] =
[0, 77], recalling that S; > 0. To prove the latter statement, we apply the
same lemma with [a,b] = [0,77], recalling that S; < 0. O

Let us introduce a C'*°-smooth cut-off function x : R — [0, 1] such that

X(s)_{l if |s| < 1, (40)

0 if|s|]>2,
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and, for every d > 1, consider the modified problem

:.}/c\( )7 y/:/g\d(t;x,y),
41
{<>=o #(b), )
where
~ —10H
Fatt,z,) = = G ) + alt. ),
- —10
alt,e,0) =~ O (w0) 4 Galt, 2.0
with

utta) = x( ) (iz) (35 @ + ot

Jd(tw,y):X(;S)x(dp%g)( Cliaa (z,9) +wtwy)
d
<

a3, 2?}
d,

Notice that (2) and (41) coincide in the set [—dS,dS] x [
In particular, if a solution u = (x,y) of (41) is such that N, (u)
is necessarily a solution of (2).

Lemma 13. There exists D > 1 with the following property: if u = (x,y) is
any solution of (41), with d € [D,+0o0], satisfying a« €z and <€ 3, then
Np(u) < D.

Proof. Assume by contradiction that there exist a diverging sequence (dy, ),
and some solutions u,, = (z,,y,) of (41), with d = d,,, such that o <K z,,
xn, € 0 and N, (uy,) > n. We introduce the functions

317
Nop(un)P~

In particular, NV, (vy,, w,) = 1. Notice that, from (11) and (10), we have

and w, =

[vnlloo <8 and ||wnlleo < S. (42)

By (12) and (13), we see that (v, w,) solves

vl = Ccll i?}Z(an,wn) + D, (t, vy, wy)
Wy = = o () + Wt v ) (43)
vp(a) =0 =uv,(b),
where
Doty 0 w0) = N(lu)a (b, N (1 )0y Ny (1) 0
oty s 00) = e By (6 N ()0 N (100) 0,

Np(un)p_l
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Then, by (42), since (vy,w,) solves (43), it is bounded in C' x C!. By a
standard compactness argument, a subsequence converges to some (7, W) in
C!' x C', and

S_OH o OH
v = ay (an)z w = ox (U,UJ)
(a) =0="1(b).

Hence, we have either (v(t),w(t)) = S(t), or (v(t),w(t)) = S(t + 74+). More
precisely, using (8), the first case is possible if and only if b — a = 74, the
second one if and only if b—a = 7_. In the first case, since v,, C'-converges to
S1 > 0, we have that v,, > %Sl when n is sufficiently large, so that, recalling
Lemma 12, we get the contradiction

1
zn = Np(uy)vy, > in(un)Sl >cS > a.

In the second case, since v,, C'-converges to 51 = 51(- +74) < 0, we have
that v, < %Sl when n is sufficiently large, thus providing the contradiction

Ly = Np(up) v, < %Np(un)§1 < S <.
The proof is thus completed. O
We now fix D > 1 as in Lemma 13, assuming also
max{|la/ls , 18]} < DS,
maxc{llyalloe sl } < DS (44)

From Lemma 13, if u = (z,y) is any solution of (41) with d > D, satisfying
both o €z and z < 3, then u is a solution of (2), too.

Lemma 14. The functions a and (8 are a lower and an upper solution of (41),
respectively, provided that d is chosen large enough.

Proof. From Lemma 4 and the boundedness of ¢, we deduce the existence of a
constant K > 0 such that, for every d > 1, we have both q~5d(t, alt),y) > K
when y > 0, and ¢q(t, a(t), y) < K when y < 0, for every ¢ € [a, b]. Moreover,
using again Lemma 4, we can take d large enough so that, if y > d?/9S then

L a0.) + dultsal.) = T S a(0.0) - K > (0,

d 0oy
and if y < —dP/7S then

G @)+ ult. () < T et + K < a'(e).

On the other hand, if y € [~dP/9S,dP/9S], then (a(t), y) belongs to the region
where the problem has not been modified and the desired estimates hold.
The inequality for y/,(¢) still holds since, for every ¢ € [a,b], also the
point («(t),ya(t)) belongs to the region where the problem has not been
modified. O
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Our aim now is to construct a lower solution @ and an upper solution B
such that @ <  and a < 3. To do so, let us consider, for every d > 1, the
slowed autonomous system

d—10H d—10H
!l —
x——gfgguwx y y ax@w) (45)

It is isochronous, all solutions being periodic with minimal period Tﬁ > T

Lemma 15. For every £ > 0, the problem

_d—l@j(m ) ,_7d—187H(x )
- d 8:[/ ?y7 yi d ax ?y’

z(a) = § = z(b),

has a unique solution (x¢,ye). Moreover, x¢(t) > £ for every t €a,b[. Simi-
larly, the problem

/

d—10H d—10H
/I __ [—
Tr = d ay (Z‘,y), Yy d ax (xay)a
x(a) = —f:x(b),

has a unique solution (x_¢,y—_¢), satisfying x_¢(t) < —& for every t €la, b[.

