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Certain averaging operators on Triebel-Lizorkin spaces

ZHAO Jun-yan' PAN Ya-lil:%*

Abstract. In this article, we study the boundedness properties of the averaging operator Sy
on Triebel-Lizorkin spaces Fﬁq(R") for various p,q. As an application, we obtain the norm
convergence rate for Sy (f) on Triebel-Lizorkin spaces and the relation between the smoothness

imposed on functions and the rate of norm convergence of S; is given.

81 Introduction

For f € & (R™) and v > 0, we consider the spherical mean
L(y+n/2) 2\ 7!
SHD@) = [ (1) ety
! 20(y)  Jiy<1
where z € R™, t > 0. For brevity, we denote S} (f)(x) = S7(f)(z) for t = 1. In view of the
formula in [13, Theorem 3.3, p. 155] and the identity in [9, p. 576], we see that the Fourier
transform of S (f) is

S7()E) = my (L) F(§)
with the multiplier
n, n=2
my(€) =Ty + D)2 F Wi | (2], (L.1)
where V., (u) = 7, (v)u™", and J, () denotes the Bessel function of order v (see [13, Appendix
B, p. 573]). Since J, (u) is an analytic function on the domain {v € C : Re (v) > —1/2} for any
fixed w > 0, one may extend {S]} to be a family of Fourier multiplier operators with symbols
m., (t§) on the region
—1
{WG(C:Re(v) > _n2}
In this paper, we consider the means S; for all real v satisfying v > —251. Thus, {S]} is a

2
family of convolution operators with v > —27L. It is well-known that S} (f) is the ball average
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of f and SY (f) is the spherical average of f (see Chap XI in [12]). Consider the following
Cauchy problem of the wave equation
(0? — Ayu(z,t) =0, (x,t) e R" xR,
u(z,0) =0, dpu(z, 0)=f( ):
Tts solution u(x,t) is formally given by
u(a,t) = etS, T (/) (@),
where ¢, is a constant depending only on n.

This family of operators {S;} was extensively studied by many authors in the literature
(see e.g. [1,4,11]). One can also see [12, Chapter XI| for more information. Particularly, the
following theorem can be found in Proposition 4.1 and Remark 4.1 in [7].

Theorem A. ( [7, p. 86-88]) Letn >2,~v >0 andt > 0. Then S} (f) is bounded on the real
Hardy space HP(R™) and

lim 157 (f) — f||Hp(1Rn) =0
for f € HP(R™), provided p > ’Y+7l .

We notice that the Triebel-Lizorkin space Fj' (R™) is a more general frame of function
spaces which takes the space HP(R™) as a special case

EF0,(R™) = HP(R™).
The first aim of this paper is to extend the known result on H?(R™) by studying the boundedness

of S on the Triebel-Lizorkin space F;ffq (R™) for different indices p, g. We establish the following
result.

Theorem 1.1. Let v,a € R,y > —”T_l and 0 < p,q < oo. One then has the following

boundedness properties of the averaging operator Sy on F;)’fq(R"):
(1) Assume y > 0.
(a) S is bounded on ng(R") if 1 <p,q<oo;
(b) S is bounded on FEQ(R”) ifvy>m-=1)1A/p—1) for 0 <p<1<q< o0;
(¢) For 0 <q<p<1,S] is bounded on Fz‘ij(R") ifvy>m-1)1/p-1).
(2) Let v =0. S} is bounded on Fﬁq(R”) ifl1<p<ooandl < q< oco.
(8) Let =251 < v < 0. For 1 < p,q < o0, S7 is bounded on Fpofq(R") if
1 1

Moreover,

(a) for 1 <p<q<2, 5] is bounded on F"‘ (R if

)

(b) for 2 < q<p< oo, S, is bounded on FO‘  (R"
_M
P
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Remark 1.2. Since F£’2(R”) = HP(R™), Theorem 1.1 tells that when n > 2, v > =251 and
t >0, Sy (f) is bounded on the space HP(R™) if

oy

- p 2 2

for all 0 < p < oo, which recovers Theorem A. Thus, Theorem 1.1 is a natural extension of
Theorem A. Precisely, for ¢ = 2, = 0, (la) in Theorem 1.1 means that if v > 0 then m., (§)
is an LP (R™) multiplier for any p > 1; (1b) in Theorem 1.1 means that if v >0 and 0 < p < 1
then m., (€) is an H? (R™) multiplier if v > (n —1)(1/p—1); (2) in Theorem 1.1 means that if
v=0 and 1 < p < oo, then m., (§) is an LP (R™) multiplier; (3) in Theorem 1.1 means that if
—25l <y <0 and 1 < p < oo, then my (€) is an LP (R™) multiplier if

ee-fi-4-Y)

Collecting all above results, we conclude that Theorem 1.1 recovers Theorem A.

