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1. Completeness

Let (X,d) be a metric space. A mapping T : X — X is called a Kannan
mapping if there exists K < % such that for all z,y € X,

d(Tz,Ty) < K -{d(z, Tx) +d(y, Ty)}. (1)
In 1968, Kannan [9] proved the following fixed point theorem, see [6].

Theorem 1.1. (Kannan) Let (X,d) be a complete metric space and let T :
X — X be a Kannan mapping. Then T has a unique fized point v € X and
for any x € X the sequence of iterates {T"™x} converges to v.

Using Kannan’s mappings Subrahmanyam [16] proved the following
characterization of complete metric spaces:

Theorem 1.2. A metric space (X, d) is complete if and only if every Kannan
mapping T : X — X has a fized point.

Here is a simple use of this result.

Ezample 1.3. Let Q be endowed with the Euclidean metric and T : Q — Q
be a mapping defined by:

Y Birkhauser
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1
forz € Qand z < V2 let Tz € {yEQ:y<\/§and\/§—y< 1(\/5—:5)}7

foerQandx>\/§leth€{ye@:y>ﬁandy—\/§<i(x—\/§)}.

Since, |z — Tz| > 2|v/2 — 2| > 0 for € Q, T is fixed point free.
CaSE 1. a,b € Q and a < V2 < b. Then, [Ta—Tb| < 1(b—a) and |a—Ta| +
|b—Tb| > 2(b— a). Thus
1
|Ta —Tb| < 3 {la —Ta| + |b —Tbl}.

CaSE 2. a,b € Q and a < b < V2. Then, [Ta — Tb| < +(v2 — a) and
la—Ta|+|b—Tb| > 3(vV2—a) + 3(v/2— ), so

1
[Ta—Tb < 5 - {la—Ta| + |~ T0]}.

Similarly, when v/2 < b < a.
Thus, T : Q — Q is Kannan mapping without a fixed point, so by Theo-
rem 1.2, (Q,]-]) is not complete metric space.

A Kannan-type mapping T : X — X such that

1
d(Tx, Ty) < 3 {d(z,Tz)+d(y,Ty)} forall z,y€X,

in complete metric space (X, d) may not have a fixed point. It can be seen
from the following example.

Ezample 1.4. Let X = R with metric dg_1(x,y) = {(1) gi ; z’ Let T:R —

R be a mapping defined by Tx = = + 1 for z € R. Then
1
do—1(Tx,Ty) < 3 {do-1(z,Tx) + do—1(y,Ty)} forall z,yeR
and T is fixed point free.

Analogically, even continuous Kannan-type mapping 7' : X — X such
that

1
d(Tx, Ty) < 3 {d(z,Tx) +d(y,Ty)} forall z,yeX with x#uy,

in complete but noncompact metric space (X, d) may not have a fixed point.
It can be seen from the following example (this is the answer to Question 2.4
from [6]).

Ezample 1.5. (G. Minak, personal communication, 2017). Let X = {1 + % :
B . _ Oifz =y,
n=1,2,...} and define a metric d(x,y) = {:17+y ifoty
1

complete and noncompact. A mapping 7' : X — X define by T'(1 + ;) =

Then, (X,d) is
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1+ n%_l is continuous and has no fixed point. Moreover, for x = 1 + =
y:l—l—%,wehave

2. d(Ta,Ty) —2(2+L+#)

+1 m+1
<2+ + : +2+1+ ! =d(z,Tx) +d(y, Ty),
Y ——" z, 1w Y, Ty

o 2 1 1 _
because 777 < k+k+1 for k=1,2,....

To ensure the existence of a fixed point for mappings of this type there
are needed additional assumptions, see for example, Bogin [2], De Blasi [4],
Goérnicki [6]. These conditions are not discussed in this paper.

2. Approximating sequence

Let C' be a nonempty subset of metric space (X,d) and T': C — C a mapping.
Then, a sequence {z,} is said to be an approzimating fixed point sequence of
T if d(zp, Tzy) — 0 as n — oo.

Brouwer [3] argues that only approximating fixed point sequences have
a meaning for the intuitionist.