Proof. If we parametrize the solutions (x,y) with the energy E = %H(Jc, y),
we see that they cross the line £ = {(z,y) € R? : z = ¢} if and only if F
is greater than a well determined value Fg > 0, and assumption (9) ensures
that there are exactly two crossing points (&, gg) and (&, gg), with gjgr > Ye -
Since b—a < 7_ < 7_d/(d — 1), the solution (x,y) we are looking for cannot
follow the path to the left of £, hence, if it exists, it has to be x¢(t) > ¢ for
every ¢ €a,b.

Let us denote by T¢(FE) the time needed to go from (5,3/2) to (§,yg).
We have thus defined a function Ty :]E¢,+oo[— R which is continuous,
positive and strictly increasing. Surely T¢(E) < b — a if E is in a small right
neighbourhood of E¢. Hence, since limp_ oo T¢(E) = 74d/(d — 1) > b — a,
there is a unique value E¢ > F¢ for which T¢(E¢) = b — a, and this value of
the energy determines the solution we are looking for.

We have thus proved the first part of the lemma; the proof of the second
part is similar. O

We are now ready to define the lower and upper solutions @ and B

Lemma 16. Taking d > D and £ > 2dS, the functions @ = x_¢ and B = ¢
are a lower and an upper solution of (41), respectively. Moreover,

akpf and oz<<3.

Proof. Let us show that B = x¢ is an upper solution, with associated func-
tion y; = ye. Recalling that da(t,z,y) and ¥4(t,x,y) vanish when z ¢



66 Page 16 of 32 A. Fonda et al. JFPTA

[—2dS, 2dS)], since & > 2dS, using assumption (9), we have

y<uel) = el < T w0 uelt) = o),
v uelt) = G el > o o (0. ve(t) = o).
Moreover,
d—10H

ye(t) < —T%(gﬁ&(t)a Ye(t)),

since equality holds. Finally, z¢(a) > 0 and x¢(b) > 0, thus proving that x,¢
is an upper solution. Analogously one proves that x_¢ is a lower solution.
Now, since from (44) we have & > 2dS > max{||a| « , ||8]|c}, one has

re(t) < —E<B(t), z(t)>E>alt), forevery te [al],
thus ending the proof of the lemma. O

Let us now fix d > D sufficiently large to ensure the validity of Lemma 14.
We thus have three well-ordered pairs of lower/upper solutions of (41):

@0), (p), (@5).

Let @ = min@ and b = max . By Lemma 4, we can find M > 0 such that, if
t € [a,b] and x € [a,b], then

y>=M = fat,z,y)>0,
y<-M = falt,z,y) <0. (46)
We now need to introduce the guiding curves.

Lemma 17. There are four continuously differentiable functions 'yii : [a,b] —
R, with i = 1,2, satisfying

Ga(t. 2,7 (@) > Fa(t.z, 77 (2)) (4 (),
dat, .9 () < fa(t.z, 73 () () (),
Ga(t. 2,71 (@) < fa(t.z, 77 (2)) (47) (@),
Ga(t.z, 75 (2)) > fa(t,2,75 (1)) (72) (@), (47)

and such that
v; () < min{—M, ya(t),ya(t), ys(t), y5(t)}
< max{M, ya(t),y.a(t), ys(t), y5(t)} <7 (2), (48)
for every t € [a,b] and z € [a,b].
Proof. 1t follows the lines of the proofs of Lemmas 8 and 9. O

Let us now introduce our functional setting for the problem (41).

Set T = [a,b], denote by C%¢(Z) the space of ¢-Holder continuous
functions and by C1*(Z) the space of functions having derivative belonging
to C%*(Z). Moreover, define

CyY(T) = {z € CY(T) : 2(a) = 0==z(b)}.
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We consider the linear operator
L:Cy'(T) x CHU(T) — COH(T) x CO4(T)
Liz,y) =@ -y, y),
and the Nemitskii operator
Ng: C3(T) x CHT) — CO(T) x C*Y(T)

Nalw,y)(t) = (Falt,2(t), y(®) = y(0), Galt, (), y(0)) -
Problem (41) is then the same as
Lu = Ngu,
with
ue X :=CHI)x CHT).
Lemma 18. The operator L is invertible with continuous inverse, and prob-
lem (41) is equivalent to u = L=*Ngu. Moreover, the operator
L7'Ny: X = X
is completely continuous.

Proof. Tt is rather standard, using the fact that C'+¥(Z) is compactly imbed-
ded in C1(Z). O

Let us define the sets
Vi=V@pf), n=V@p), Vs=Vap),
with the notation
V(ie,n) = {(z,y) € X : p <2z < nand
v (2(t)) < y(t) <yt (x(t)), for every t € T},
where
v~ (z) =min{y; (x), i=1,2}, 7" (2) =max{(2),i=1,2}. (49)
These sets are open in X = C}(Z) x CY(Z), by Lemma 10.
We say that an open set Q C X is admissible if L' N, has no fixed

points on 9€) and the set of fixed points of L™1 N, in € is bounded, i.e., it is
contained in some open ball B, . In this case, we can define

deg(I — L™ Ny, Q) =dps(I — L™'Ng, QN B,),

where djs denotes the Leray—Schauder degree. By excision, this definition
does not depend on the choice of p.

Our aim is to prove that, if there are no solutions of (41) on 9V;, then V;
is admissible and

deg(I — L7'Ng, V) =1, j=1,2,3.

