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Multiple parametric Marcinkiewicz integrals with mixed

homogeneity along surfaces

SHEN Jia-wei1 HE Shao-yong2,∗ CHEN Jie-cheng1

Abstract. In this paper, the multiple parametric Marcinkiewicz integral operators with mixed

homogeneity along surfaces are studied. The Lp-mapping properties for such operators are

obtained under the rather weakened size conditions on the integral kernels both on the unit

sphere and in the radial direction. The main results essentially improve and extend certain

previous results.

§1 Introduction

Let Rd (d = m or n), d ≥ 2, be the d-dimensional Euclidean space and Sd−1 be the unit

sphere in Rd equipped with the induced Lebesgue measure dσd. Let αd,j ≥ 1(j = 1, · · ·, d) be
fixed real numbers. Define the function F : Rd × (0,∞) → R by F (x, ρd) =

∑d
j=1 x

2
jρ

−2αd,j

d . It

is clear that for each fixed x ∈ Rd, the function F (x, ρd) is a decreasing function in ρd > 0. Let

ρd(x) be the unique solution of the equation F (x, ρd) = 1. Fabes and Rivière [21] showed that

(Rd, ρd) is a metric space which is often called the mixed homogeneity space related to {αd,j}nj=1.

For λ > 0, let Ad,λ be the diagonal d× d matrix, namely, Ad,λ = diag{λαd,1 , · · ·, λαd,d}. For a
function φ: R+ → (0,∞), we shall let Aφd : Rd → Rd be the mapping

Aφd (y) = Ad,φ(ρ(y))y
′

where y′ = Ad,ρ(y)−1y ∈ Sd−1.

We would like to remark that if αd,1 = αd,2 = · · ·αd,d = 1, then ρd(x) = |x|. Indeed, the
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change of variables related to the space (Rd, ρd) is given by the transformation

x1 = ρ
αd,1

d cos θ1 · · · cos θd−2 cos θd−1,

x2 = ρ
αd,2

d cos θ1 · · · cos θd−2 sin θd−1,

· · · · · ·,
xd−1 = ρ

αd,d−1

d cos θ1 sin θ2,

xd = ρ
αd,d

d sin θ1,

where x ∈ Rd. Therefore, it is easy to check that

dx = ραd−1
d Jd(x

′)dρdσd(x
′),

where ραd−1
d Jd(x

′) is the Jacobian of the above transform and αd =
∑d
j=1 αd,j . Furthermore,

it was proved that in [21] that Jd(x
′) ∈ C∞(Sd−1) and that there exists Md > 0 such that

1 ≤ Jd(x
′) ≤Md, x′ ∈ Sd−1.

Let Ω be a real valued and measurable function on Rd with Ω ∈ L1(Sd−1) and satisfy

Ω(Ad,λx) = Ω(x),∀λ > 0, and

∫
Sd−1

Ω(y′)J(y′)dσd(y
′) = 0. (1)

For a suitable function h defined on (0,∞), we define the parabolic Marcinkiewicz integral

operator

µh,Ω(f)(x) =
( ∫ ∞

0

| 1
tτ

∫
ρd(y)≤t

Ω(y)h(ρd(y))

ρd(y)αd−τ
dy|2 dt

t

) 1
2 ,
)

(2)

where τ = a + ib (a, b ∈ R with a > 0) and h ∈ ∆γ(R+). Here ∆γ(R+) for γ ≥ 1 denotes the

set of all measurable functions satisfying the condition

sup
R>0

(
R−1

∫ R

0

|h(t)|γdt
)1/γ

<∞.

We would like to note that the class of the operators µh,Ω is related to the class of the parabolic

singular integral operators

Th,Ω(f)(x) = p.v.

∫
Rd

Ω(y)h(ρ(y))

ρ(y)α
f(x− y)dy.

When h ≡ 1, we denote µh,Ω by µΩ. Clearly, if α1 = α2 = · · · = αd = 1 and τ = 1, then the

operator µΩ is a natural analogy of higher-dimensional Marcinkiewicz integral introduced by

Stein [30], which has been investigated by many authors (see [8, 10, 18, 34]). When αj ≥ 1, j =

1, · · ·, d, and τ = 1, Xue ,Ding and Yabuta [37] first established that µΩ is bounded on Lp(Rd)
for 1 < p < ∞, provided that Ω ∈ Lq(Rd) for q > 1. Subsequently, Chen and Ding [12, 13]

extended the result of [37] to the case Ω ∈ L(log+L)
1
2 (Sd−1) and Ω ∈ H1(Sd−1) respectively.

Moreover, it follows from Wang, Chen and Yu’s work [31] (also see [6]) that µΩ is bounded on

Lp(Rd) for 2β
2β−1 < p < 2β if Ω ∈ Fβ(Sd−1) for some β > 1, where

Fβ(Sd−1) :=

{
Ω ∈ L1(Sd−1) : sup

ξ∈Sd−1

∫
Sd−1

|Ω(y′)|
(
log

1

|ξ · y′|
)β
dσ(y′) <∞

}
, ∀β > 0.

For the general operator µh,Ω, the kernel of µh,Ω has the additional roughness in the radial

direction, which has received a large moment of interest of many authors in the Euclidean

setting, for instance, see e.g. [15–17, 19]. In order to extend the results in [23] to the singular

integral operator Th,Ω in the Euclidean setting, Fan and Stao [22] introduced the function class
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WFβ(S
d−1) in more general form, namely, the set of all functions Ω ∈ L1(Sd−1) satisfying

sup
ξ′∈Sd−1

∫∫
Sd−1×Sd−1

|Ω(θ)Ω(w)|
(
log

1

|(θ − w) · ξ′|
)β
dσ(θ)dσ(w) <∞, β > 0.

Furthermore, they showed that Fβ(S1) ⊂ WFβ(S
1). However, for d > 2, the relation between

Fβ(Sd−1) and WFβ(S
d−1) remains to be open. Recently, Liu, Wu and Zhang [27] showed that

µh,Ω is bounded on Lp(Rd) for some β > max{2, γ′}/2 with |1/p − 1/2| < min{1/γ′, 1/2} −
min{1/γ′ + 1/2, 1}/(β + 1), provided that h ∈ ∆γ(R+) for γ > 1 and Ω ∈ WFβ(S

d−1).