Theorem 2.1. Let (X, d) be a metric space and let T' map the closed subset
M C X into a compact subset C C X. Let T be a mapping such that there
exists K < 1 satisfying (1). Then, T has a unique fized point if and only if
there exists an approximating fized point sequence of T.

Proof. Let {z,} C M be an approximating fixed point sequence of T'. Since
Tx, in C, we may assume without loss of generality that Tz, — y € C as
n — oco. By assumption, we also have x,, — y € M. Then

d(Ty,y) < d(Ty,Txp) + d(Ty,,y)
< K -A{d(y, Ty) + d(xn, Ten)} + d(Ton, y),

and hence

K 1
< - N
d(Ty,y) < T Kd(:rn,Txn) + T Kd(Tacn,y) 0

as n — oo, it follows Ty = y. Of course such the fixed point is exactly one.
O

Obviously, the result holds for mapping T' : M — C such that there
exists K < 1 satisfying

d(Tz,Ty) < K - {d(z,Tz) + d(y,Ty) + d(z,y)} for all z,y € M.
Remark 2.2. A mapping T : X — X such that
d(Tx, Ty) < d(xz,Tx) + d(y, Ty) for all z,y € X and = # y,

and there exists an approximating fixed point sequence of T', may not have
a fixed point, see [6, Example 3.2].
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3. Iterations

Very often, together with investigating a mapping 7' : X — X, there is a need
to consider the iterates T? = ToT,T? =T?0T =ToT? =ToToT,.... We
use the notation 70 = I, where I is the identity mapping on X. We always
have T™ o T™ = T™+™ for natural numbers n,m = 1,2,....

If T is a Kannan mapping on a complete metric space (X, d) with con-
stant K, then T"™, n > 2, satisfy the following condition

-1
d(T"z, T"y) < K - (%)n Ad(x,Tz) + d(y, Ty)} for all z,y € X,

and the unique fixed point of T is also the unique fixed point of T™.

Consider now the situation in which 7" : X — X is not necessarily a
Kannan mapping, but TV is a Kannan mapping for some N > 2.

Ezample 3.1. [6] Let X = [0,1] be with usual metric and 7" : [0, 1] — [0,1] be

a mapping defined by Tz = £ for 0 <z < 1 and T'1 = % T does not satisfy

Kannan’s condition because [T0—T%| = ${|0—T0|+|4 —T1[}, and T is not
continuous at = 1. The mapping T2 is defined by T?x = glor0<o <1
and T?1 = . Then, d(T?z,T%y) < (|| + |y|) and d(z, T?z) + d(y, T?y) >
5 (2] + lyl)- Thus

1
(T2, T?y) < 7 - {d(z, T*2) + d(y, Ty)} for 2,y € [0,1],

so T? is Kannan mapping.
Therefore, we have a trivial lemma.
Lemma 3.2. Let X be a nonempty set and F be a family of mappings
F={F:X — X: F has a unique fized point in X}.
If T : X — X is a mapping such that for some integer N > 2, TN € F then,
T has a unique fized point.

Hence, we have the following corollaries.

Corollary 3.3. (Kannan [9]) Suppose (X,d) is a complete metric space and
suppose T : X — X 1is a mapping such that for some positive integer N > 2,
TN is a mapping such that there exists K < % satisfying for all x,y € X,

d(T 2, TVy) < K - {d(z, T"z) + d(y, T"y)}.
Then, T has a unique fized point.

We say T : X — X is asymptotically reqular at x if lim,, o d(T" 'z,
Tmx) = 0. If T is asymptotically regular at every = € X, we simply say T is
asymptotically regular.

Corollary 3.4. (Gérnicki [6]) Suppose (X,d) is a complete metric space and
suppose T : X — X is a mapping such that for some positive integer N > 2,
TN is asymptotically reqular and such that there exists K < 1 satisfying for
all z,y € X,

ATV, TNy) < K - {d(2,y) + d(a, TV ) + d(y, TV y)}.
Then, T has a unique fized point.
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Corollary 3.5. (De Blasi [4]) Suppose (H, | - ||) is a Hilbert space, C C H s
a nonempty weakly closed and suppose T : C — C' is a mapping such that
for some positive integer N > 2, TN : C — C is continuous, asymptotically
reqular and satisfies for all x,y € C,

1Tz =Ty < [lz = TV| + |ly = TVy].
Then, T has a unique fized point.