This fact will be proved in Lemma 22.
In the following we denote by (¢, n) any of the three pairs

@0), (h), (@5).
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We need to truncate the functions f; and gy so to modify system (41). Define,
for any pu < v,

p, ifs<up,
Csypv)y=4qs, fu<z<v, (50)

v, ifs>wv.

Fix Y > 0 such that

for every z € [a, b]. Let

Fom(t,,y) = fa(t.Cla,0(t),n(t),C(y,~Y,Y
o (t,2,y) = Ga(t, C(x, 0(t),n(t)),C(y, —Y ?>) C(, (), m(t))

and consider the problem

$I:y+f<p,n(tvx’y)7 y/:x"i'g%n(t?xvy)
z(a) =0 =z(b),

which is equivalent to Lu = N, ,u, with the appropriate Nemitskii operator.

Notice that the functions f,, and g, , are bounded. Moreover, if (z,y) is a

solution of (51) satisfying o < x <nand —Y <y <Y, then it is a solution

of (41), too.

(51)

Lemma 19. FEach (,n) is a well-ordered pair of lower/upper solutions for (51).

Proof. Assume for instance that (1) = (a, 3). Then, if y € [-Y,Y],
)
)5

Y > Yalt) = Y+ fam(ta(t),y) = falt,a(t),y) > o/ (t
Y < Yalt) = Y+ fan(t,at),y) = falt,a(t),y) < o/(t
while
Y>Y = y+ fanlt,alt),y) >Y + font,at),Y) > (1),
y< =Y = y+ fant,a(t),y) < =Y + fo,(t,at),-Y) <d(t).

Since —Y < y,(t) <Y for every t € [a,b] from the choice (48), the inequality
for y/,(¢) still holds, since («(t), yo (t)) belongs to the region where the problem
has not been modified. All the other cases can be treated similarly. O

Lemma 20. Fvery solution u = (x,y) of (51) satisfies ¢ < x <.

Proof. Let us define the following regions

Ave ={(t,z,y) : t€[a,b], z>n(t), y > yy(t)},
Asp ={(t,z,y) : t € a,b], 2 >n(t), y <y,(1)},
Asw ={(t,z,y) : t € a,b], z <o(t), y <y,()},
Anw = {(t,2,y) 1 t € [a,b], < p(t), y > yp(t)}.

As in [12] and [14], one can verify that, if u = (z,y) is a solution of

' =y+ font,ry), Y =4 gonty),
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P 0 n

FIGURE 2. A section at a fixed time of the regions intro-
duced in Lemmas 20 and 21, describing the dynamics of (51)

then, for any tg € [a, b],
(to,u(to)) € Ase = (t,u(t)) € Agg for every t € [a, to] ,
(to,u(to)) € Anw = (t,u(t)) € Ayw for every t € [a, o],
(to,u(to)) € Ang = (t,u(t)) € Ayg for every t € [tg, ]],
(to,u(to)) € Asw = (t,u(t)) € Asw for every t € [to,b].
Moreover, for any tg € [a,b], if
z(to) < ¢(to) and  y(to) =yu(to),
then there exists § > 0 such that
to#a,telto—9d,to] = (t,u(t) € Anw,
to #b, t €lto, to + ] = (t,u(t)) € Agw .
Similarly, if, for any ¢y € [a, ],
z(to) > n(to) and  y(to) = yn(to),
then there exists § > 0 such that
to#a,t EJto— 6, to] = (t,u(t)) € Agp
to #b, t Elto, to + ] = (t,u(t)) € Ang.

66

Indeed, by contradiction, let u = (x,y) be a solution of (51) such that

x(to) < ¢(to), for some to € [a,b]. Since z(a) = 0 > ¢(a) and x(b)

0 < ¢(b), then ty €la,b] and by the above considerations it cannot be that
(to,u(to)) € Anw U Agw. Hence, y(to) = y,(to), and there exists § > 0 such
that (t,u(t)) € Anw for t €]tg — d,to[, which leads to a contradiction. The

case x(to) > n(to) leads to a similar contradiction, as well.

Lemma 21. FEvery solution uw = (x,y) of (51) satisfies
@) < y(t) <A @), for every t € [a,1].

O
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Proof. We introduce the functions G (t) = y(t ) yE(x(t)), with i = 1,2.
We first show that y(a) < v+ (z(a)) and y(b) < ( (b)).

Let us prove that we cannot have y(a) > v, (x(a)). At first, assume
that y(t) > ~;" (x(t)) for every ¢ € [a,b]. Then, from (48) we get y(t) > M for
every t € [a,b], so that (46) gives z(b) > 0, a contradiction. So, there exists
to € [a,b] such that G (tg) = 0 and G7 () < 0 in a right neighborhood of
tg. We can compute, recalling (47),

(G1)'(to) =3/ (to) — () (x(t0))’ (to)

= ga(to, z(to), ' (z(to))) — (1) (x(to)) fa(to, 2(t0). 7 (2(t0)))

= Ga(to, z(to), 7 (z(t0))) — (1) (2(to)) fa(to, x(to), 7 (x(t))) > 0
getting again a contradiction. Hence, y(a) < v, (x(a)) < v+ (x(a)), recall-
ing (49).