On the other hand, Fan and Zhao [7] studied the convergence rate of S/ (f) in the H? norm
and established its relation to the K-functional K ( 7, A,tz) v - They obtained the following
result.

Theorem B. ( [7, Proposition 4.2, p. 89]) Letn>2,v>0 andt > 0. If 3 <2, then

15 (SY (f) = P) llar@ny = 1= (Nl o (en),
for any f € Ig(H?)(R™) provided #_é-&-’y < p < o0, where Ig(LP)(R™) is the LP-Sobolev space
defined below.

The Sobolev type spaces mentioned above were introduced by Strichartz [14,15] in a more
general setting. Let Ig denote the Riesz potential of order 5. For any function space or a space
of tempered distributions X, one defines the Sobolev space based on X using I3(X), to be the
image of X under I [15]. By this definition, it is easy to check that Ig(ng)(R") = F;jfjﬁ (R™)
for all 0 < p,q < oco.

In order to obtain the convergence rate of Sy (f) — f in the space ng, our second aim is to

study the boundedness of the operator t =2 (S} (f) — f) on the Triebel-Lizorkin space Fﬁq for
different p, q. Precisely, we will study the inequality

162 (57 (5 = ) g, = 1=s(P)z, (12)
for f € Ig(F;ffq).
Note that the Fourier transform of t=# (S} (f) — f) is

1 .
m”ftf')ﬁ €° £ (©)
and write |£|’8 f(é) =g (&) . Then (1.2) is equivalent to the statement that the function
my(§) —1
&)= A
Ky, (&) |£|5

is an Fpofq (R™) multiplier.

First, we observe that p. g (§) is not an LP (R™) multiplier for any p if 5 > 2. In fact, a



ZHAO Jun-yan, PAN Ya-li. Certain averaging operators on Triebel-Lizorkin spaces 549

similar calculation of (1.1) and Lemma 3.2 in [6] enable us to get
L—my () / (1— %) Psin’ (msle])
€1’ 0 &’
where and in the following, A ~ B means that there exist positive constants ¢ and C independent
of all essential variables such that ¢|B| < |A| < C'|B|. Thus, the Taylor expansion the sine
function yields, for small |,

)

It says that uy g (§) is not a bounded function if 5 > 2, which implies that it is not an L? (R™)
multiplier for any p. For this reason, we will mainly concern with the case 8 € (0,2] in the rest
of this paper.

We establish the following result.

Theorem 1.3. Letn > 2, o, 8,7 € R, v > —"771, 0<fB<2and0<p,q< oc.
(1) Assume vy > —f.

(a) py g (€) is an F;'q (R™) multiplier if 1 < p,q < oo;
(b) py,p(§) is an Fgfq (R™) multiplier if v > (n—1)(1/p—1)—f, where 0 < p < 1 < ¢ < 00;
(¢c) vy, (§) is an F;ij (R) multiplier if v > (n—1)(1/p—1)—B and0 < g<p< 1.

(2) Forv=—0,if1 <p<ooandl < q < oo then piyg (&) is an F;jq (R™) multiplier.

(3) Assume —"51 <y < —f. For 1 <p,q < 00, py,5(§) is an F;jq (R™) multiplier if

RERER

Moreover,
(a) for 1 <p<q<2, uyg() isan F;q (R™) multiplier if
1
>n=1)(=--1)=5
vz -1 (5-1)
(b) for2 < q<p<oo, piyp(§) is a F;,q (R™) multiplier if
(n-1)

v> - - B.
p

Remark 1.4. Since F;},Q(R") = HP(R"), Theorem 1.3 tells that when n > 2, v > —2=1 and

t >0 then, for 0 < <2, iy g (€) is an F;fq (R™) multiplier if
1 1 1
B RN N Bl _
7> (n—1) Hp 2} B,

which recovers Theorem B. Thus, Theorem 1.8 is an extension of Theorem B.

As an application of Theorem 1.3, we have the following theorem about the convergence
rate, that is

157 (f) = Fll g m) =o(t?), ast >0 (1.3)
for f € Ig(Fs,)(R™).
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Theorem 1.5. Letn>2, a € R, v > —”771, 0<pB<2,0<pg<ooandfe Ig(ng)(R”).
(1) Assume vy > —f.

(a) (1.3) holds for any 1 < p,q < oo;
(b) For0<p<1l<g<oo, (1.3) holds if y > (n—1)(1/p—1) — 5;
(c) For0<qg<p<1,(13) holds ify>(n—-1)(1/p—1)— 3.