Now, we prove the following

Lemma 3.6. Let (X,d) be a metric space, N > 2 a positive integer and K <
%. Let T : X — X be a mapping such that for all x,y € X we have

d(TN2, TVy) < K - {d(x, Tx) + d(y, Ty)}. (2)
If there is an x € X such that TNx = x, then x is a unique fived point of T.
Proof. Let x € X and Tz = z. Then, by (2),
d(z,Tz) = d(TNz, TN 2) < K - {d(z,Tz) + d(Tz, T%z)},

SO
d(z,Tz) < K d(Tx, T?z)
xr,lx) < 1K x,1*x).
Next,
d(Tz, T?x) = d(TV o, TV 22) < K - {d(Tx, T?z) + d(T?z, Tz)},
SO
d(Txz, T?z) < K d(T?z,T3x)
9 ~X 1_ K b 9
etc. Similarly
K
d(TN 22, TN 12) < T—% Kd(TNflx,TNx),

and finally
d(TN e, TNz) = d(TNTWN Vg TN+Ng)
<K - Ad(TN Y, V) + d(TV 2, TV 1a)},

so
K

1-K

d(TN e, TN z) < d(z,Tz).

But then
d(z, T K™ d(z, T
< | — . .
(2.T2) < (1=5) - dl@.Ta)
Since K < %, r="Tux.
Assume z,y € X satisfy T2 = x and Ty = y. Then d(z,y) = d(T™z,
TVNy) < K -{d(z,Tx) +d(y, Ty)} =0, so x = y. O

In this situation, it is obvious question: Does there exist a fixed point
of T if T satisfies (2)? More generally conjecture is inspired by Generalized
Banach Contraction Conjecture (see: [7,8,10,15]). Is that true?
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Conjecture 3.7. Let (X, d) be a complete metric space, K < %, and T : X —

X. Let J be a set of positive integers. Assume that for each pair x,y € X,
inf{d(T'z,T'y) :i € J} < K -{d(z,Tx) + d(y, Ty)}.
Then T has a fized point.

Kannan’s theorem is simply the case J = {1}.
Now, we give an extension of Lemma 3.6.

Lemma 3.8. Let (X,d) be a metric space, J a set of positive integers, and
K < % Let T : X — X be a mapping such that for all x,y € X we have

inf{d(T"x,T"y) :i € J} < K - {d(x, Tx) + d(y, Ty)}.
If there is an x € X such that TNz = x, then x is a unique fived point of T.

Proof. (see [7, Lemma 1]). Note that for each integer ¢ € {0,1,...,N — 1}
there is an integer j; € J such that

d(T7 T2, T T 2) < K- {d (T'z, T a) + d(T" 2, T 1)} .
Since TN 2 = x, we can find a sequence {a; : i = 1,2,...} € {0,1,2,..., N—1}
such that

d(T%z, T ) < K - {d(T% 2, T o) + d(T"x, T* ')},
ie.

K
d(T%z, T ) <

< oo AT e T )

as follows; define ap = 0, and for i > 1, apply T7=i-1 to the pair 7%~z and
T%-1%+1g. q; is then defined as the remainder obtained when dividing a;_1 +
Ja;_, by N. Since the a; are contained in the finite set {0,1,2,..., N — 1},
there are integers ¢ and n such that a;y,, = a;. But then,

K n
d(T%z, T% " g) = d(T%+ng, T Hgz) < (—1 K) Sd(T% 2, T ).