Similarly one shows that y(b) < 75 (x(b)) < v*(z(b)), going backwards
in time.

We now prove that y(t) <+ (z(¢)) for every ¢ € [a,b]. Assume by con-
tradiction that there is tg € ]a, b such that y(to) > v+ (2(t)). We distinguish
two possibilities. First, if x(¢y) > 0, then the solution remains above 'yf' for
all t €Jto,b]; hence, y(t) > M and 2'(t) > 0 for all ¢t €]to,b], leading to
x(b) > 0, which is impossible. Second, if z(¢y) < 0, then there must exist a
t; € [a,to[ such that y(t;) < M. But then the solution remains below 5 for

all t € [t1,b], in contradiction with the assumption.
Similarly, one proves that y(t) > v~ (z(t)) for every t € [a, b]. O

)
)

Lemma 22. If there are no solutions of (41) on 0V;, then V; is admissible
and

deg(I — L™'Ng, V) =1, j=1,2,3.

Proof. For any sufficiently large p > 0, denoting by B, the open ball in X
with radius p, centered at the origin, we claim that

deg(I — L™*N,,,B,) =

Indeed, let us show that there is a p > 0 such that, for every A\ € [0, 1], every
solution of Lu = AN, ,u satisfies ||ul|c1 < p. By contradiction, if this is not
true, there exist a sequence (\,), in [0, 1] and some solutions wu, = (2, yn)
of Lu,, = Ay Ny yuy, such that |u,||c1 — oo. Let v, = @y, /||un|| o1 and w, =
Yn/||tn|lcr- By a standard argument it can be seen that, for a subsequence,
A — A € [0,1], while (v,,w,) — (9,w) in X. Moreover, ¥/ = w, w' = \v,
so that 9" = Av, and since v(a) = 0 = ©(b), this implies ¥ = 0, hence also
w = 0, a contradiction. By homotopy invariance, the degree is then equal to
1.

Fix p > 0 as above. Since there are no solutions of (41) on 9V(p,n), we
also have that there are no solutions of (51) on dV(¢,n). Hence, V(p,n) is
admissible and, by excision,

deg(I — L™ "N, ,,V(¢,n)) = deg(I — L™ 'N,,,B,) = 1.
Now, since N, = Nq on V(¢,7), the result follows. O
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Lemma 23. There are no solutions of (41) on V.

Proof. We recall that in Lemma 16 we provided the definition of the functions
a=x_¢ and 3= z¢ with the choice £ > 2dS. Let u = (x,y) be a solution
belonging to the closure of Vi. Then a(t) < z(t) < B\(t), for every t € 7.
Assume by contradiction that z £ J3. Since z(a) =0 < & = B(a) and
z(b) = 0 < € = B(b), there must be a ty € |a, b[ such that

-~ -~

z(to) = B(to) > &, '(to) = B'(to).

Hence, as £ > 2dS, both (z(t),y(t)) and (z¢(t), ye(t)) solve the autonomous
system (45) in a neighborhood of ¢y. Since

d—10H
' (to) = T@(x(to)yy(tO)),
and
d—10H

being 2'(tg) = z¢(to) and z(to) = w¢(to), by assumption (9) it has to be
that y(to) = ye(to). Since autonomous planar Hamiltonian systems have the
uniqueness property for Cauchy problems when the initial value is not an
equilibrium (cf. [19, Theorem 1]), then the two solutions (z(t),y(t)) and
(we(t),ye(t)) coincide, as long as they remain in [€, +oo[ xR, leading to a
contradiction. Hence, z < B Similarly, one proves that @ < z. So, there are
no solutions of (41) on 9V;. O

Now, if there is a solution u = (x,y) of (41) on dVs, then = < § and
x & (. Since a £ B, there is a ty such that z(tg) < G(tg) < alty), implying
that a & z. So, u is the solution of (28) we are looking for.

A similar argument shows that if « = (z,y) is a solution of (41) on dVs,
then w is the solution of (28) we are looking for.

Finally, if there are no solutions of (41) on 9V, U V3, then

deg(I — L™'Ng, Vi \ V, U V3) =
— deg(I—L "Ny, V1)~ (deg(IfolNd, Vo) + deg(I— L™\ Ny, vg)) — 1.
Then, there is a solution of (41) in V1 \ V2 U V5, and this is the solution of (28)

we are looking for.
The proof of Theorem 3 is thus completed.

7. Higher dimensional systems

Let us now introduce a higher dimensional version of problem (2). We will
write z = (21,...,2x) € RN, y = (y1,...,yn) € RY, and assume that the
continuously differentiable function H : R?N — R is of the type

N
H(xvy) = Z Hn(-rnayn) . (52)
n=1
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Moreover, for every n € {1,..., N}, we assume that there exist p, > 1 and
qn > 1, with (1/p,) + (1/gn) = 1, such that

H,, (AT u, \Pry) = NPrtan L (y,0) > 0,
for every A > 0 and (u,v) # (0,0). We consider the problem

OH oH
=G @u)+otny), ¥ =-Fo(@y) Hutny),

x(a) =0=z(b),

(53)

where the functions ¢, : [a,b] x R*N — R¥ are continuous and bounded.
Equivalently, writing ¢ = (¢1,...,¢n) and ¥ = (¢1,...,¥N),

OH
Ty, = Wn(ggmyn)+¢n(tazlv"'7x1\“y1"'"yN)’
n

yn:7#(xn,yn)+¢n(t71‘1,-~-,IN7y1,-~-7yN),

n

Tn(a) =0=uz,(), n=1,...,N.
For £,v € RY we write £ < v (or v =€) if
&n <wy foreveryn e {1,...,N},
and in this case we define
(€ 0) ={ueRY : £ Zu=v}.