In this paper, we will focus our attention on the multiple Marcinkiewicz integrals with mixed

homogeneity on product spaces. Suppose that Ω ∈ L1(Sm−1×Sn−1) and satisfies the conditions

Ω(Am,sx,An,t) = Ω(x, y), ∀s, t > 0, (3)∫
Sm−1

Ω(u′, ·)Jm(u′)dσm(u′) =

∫
Sn−1

Ω(·, v′)Jn(v′)dσn(v′) = 0. (4)

Let τi = ai+ ibi, ai, bi ∈ R with ai > 0, i = 1, 2. For γ ≥ 1, let ∆γ denote the set of measurable

functions h : R+ × R+ → C satisfying

sup
R1>0,R2>0

( 1

R1R2

∫ R1

0

∫ R2

0

|h(r, t)|γdrdt
)1/γ

<∞.

Observe that ∆γ1 ( ∆γ2 for γ1 > γ2 and L∞ = ∆∞. We consider the multiple parabolic

Marcinkiewicz integral operators defined by

MΩ,h(f)(x, y) =

(∫ ∞

0

∫ ∞

0

|Fs,t(x, y)|2
ds

s

dt

t

) 1
2

, (5)

where

Fs,t(x, y) =
1

sτ1
1

tτ2

∫
ρm(u)≤s

∫
ρn(v)≤t

Ω(u, v)h(ρm(u), ρn(v))

ρm(u)αm−τ1ρn(v)αn−τ2
f(x− u, y − v)dudv.

When h ≡ 1, τ1 = τ2 = 1, and αm,i = αn,j = 1, i = 1, · · ·,m, j = 1, · · ·, n, the operator

MΩ,h (denoted by MΩ) is just the classical Marcinkiewicz integral on product domains, which

studied extensively by many authors (see [2, 7, 9, 11, 14, 24, 25, 32, 33, 35, 36] among others). In

particular, Al-Qassem et al. [2] proved thatMΩ is bounded on Lp(Rm×Rn) for 1 < p <∞ if Ω ∈
L log+ L(Sm−1×Sn−1). It should be pointed out that the condition Ω ∈ L log+ L(Sm−1×Sn−1)

is optimal in the sense that the operator MΩ may fail L2 boundedness if Ω is assumed to be in

L(log+ L)1−ϵ(Sm−1 × Sn−1) for some ϵ > 0. Afterward, Al-Salman extends the results in [2] to

Marcinkiewicz integrals with mixed homogeneity. On the other hand, Hu, Lu and Yan [24] (also

see Wu’s work [33, 36]) obtained that MΩ) is bounded on Lp(Rm × Rn) for 1 + 1
2β < p < 2β

and β > 1
2 , provided that Ω satisfies the following condition:

sup
(ξ′,η′)∈Sm−1×Sn−1

∫∫
Sm−1×Sn−1

|Ω(u′, v′)|{G(ξ′, η′)}βdσm(u′)dσn(v
′) <∞, (6)

where

G(ξ′, η′) = log
1

|ξ′ · u′|
+ log

1

|η′ · v′|
+ log

1

|ξ′ · u′|
log

1

|η′ · v′|
.

For the sake of simplicity, we denote that for β > 0,

Fβ(Sm−1 × Sn−1) = {Ω ∈ L1(Sm−1 × Sn−1) : Ω satisfies (6)}.
In 2013, Liu and Wu [26] extends the result of [24] to the case: h ≡ 1, τ1 = τ2 = 1, αm,i ≥ 1

and αn,j ≥ 1, i = 1, · · ·,m, j = 1, · · ·, n. To study singular integral operator on product domains
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with rough kernels both along a radial direction and on the spherical surface, Ma, Fan and

Wu [29] introduced the following size condition:

sup
(ξ′,η′)∈Sm−1×Sn−1

∫∫
(Sm−1×Sn−1)2

|Ω(u′, v′)||Ω(θ, w)|

× {Gξ′,η′(θ, w)}βdσm(u′)dσn(v
′)dσm(θ)dσn(w) <∞, (7)

where

Gξ′,η′(θ, w) = log
1

|⟨u′ − θ, ξ′⟩|
log

1

|⟨v′ − w, η′⟩|
+ log

1

|⟨u′ − θ, ξ′⟩|
+ log

1

|⟨v′ − w, η′⟩|
.

We set

WFβ(S
m−1 × Sn−1) = {Ω ∈ L1(Sm−1 × Sn−1) : Ω satisfies (7)}.

We note that the condition (7) introduced by Ma et al. in a more general form in [29]. Employing

the ideas in [22], one can check that Fβ(S × S) ⊂ WFβ(S × S) (see Proposition 2.1 in [29]).

Whenm > 2 or n > 2, the relation between Fβ(Sm−1×Sn−1) and WFβ(S
m−1×Sn−1) remains

to be open.

A natural question, which arises from the above results, is the following:

Question: For the general case αm,i ≥ 1 (i = 1, · · ·,m) and αn,j ≥ 1 (j = 1, · · ·, n),
determine whether the Lp boundedness of the operator MΩ,h holds under the condition in the

form of Ω ∈ WFβ(S
m−1 × Sn−1) with h ∈ ∆γ for γ > 1.

The main purpose of this paper is to settle this question. We will study a family of operators

broader than MΩ,h. More precisely, let PN1 and PN2 be two non-negative polynomials on R
with PNi(0)=0 and deg(PNi) = Ni(i = 1, 2). For suitable functions φ,ψ : R+ → R+, we define

the multiple singular integral operator Mφ,ψ
Ω,h along surfaces S(PN1(φ), PN2(ψ)) by

Mφ,ψ
Ω,h(f)(x, y) =

(∫ ∞

0

∫ ∞

0

|FPN1 (φ),PN2 (ψ)
s,t (x, y)|2 ds

s

dt

t

) 1
2

, (8)

where

F
PN1 (φ),PN2 (ψ)
s,t (x, y)

:=
1

sτ1
1

tτ2

∫
ρm(u)≤s

∫
ρn(v)≤t

Ω(u, v)h(ρm(u), ρn(v))

ρm(u)αm−τ1ρn(v)αn−τ2
f(x−A

PN1 (φ)
m (u), y −A

PN2 (ψ)
n (v))dudv

and

S(PN1(φ), PN2(ψ)) := {(APN1
(φ)

m (u), A
PN2

(ψ)
n (v)) : (u, v) ∈ Rm × Rn}.

