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Abstract. Given measure spaces (Q1, A1, p1),..., (25, An, un), func-
tions p1: R™xQy - R™ ..., on: R xQn — R™ and g: R™ — R, we
present results on the existence of solutions f: R”™ — R of the inhomo-
geneous poly-scale refinement type equation of the form

f@) =3 / |det(pn)l (2, 0n) | £ (00 (s 0n)) dian(wn) + g(z)

in some special classes of functions. The results are obtained by Banach
fixed point theorem applied to a perturbed Markov operator connected
with the considered inhomogeneous poly-scale refinement type equation.
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1. Introduction

Fix m, N € N, measure spaces (Q1, A1, 1), ..., (Qn, Ay, pn) and functions
p1: R"xQ = R™, ... on: R xQn = R™, g: R™ — R. We are interested
in solutions f: R™ — R of the inhomogeneous poly-scale refinement type
equation

N
fa) =3 /Q |det(on ) (00| £ (9n (@ 0n)) diinlwn) + g(z) (L)

in the space of all pth power Lebesgue integrable functions as well as in the
space of all continuous and bounded functions. If for every n € {1,...,N}
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the function ¢, : R™ x Q,, — R™ is of the form
on(x,wn) = Kp(wp)z — My (wy) (1.2)
with given functions
K,:Q, - R™™ and M,:Q, — R™,

then equation (1.1) becomes the inhomogeneous poly-scale refinement type
equation

Z/ |det K (wn)| f (Kn(wn)z — My (wn)) dpn (wn) + g(z). (1.3)

Taking g = 0 in (1.3) we obtain the following homogeneous poly-scale refine-
ment type equation

Z/ ‘detK Wn ‘f( (wn)z — (wn)) dpin(wn)-

This equation extends the discrete poly-scale refinement equation which has
been studied in [5, 26, 27]. If N = 1, then equation (1.3) reduces to the in-
homogeneous refinement type equation

@) = /ydetK (K @)z — M) du(w) +g(@).  (1.4)

Inhomogeneous refinement equations are motivated by constructions of multi-
wavelets, multichannel filters and constructions of wavelets on a finite interval
(see, e.g., [4, 10, 23]). Various inhomogeneous forms of equation (1.4) have
been investigated in [6, 12, 24, 25].

Several problems from different areas of pure and applied mathematics
lead to the problem of the existence of nontrivial Lebesgue integrable solu-
tions of refinement type equation (1.4) with g = 0, i.e., the homogeneous
refinement type equation

2) = /S Jdet K@)] (K)o = M(w)) dfe) (1.5)

(for more details see the survey [15] and the references therein). It turns out
that in some applications, continuous and bounded or continuous and com-
pactly supported solutions of homogeneous refinement equations are impor-
tant. Such solutions have significant applications in wavelet theory, approx-
imation theory, theory of subdivision schemes, computer graphics, physics,
combinatorial number theory and many others (see, e.g., [2, 7, 8, 9, 18, 19,
22)).

From the point of view of applications, all results on the existence of
“good” solutions of homogeneous as well as of inhomogeneous refinement
equations are very important (see [3] where it is showed how nonexistence
of “good” solutions of a refinement equation can lead to anomalous behav-
ior of numerical methods for a construction of wavelets). Let us note that
refinement equations always have plenty of “bad” solutions, even extremely
strange (see, e.g., [1, 15, 20]).
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To find conditions under which homogeneous refinement type equation
(1.5) has a nontrivial Lebesgue integrable solution is rather difficult; some
results in this direction can be found in [14, 21]. To the best of our knowledge,
there is no result concerning the existence of a nontrivial Lebesgue integrable
solution of the homogeneous poly-scale refinement type equation

N
F@) =3 [ [detln)ie ol (on(wn)) dialion). (10)
n=1"n

Nevertheless, it is possible to formulate conditions under which homogeneous
poly-scale refinement type equation (1.6) has no nontrivial Lebesgue inte-
grable solution (see [13] for the case where N = 1). Therefore, if homogeneous
poly-scale refinement type equation (1.6) has no nontrivial Lebesgue inte-
grable solution, we can ask if its inhomogeneous counterpart (1.1), obtained
by adding to the right-hand side of (1.6) a perturbation function g, has such
a solution.