We now adapt the definition of lower /upper solutions given in [14, Def-
inition 31] to the higher dimensional problem

{x’:f(t,a:,y% y,:g(tv‘rvy)v
z(a)

a) =0=xz(b), (54)

where f, g : [a,b] x R*Y — R are continuous functions. As usual, we write
f=1,...,fn) and g = (g1,...,9n). Similarly for the vector-valued func-
tions considered below.

Definition 24. Given two C'-functions a, 3 : [a,b] — R we say that (a, 3)
is a well-ordered pair of lower/upper solutions of problem (54) if

a(t) 2 B(t), for every t € [a,b],
afa) 20=26(a),  a(b) 20=06(b),

and there exist two C'-functions y®,y” : [a,b] — R such that, for every
t € [a,b], z,y € RY with z € (a(t), B(t)), and n € {1,..., N}, one has
' (t) when z, = a,(t) and y, < y2(t),
) )

In(t, 2, y)
fo(t, @ y) > ag, (t

{fnu,x,y) A
(

when z,, = a,(t) and y, > y%(t),

t

t) when z, = 8,(t) and y, <y’
( t

5(0),
5(1) (56)

fn(t7x7y) >6;1 t) When xn:ﬁn t) a’nd yn >yn ?
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and
(yn)'(t) > gn(t,x,y)  when 2, = a,(t) and y, = y;, (1), (57)
() (t) < gnlt,z,y) when z, = B,(t) and y, =y (t). (58)

Here is our result in the well-ordered case.

Theorem 25. Assume H to be as in (52), with components H,, being posi-
tively-(pn, qn)-homogeneous positive-definite continuously differentiable func-
tions, for some p, > 1 and g, > 1 with (1/p,) + (1/¢,) = 1. Let ¢, be
uniformly bounded continuous functions, and let (o, 3) be a well-ordered pair
of lower/upper solutions of problem (53). Then, there exists a solution (x,y)
of (53) such that a(t) < z(t) < B(t), for every t € [a, b].

Proof. One proceeds like in the proof of [14, Theorem 32]. The main difference
here is that the functions ¢ and v depend on all variables x and y. However,
setting

Mo = min{a, () : t € [a,b], n=1,...,N},

Mg = max{f,(t): t € [a,b], n=1,..., N},

the fact that ¢ and i are bounded permits to recover, for every n =1,..., N,
the required guiding curves *yfn, *yzjfn : [ma, Mg] — R, with ¢ = 1,2, and the
result follows. 0

For the non-well-ordered case, we need to introduce the notion of strict
lower and upper solutions. To this aim we will follow the ideas developed in
[11], and distinguish the components which are well ordered from the others.

The couple (J,K) is a partition of {1,..., N} if and only if 7NK = &
and JUK = {1,...,N}. We denote by #J and #K the cardinality of the
sets J and K. For a given partition (7, ), a vector

r=(1,...,7N) = (xn)ne{l,...,N} eRY

can be decomposed as x = (z7,zx) where 7 = (7;)je7 € R*T and 2 =
(1) rex € R#X. Similarly, we can decompose every function F : D — RY as
F(z) = (Fs(z), Fi(x)) with F7 : D — R#*J and Fx : D — R#X, for any
domain D. Moreover, for £,v € RN we write

(&) ={u=(ug,ux) eRY : &5 Sug 2vg}.

Definition 26. Let o, 3 : [a,b] — RY be two C'-functions. We will say that
(av, B) is a pair of lower/upper solutions of (54) related to the partition (J,K)
of {1,..., N} if the following conditions hold:
1. o < By, for any j € J;
2. ag £ B, for any k € K;
3. aa) 0= p(a) and a(b) 20 =< 5(b);
4. there are two C''-functions y*, 4 : [a,b] — RY such that (55), (56), (57),
and (58) hold for every ¢ € [a,b], z,y € RN with = € ((a(t), B(t))) ;,
and n € {l,...,N}.

In the following definition, we will use the relation > introduced in (7).
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Definition 27. Let (a, 3) be a pair of lower/upper solutions of (54) related
to the partition (J,K). We will say that this pair of lower/upper solutions
is strict with respect to the jth component, with j € J, if o;j < 3; and, for
every solution (x,y) of (54),

o <z, < B = o <Lr; L.

We will say that this pair of lower/upper solutions is strict with respect to
the kth component, with k € K if, for every solution (z,y) of (54),

ap <xp = o L, and  xp <G = xR < G

To prove the existence of a solution of (53), once a pair of lower/upper
solutions («, 3) is given, we need to ask the strictness property with respect
to the non-well-ordered components «y, 3. Moreover, we will need to ask
more regularity on the functions ¢ and : we will ask them to be locally
¢-Holder continuous for a certain ¢ > 0. Here is our result.