Clearly, MΩ,h is the special case of Mφ,ψ
Ω,h for PNi = φ = ψ = 1, i = 1, 2. It was verified in [1]

that MΩ,h is bounded on Lp with |1/p − 1/2| < min{1/γ′, 1/2} if Ω ∈ Lq(Sm−1 × Sn−1) and

h ∈ ∆γ for some γ > 1.

Our main results can be formulated as follows:

Theorem 1.1. Let PN1 and PN2 be two real valued polynomials on R satisfying PNi(0) = 0

and PNi(t) > 0 for t ̸= 0, where Ni is the degree of PNi , i = 1, 2. Let φ,ψ ∈ F, where F is the

set of functions ϕ satisfying the following properties:

1. ϕ : R+ → R+ is continuous strictly increasing and ϕ ∈ C1(R+) satisfying that ϕ′ is

monotonous;

2. there exist constants Cϕ and cϕ such that tϕ′(t) ≥ Cϕϕ(t) and ϕ(2t) ≤ cϕϕ(t) for all t > 0.
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Suppose that h ∈ ∆γ for some γ > 1 and Ω ∈ WFβ(S
m−1 × Sn−1) for some β > max{2, γ′}/2

satisfying (3)-(4). Then Mφ,ψ
Ω,h defined as in (8) is bounded on Lp(Rm ×Rn) for |1/p− 1/2| <

min{1/γ′}−min{1/γ′+1/2, 1}/(β+1). Furthermore, the bound is independent of the coefficients

of PN1
and PN2

, but depends on φ, ψ, N1, N2, m, n and β.

Remark 1.1. It should be pointed out that the introduction of the class F is greatly motivated

by Al-Salman’s works [5–7]. There are some model examples in the class F, such as tα(α > 0),

tα(ln(1 + t))β(α, β > 0), t ln ln(e+ t), real-valued polynomials P on R with positive coefficients

and P (0) = 0 and so on. In addition, for any ϕ ∈ F, there exists a constant Bϕ > 1 such

that ϕ(2r) > Bϕϕ(r) for all r > 0 . In [6], Al-Salman established the Lp−boundedness of

the parabolic Marcinkiewicz integrals with h(t) ≡ 1 and PN (t) = t along surfaces defined by

the functions ϕ in F, provided Ω ∈ Fβ(Sn−1) for β > 1 and 2β
2β−1 < p < 2β (see [7] for the

multiple-parameter case). In the current paper, our theorems show that the Lp−boundedness of

the operator Mφ,ψ
Ω,h, whose kernel has the additional roughness in the radial direction due to the

presence of h, depends on the index γ, which characterize the roughness of h.

Theorem 1.2. Let PN1 , PN2 , φ and ψ be as in Theorem 1.1. Suppose that h ∈ ∆γ for some

γ > 1, Ω satisfies (3)-(4) with Ω ∈ Fβ(S × S) for some β > max{2, γ′}/2. Then Mφ,ψ
Ω,h defined

as in (8) is bounded on Lp(Rm×Rn) for |1/p−1/2| < min{1/γ′}−min{1/γ′+1/2, 1}/(β+1),

and the bound is independent of the coefficients of PN1 and PN2 , but depend on φ, ψ, N1, N2,

m, n and β.

Obviously, Theorem 1.2 follows from Theorem 1.1 and the relation Fβ(S×S) ⊂ WFβ(S×S).
Therefore, it suffices to prove Theorem 1.1.

We end this introduction with the following remarks. First of all, all of our results are

new, even in the special case: PN1 = PN2 = φ = ψ = 1, moreover, even in the case where

αm,i = αn,j = 1, i = 1, · · ·,m, j = 1, · · ·, n, namely, the Euclidean setting. Second, since∪
q>1 L

q(Sm−1 × Sn−1) is a proper subset of WFβ(S
m−1 × Sn−1) for any β > 0, Theorem

1.1 gives an essential improvement of the result in [1]. However, we don’t know whether the

ranges of β and p in Theorems 1.1 and 1.2 are sharp, which is interesting. Third, we note that

the main ingredient of Theorem 1.1 is based on the use of Fourier transform estimates and

Littlewood-Paley theory which was originally introduced in [20]. Employing the ideas in [20],

there are many works to investigate the Lp−boundedness of Marcinkiewicz integrals and related

operators, for example, see [3, 4, 6, 7, 26, 36] and the references therein. Due to the presence of

h, our methods and techniques are more delicate and complex than those of [3, 4, 6, 7, 26,36].

This paper is organized as follows. In Section 2, we will introduce some notation and give

some preliminary lemmas. Section 3 is devoted to proving Theorem 1.1.

Finally, we make some conventions. Throughout this paper, we let p′ denote the conjugate

index of p, i.e., 1
p + 1

p′ = 1. The letter C, sometimes with additional parameters, stands for

a positive constant which is independent of the essential variables, but whose value may vary

from line to line.
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§2 Some notations and preliminary lemmas

For given positive polynomials PN1(t) =
∑N1

i=1 βit
i, PN2(t) =

∑N2

j=1 γjt
j , and for l ∈

{1, 2, · · ·,m}, k ∈ {1, 2, · · ·, n}, we denote (PN1(t))
αm,l =

∑N1αm,l

i=1 ai,lt
i and (PN2(t))

αn,k =∑N2αn,k

j=1 bj,kt
j . Then for x, ξ ∈ Rm, y, η ∈ Rn and φ,ψ ∈ F, we write

A
PN1

(φ)
m (x) · ξ =

m∑
l=1

PN1(φ(ρm(x)))αm,lx′l · ξl =
m∑
l=1

N1αm,l∑
i=1

ai,lφ(ρm(x))ix′l · ξl,

A
PN2

(ψ)
n (y) · η =

n∑
k=1

PN2(ψ(ρn(y)))
αn,ky′k · ηk =

n∑
k=1

N2αn,k∑
j=1

bj,kψ(ρn(y))
jy′k · ηk.