If F is a given class of functions, then the existence of a solution f € F of
inhomogeneous poly-scale refinement type equation (1.1) is a consequence of
the existence of a fixed point of the operator P: F — F given by

N
Pf= 2:1/9 |det(on ) (s wn) [ f(on (- wn)) dim(wn) + g- (1.7)

It turns out that the operator P happens (under suitable assumptions) to be
the Markov operator in the case where g = 0; for the definition of the Markov
operator and more information on it see [17]. Asymptotically stability of
Markov operators has been explored in [21] to study the problem of the exis-
tence of nontrivial Lebesgue integrable solutions of homogeneous refinement
type equation (1.5). In this paper, we are going to examine the Banach fixed
point theorem to obtain results on the existence of a pth power Lebesgue
integrable solution as well as a continuous and bounded solution of equa-
tion (1.1) and of its special case (1.3). Thus we are looking for conditions, on
the spaces (1, A1, p1),- -, (Qn, An, ) and the given functions ¢1, ..., oN
and g, guaranteeing that the operator P is well defined and satisfies assump-
tions of the Banach fixed point theorem.

2. Notation

Given a real number p > 1, we write L? to denote the Banach space of all pth
power Lebesgue measurable functions f: R™ — R with the standard norm

ity = ([ 1sra)”.

If fe LP then f= fi. — f_, where f; and f_ are the positive and negative
parts of f; ie., f+ = max{f,0} and f_ = max{—,0}. We say that a point
x € R™ is in the support of f € LP if for every neighborhood U, C R™ of «
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we have
Ln({y € Uz = f(y) # 0}) > 0;

here and throughout, [,,, denotes the Lebesgue measure on R™. Given f € LP,
it is easy to see that the set

supp f = {x € R™ : z is in the support of f}

is closed; it is called the support of f and if it is compact we say that f is
compactly supported.

We write C'p to denote the Banach space of all continuous and bounded
functions f: R™ — R with the supremum norm

[l fllsup = sup {|f($)| 1T € Rm}.

Since R™ is a noncompact space, we can consider the subspace C¢c C Cp of
all functions f: R™ — R with compact support; in contrast to the definition
of the support of pth power Lebesgue measurable functions, we say that a
continuous function f: R — R has a compact support if the set

supp f = cl{z € R™: f(z) # 0},

called the support of f, is compact. The space Cc endowed in the supremum
norm is not, in general, complete. The completion of C¢ is the space Cy con-
sisting of all those continuous functions f: R™ — R that vanish at infinity;
ie, f € Cp if and only if f € Cp and the set cl{x € R™ : |f(x)| > €} is
compact for every € > 0. It is easy to prove that f € Cp if and only if f is
continuous and lim,|| 4o f(z) = 0, where || - || is an arbitrary norm in R"™.

The symbol B will denote the family of all Borel subsets of R™.

From now on we assume that (1, A1, 11),...,(Qn, AN, un) are com-
plete finite measure spaces, and P denotes the operator given by (1.7).

3. Ll-solutions

Throughout this section we assume that g € L*.

As it was mentioned earlier, our aim is to use the Banach fixed point
theorem to the operator P defined by (1.7). For this purpose we need to know
that P transforms the space L! into itself. Before we give conditions on ¢,,’s
under which P(L') C L', we recall that f € L' is called an L'-solution of
equation (1.1), if every representative of f satisfies (1.1) for almost all x € R™
with respect to [,,.

Lemma 3.1. Assume that for everyn € {1,...,N} the function
Yn: R™ xQ, - R™
satisfies the following conditions:

(3.1) (- wn) is a diffeomorphism from R™ onto R™ for every w, € Qy,;
(3.2) on(z,-) is A,-measurable for every x € R™;
(3.3) (Im ® pn) (1 (B)) = 0 for every Borel set B C R™ with l,,,(B) = 0.
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Then
(1) if f: R™ — R is a Lebesgue integrable function, then so is the function

N
R™ >z +—— Z/ |det(on )} (@, wn) | f (¢n (@, wn)) ditn (Wn); (3.4)
n=1 Qn

(i) if f, f: R™ — R are Lebesgue integrable functions such that f(z) = f(x)
for almost all x € R™ and f satisfies equation (1.1) for almost all x €
R™, then also f satisfies equation (1.1) for almost all x € R™;

(iii) we have P(L') C L.