Since K < 3, T%*ly = T%z, so T%z is a fixed point of 7. Note that
N —a; > 0 and T%z is also a fixed point of TV~%, which means that
T%gz =TNz =z. So z is a fixed point of T

Assume that x,y € X satisfy Tx = x and Ty = y. Then there exists
j € J such that d(T7x,Ty) < K - {d(z,Tz) + d(y,Ty)}. Since x and y are
fixed points of T, this implies that d(z,y) < K - {d(z,Tz) + d(y,Ty)} = 0.
Hence, z = y. O

4. Localization

It may be the case that 7' : X — X is not Kannan’s mapping on the whole
space X, but rather Kannan’s mapping on some neighbourhood of a given
point. In this case, we have the following result.
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Theorem 4.1. Let (X, d) be a complete metric space and let B(z,r) = {z €
X :d(z,x) <r}, where z € X and r > 0. Let T : B(z,r) — X be a mapping
such that there exists K < % satisfying

d(Tz,Ty) < K -{d(z,Tz) + d(y,Ty)} for all x,y € B(z,r).

Further, assume that

d(z,Tz) < (1 - 1?;KK)T.

Then, T has a unique fixed point in B(z,r).
Proof. Let x € B(z,r), then
d(z,Tz) < d(z,Tz) +d(Tz,Tx)
<d(2,Tz)+ K -{d(2,Tz) + d(z,Tz)}
< (14 K)d(z,Tz)+ K - {d(z,z) + d(z,Tz)},

S0
(1-K)d(z,Tx) < 1+ K)d(z,Tz) + Kd(z, z),
and
1+ K K
< -
d(z,Tz) < T Kd(z,Tz) + T Kd(x7z)
P 1+K( 3K >r+ K R
T 1-K 1+ K 1-K 7
and hence T : B(z,r) — B(z,r). Since B(z,r) is a complete metric space,
using Theorem 1.1, T has a unique fixed point v € B(z, 7). O

5. Control function

We now consider some (important) generalization of Kannan theorem in
which the constant K < % is replaced by some real-valued control function.
A presented idea is due to Geraghty [5].

Let S denote the class of functions which satisfy the simple condition

8={fz<o,oo>~[0,1

1
2):f(tn)—>2:>tn—>0asn—>oo}.

We do not assume that f is continuous in any sense.

Theorem 5.1. Let (X,d) be a complete metric space, let T : X — X, and
suppose there exists f € S such that for each x,y € X with x© # vy,

d(Tx, Ty) < f(d(x,y)) - {d(z, Tz) +d(y, Ty)}. (3)

Then, T has a unique fixed point v € X and for any x € X the sequence of
iterates {T™xz} converges to v.
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Proof. Fix g € X and let x, = Tx,_1, n = 1,2,.... Assume that there
exists p € N such that TPzg = TP 1xq. Since TPxo = T(TPx0), so TPxq is
the fixed point of 7. Therefore, suppose that T"zq # T" 1z for all n > 0.
STEP 1. limy,—co d(Xpt1,2n) = 0.

Since T satisfies (3), we have

d(Tpi1,2n) = d(T" 2y, T"x0)
1

< —- {d(TnJ?(), Tn+11‘0) + d(Tn_l$0, T”xo)}
e . {d

N =N

(xn-i-la xn) + d(In, xn—l)}v
SO
d(xn—&-la xn) < d(l‘n, mn—l)-

The sequence {d(Zn4+1,%,)} is monotone decreasing and bounded below, so
limy, oo d(p+1, %) =7 = 0. Assume v # 0. Then by (3),

d(@nt2,Tn+1) < f(d(@nt1,20))  {d(@nt1, Tnt2) + d(@Tn, Tni1)},

d($n+27mn+1)
< fld(xn+1,2n)), n=12,....
d(@nt1,Tn+2) + d(Tn, Tpt1) fd(zntr,n))

Letting n — oo, we see that & < limy oo f(d(2p41,2,)), and since f € S
this in turn implies v = 0. This contradiction establishes step 1.
STEP 2. {z,,} is a Cauchy sequence.