Let N1 = max{N1αm,l : 1 ≤ l ≤ m}, N2 = max{N2αn,k : 1 ≤ k ≤ n}, let ai,l = 0 when

i > N1αm,l, bj,k = 0 when j > N2αn,k. Thus

A
PN1

(φ)
m (x) · ξ =

m∑
l=1

N1αm,l∑
i=1

ai,lφ(ρm(x))ix′l · ξl =
N1∑
i=1

(Li(ξ) · y′)φ((ρm(x)))i,

where Li(ξ) = (ai,1ξ1, · · ·, ai,mξm). Similarly,

A
PN2

(ψ)
n (y) · η =

n∑
k=1

N2αn,k∑
j=1

bj,kψ(ρn(y))
jy′k · ηk =

N2∑
j=1

(Ij(η) · y′)ψ((ρn(y)))j ,

where Ij(η) = (bj,1η1, · · ·, bj,jηn). For any µ ∈ {0, 1, · · ·,N1} and ν ∈ {0, 1, · · ·,N2}, we set

Qµ(x) =
( µ∑
i=1

ai,1x
′
1φ(ρm(x))i, · · ·,

µ∑
i=1

ai,mx
′
mφ(ρm(x))i

)
,

Rν(y) =
( ν∑
i=1

bj,1y
′
1ψ(ρn(y))

j , · · ·,
ν∑
j=1

bj,ny
′
nψ(ρn(y))

j
)
.

Then

Qµ(x) · ξ =
µ∑
i=1

(Li(ξ) · x′)φ(ρm(x))i, 0 ≤ µ ≤ N1,

Rν(y) · η =

ν∑
j=1

(Ij(η) · y′)ψ(ρn(y))j , 0 ≤ µ ≤ N2.

For i, j ∈ Z, s, t ∈ R+ and 0 ≤ µ ≤ N1, 0 ≤ ν ≤ N2, we define the measures {σµ,νi,j;s,t} and

{|σµ,νi,j;s,t|} by

σ̂µ,νi,j;s,t(ξ, η) =
1

(2is)τ1(2jt)τ2

∫∫
∆s,t

i,j

Ω(x, y)h(ρm(x), ρn(y))

ρm(x)αm−τ1ρn(y)αn−τ2
e−i(Qµ(x)·ξ+Rν(y)·η)dxdy,

|σ̂µ,νi,j;s,t|(ξ, η) =
1

(2is)τ1(2jt)τ2

∫∫
∆s,t

i,j

|Ω(x, y)||h(ρm(x), ρn(y))|
ρm(x)αm−τ1ρn(y)αn−τ2

e−i(Qµ(x)·ξ+Rν(y)·η)dxdy,

where ∆s,t
i,j = {2i−1s < ρm(x) ≤ 2is, 2j−1t < ρn(y) ≤ 2jt}. One can easily check that for each

µ ∈ {0, 1, · · ·,N1} and ν ∈ {0, 1, · · ·,N2},

σ̂0,ν
i,j;s,t(ξ, η) = σ̂µ,0i,j;s,t(ξ, η) = 0
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and

F
PN1

(φ),PN1
(ψ)

s,t (x, y) = sτ1tτ2
0∑

i,j=−∞
2iτ12jτ2σµ,νi,j;s,t ∗ f(x, y). (9)

First we need the following estimate, which plays curial role in the proof of our main result.

Lemma 2.1. ( [25], Lemma 2.5) Let φ,ψ ∈ F . Then for µ ∈ {1, · · ·,N1}, ν ∈ {1, · · ·,N2} and

r > 0,

|
∫ r

r/2

e−i
∑µ

i=1 Li(ξ)·x′φ(ρm)i dρm
ρm

| ≤ C|φ(r)µLµ(ξ) · x′|−1/µ,

|
∫ r

r/2

e−i
∑ν

j=1 Lj(η)·y′ψ(ρn)j dρn
ρn

| ≤ C|ψ(r)νLν(η) · y′|−1/ν .

Lemma 2.2. Let φ,ψ ∈ F , let h ∈ ∆γ(R+) for some 1 < γ ≤ ∞ and γ̃ = max{2, γ′}. Suppose

that Ω ∈ WFβ(S
m−1 × Sn−1) for some β > 0 and satisfies (1). Then for µ ∈ {1, · · ·,N1},

ν ∈ {1, · · ·,N2}, there exists a constant C > 0 such that

(i)

|σ̂µ,νi,j;s,t(ξ, η)− σ̂µ−1,ν
i,j;s,t (ξ, η)| ≤ C|φ(2is)µLµ(ξ)|min

{
1, (ln |ψ(2jt)Iν(η)|)−

β
γ̃
}
; (10)

(ii)

|σ̂µ,νi,j;s,t(ξ, η)− σ̂µ,ν−1
i,j;s,t (ξ, η)| ≤ C|ψ(2jt)µIν(η)|min

{
1, (ln |φ(2is)Lµ(ξ)|)−

β
γ̃
}
; (11)

(iii)

|σ̂µ,νi,j;s,t(ξ, η)| ≤ Cmin
{
1, (ln |φ(2is)Lµ(ξ)|)−

β
γ̃ , (ln |ψ(2jt)Iν(η)|)−

β
γ̃ ,

(ln |φ(2is)Lµ(ξ)|)−
β
γ̃ · (ln |ψ(2jt)Iν(η)|)−

β
γ̃
}
; (12)

(iv)

|σ̂µ,νi,j;s,t(ξ, η)− σ̂µ−1,ν
i,j;s,t (ξ, η)− σ̂µ,ν−1

i,j;s,t (ξ, η) +
̂σµ−1,ν−1
i,j;s,t (ξ, η)|

≤ Cmin
{
1, |φ(2is)µLµ(ξ)|, |ψ(2jt)µIν(η)|, |φ(2is)µLµ(ξ)| · |ψ(2jt)µIν(η)|

}
. (13)

Proof. By a change of variable, we have∣∣σ̂µ,νi,j;s,t(ξ, η)− σ̂µ−1,ν
i,j;s,t (ξ, η)