(2) For vy = —4, (1.3) holds for any 1 < p < oo and 1 < g < 0.

(8) Assume =5 <~y < —f and 1 < p,q < co. (1.3) holds if
1 1 1

Moreover,
(a) for1 < p<gq<2,(1.3) holds if
1
>n-1)(-—-1)—-5;
72 ( )(p ) B

(b) for2<q<p<oo, (1.3) holds if
(n—1)

> _p
p

Before ending up this section, we give an application of Theorem 1.5 to the wave equations.
3

n—o

Recall that u(z,t) =tS, 2 (f)(z) solves the Cauchy problem for the wave equation
(02 — A)u(z,t) =0, (z,t) e R" x R,
{ u(z,0) =0, dwu(x,0) = f(x).
We have the following corollary.

Corollary 1.6. Letn >2,v>—271, 0 <3 <2 and 0 < p < 0. If f € I5(FS,)(R") with p
satisfying

1_1 <ﬁ+1’
p 2| " n-1
then we have
-t
ul-, )—f =o(t?), ast — 0T,
t F;Q(R")

This paper is organized as follows. In the second section we will introduce some preliminaries
and necessary lemmas that will be used throughout this paper. Then we will prove Theorem 1.1
in Section 3 and Theorem 1.3 in Section 4 respectively. Finally, Theorem 1.5 will be proved
in Section 5. Throughout this article, we use the symbol A < B to mean that there exists
a constant C' > 0 independent of all essential variables such that A < CB. We use the
notation A ~ B if |A] < |B| and |B| < |A| and use the symbol A ~ B to mean that there
exists a constant C' independent of all essential variables such that A = CB. Also, ag, by, ck,
k=1,2,..., represent some constants that may be different at each of their appearances. For
quasi-normed spaces A; and Ay, Ay C Ay means that A; is continuously embedded in As. i.e.
there exists a constant ¢ such that ||al|a, < ¢|la]|a, holds for all a € A;.
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82 Preliminaries

Let @ : R™ — [0, 1] be a smooth radial cut-off function, say,

1 €l <1,
®(§) =4 smooth 1< €] <2,
0 61> 2.

Denote ¢(€) = ®(§) — ®(2£), and we introduce the function sequence {¢y}p

{ or(6) = p(27%), keN,

eo(§) =1 =372 r(§) = 2(8).

Since supp(p) C {€: 271 < |€] < 2}, we easily see that supp(py) C {€: 2871 < |¢] < 2R+
k € N, and supp(po) C {£ : €] < 2}. Let

() =1-2(&) = @r(d).
k=1

VU is a nonnegative and radial Schwartz function supported in the set {{ € R™ : || > 1}, and
equals to 1 on the smaller set {£ € R™ : €] > 2}. Define

A Zﬁilwkﬁ, keZ,

where {Ag}72 is the Littlewood-Paley (or dyadic) decomposition operator. Let

— 00

L (R™) ={¢|y € Z(R") : 9%(¢)(0) = 0 for every multi-index a},
which is equivalent to
/ %Y (z)de =0
for every multi-index a. .#(R") is the s;bspace of .Z(R™) that inherits the same topology as
Z(R™) and the dual space of .#(R™) under the topology inherited from . (R™) is
F(RY) = S (R P(R™),
where ./ (R™)/Z(R™) denote the space of tempered distributions modulo polynomials.

For a € R, 0 < p,q < 00, the Triebel-Lizorkin space ng(R”) is the set of all f in Y’(R")
satisfying
a
11l ey = || | @18, <. 21)
Jez
) Lp(R™)
It is well-known that Fy (R™) is a quasi-Banach space if —0o < a < 00,0 <p < 00,0 < ¢ < o0
and that the function ¢ in the above definition is flexible in the sense that any two different
functions ¢ give the equivalent norms (2.1). By this definition, Fﬁq(R”) o~ Ia(Fgﬁq)(R”),
FIQQ(R") ~ HP(R™) and F;fQ(R") ~ I,(H?)(R") for 0 < p,q < co. Furthermore,
) (T nle n 1 (DT
S (R") C Fp (R") ¢ S (R™) .
for —co <a<o00,0 <p<ooand0<g<oo IfaeR 0<pq< oo, then F¥ (R") is
complete, .7 (R") is dense in Fpofq (R™), and

[ / TS 00" d} " (2.2)

S

£l o @y =
p
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For brevity, we denote by F;jq(]R") = Fﬁq.

The Triebel-Lizorkin space F;fq(R”) has the following imbedding and lifting properties.

Lemma 2.1 (Imbedding). ( [16]). The space Fzﬁfq has the imbedding relationship:

(1) Fora e R, 0<p<oo. if ¢1 <qo, then Fz?fql CF;jqz.