Theorem 28. Let £ > 0 and assume H : R2N — R to be as in (52), with
components H, being C’llt;f—smooth positively-(pn, qn)-homogeneous positive-
definite functions, for some p, > 1 and ¢, > 1 with (1/p,) + (1/q,) = 1.
Let (o, B) be a pair of lower/upper solutions of (53) related to the partition
(T,K) of {1,..., N} which is strict with respect to the kth component, for
every k € K. Moreover, assume that for every k € IC,

OH
a—k(xo, -) is a strictly increasing function, for every xg € R. (59)
Y
Let ¢, be uniformly bounded Cloo’f-smooth functions. If

b—a <min{r,, 7 : keK},
then (53) has a solution (x,y) with the following properties:
(J) forany j € T, a;(t) < x;(t) < B;(t), for every t € [a,b];
(K) for any k € K, there exist t;,, 13 €la,b[ such that xi(t}) < ay(t) and
w(t3) > Bi(t})-

Proof. The case K = @ has been already treated in Theorem 25. To simplify
the exposition, we assume both J # @ and K # &, and that 7 = {1,..., M}
and K ={M +1,... N} for a certain M € {1,..., N — 1}. The proof can be
easily adapted to the case J = @.

As in Section 2, for every n € {1,..., N}, let S,(t) = (S1,n(t), S2.n(t))
be the periodic solution of the planar autonomous system

H, H,
u' = aav (U‘?U) ) v = 78611, (u,v),

such that S;,(0) = 0 and S2,(0) > 0, with H,(S1,,(t), S2.n(t)) = 1 for
every t. We set

Sn =max{|S1.,(t)| + |S2..(t)] : t € R},
and

S =max{S,:ne{l... N}}. (60)
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For each n € {1,..., N}, we will mainly follow the procedure developed
in Section 5 if n € 7, and the one in Section 6 if n € K, so that the couple of
variables (z,,,y,) will overshadow the remaining ones, which will essentially
act as parameters. We first need to modify problem (53) both in the k-
variables, following the lines of the proof of Theorem 3, and in the j-variables,
to apply a topological degree argument, as in the proof of [11, Theorem 10].

Let us rewrite (53) as

;= fittxy), yy=gitzy), Je{l,...,M},
x;g:fk(tvxvy)a y;g:gk(tax»y)7 kG{M+]—77N}7
z(a) =0 =z(b)

We introduce the functions
Gt wy) = C(j, 05 (1), B5(1))
where ¢ was defined in (50), and
I(t,x) = ((1(t,w1) oo s Cr(tyTar) s Xprg1 s - - ,ch) )
Then we set
filttbe,y) = ;6,0 2),y), Gt a,y) = gDt x),y) + 25 — Gt x)) .

Concerning the non-well-ordered components, we need to consider a positive
parameter d, which will be fixed later, following the construction of prob-
lem (41) in Section 6. We set

—~ d—1 0H, ~
fk:,d(t,l',y) = d W:(xk7yk)+¢k,d(tum7y)7
- d—1 0H ~
gk:,d(tu x»y) = _T W:(xlmyk) + ¢k,d(t7$7y) )
with
Py (T Yk 108,
thd(t,x,y) = X(dg)x(dpk/qu) (d 8yk (ﬂ?k,yk) + ¢k(tar(tvx)vy)> 3

Bt = x(2)x (525) (E Gk o) + a0 )
where S is defined in (60) and the cut-off function y in (40). We thus are led
to the modified problem

/
J
.1‘2 - k,d(tvxay)7 y;c :/g\k,d(taxay)a ke {M+1a7N}7 (61)
z(a) =0=xz(b).

We will now provide, working separately on every component, an indexed
family of well-ordered pairs of lower/upper solutions of the modified prob-
lem (61), which will be strict in every component.

Let us first operate on a component j € {1,..., M}. We can argue as
in Lemmas 8 and 9 so to find some guiding curves ’yfj and 72jfj. To be more
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precise, for an illustrative purpose, the curve fny) ; will satisfy the analogue
of (29), i.e.,
./g\j (t7 €T, y) > fj (ta €, y) (IVIJ)/(‘IJ) )

for every t € [a,b], every z € R"™ with «;(t) < z; < 3;(t) and every y € RV
with y; = 'yfr,j(xj).

Then, we can follow the reasoning in [14, Theorem 11, Claim 3] and
prove that all the solutions (x,y) of (61) satisfy

a;(t) <z;(t) < B5(), (62)

and
min{yy;(z(t)), 72, (1)} < y;(t) < max{y;(z(t)), v (x(t))}, (63)

for every t € [a,b]. We then define the functions
&;(t)=a;(t)—1 and B;(t) = B;(t) +1

and conclude that
(S1) for every j € J, the functions &; and Bj satisfy
a; < B, aj(a) <0< Bi(a), a;(b) <0< p;b).
Moreover, the conditions (55), (56), (57) and (58) hold with n = j,
replacing «j, 55, fj,9; by dj,Bj,E,ﬁj, setting y;l =y ?nd yf = yf
Finally, every solution (z,y) of (61) satisfies &; < x; < ; and (63).