∣∣
≤ 1

(2is)τ1(2jt)τ2

∫∫
∆s,t

i,j

|e−iQµ(x)·ξ − e−iQµ−1(x)·ξ| |Ω(x, y)h(ρm(x), ρn(y))|
ρm(x)αm−τ1ρn(y)αn−τ2

dxdy

≤ C|φ(2is)µLµ(ξ)|
∫ 2is

2i−1s

∫ 2jt

2j−1t

h(r1, r2)

× dr1dr2
r1r2

∫∫
Sm−1×Sn−1

|Ω(θ1, θ2)|Jm(θ1)Jn(θ2)dσm(θ1)dσn(θ2)

≤ C|φ(2is)µLµ(ξ)|.
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On the other hand, by the Hölder’s inequality, we have∣∣σ̂µ,νi,j;s,t(ξ, η)− σ̂µ−1,ν
i,j;s,t (ξ, η)

∣∣
=

∣∣∣∣ 1

(2is)τ1(2jt)τ2

∫ 2is

2i−1s

∫ 2jt

2j−1t

∫∫
Sm−1×Sn−1

e−i
∑ν

j=1(Ij(η)·θ2)ψ(r2)
j

[e−i
∑µ

i=1(Li(ξ)·θ1)φ(r1)i

− e−i
∑µ−1

i=1 (Li(ξ)·θ1)φ(r1)i ]Ω(θ1, θ2)Jm(θ1)Jn(θ2)dσm(θ1)dσn(θ2)h(r1, r2)
dr1dr2

r1−τ11 r1−τ22

∣∣∣∣
≤ C

(∫ 2is

2i−1s

∫ 2jt

2j−1t

∣∣ ∫∫
Sm−1×Sn−1

e−i
∑ν

j=1(Ij(η)·θ2)ψ(r2)
j

[e−i
∑µ

i=1(Li(ξ)·θ1)φ(r1)i

− e−i
∑µ−1

i=1 (Li(ξ)·θ1)φ(r1)i ]Ω(θ1, θ2)Jm(θ1)Jn(θ2)dσm(θ1)dσn(θ2)
∣∣γ′ dr1dr2

r1r2

) 1
γ′

≤ C|φ(2is)µLµ(ξ)|max{1− 2
γ′ ,0}

(∫ 2is

2i−1s

∫ 2jt

2j−1t

∣∣ ∫∫
Sm−1×Sn−1

e−i
∑ν

j=1(Ij(η)·θ2)ψ(r2)
j

× [e−i
∑µ

i=1(Li(ξ)·θ1)φ(r1)i − e−i
∑µ−1

i=1 (Li(ξ)·θ1)φ(r1)i ]

× Ω(θ1, θ2)Jm(θ1)Jn(θ2)dσm(θ1)dσn(θ2)
∣∣2 dr1dr2

r1r2

) 1
γ̃

. (14)

Let

Rµ,νi,j;s,t(ξ, η) :=

∫ 2is

2i−1s

∫ 2jt

2j−1t

∣∣ ∫∫
Sm−1×Sn−1

e−i
∑ν

j=1(Ij(η)·θ2)ψ(r2)
j

[e−i
∑µ

i=1(Li(ξ)·θ1)φ(r1)i

− e−i
∑µ−1

i=1 (Li(ξ)·θ1)φ(r1)i ]Ω(θ1, θ2)Jm(θ1)Jn(θ2)dσm(θ1)dσn(θ2)
∣∣2 dr1dr2

r1r2
Then we can write

|Rµ,νi,j;s,t(ξ, η)| =
∣∣∣∣ ∫ 2is

2i−1s

∫ 2jt

2j−1t

∫∫
(Sm−1×Sn−1)2

[e−iLµ(ξ)·θ1φ(r1)µ − 1][eiLµ(ξ)·w1φ(r1)
µ

− 1]

× e−i
∑µ−1

i=1 (Li(ξ)·(θ1−w1))φ(r1)
i

e−i
∑ν

j=1(Ij(η)·(θ2−w2)ψ(r2)
j)Ω(θ1, θ2)Ω(w1, w2)

× Jm(θ1)Jn(θ2)Jm(w1)Jn(w2)dσm(θ1)dσn(θ2)dσm(w1)dσn(w2)
dr1dr2
r1r2

∣∣∣∣.
(15)

Let

Lj,ν(θ2, w2, η) =

∫ 2jt

2j−1t

e−i
∑ν

j=1 Ij(η)·(θ2−w2)ψ(r2)
j dr2
r2
.

Applying Lemma 2.1, we have

|Lj,ν(θ2, w2, η)| ≤ Cmin{1, |ψ(2jt)νLν(η) · (θ2 − w2)|−1/ν}.
Since t

(ln t)β
is increasing in (eβ ,∞), it must satisfy the estimate

|Lj,ν(θ2, w2, η)| ≤ C
(ln |(Lν(η))′ · (θ2 − w2)|−1|)β

(ln |ψ(2jt)νLν(η)|)β
.

Combining (14)-(15) with the fact that Ω ∈ WFβ(S
m−1 × Sn−1) yields (10). Similarly, (11)
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holds. Next we return to prove (iii). By a change of variable and Hölder’s inequality, we have

|σ̂µ,νi,j;s,t(ξ, η)| =
∣∣∣∣ 1

(2is)τ1(2jt)τ2

∫ 2is

2i−1s

∫ 2jt

2j−1t

∫∫
Sm−1×Sn−1

e−i
∑µ

i=1(Li(ξ)·θ)φ(r)i

× e−i
∑ν

j=1(Ij(η)·θ2)ψ(r2)
j

× Ω(θ1, θ2)J(θ1, θ2)dσ1(θ1)dσ2(θ2)h(r1, r2)
dr1dr2

r1−τ11 r1−τ22

∣∣∣∣
≤ C∥h∥∆γ

( ∫ 2is

2i−1s

∫ 2jt

2j−1t

∣∣ ∫∫
Sm−1×Sn−1

e−i
∑µ

i=1(Li(ξ)·θ)φ(r)ie−i
∑ν

j=1(Ij(η)·θ2)ψ(r2)
j

× Ω(θ1, θ2)J(θ1, θ2)dσ1(θ1)dσ2(θ2)
∣∣γ′ dr1dr2

r1r2

) 1
γ′

≤ C
( ∫ 2is

2i−1s

∫ 2jt

2j−1t

∣∣ ∫∫
Sm−1×Sn−1

e−i
∑µ

i=1(Li(ξ)·θ)φ(r)ie−i
∑ν

j=1(Ij(η)·θ2)ψ(r2)
j

× Ω(θ1, θ2)J(θ1, θ2)dσ1(θ1)dσ2(θ2)
∣∣2 dr1dr2

r1r2

) 1
γ̃

Repeating the same argument as in (i), we get (12). (13) follows from the inequality