(2) Given reals —00 < ag < a1 < 00 and 0 < p; < 00, 0 < g1,q2 < 00, let 0 < py < o0 be
no o n
=ag9 — 2. Then

p1 p2
ot g
Fpl,th C sz,!h'

determined by op —

Lemma 2.2 (Lifting). (see [2, p. 2073]). The space F;fq has the lifting property:

”f“F;fq(R") = Hlfa(f)”ngq(R")’

where (I_of)(&) = §]*F(£).

By the lifting property, as is pointed out in [2], to prove that a convolution operator T is

bounded on the space Flﬁfq, it suffices to show its boundedness on Fg)q.

Let T}, be a convolution operator and m(f) = (&) f(€), where y is called the multiplier
of T,,. If T}, is a bounded operator on the Triebel-Lizorkin Space Fﬁq(R”), then we say that
is an F;fq (R™) multiplier and denote by

||N(')HF‘;q(Rn)—m;q(Rn)
the operator norm of 7}, on the space F;fq(R"). By a scaling argument, it is not difficult to
show the following lemma.

Lemma 2.3. Let 0 < p < oo and let i be an Fz‘ij(R") multiplier. Then for any t > 0,
\|M(')||F£q(Rn)—>F;q(Rn) = ||M(t')||F§q(Rn)—>F;q(Rn)-
The following Fgfq (R™) multiplier theorem will be frequently used in this article.

Lemma 2.4 (Hérmander multiplier theorem). ( [5, Theorem 5.1, pp. 851]) Let o, 5 € R,
0<p<ooand0 < q < oo. Suppose that { is a nonnegative integer and p € C*(R™ \ {0})
satisfies the condition

sup (Rn+2a+2lo|/ yagﬂ(g)fdg) <A, |o|<¢ (2.3)
R<|¢|<2R

R>0
with £ > max{n/p,n/q} +n/2. Then

T (Dl oo oy < ClF g ey

When a = 0, (2.3) is known as the Hérmander condition (see [9, Theorem 6.2.7, p. 446]).
The Bessel function 7, (r) has the following asymptotic expansion as r — co.

Lemma 2.5. (see [7, Proposition 5.1, p. 93]). Let r > 0 and v > —1/2. For any positive

integer L, on the interval [1,00) we have

L L
[2 _ . . _
Tu(r) = —.cos (r - g - Z) + jEZl ajelrr*%*] + jél bjeﬂ’”r*%” + B (1),
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where a; and b; are constants for all natural numbers j, and E(r) is a C* function satisfying
E(Lk)(r) =0 (r_%_L_l) , as 1 — 00,

for all nonnegative integer k.

Let ¥ be the function defined as in the definition of F;q. W, is a wave operator if it is
a Fourier multiplier operator with symbol ¥ (&)e*lél |¢|™" for a fixed nonzero constant ¢. One
has the following estimate on W,,.

Lemma 2.6. (see [3, p. 760]) Let o € R and 0 < p,q < oco. One has the following estimates
for wave operators.

(1) For1<p<qg<2o0r2<qg<p<oo, W,(f) is bounded on the Triebel-Lizorkin space Fpa,q

if
1 1
>(n—-1)|=—~|.
=z (n )‘2 p‘

(2) For1 <p,g<ooor0<q<p<1, W,(f) is bounded on the Triebel-Lizorkin Space Fﬁq if
1 1
a>(n—1) ‘

2 p

(3) For 0 <p<1<q<oo, W,(f) is bounded on the Triebel-Lizorkin Space F, if
1 1
>tm-1)(--=).
@z =) (p 2)

83 Proof of Theorem 1.1

By Lemma 2.2, to prove S7 is bounded on Fpojq, we only need to show its boundedness on
ngq. Without loss of generality, we may assume ¢t = 1 by the scaling argument in Lemma 2.3.
First, when ng is a normed space (i.e. 1 < p,q < 00), we observe that Theorem 1.1 is
trivially true for the case v > 0. In fact, by the Minkowski integral inequality, it is easy to
obtain that ( )
I'vy+n/2 o\ 71
157 () @)l < 7T"/2F('7)/Iy|<1 (1 — lyl ) G =9l o dy

_ [(T(v+n/2) o2\t _
_ (w"ﬂr(y) /|y|<1 (1 ly| ) dy) 1l
= Hf||pgjq,

since fly\<1 (1 — |y|2)V ' dy < oo if v > 0. By this observation, in the following we mainly
concern with the case either v < 0 or the case that Fgﬁ 4 18 not a normed space. More precisely,
our purpose is to find the optimal relation between v and p, ¢ to ensure that m. () is an ng
multiplier in the case when v < 0 or in the case that ngq is not a normed space.