Suppose m > n. By condition (3) and step 1, we get for m > n,

d($n+1, xm-i—l) g f(d(l‘n, xm)) . {d(.’lﬁ‘n, xn-i—l) + d(xn”m xm+l)}
1
< 5 . {d(xnvxn—i-l) + d(xm; xm—&-l)} — 0,
as n — 00, so {z,} is a Cauchy sequence.
Since X is complete and since {T™xz(} is a Cauchy sequence, lim,,
T'xzg =v € X. Then

d(Tv,v) < d(Tv,Tzy,) + d(Txn,v)
< f(d(’U, xn)) ’ {d(va T’U) + d(l‘n, Tzn)} + d($n+1, U)

and
fld(v, zn)) 1
(T <5 d(Tn, Tn — v Az, 0
o) S T ) ) T e,y e
as n — o0o. Hence, Tv = v. It is obvious that v is unique. O

Let U denote the class of functions which satisfy the condition

3 3

We do not assume that f is continuous in any sense.

M:{f:(O,oo)ﬁ[O,l):f(tn)ﬁ1:>tn—>Oasn—>oo}.

Theorem 5.2. Let (X,d) be a complete metric space, let T : X — X, and
suppose there exists f € U such that for each x,y € X with x # vy,

d(Tx,Ty) < f(d(x,y)) - {d(z, Tx) +d(y, Ty) + d(z,y)}- (4)
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Then T has a unique fived point v € X and for any x € X the sequence of
iterates {T™x} converges to v.

Proof. Fix g € X and let x, = Txp_1, n = 1,2,.... Assume that there
exists p € N such that TPz = TP 2. Since TPz = T(TPxg), so TPxg is
the fixed point of T. Therefore suppose that T"xzy # T" 1 xq for all n > 0.
STEP 1. lim, 00 d(Zpn41,%n) = 0.

Since T satisfies (4), we have

d(Tnt1,2n) = d (T"+1xo,Tnxo)
< é . {d (T"mo,T"+1wo) +d (T"71;1:07 T”a:o) +d (T”xo, Tnflxo)}
= 5+ {1, 0) + 2d(@n,20)}

SO

d(xn-‘rla 'rn) < d($n7 xn—l)-

The sequence {d(zn4+1,%r)} is monotone decreasing and bounded below, so
limy, oo d(p41, %) =7 = 0. Assume v # 0. Then by (4),

d(@n+2,Tnt+1) < f(d(Tnt1,2n)) - {d(@n+1, Tnt2) + d(@n, Tnt1) + d(@nt1,20)},

d(Tnt2, Tnt1)
< fld(zny1, zn)), =1,2,....
d(Tnt1, Znr2) + 2d(2zn, Tny1) fld(@ni1,2n)),

Letting n — oo, we see that % < limp oo f(d(Zp41,2n)), and since f € U
this in turn implies v = 0. This contradiction establishes step 1.
STEP 2. {z,} is a Cauchy sequence.

Suppose m > n. By condition (4) and step 1, we get for m > n,

d($n+1, $m+1) < f(d(xmwm)) ’ {d(xmanrl) + d(xmamerl) + d(mmxm)}
1
< g : {d(xn’anrl) + d(xmvxm+l) + d(mm anrl)
+d(@ns1, Tmt1) + A(@Tmy1, Tm)

and

d(xn+17 ‘rm+1) < {d(mn+17xn) + d<xm+17$m)} — 0

as n — 0o, so {x,} is a Cauchy sequence.

Since X is complete and since {T"z(} is a Cauchy sequence, lim,,_,
T'xzg =v € X. Then

d(v, Tv) < d(v, T" o) + d(T" M ag, Tw)
< d (Ua Tn+1x0) + f (d(Tn'r(% ’U))
. {d (T"mo, T"'on) +d(v, Tv) + d (T"x, v)} ,
and
[1— f(d(T"xg,v))] - d(Tv,v) < d(v, T" " xo) + f(d(T™x0,v))
Ad (T"o, T 20) + d (T 0, v)},
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and
1
d(TU,'U) < 1— f(d(Tn$0av)) '
d Tn 5 n mn n
D e i

as n — 0o0. Hence, Tv = v. Suppose u is another fixed point of T'. Then

d(v, T" )

d(u,v) = d(Tu,Tv) < é Ad(u, Tu) + d(v, Tv) + d(u,v)},

and

2 1

gd(u,v) < 3 {d(u, Tu) + d(v,Tv)} =0,
so d(u,v) = 0. Hence, T has a unique fixed point v € X, so for each x € X
the sequence of iterates {T"x} converges to v. O

This theorem “lies between” Banach’s theorem and Kannan’s theorem.
This is illustrated by the following example.