Proof. (i) Fixn e {1,...,N}.

Conditions (3.1) and (3.2) imply that both functions ¢,, and det(py),
are B ® A,-measurable (see [11] or [16]).

Fix a Lebesgue integrable function f: R™ — [0, +00) and a set B € B.
From condition (3.3) we obtain that the set (f o ¢,)~!(B) belongs to the
completion B ® A,, of B& A,. Consequently, the function |det(y,).](f o ¢n)
is L, ® A,-measurable and

/ |det(@n)/z(xvWn)|f(90n(win)) d (m) (x,wn)
R™ xQ,

= pn(2n) o (z) dz = pn ()| fll1 < +o0.

Since A, is complete, we conclude from the Fubini theorem that the function

is pn-integrable for almost all x € R™ and that the function

A ‘det(@n);(7wn)‘f(90n(7wn)) du”(w”)

is Lebesgue integrable.

Fix now an arbitrary Lebesgue integrable function f: R™ — R. Since
both the functions fi and f_ are nonnegative and Lebesgue integrable, we
conclude that both the functions

[ ldetten)i | (oulcon) ditn(on)

n

and

/ ’dEt(son);c('vwn)‘ff (@n(’wn)) dﬂn(wn)

n

are Lebesgue integrable. In consequence, the function

/Q |det(2n), ()| £ (£n (- 0n)) dptn(wn)

is also Lebesgue integrable.
Finally, the function given by (3.4) is Lebesgue integrable, because it is
a finite sum of Lebesgue integrable functions.
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(ii) Fix two Lebesgue integrable functions f, f : R™ — R and assume
that there exists a set B € B with I,,,(B) = 0 such that f(z) = f(z) for every
x ¢ B. Since the right-hand side of equation (1.1) is a Lebesgue integrable
function of variable z by assertion (i), we can assume that (1.1) holds for
every « ¢ A with ,,(A) = 0. By (3.3) for every n € {1,..., N} we have

0= ® ) (o7 (B) = [l (B).) da

Then for every n € {1,..., N} there exists a Lebesgue measurable set C),
such that 1,,,(C,,) = 0 and p, (¢, 1(B).) = 0 for every z € C,,. Hence, if
N
x¢g AUBU ] Cn,
n=1
then
flz) = f(x)

/ |det(on ) (@, wn) | f (en (@, wn)) dpn(wn) + g(z)

/ |det On)e (T, wn |f(30n z wn)) dpn(wn) + g(z)
Q\pn ' (B)e

:/ ’det <pn) Z,wn) |f sDn T wn)) dptn (wn) + g(z)
Qn\SO:Ll(B)I

- ; /ﬂn |det(n)l (2, wn) | [ (0n (2, wn)) din(wn) + g();

i.e., f satisfies (1.1) for almost all z € R™.

(iii) Fix f € L' and choose two representatives f; and f, of f. By asser-
tion (i) we infer that both the functions P f; and P fs are Lebesgue integrable.
Now by the same arguments as in the proof of assertion (ii) we conclude that
Pfi(x) = Pfo(zx) for almost all x € R™. O

Observe that assertion (ii) of the above lemma says that the definition
of L'-solutions of equation (1.1) is well posed.

In the case where the functions ,,’s are of the form (1.2) we do not need
any special condition guaranteeing that P: L' — L. More precisely, we have
the following observation.

Remark 3.2. Let K,,: 2, — R™*"™ and M,,: Q, — R™ be Lebesgue mea-
surable functions. If det K,,(w) # 0 for every w, € Q,, then the function
©n: R™ x Q, — R™ given by (1.2) satisfies conditions (3.1)—(3.3).

Now we are in a position to formulate our first result on the existence
of a unique L!-solution of equation (1.1) in the space L'.