If either v < 0 or Fg)q is not a normed space, then we let ¥ and ® be the same as above,
that is to say ¥ and ¥ are C*°(R"™) radial functions with ® (§) = 1 — ¥(£) and ¥ satisfying
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V() =0if | <1, T(&) =1if [€] > 2. We write

mo (€]) = (v + 5)2°7 Vo (27 [€])

n—

n 2
= T(y+ )27 (Vg (ED2(E) + Varz ., (1ED¥(O))
Using the derivative formula for the Bessel function

dvgt(t) — iV (8), (3.1)

and the well-known formula

Va(ehl <1 i g <1, |
by the condition of Lemma 2.4, we can easily see that Va._» o ([EN2(E) is an F) , multiplier for
any p,q > 0. By Lemma 2.5, the second multiplier can be written as

Voo (€D W(E)
L _ w1 & _ i (3.2)
= @ U g T T LY (e g T T 4 B (6) (),
j=0 §=0
where EL(f) is a C'*° function satisfying

GFEL(E)] < | T whenever J¢] > 1

for any multi-index o. Noting ¥(£) = 0 if |¢] < 1, we choose a suitably large L such that

0¢ (Bow) ()] < Ca le
for any multi-index o, which satisfying (2.3) with o = 0. Invoking Lemma 2.4, it follows that
Ep(€)T(¢) is an FIE’# multiplier for any p,q > 0. Furthermore, we know that, for each j,

; S S _ i S S
mi (&) = W) |g[T = T or my (€)= w(&)e M jgm T T
is a multiplier of the wave operator W, with v = "T_l + v+ 7. By Lemma 2.6, we know that

in the expression

L L
Vazz (D) = D aymf (&) + D bymj (€) + Er (€) U(6),
j=0 j=0
mg (€) and my (€) are ng multipliers for any p, ¢ > 0 satisfying the condition in Theorem 1.1.
Also, it is easy to see that if ¥(€)eTll |€|7" is an ng multiplier, then W(&)e*él|¢|™" ¢, for
any positive ¢, is also an ngq multiplier for the same p and g. Thus, all mj(ﬁ) and m; (§),
j=12...,L, are F;()),q multipliers for p,q > 0 satisfying the condition in Theorem 1.1. As a
consequence, we obtain that, for v < 0 or pr),q is not a normed space, Va_z  ([£])¥(§) is an FJ?,q

2

multiplier for 0 < p, ¢ < oo satisfying the condition in Theorem 1.1. The proof of Theorem 1.1

is completed.

84 Proof of Theorem 1.3

In this section, we devote to prove Theorem 1.3. Also, in this section and the rest of the
paper, we always assume 8 € (0, 2].

By Lemma 2.2, to prove Theorem 1.3, it suffices to show that p. 5(£) is an Fg)q multiplier
under the assumption in the theorem.



ZHAO Jun-yan, PAN Ya-li. Certain averaging operators on Triebel-Lizorkin spaces 555

Recall that ® is a radial C*°(R"™) function satisfying ®(£) =1 if |{] < 1 and supp ® C {¢:
|€] <2} and ¥ () =1 — ®(&), we decompose

foy,8 () = piry,,1 (&) + f1y,8,2 (§)
where

Py g1 (§) = @(E)iy,5 ()5 1,2 (&) = V() pq,p(§) -
Let

ma5(€) = my (€) 16177 0 (€), (4.1)
where m., is the multiplier of S]. We may write

fy 5.2 (€§) = My 5(€) — W(E)IE]77.

The following lemma will play a crucial role in the proof of Theorem 1.3.

Lemma 4.1. For € (0,2] and 0 < p,q < 00, fiy,5 is an Fz?

O . .
an Fp q multiplier.

q multiplier if and only if m, g is

Proof of Lemma 4.1. Using Lemma 2.4, it is easy to see that W(£)|£|~7 is an Fz?,q multiplier for
any p,q > 0. A direct calculation shows that

o () = (€] ﬂ( / <1—52>T+”sin2<ws|f>ds). (42)

By Taylor’s expansion

N
sin (lels) = Y i (1€]s)* ™ + © (I¢ls),
k=0
where, in the support of ®, ©(t) is a C*° function satisfying that, for k < 2N + 3,
oWy =0

Thus, invoking (4.2), we obtain

1 N
11 (€) = D(E)]E] "( / <1—s2>"23+”{20k<5|s>2’““+@<|s|s>}2ds>. (4.3)
0 k=0

To obtain the estimate on 97 (u+,5,1) (§) , by choosing a large N in (4.3), it suffices to work with

) ast— 0.