Ezample 5.3. Let X = [0, 1] be endowed with the Euclidean metric. Consider
Tx = g for0<z<land T1 = %. T does not satisfy Banach’s theorem and
T does not satisfy Kannan’s condition. But T satisfies for all z,y € X the
following condition

d(Tvay) < f(d(x,y)) ! {d(vax) + d(y7Ty) + d(JZ, y)}a

where f(t) = 7% + % for 0 <t <1, f(0) = %, and v = 0 is the unique fixed
point of T'.

Other generalizations Kannan’s fixed point theorem are discussed in
[1,12-14].

6. Asymptotic regularity and control function
Let V denote the class of functions which satisfy the condition
V={f:(0,00) = [0,1): f(tn) = 1=¢, — 0asn— oco}.
We do not assume that f is continuous in any sense.
Remark 6.1. The class of Rakotch functions [11],
{a: (0,00) — [0,1) : «(t) is a decreasing function of ¢}
is in the class V.

Theorem 6.2. Let (X, d) be a complete metric space and let T : X — X be an
asymptotically regular and continuous mapping. Suppose there exists f € V
such that for each x,y € X with x # vy,

d(Tz,Ty) < f(d(z,y)) - {d(x, Tz) + d(y, Ty) + d(z,y)}. (5)

Then, T has a unique fived point v € X and for any x € X the sequence of
iterates {T™x} converges to v.



Vol. 20 (2018) Various extensions of Kannan’s fixed point theorem Page 11 of 12 20

Proof. Let € X and define a sequence {x,, = T"z}, n =0,1,2,.... Assume
that there exists ng such that 7™z = T™ 1z, then T™z is a fixed point of
T. Suppose T"z # T" 1z for all n > 0.
STEP 1. {z,} is a Cauchy sequence.

Assume limsup,,, ,, o d(Tn,Tm) > 0. By triangle inequality and (5),

d(l‘n, mm) < d(In, xn—&-l) + d(xn—&-la xm—&-l) + d(xm-i-la xm)
< d<$n,$n+1) + f(d(mm xm))
Ad(@n, Tnt1) + d(@m, Tmg1) + d(@n, Tm) b + d(@g1, T,
SO
Ad(Tp, Tm) L+ f(d(zn, m))
< .
d(xn7 -Tn+1) + d($m, xm—&-l) 1- f(d(ﬂfn, xm))

Under the assumption limsup,,, ,, . d(Zn, Tm) > 0, the asymptotic reg-
ularity now implies

. 1+f(d(37n7xm))
o S T F(d(am, 2m)

= —|—()Q7

from which

limsup f(d(xp, xm)) = 1.

But since f € V this implies limsup,, ,, . d(Tpn,Zm) = 0 which is a
contradiction.
STEP 2. Existence and uniqueness of fixed points.

Since X is complete and since {z,, = T"z} is a Cauchy sequence,
lim,, o T"x = v € X. Since T is continuous, Tv = v.

If Tv =v, Tu = w and d(u,v) > 0, then by (5), we have

d(u,v) = d(Tu,Tv) < f((u,v)) - {d(u, Tu) + d(v, Tv) + d(u,v)}
< f(d(u7 U)) : d(u7 ’U)v
SO
1< f(d(u,v)),

which is a contradiction. Hence, T" has a unique fixed point and for each
x € X the sequence of iterates {T"x} converges to v. O

Corollary 6.3. Let (X,d) be a complete metric space and let T : X — X be an
asymptotically regular and continuous mapping. Suppose there exists f € V
such that for each z,y € X,

Then T has a unique fized point v € X and for any v € X the sequence of
iterates {T™x} converges to v.
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