Theorem 3.3. Assume that for everyn € {1,..., N} the function
Yn: R™ xQ, - R™
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satisfies conditions (3.1)—(3.3). If 25:1 w(2,) < 1, then equation (1.1) has
exactly one L'-solution f and for every fo € L the sequence (P™ fo)nen con-
verges to f in L'. Moreover,

(i) if g is of constant sign, then 30 is f;
(ii) of me x)dx =0, then me x)dx = 0;
(iii) if there exzsts a closed set Z C Rm such that

on(Z x Q) C Z  for everyn € {1,...,N} (3.5)

and if supp g C Z, then supp f C Z; in particular, if Z is compact, then f
is compactly supported.

Proof. By Lemma 3.1 we have P: L' — L'. Moreover, for all fi, fo € L' we
obtain

P f1— Pf2|\1<ZMn I = fall-

n=1
The Banach fixed point theorem completes the proof of the main part of the
theorem.
(i) Clearly, both the sets

LY ={hel':h>0} and L' ={helLl':h<0}

are closed subspaces of L'. Now it is enough to observe that P: L} — L} and
P: L' - L.

(ii) Observe first that the set {h € L' : [5,, h(z)dz = 0} is a closed sub-
space of L.

Taking the Fourier transform of both sides of equation (1.1), we obtain

)= [ emriwds

N
= Z/Q /Rm eixy|det(@n);(w,wn)‘f<(pn<$,wn)) dx d,un(wn) + ’g\(y)

for every y € R. Hence for y = 0 we get

N

and in consequence,

Ao>=:@<o>=/mg<x>dx:o,

f(x)dz = [(0) = 0.

Rm
(iii) Since Z is closed, it follows that

X ={heL':supphC Z}

is a closed subspace of L!.

Fix h € X. By (3.5) we have supp(hop,) C Z for every n € {1,...,N}.
This jointly with suppg C Z implies supp Ph C Z and, in consequence, we
obtain P: X — X. (]
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Corollary 3.4. Assume that for everyn € {1,..., N} the functions
K,:Q, > R™™ and M,:Q, - R™

are Lebesgue measurable. If Zgzl w(Ky, #0) < 1, then equation (1.3) has ex-
actly one L'-solution f and for every fo € L' the sequence (P™fy)nen con-
verges to f in L'. Moreover,

(i) if g is of constant sign, then so is f;
(ii) o [gm g(x)dx =0, then [, f(z)dx =0;
(ii) if there exists a closed set Z C R™ such that

K(wn)Z C Z+ M(wy,) for all w, € Q, andn € {1,...,N} (3.6)

and if supp g C Z, then supp f C Z; in particular, if Z is compact, then f
is compactly supported.

Proof. Putting _
Q= {wn € Qp : det Ky (wy) # 0}

for every n € {1,..., N} we get Egil fin () < 1. Now it is enough to apply
Remark 3.2 and Theorem 3.3. O

In the case where g = 0, Theorem 3.3 says that the trivial function is
the only L!-solution of equation (1.6). To see it in another way suppose that,
on the contrary, f is a nontrivial L'-solution of equation (1.6). Then

1= 3 [ et o) (on(o.00))] do dian )

N
= [1£11 D 1) < [If 1,
n=1

which is impossible.

4. [P-solutions

Throughout this section we assume that g € LP with p > 1.
Recall that f € LP is called an LP-solution of equation (1.1), if every
representative of f satisfies (1.1) for almost all z € R™ with respect to I,,,.
We begin with a counterpart of Lemma 3.1 for the space LP.

Lemma 4.1. Assume that for everyn € {1,...,N} the function
on: R™ x Q, - R™
satisfies conditions (3.1)—(3.3) and
sup | det(pn), (2, )" < (®,)P  with B, € LM(Q). (4.1)
zER™

Then

(i) if f: R™ — R is a pth power Lebesgue integrable function, then so is the
function given by formula (3.4);
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(i) if f, f:R™ — R are pth power Lebesque integrable functions such that
flx) = f(x) for almost all x € R™ and f satisfies equation (1.1) for
almost all x € R™, then also f satisfies equation (1.1) for almost all
xz eR™;

(iii) we have P(LP) C LP.