each term

_ L n—3
) = P ([ ) g ).
0
We may write

pF (&) ~ @(&)[¢)PBFHDF,
since

1
/ (1 — 82)"5"+75220+1) gg — (Qk 4+ 2 8 n— O
0

for any v > —2>1. Noting that 8 € (0,2], k € N{J{0}, we have 2(2k + 1) — 3 > 4k > 0. It is
easy to check that

—1-7) < 00

07 (u(©))] = |og (2(0)lePE+-)| < ¢, Je 7
for any multi-index o satisfying (2.3) with o = 0. Invoking Lemma 2.4, it follows that p*

an ng multiplier for any p, ¢ > 0. Combining (4.2) with (4.3), we obtain that ., g1 is an F;},q
multiplier for any p,q > 0. On the other hand, we have

f5 (€) = b1 (€) + 1 5(€) — T(E)IEI 7.
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Hence, py g is an F;S{q multiplier if and only if m., g is an F197q multiplier, as desired. O

By Lemma 4.1, to prove Theorem 1.3, it suffices to consider the multiplier m, g. We need
the following proposition to complete the proof.

Proposition 4.2. Letn > 2, v > —"T_l and 0 < < 2. Ify+ 8 >0 and Fg’q is a normed

space, then m. g is an Fl?’q multiplier.

We postpone the proof for Proposition 4.2 to the end of this section. First, let us describe
how to conclude the proof of Theorem 1.3 by virtue of the proposition.

From Proposition 4.2, to prove Theorem 1.3, we only need to concern with the case either
v+ B8 < 0 or the case that Fg’q is not a normed space. More precisely, we aim to find some
relation between v and p, ¢ to ensure that m., g(§) is an ng multiplier for v+ 8 < 0 or in the
case that Fgﬁq is not a normed space.

Assume that v+ 5 <0 or ng is not a normed space. Using Lemma 2.5, we write

n—2

My (€) = my (&) 16|77 W) = |67 TP Tua (2m(€)) W (I€])

_cos (27T|§| -0 - %) W (1€]) N L a;e2™IE (|¢])

- || Hr+8 o le R84 (4.4)
bje PN (lg]) | Br (2rl€]) @ (€])
L ; .
+Y =~ :
= |§|T+v+5+1 |€|T+’Y+5

Here we choose a positive L such that the error term Ey, (27[€]) U (|¢]) |€]~ "= ~7=# satisfying

o <E <2w|5|>\1}<|s|>>

<C —|o|
€| H+8 < Co [¢]

for any multi-index o, which satisfies (2.3) with o = 0. Invoking Lemma 2.4, it follows that
n—1

Er 2rlE) W (€] |€]~"= 7 # is an Fg’q multiplier for any p,q > 0. So, we need to study the
rest terms in (4.4). This procedure can be done by employing the same proof as that for

Theorem 1.1 in Section 3. Thus, Theorem 1.3 is proved. O
Finally, it remains to prove Proposition 4.2.
Proof of Proposition 4.2.

Let T,y , be the convolution operator K, g * f, where K, s is the function defined as

K, g(z) ~ A My g (€) e2mET e (4.5)
To prove Proposition 4.2, it is equivalent to prove T,  , is bounded on Fz?,q for v+ 5 > 0 and

p,q > 1. By (4.4), we know that T, , is bounded on Fg’q if and only if
cos (2mlé] — 3 — “5UT) w(J¢))

n—1
|§| 5 +7+8

v(€) =

is an Fz?, , multiplier.

e Case 1. v+ 3 > 1. Using Theorem 3.3 of Chapter 4 in [13], the inverse Fourier transform
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of v is given by

U\/ (.13) _ /n v (|£|) COS (27T |§| - % B nT_lw) egﬂim.gdf

n—1
|£| 5 +v+8

<P (¢ o7t — AT — nl
—/ () cos (2t = 5 = 25m) 1, (tlaya.
0 2

- n—1
to T B
We want to show that vV (z) is an integrable function. To this end, from Lemma 2.5, it suffices
to estimate its leading term

1 W (t -1 -1
L, (z) = /0 tﬂ{iﬁ)cos<27rt—7;—n4 7T)COS<27Tt|l‘|—n4 7T>dt.

B |x|%1
< (f) 1
dt| < . 4.6
[t e (46)

If |z| < 1 then we have
If |z| > 1 we keep using integration by parts N times ( N sufficiently large, say N > [”T'H] +1,).