|σ̂µ,νi,j;s,t(ξ, η)− σ̂µ−1,ν
i,j;s,t (ξ, η)− σ̂µ,ν−1

i,j;s,t (ξ, η) +
̂σµ−1,ν−1
i,j;s,t (ξ, η)|

≤ 1

(2is)τ1(2jt)τ2

∫∫
Sm−1×Sn−1

∫ 2is

2i−1s

∫ 2jt

2j−1t

∣∣e−i∑µ
i=1(Li(ξ)·θ1)φ(r1)i − e−i

∑µ−1
i=1 (Li(ξ)·θ1)φ(r1)i

∣∣
×
∣∣e−i∑ν

j=1(Ij(η)·θ2)ψ(r2)
j

− e−i
∑ν−1

j=1 (Ij(η)·θ2)ψ(r2)
j ∣∣∣∣Ω(θ1, θ2)Jm(θ1)Jn(θ2)

∣∣
× |h(r1, r2)|

dr1dr2

r1−τ11 r1−τ22

dσm(θ1)dσn(θ2).

This completes the proof of Lemma 2.2.

Lemma 2.3. Let Ω ∈ L1(Sm−1 × Sn−1) satisfy (3) and (4). Suppose that h ∈ ∆γ for some

γ > 1 and φ,ψ ∈ F , then for any µ ∈ {1, · · ·,N1} and any ν ∈ {1, · · ·,N2}, the maximal

operator defined by

σ∗
µ,ν(f)(x, y) = sup

i,j∈Z
sup
s,t>0

∣∣|σµ,νi,j;s,t| ∗ f(x, y)∣∣
is bounded on Lp(Rm × Rn) for γ′ < p ≤ ∞.

Proof. We first define the measures {Λµ,νi,j;s,t} and maximal operator {Λµ,ν} as

|Λ̂µ,νi,j;s,t|(ξ, η) =
1

(2is)τ1(2jt)τ2

∫∫
∆s,t

i,j

|Ω(x, y)|
ρm(x)αm−τ1ρn(y)αn−τ2

e−i(Qµ(x)·ξ+Rν(y)·η)dxdy

and

Λ∗
µ,ν(f)(x, y) = sup

i,j∈Z
sup
s,t>0

∣∣|Λµ,νi,j;s,t| ∗ f(x, y)∣∣
.

By a change of variable, we have

Λ∗
µ,ν(f)(x, y) ≤ C sup

i,j∈Z

∫ 2is

2i−1s

∫ 2jt

2j−1t

∫∫
Sm−1×Sn−1

|f(x−Qµ(Am,r1u
′), y −Rν(An,r2v

′))|
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× |Ω(u′, θ2)|Jm(u′)Jn(v
′)dσm(θ1)dσn(θ2)

dr1dr2
r1r2

≤ C

∫∫
Sm−1×Sn−1

sup
i,j∈Z

∫ 2is

2i−1s

∫ 2jt

2j−1t

|f(x−Qµ(Am,r1u
′), y −Rν(An,r2v

′))|dr1dr2
r1r2

× |Ω(u′, θ2)|Jm(u′)Jn(v
′)dσm(θ1)dσn(θ2).

Following the same arguments as those in the proof of Lemma 5 in [28], we obtain that

∥Λ∗
µ,ν(f)∥Lp(Rm×Rn) ≤ C∥f∥Lp(Rm×Rn), 1 < p <∞. (16)

By Hölder’s inequality,

|σ∗
µ,ν(f)(x, y)| ≤ C

(
Λ∗
µ,ν(|f |γ

′
)(x, y)

) 1
γ′ .

Plugging this estimate into (16) yields Lemma 2.3.

Now we take two radial functions ϕ1 ∈ C∞
0 (Rm) and ϕ2 ∈ C∞

0 (Rn) such that ϕi(t) = 1 for

|t| ≤ 1 and ϕi(t) = 0 for |t| > min{Bφ, Bψ}, i = 1, 2, where Bφ, Bψ are as in Remark 1.1. We

define the measures {wµ,νi,j;s,t} as

ŵµ,νi,j;s,t(ξ, η) = σ̂µ,νi,j;s,t(ξ, η)Π1(µ)Π2(ν)− σ̂µ−1,ν
i,j;s,t (ξ, η)Π1(µ− 1)Π2(ν)

− σ̂µ,ν−1
i,j;s,t (ξ, η)Π1(µ)Π2(ν − 1) + ̂σµ−1,ν−1

i,j;s,t (ξ, η)Π1(µ− 1)Π2(ν − 1),

where Π1(µ) = ΠN1
κ=µ+1ϕ1(φ(2

is)κLκ(ξ)), Π2(ν) = ΠN2

ℓ=ν+1ϕ2(ψ(2
jt)ℓIℓ(η)). Here we use the

convention Πj∈∅aj = 1. Observe that

σN1,N2

i,j;s,t =

N1∑
µ=1

N2∑
ν=1

wµ,νi,j;s,t. (17)

Applying Lemma 2.2 and the same arguments as in the proof of Lemma 2.7 in [25], we get

Lemma 2.4. For µ = 1, 2, · · ·,N1 and ν = 1, 2, · · ·,N2,

(i) |ŵµ,νi,j;s,t(ξ, η)| ≤ C|φ(2is)µLµ(ξ)||ψ(2jt)µIν(η)|;
(ii) if |φ(2is)µLµ(ξ)| > Bφ, then

|ŵµ,νi,j;s,t(ξ, η)| ≤ C(ln |φ(2is)Lµ(ξ)|)−
β
γ̃ |ψ(2jt)µIν(η)|;

(iii) if |ψ(2jt)µIν(ξ)| > Bψ, then

|ŵµ,νi,j;s,t(ξ, η)| ≤ C|φ(2is)µLµ(ξ)|(ln |ψ(2jt)Iν(η)|)−
β
γ̃ ;

(iv) if |φ(2is)µLµ(ξ)| > Bφ and |ψ(2jt)µIν(ξ)| > Bψ, then

|ŵµ,νi,j;s,t(ξ, η)| ≤ C(ln |φ(2is)Lµ(ξ)|)−
β
γ̃ (ln |ψ(2jt)Iν(η)|)−

β
γ̃ .