Let us now focus our attention on a component k£ € K. Arguing as in
Lemma 13 we can prove that

(S2) there exists D > 1 with the following property: if u = (x,y) is a solution
of (61), with d > D, such that oy, € zj, and zy, € S, then N, (ux) < D.

We can surely take the same constant D for every k£ € K. Now, as in

Lemma 14, enlarging D if necessary we can prove that

(S3) for every k € K and d > D, the functions «y, and fj, still satisfy condi-
tions (55), (56), (57) and (58), replacing fx, gr by fr.a, Gk,d, respectively.
Then, Lemma 16 suggests us how to continue the proof once we have

fixed d > D sufficiently large:

(S4) for every k € K, there are two couples of functions (a,yg) and (B, yk)
such that a < ﬂk, ap K B, and ap < ﬁk satisfying the cond1t1ons
(55), (56), (57) and (58), replacing in all formulas o, y5, Bk, yk, fr, gk
by aka yg7 /8167 y£7 fk,da /g\k:,d7 respectively.

Now a further step is needed. We are going to prove that

(S5) for every k € KC, if (z,y) is a solution of (61) such that ap < zy, then
Q) < xp. Analogously, if (z,y) is a solution of (61) such that zj < By,
then z < B.
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We prove the second assertion, the proof of the first one being similar. Follow-
ing the proof of Lemma 23, assume by contradiction that there is a solution
(z,y) of (61) such that x; < By but zy <« Bk. Since xx(a) = 0 < Bi(a) and
zr(b) = 0 < Br(b), there exists to €la,b] such that zy(to) = Bi(to) and
x},(to) = B, (to). Using assumption (59), since
d—1 0Hy, 3 . , d—1 0H,
= gt t0)) = Bi(to) = x(to) = —— — (ax(t t

7 o (@k(to), Yk (o)) = Bi(to) = 2 (to) = — T (zk(to), yr(to)) ,
we get yg(to) = yi(to). Recalling that %wz =0 and lzk,d = 0 in a neighbor-
hood of {(ﬁk,yf)(t) : t € [a,b]}, arguing as in the proof of Lemma 23, we
conclude that (ﬁk,y,f ) and (2, yx) coincide on [a,b], leading to a contradic-
tion with the fact that xx(a) = z(b) = 0. Hence, (S5) is proved.

For every multi-index p = (pars1,---,pn) € {1,2,3}V "M we define
the couple of functions (¢*,n*) by components: for every j € J, we set

and, for every k € IC,

if i = 1 we set (il mft) = (G, i)

if gy = 2 we set (o, ;) = (G, Bk)

if pu, = 3 we set (o, ) = (ak,ak).
From (S1), (S3), (S4) and (S5), we can verify that, for every p €
{1,2,3}V=M the couple (¢",n") is a well-ordered pair of lower/upper so-

lutions of problem (61) which is strict with respect to all its components.
Let

E= {(‘P#ﬂ?“) HE {172’3}N7M} :

As in Lemmas 8, 9 and 17, we can construct some guiding curves 7fn, ’yim
for every n € {1,..., N}. Then, for every couple (¢*,n*) € E, we can modify
system (61), only in the components k € K, exactly as we did to define
problem (51), and obtain the new problem

o~

L=fitry), vi=gitzy), jET,
ZC;C = Yk + (fk)sﬂ“,’f]“(tvxay) ) y;c = Tk + (gk)tp“,n“(t7$7y)7 k € IC7 (64)
z(a) =0=xz(b).

T

With the same procedure we can show that every couple (p*, n*) is a well-
ordered pair of lower /upper solutions for the new problem, too. Moreover, as
in Lemmas 20 and 21, we can show that each solution of (64) satisfies, for
every t € [a, b],

@H(t) 2 a(t) 2 n"(t),

and, for every n € {1,..., N},

min{yy, (2(8)) , Y2 (2(1)} < yn(t) < max{y,(z(t)), 73, ((1))} -
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We need now to introduce the functional setting. We denote by ﬁi and
gaq the functions
fa=(fi,oo o fas fvsnas - INa) s Ga=(G1s- - 9M, GM1,ds - - GNd) 5

which describe system (61). Recalling the notations introduced in Section 6,
we consider the linear operator

L [Co @Y x [CH @Y — [C*@)N x [ @)Y
Liz,y) =@ —y,y),

and the Nemitskii operator
Na: [Co@Y < [CHD)Y — [COUDY * [COHD)Y

Naa, y)(t) = (F(t, 2(8), y(0) = y(t), 5,2, y(1))

Then, the analogue of Lemma 18 holds and v = (x,y) is a solution of (61) if
and only if it solves