Ly () | = n1
Bk

It is easy to get
Loy () | =
_ 1
o] 21
1
(4.6) and (4.7) conclude that, if y+ 8 > 1, vV (x) € L'. Thus, if Fg’q is a normed space, by the
Minkowski integral inequality, it is easy to obtain that v (£) is an FS’ , multiplier.

al n—1 d (W (t)cos (2mt — I — 2Ln)
/0 sm(27rt|m|— 1 7T>dt< o dt

e Case 2. 0 < v+ B < 1. In this case, we need an auxiliary lemma, and its proof can be
found in [8, p. 171].

Lemma 4.3. (see page 171 in [8]). Let ¢ > 0 and v # —1. Then

/ e e dr = e F D (y+1) (s +ie) 7,
0
where I' (v + 1) is the Gamma function.

For € > 0, the Abel mean G, (f) of f is

G (1) (&) = e~ (8.
The kernel of G is an L' (R™) function and its L' (R™) norm is independent of ¢ > 0 (see [13, p.
10]). Thus, the Minkowski integral inequality yields that for 1 < p,q < 0o

IG= (Fllig, < 1l - (48)

and

| Jim G- ()= Sl =0
for all f € Fg’q. To show that v (§) is an Fz?’q multiplier for 0 < v+ 5 <1 and p,q > 1, it
suffices to show that e~I¢ly (€) is an Fg)q multiplier uniformly on £ > 0. To this end, we need

to prove that the kernel
cos (2rle] — % — 507 ) w (j¢]) =
Re(z) = [

27ri:c~§d
H 24y +8 € ¢
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is an integrable function for 0 < v+ 3 < 1 and its L' (R™) norm is independent of ¢ > 0. In
fact, suppose this is true, since FZE{ ¢ 18 a normed space, by the Minkowski integral inequality we
have that

I1Re * £l S/R (RIS = )l g0 dy

_ (/R ms(y)ldy) £ 1z,

<1 fl
Combining this with the fact that for p,q > 1

1o (F)llzg, < Jim IRl

we conclude that T}, is bounded on FO . that is, v (£) is an ng multiplier for 0 < v+ 5 <1

P.q’
and p,q > 1.

Hence, to complete the proof of Proposition 4.2, it only remains to prove that R, (z) is
an integrable function for 0 < v+ [ < 1. The method is analogous to that in the proof of
integrability of R, (z) for the case v+ 8 =0 and 5 = 2 in [17]. For the sake of completeness,
we present its proof below.

By using the formula in [13, Theorem 3.3, p. 155], a computation of the Fourier transform
yields

_ v (|§|> cos (27T |€| B % — %ﬂ—) —el€| 2mix-€
%“”_/n gz e e (4.9)

P () e~ cos (2t — LT — n=1
:/ (t) ™" cos (2mt — 5 — *5 ”)V%Q(ﬂxpdt.
0

n—1
to 8
From Lemma 2.5, since the estimates of all terms in the above expansion of . are the same,
it suffices to estimate the leading term

L. (x)

1 P (t) et -1 -1
= — / (t)e cos (27775 _mm_r 7r> cos <27rt || — n 7T) dt
lz|"z Jo P 2 4 1

- u (4.10)
~ 1 / W (t) eﬁ € (alezmt(1+|m\) + a26—2m't(1+|m|)
n—1 +
o = SO
+ a3627rit(1—\a:|) + a46_2ﬂit(1_‘w|))dt.
For |z| < 1/2, we have
|Le (2) | = - YOy < 1 e, (4.11)
o7 |1 P | "2
For |z| > 2, integration by parts for n times yields
-n" —n—
e @) = D St g (1.12)
z| T

For 1/2 < |z| < 2, if v+ 8 = 1, invoking (4.10), to estimate L. (), we only need to deal with

the term - o
as / V(t)e e2mit(i=lzl) gy
0

|$|n;1 t
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since the estimate of other terms are similar. Using integration by parts we now have

oo Lit|(1—|x|)+4 ) o0
[T = e [T () ar
o 1 (=) + i Jo i\t

By the definition of W (¢), it is easy to see
00 gitl(1—|o)-+ie] 1 1
/ T g dt’ < _ < .
0 t (1= [a]) el = [1 — |||
Hence, if v+ 8 =1, then |L. (z)] =

1
eI
On the other hand, if 0 < v+ 5 < 1, for 1/2 < |z| < 2, we write

1 W) e i) “omit(1—|z|)
™ xr ux3 xT dt
|7 /0 tr+8 (aze +ge )

oo efst . .
2/ ﬂ(a3€27mt(1f|x|)+a46727mt(17|93\))dt
oo
0

which is integrable on R™ for 1/2 < |z| < 2.