From the definition of wµ,νi,j;s,t and Lemma 2.3, we get∥∥ sup
i,j∈Z

sup
s,t>0

|wµ,νi,j;s,t ∗ f |
∥∥
p
≤ C∥f∥p (18)

for p ∈ (γ′,∞).

Lemma 2.5. For arbitrary functions {gj,k},∥∥∥∥( ∑
i,j∈Z

∫ 2

1

∫ 2

1

|wµ,νi,j;s,t ∗ gi,j |
2dsdt

) 1
2

∥∥∥∥
p

≤ C

∥∥∥∥( ∑
i,j∈Z

|gi,j |2
) 1

2

∥∥∥∥
p
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and ∥∥∥∥( ∑
i,j∈Z

|wµ,νi,j;s,t ∗ gi,j |
2dsdt

) 1
2

∥∥∥∥
p

≤ C

∥∥∥∥( ∑
i,j∈Z

|gi,j |2
) 1

2

∥∥∥∥
p

for | 1p −
1
2 | <

1
γ′ , where the constant is independent of the coefficients of PN1 and PN2 .

Applying (18), the proof of Lemma 2.5 follows from the arguments similar to the proof of

Lemma 4 in [27]. Here, we omit it.

§3 Proof of Theorem 1.1

Take two collections of C∞ functions {Φk}k∈Z and {Ψl}ℓ∈Z such that

(i)supp Φk ⊂ [φ(2k+1)−µ, φ(2k−1)−µ], supp Ψl ⊂ [ψ(2l+1)−ν , ψ(2l−1)−ν ];

(ii) 0 ≤ Φk,Ψl ≤ 1,
∑
k∈Z Φ

2
k(t) =

∑
l∈Z Ψ

2
l (t) = 1;

(iii) |dΦk(t)/dt| ≤ C/t, |dΨl(t)/dt| ≤ C/t.

For k, l ∈ Z, we define the multiplier operator Sk,l on Rm × Rn by

Ŝk,lf(ξ, η) = Φk(|Lµ(ξ)|)Ψl(|Iν(η)|)f̂(ξ, η).
By taking Fourier transform, it is easy to see that for any test function f ,

f(x, y) =
∑
k,l

S2
k,l(f)(x, y). (19)

To show Theorem 1.1, we first consider the mapping G defined by

G : {gs,ti,j;k,l(x, y)}i,j∈Z,k,l∈Z →
{ ∑
k,l∈Z

Si+k,j+l(g
s,t
i,j;k,l)(x, y)

}
i,j∈Z

.

Then we have the following result.

Lemma 3.1. (i) For 1 < p < 2 and 1 < q < p,∥∥∥∥( ∑
i,j∈Z

∫ 2

1

∫ 2

1

|
∑
k,l∈Z

Si+k,j+l(g
s,t
i,j;k,l)|

2dsdt
) 1

2

∥∥∥∥q
p

≤ C
∑
k,l∈Z

∥∥∥∥( ∑
i,j∈Z

∫ 2

1

∫ 2

1

|gs,ti,j;k,l|
2dsdt

) 1
2

∥∥∥∥q
p

.

(20)

(i) For 2 < p <∞ and 1 < q < p′,∥∥∥∥( ∑
i,j∈Z

∫ 2

1

∫ 2

1

|
∑
k,l∈Z

Si+k,j+l(g
s,t
i,j;k,l)|

2dsdt
) 1

2

∥∥∥∥q
p

≤ C
∑
k,l∈Z

(∫ 2

1

∫ 2

1

∥∥( ∑
i,j∈Z

|gs,ti,j;k,l|
2
) 1

2
∥∥2
p
dsdt

) q
2

. (21)

By the arguments similar to those used in [24], one can easily establish the above lemma.

The details are omitted.

Now we are ready to prove Theorem 1.1.
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Proof of Theorem 1.1. By (9), (17) and Minkowski’s inequality, it follows that

Mφ,ψ
Ω,h(f)(x, y) =

( ∫ ∞

0

∫ ∞

0

|
0∑

i,j=−∞
2iτ12jτ2σµ,νi,j;s,t ∗ f(x, y)|

2 dsdt

st

) 1
2

≤
0∑

i,j=−∞
2iτ12jτ2

( ∫ ∞

0

∫ ∞

0

|σµ,νi,j;s,t ∗ f(x, y)|
2 dsdt

st

) 1
2

=
0∑

i,j=−∞
2iτ12jτ2

( ∫ ∞

0

∫ ∞

0

|σµ,ν0,0;s,t ∗ f(x, y)|2
dsdt

st

) 1
2

≤ C
( ∫ 2

1

∫ 2

1

∑
k,l∈Z

|σµ,νk,l;s,t ∗ f(x, y)|
2 dsdt

st

) 1
2

≤ C

N1∑
µ

N2∑
ν

( ∫ 2

1

∫ 2

1

∑
k,l∈Z

|wµ,νk,l;s,t ∗ f(x, y)|
2dsdt

) 1
2 .

Thus, it suffices to consider the Lp(Rm × Rn) boundedness for the operator

M̃φ,ψ
Ω,h(f)(x, y) =

( ∫ 2

1

∫ 2

1

∑
k,l∈Z

|wµ,νk,l;s,t ∗ f(x, y)|
2dsdt

) 1
2 .