Proof. (i) Fix n € {1,..., N} and pth power Lebesgue integrable function
f:R™ — R. In the same way as in the proof of assertion (i) of Lemma 3.1,
conditions (3.1)—(3.3) imply that the function

|det ()| (f © ¢n)

is £,,, ® A,-measurable. By the Minkowski inequality for integrals and (4.1)
we have

(/ Uﬂn |det(§0n);($,wn)}f+(wn(x’w"))d‘un(wn)}pdz>1/p

< [ (. [ietonrosn e o) ae) dien)
< /Qn (/w [@n(wn)h(y)]pdy)l/p dpin (w)

= [1@nll1 ]l f+]lp < +o0,

which shows that the function

[ ldettn)i | (oulcon) ditn(on)

is pth power Lebesgue integrable. In a similar way we can prove that the func-
tion

/ ’det(son);c('vwn){f— (‘pn(vwn)) dﬂn(wn)

n

is pth power Lebesgue integrable. Consequently, the function
/Q ‘det(gpn);('vwn)‘f(@n('vwn)) d,un(wn)

is pth power Lebesgue integrable. Finally, the function given by (3.4) is pth
power Lebesgue integrable, because it is a finite sum of pth power Lebesgue
integrable functions.

Assertions (ii) and (iii) can be proved in the same manner as assertions
(ii) and (iii) of Lemma 3.1. O

In the case where the functions ¢,,’s are of the form (1.2) we need a
condition on the functions K,,’s guaranteeing that (4.1) holds.

Remark 4.2. Let K,,: Q, — R™*"™ and M,,: Q,, — R™ be Lebesgue mea-
surable functions. If

(det K,,)P~D/P ¢ LY(Q,,),
then the function ¢, : R™ x Q,, — R given by (1.2) satisfies condition (4.1).
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Now we can formulate a result on the existence of the unique LP-solution
of equation (1.1) in the space LP.
Theorem 4.3. Assume that for everyn € {1,..., N} the function
on: R™ x Q, - R™

satisfies conditions (3.1)—(3.3) and (4.1). If Zi:[:l |1 < 1, then equa-
tion (1.1) has exactly one LP-solution f and for every fo € LP the sequence
(P™ fo)nen converges to f in LP. Moreover,

(i) if g is of constant sign, then so is f;

(i) if there exists a closed set Z C R™ such that (3.5) holds and if suppg C
Z, then supp f C Z; in particular, if Z is compact, then f is compactly
supported.

Proof. By Lemma 4.1 we have P: LP — LP. Fix fi, fo € LP. Then the
Minkowski inequality for integrals and condition (4.1) imply that

|Pf1— Pfallp

o _p

% [u(pn(@,wn)) = foiou(@.wn))] | dpn(eon) | da

<y ( | [ AT |

% [fu(pn(@,wn)) = foiou(@.wn))] | dpn(eon) | da

Sy n ( | Jaetten)i o) |

1/p
X [fl (‘Pn(xawn)) — fa (‘Pn(-rawn))] ‘pdx> dptn (wr)

1/p
/ ( [ (wn)]pfl(y)fz(wlpdy) i)

1@nllillfi = fallp-

1/p

N——

1/p

N——

IN

>
>

The Banach fixed point theorem completes the proof of the main part of the
theorem.

Assertions (i) and (ii) hold because all the sets
LY ={hel?:h>0}, LY ={heL? :h<0}, X={heLP:supph C Z}
are closed subspaces of L? and P(L%) Cc LY, P(L* ) C L? , P(X) Cc X. O
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An immediate consequence of Theorem 4.3 and Remarks 3.2 and 4.2 is
the following corollary.

Corollary 4.4. Assume that for every n € {1,..., N} the functions
K,:Q, - R™™ and M,:Q, —R™
are Lebesgue measurable with (det K,,)P~D/P ¢ L (Q,,). If

N

3 H(det Kn)(P—”/PH <1,
1

n=1

then equation (1.3) has exactly one LP-solution f and for every fo € L' the
sequence (P™fo)nen converges to f in L*. Moreover,

(i) if g is of constant sign, then so is f;

(i) if there exists a closed set Z C R™ such that (3.6) holds and if suppg C
Z, then supp f C Z; in particular, if Z is compact, then f is compactly
supported.

5. Continuous and bounded solutions

Throughout this section we assume that g € Cp.

In contrast to the previous section we recall that f € Cp is called solu-
tion of equation (1.1), if (1.1) holds for every z € R™.