o) —et
_/ %(%e%“(l—m)+a4e_2”“(1_|"))dt.
0

Here, by the definition of ®, we know that

[e'e] (I) t —et . .
/ Sw)—fﬁ (a3627mt(17\:v\) + a46727r7,t(17\z|))dt _ O(l)
0

uniformly for 1/2 < |z| < 2 and £ > 0. Invoking Lemma 4.3, by the fact that I'(1 — v —5) >0
when 0 < v+ 3 < 1, we obtain that

o0 et . .
/ (age2it=la) 4 g, c=2mit(-lel)) gy
0

tr+8

~ /°° OB git(1—lal tie) | 4= (v+B) o= it(i—lzl—ic) gy
0
1 1
—iT(1 -y — -

T =71-4) [(1 “al+ P (= Jal— )P
(1— x| —ie)'™7 =8 — (1 — |z| +ig)t 75
(1= Ja])2 +e2)' 777
sin ((1 — v — ) arctan ﬁ)

1—v—8
(1= |z[)2+e2) =
€ 1

= ) B
L=lal (@ —ja? 422
for sufficiently small €. Thus, we have

Le ()

=il'(1 —~—p)

1R

< € 1
I A B P I e
uniformly for 1/2 < |z| <2 and € > 0. This together with (4.9) and (4.11) yields
€ 1
|§R8 (I)| = 1 ' 1-~-8 + O(]-)v
—l @ a2 )
uniformly for e > 0, where 1/2 < |z|<2and 0 <y + (< 1.

+0(1), (4.13)

With (4.11), (4.12), (4.13) and (4.9) in hand, we can derive the following estimate on R, (x).
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Lemma 4.4. Assume 0 <~y 4+ < 1. If || < 1/2 then
R ()] < |27
If |x| > 2, then
[Re (2)] < e "7
For 1/2 < |z| < 2, we have if v+ 3 =1, then |R. (x)] < T Ich; ifo<~y+8<1,
€ 1

R (@) = T
2l (= ez +e2) T

7 +0(1),

uniformly for e > 0.

Now we are able to prove that R, (z) is an integrable function for 0 < v+ 8 < 1. By
Lemma 4.4, if v+ 8 =1, then

IR 11 gy j/ %+/ deH"F/ B
l2|<1/2 2| 2 lz|>2 || {1/2<|z|<2} |x\ 2= x| |1’||

=1
ifo<y+p48<1,

dx dx
IRellpr@ny = / j"'/ TESY
2|<1/2 |z| 2 |z|>2 |7
n / _e
(1/2<21<23n{|(1— 2] |>10} (1 — [2)>7 777

1

+ets | e [ da
f1/25lzl<2in(a-lepl<10e} 11 = |2 {1/25Ie|<2)

1

A

dx

IA

)

as required. O

85 Proof of Theorem 1.5

The proof of Theorem 1.5 is based on Theorem 1.3 and a standard dense argument. We
only prove the case 0 < f < 2. Once Theorem 1.3 is established, Theorem 1.5 will be a direct
consequence of it and the fact that the means t=# (S} (h) — h) converge to 0 in ng norm for
h in a dense subclass of I5(Fy",)(R™). Such a dense class is .7’(R"), where .#(R") is the space
of all Schwartz functions h whose Fourier transform satisfying

S(R™) = {h|h € L (R™) : 9%(h)(0) = 0 for every multi-index a}.
For a function h in this class, we easily see that ¢t~ (S (h) —h) — 0 pointwise as t — 07.
Indeed, noting the fact that

t=P (S (h) — h) (z) =t~ /n(l — mw)(tg))ﬁ(ﬁ)ezmg'wdg

1
~ i [ [ st (1 - )5 sk e
n 0
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since h € . and |sins| < |s| for s € R, we have

177 (87 (h) = h) () <77 / . / (tfe]s)? (1 = 82)"%" +7dsh(¢)e>™ i€ dg

<2 (3,”1 +v) / €2 (E)e> " dg (5.1)
2 2 -
3 n—1
_.p2pp(3
it B<2, 5 +7>g(x),

where B(-,-) is the beta function, and g € . since we know the fact that if & € .# then so does
(|€|7h(€))Y for all z € C (see [10, p. 4]). Also,

(57 ) - 1 @) <278 (3.5 40 ).

27 2
Then t=# (S} (h) —h) — 0 pointwise as t — 0 for 0 < 8 < 2 and v > —251. On the
other hand, from (5.1) we know that if ¢ < 1, the functions t—# (S} (k) — h) (x) are pointwise
controlled by the function g € . Invoking (2.2), the Lebesgue dominated convergence theorem
implies that =% (S} (h) — h) converges to 0 in ng. Finally, using (1.2) and the results in
Theorem 1.3, a standard /3 argument yields ¢t (S} (f) — f) — 0 in Fz?fq for general Iﬁ(FI?fq)

functions f. This completes the proof.
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