Lu = Ngu,
with
ue X :=[CoD)N x [CHD)N.
For every (pH,n#) € 2, we introduce the set
Vi ={(z,y) € X : ¢} <z, < nlt and
Y (@0 () < yn(t) < vpf (@n(t)), for every t € [a,b],n € {1,...,N}},
where
v (@) = min{y, (@), i = 1,2}, () = max{}, (), i = 1,2}
Notice that V* is open in X.
Fix any (¢*,n") € Z. From (S1) and (S5), we see that there are no

solutions of (61) on OV*. Then, arguing as in the proof of Lemma 22, the set
VH is admissible and

deg (I — L7'Ng, V") =1.
Then, we can follow the procedure in [11, Section 3.1] and define, for
every multi-index 1 = (pars1,---,un) € {1,2,3,4}N =M the open set
O = {(z,y) € X : (A?), (AL"), (A]) and (A})
hold for every j € J and k € IC} ,

where the conditions (AY), (A*), and (A]}) read as
AQ) Ovzj<<3?j<<5vj;

) ap < T K B
W) <y, < B ;
7) an < ap < P
4) Qk < T < B, and there are t},t7 €]a, b such that zy(t}) < ax(t})
and (7)) > Bi(t3);
(AY) 7 (@a(t) < ynlt) <757 (Ta(t)), for every ¢ € [a,b].
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Notice that
Qt =V for every pu € {1,2,3}V M
Moreover, for any u € {1,2,3,4}V"M and x € {M +1,..., N}, using the
notation
Qlf:,i — Q(MMHwwum—hi,uwl,uw#zv)7 i=1,2,3,4,

the arguments in [14, Proposition 23] show that

QﬁA N Q'Z,l = [Qﬁ1 \Qﬁﬂ N [QZ1 \Qgs] s

giving easily, passing to the complementary, Qf ; \ Q , = Qi , U QL 5 and
consequently

QZ,4 = QZJ \QZ2 U QZ,:& :

Arguing as in [11, Propositions 15-18], we can prove that deg (I —
L‘lNd,Q“) is well defined for every p € {1,2,3,4}¥=M and it is equal
to (—1)™, where m is the number of times the number 4 appears in the
multi-index p. In particular, we have that

deg (I _ L_lNd,Q(4’4""’4’4)) = (—1)N-M 2.

So, there exists a solution (z, %) of (61) belonging to Q444 This solution

satisfies (A}), for every k € K, hence ay, <€ x), and xj, < [, for every k € K.
Then, from (S2) we conclude that N, (ux) < D, so that (z,y) is indeed a
solution of the original problem (53), since the differential equation defining
the two problems coincide in the set {u € R*N : A, (ux) < D}. Moreover,
from (62), we have az(t) < x7(t) 2 B7(t) for every ¢t € [a,b]. The proof is

thus completed. O
As an example of application, consider the Dirichlet problem
(2P~ 220) + palad P20 — vnlag [P 220 = ha(t, 21, 2N, 20, 2ly)
2n(0) =0=xpn(mp), n=1,...,N,
(65)
where p > 1, u, > 0 and v, > 0. In this case, if a : [0,7,] — R is a lower
solution, then taking y& = |o/,|P~2a/,, for every n = 1,..., N, conditions (55)

are always satisfied, while (57) reads as
(lanP~2ar,)' (8) + lagy (P20 () = valag (1)[P %0z (1) =

> hp(t w1, (), N, YL, - |l ()P 2, (), yn),  (66)
for every € RN and y € RY. Similarly for an upper solution.
As an immediate consequence of Theorem 28, we have the following.

Corollary 29. Let { > 0 and h,, be a uniformly bounded C°*-smooth function,
for every n. Assume that (o, 3) is a pair of lower/upper solutions of (65)
related to the partition (J,K) of {1,..., N}, which is strict with respect to
the kth component, for every k € K. If max{ux,vr : k € K} < 1, then
problem (65) has a solution x with the following properties:

(J) forany je T, a;(t) <x;(t) < pB;(t), for every t € [0,mp];



66 Page 30 of 32 A. Fonda et al. JFPTA

(K) for any k € K, there exist t}.,t3 €]0,m,[ such that x(t}.) < ay(t}.) and
zi(t) > Bu(t})-

The above result should be compared with [5, Theorem 2.4] (see also
[2] and the references therein) where some monotonicity assumptions on the
nonlinearities were assumed.

Notice that, since we are dealing with second order differential
equations, the strictness property asked in the statement can be verified
by a standard argument, e.g., simply verifying that a strict inequality holds
in (66).

As an illustrative example, we suggest the system

(lp[P=225,)" + pn |2 P72 5f = vy P22

Sn& ~
- ﬁ—|—hn(t,xl,...,xN,x’l,...,x},),

2,(0) =0 =z, (mp), n=1,...,N,

where s, € {—1,41} and ||l |lsc < 1 for every n. Moreover, for those com-
ponents having s,, = —1, we ask that u, <1 and v, < 1.

In this example, the pair of lower/upper solutions can be defined by
components as follows. The set J is made of those n for which s, = 41,
while the set I consists of those n with s, = —1. If n € 7, we simply need
to choose some sufficiently large constants 3, = —a, > 0. If n € I, we can
argue as in [14, Proposition 26], where the case p = 2 is treated, to find «,
and f3,, such that a,, £ 3,.

Remark 30. A generalization of Theorem 28 can be obtained removing the
strictness assumption on one of the components x € K. Indeed, the above
proof can be easily adapted following the ideas in the proof of [11, The-
orem 19]. In such a situation, the conclusion (K) of the statement must be
slightly changed concerning the estimates on the kth component: the solution
will be such that

apLw, and  xx KBy
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