By (19), one can write

M̃φ,ψ
Ω,h(f)(x, y) =

( ∑
k,l∈Z

∫ 2

1

∫ 2

1

∣∣ ∑
i,j∈Z

Si+k,j+l(w
µ,ν
k,l;s,t ∗ Si+k,j+lf(x, y))

∣∣2dsdt) 1
2 .

We now establish the Lp(Rm × Rn) boundedness for M̃φ,ψ
Ω,h . We consider two cases.

Case 1: 2γ̃(β+1)
(γ̃+2)β < p < 2.

By (20), we have that, for any 1 < q < p,

∥M̃φ,ψ
Ω,h(f)∥

q
p ≤ C

∑
i,j∈Z

∥(
∑
k,l∈Z

∫ 2

1

∫ 2

1

|wµ,νk,l;s,t ∗ Si+k,j+lf |
2dsdt)

1
2 ∥qp. (22)

For every fixed i, j ∈ Z, define the operator

Ui,jf(x, y) = (
∑
k,l∈Z

∫ 2

1

∫ 2

1

|wµ,νk,l;s,t ∗ Si+k,j+lf |
2dsdt)

1
2 .

By Plancherel’s theorem, we have

∥Ui,jf∥22 =

∫ 2

1

∫ 2

1

∑
k,l∈Z

∫∫
Rm×Rn

|ŵµ,νk,l;s,t(ξ, η)|
2|Φi+k(|Lµ(ξ)|)|2|Ψj+l(|Iν(η)|)|2

× |f̂(ξ, η)|2dξdηdsdt

≤ C
∑
k,l∈Z

∫∫
Ei+k,j+l

|f̂(ξ, η)|2
∫ 2

1

∫ 2

1

|ŵµ,νk,l;s,t(ξ, η)|
2dsdtdξdη,

where Ei+k,j+l = {(ξ, η) ∈ Rm × Rn : φ(2i+k+1)−µ ≤ Lµ(ξ) ≤ φ(2i+k−1)−µ, ψ(2i+l+1)−ν ≤
Lν(η) ≤ φ(2j+l−1)−ν}. Then by Lemma 2.4 and Remark 1.1, we have that

∥Ui,jf∥2 ≤ CBij∥f∥L2 , (23)
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where

Bij =


B−iµ
φ B−jν

ψ , i, j > −2;

|i|−β/γ̃B−jν
ψ , i ≤ −2, j > −2;

B−iµ
φ |j|−β/γ̃ , i > −2, j ≤ −2;

|i|−β/γ̃ |j|−β/γ̃ , i, j ≤ −2.
On the other hand, applying Lemma 2.5 and the Littlewood-Paley theory, we get

∥Ui,jf∥p ≤ C∥(
∑
k,l∈Z

|Si+k,j+lf |2)
1
2 ∥p ≤ C∥f∥p, |1

p
− 1

2
| < 1

γ′
. (24)

By interpolating between (23) and (24), there exists a θp ∈ ( γ̃+2
2(β+1) , 1) such that

∥Ui,jf∥p ≤ CB
θp
i,j∥f∥p, for

2γ̃(β + 1)

(γ̃ + 2)β
< p < 2.

Then for fixed 2γ̃(β+1)
(γ̃+2)β < p < 2, we can choose 1 < q < p such that

qθpβ
γ̃ > 1. Therefore,∑

i,j∈Z
∥Ui,jf∥qp ≤ C

( ∑
i,j>−2

B−iµθpq
φ B

−jνθpq
ψ +

∑
i≤−2,j>−2

|i|−qθpβ/γ̃B−jνθpq
ψ

+
∑

i>−2,j≤−2

B−iµθpq
φ |j|−qθpβ/γ̃ +

∑
i,j≤−2

|i|−qθpβ/γ̃ |j|−qθpβ/γ̃
)
∥f∥qp

≤ C∥f∥qp,
which yields

∥M̃φ,ψ
Ω,h(f)∥p ≤ C∥f∥p,

2γ̃(β + 1)

(γ̃ + 2)β
< p < 2. (25)

Case 2: 2 < p < 2γ̃(β+1)
(γ̃−2)β+2γ̃ .

By (21), we have that, for 2 < p <∞ and 1 < q < p′,

∥M̃φ,ψ
Ω,h(f)∥

q
p ≤ C

∑
i,j∈Z

(∫ 2

1

∫ 2

1

∥∥(∑
k,l∈Z

|wµ,νk,l;s,t ∗ Si+k,j+lf |
2)

1
2

∥∥2
p
dsdt

) q
2

.

For each fixed i, j ∈ Z, let
V s,ti,j f(x, y) = (

∑
k,l∈Z

|wµ,νk,l;s,t ∗ Si+k,j+l(x, y)|
2)

1
2 .

Applying the Lemma 2.5 and the Littlewood-Paley theory, we get

∥V s,ti,j f∥p ≤ C
∥∥( ∑

k,l∈Z

|Si+k,j+lf |2
) 1

2
∥∥
p
≤ C∥f∥p, |

1

p
− 1

2
| < 1

γ̃
. (26)

Also, by Plancherel’s theorem as in Case 1, we have

∥V s,ti,j f∥2 ≤ CBi,j∥f∥2, (27)

where Bi,j is the same as before. By interpolating between (26) and (27), for

2 < p < 2γ̃(β+1)
(γ̃−2)β+2γ̃ , we can choose q ∈ (1, p′) and ϑp ∈ ( γ̃+2

2(β+1) , 1) such that
qϑpβ
γ̃ > 1 and

∥V s,ti,j f∥p ≤ CB
θp
i,j∥f∥p
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. This shows that

∥M̃φ,ψ
Ω,h(f)∥

q
p ≤ C

( ∑
i,j>−2

B−iµθpq
φ B

−jνθpq
ψ +

∑
i≤−2,j>−2

|i|−qθpβ/γ̃B−jνθpq
ψ

+
∑

i>−2,j≤−2

B−iµθpq
φ |j|−qθpβ/γ̃ +

∑
i,j≤−2

|i|−qθpβ/γ̃ |j|−qθpβ/γ̃
)
∥f∥qp

≤ C∥f∥qp
for 2 < p < 2γ̃(β+1)

(γ̃−2)β+2γ̃ . This together with (25) finishes the proof of Theorem 1.1.
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