We begin with conditions on ¢,,’s under which P: Cg — Cp.

Lemma 5.1. Assume that for every n € {1,..., N} the function
ni R™ x Q, = R™
satisfies conditions (3.1)—(3.3) and

sup |det(pn ), (z, )| < ¥, with ¥, € L'(Qy). (5.1)
IG]R’"'L

Then P(CB) c Cp.

Proof. Fix a function f € Cp. Conditions (3.1)—(3.3) imply that the function
|det(wn),|(f o ¢n) is L1 ® A-measurable for every n € {1,...,N}. Fix a
sequence (zy)ren of reals convergent to a real number z. From (3.1) we have

Jimdet(on); (2, wn) f (9n (ks wn)) = det(n); (@, wn) f (0n (2, 00)),
and by (5.1) we obtain

|det(@ﬂ);(xkvWn)f(@ﬂ(mbwn))| < Hf“sup\lln(wn)
for all w, € Q,, and n € {1,..., N}. Hence

N
[P < ([ fllsup Z [ ll1 + llgllsup
n=1

for every y € R™ and the Lebesgue dominated convergence theorem implies
that limg oo Pf(zx) = Pf(x). In consequence, Pf € Cp. O
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In the case where the functions ¢,,’s are of the form (1.2), we need a
condition on the functions K,’s guaranteeing that (5.1) holds.

Remark 5.2. Let K,,: Q, — R™*" and M,,: Q,, — R™ be Lebesgue mea-
surable functions. If det K,, € L'(£2,,), then the function ¢, : R™ x Q,, — R™
given by (1.2) satisfies condition (5.1).

Now we can formulate a result on the existence of a unique solution of
equation (1.1) in the space Cp.

Theorem 5.3. Assume that for everyn € {1,..., N} the function
on: R™ x Q, - R™

satisfies conditions (3.1)—(3.3) and (5.1). If 22[:1 |l < 1, then equa-
tion (1.1) has exzactly one solution f € Cp and for every fo € Cp the sequence
(P™ fo)nen converges to f in the supremum norm. Moreover,

(i) if g is of constant sign, then so is f;
(ii) if g € Cy, then f € Cy;
(iii) if there exists a closed set Z C R™ such that (3.5) holds and if supp g C
Z, then supp f C Z; in particular, if Z is compact, then f is compactly
supported.

Proof. By Lemma 5.1 we have P: Cp — Cp. Fix fi1, fo € LP. Then by (5.2)
we get

N
H-Pfl Pf2 |sup Z”\I/n”l”fl_fZHsup

The Banach fixed point theorem completes the proof of the main part of the
theorem.
Assertions (i)—(iii) hold because all the sets

C;Z{hGCBZhZO}, ng{hecBthO}, Co,
X ={heCp:supph C Z}
are closed subspaces of Cp and P(C}) C Cf, P(Cy) C Cg, P(Cy) C Co,
P(X) C X. To prove that P(Cy) C Cj take f € Cy. By (3.1) we have
(fown)(-wn) € Co

for every n € {1,..., N}. This jointly with (5.1) and the Lebesgue dominated
convergence theorem gives

lim Z/ n(Wn ‘f on (T, wn )|dun (wn) = 0.

llzll—+o0 <=
Finally, since g € Cy, it follows that lim,—4o0 |Pf(2)| = 0. O

Theorem 5.3 can be easily reformulated to get the existence and unique-
ness of solutions of equation (1.1) in the space L°°.

We end this paper with the following immediate consequence of Theo-
rem 5.3 and Remarks 3.2 and 5.2.
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Corollary 5.4. Assume that for everyn € {1,..., N} the functions
K,: Q, = R™™ and M,:Q, - R™

are Lebesgue measurable with det K, € L*(Q,,). If ZnN:1 |ldet K, |l1 < 1, then
equation (1.3) has exactly one solution f € Cp and for every fo € Cp the
sequence (P" fo)nen converges to f in the supremum norm. Moreover,
(i) if g is of constant sign, then so is f;
(ii) if g € Cy, then f € Cy;
(iii) if there exists a closed set Z C R™ such that (3.6) holds and if supp g C
Z, then supp f C Z; in particular, if Z is compact, then f is compactly
supported.
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