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Early, yet still often-cited, mathematical models for electromagnetic stirring (EMS) in
continuous casting are re-examined and found to contain a surprising anomaly: the solutions
obtained were not unique. Analysis for the case of a round billet under rotary EMS shows how
to avoid this behavior, whilst still making use of the experimental data that motivated the
original models. The relevance of this result for current-day modeling of EMS is highlighted,

particularly in the context of modulated EMS.
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I. INTRODUCTION

ELECTROMAGNETIC stirring (EMS) has been
used in the continuous casting of steel!! since as early
as the 1970s as a way to control solidification structures,
thereby increasing yield and productivity. In tandem,
mathematical modeling has played an important role in
the implementation of EMS, as regards providing
understanding of exactly what effect stirring has.

A cornerstone of the modeling literature in this area is
a sequence of papers by Schwerdtfeger and co-work-
ers> ! which explore, both experimentally and theoret-
ically, the effect of stirring in the round billet,
rectangular bloom, and slab geometries that are char-
acteristic for the continuous casting of steel. The models
in question consist of the Navier—Stokes equations for
the velocity field of the molten metal and Maxwell’s
equations for the induced magnetic flux density; in
principle, these are two-way coupled, since the alternat-
ing magnetic field gives rise to a Lorentz force which
drives the velocity field, which can in turn affect the
magnetic field. Moreover, the frequency of the magnetic
field is typically great enough to allow the use of the time
average of the Lorentz force as input to the Navier—
Stokes equations.

In calculating the induced magnetic field, an assump-
tion is necessary as regards the applied oscillating field
surrounding the domain of interest, typically the steel
strand. To obtain adequate data for this, it may in
practice mean using a Hall probe magnetometer to make
measurements of the magnetic field at a point or points
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in the space between the outer surface of the steel strand
and the periodic winding of the inductor on an iron
comb,”*" or a Gauss meter™?); indeed, measurements
acquired in the former way were used as the basis for
prescribing the normal component of the magnetic flux
density at the surface of the strand. However, some time
later, and in a mathematically related problem, McKee
et all" prescribed the tangential component in their
model for particle tracking within a turbulent cylindrical
electromagnetically driven steel melt. Consequently,
there appears to be some uncertainty as to what should
be the correct boundary condition in this situation:
indeed, McKee et al'” followed Moffatt!'!! in initially
assuming that both the normal and tangential compo-
nents of the magnetic flux density are required as
boundary conditions, only to ultimately just use the
latter. Moreover, the fact that the expressions for the
components of the Lorentz force for round billets?*”
and for rectangular strands™® have been cited and used
on numerous occasions since, even up to the present
day,”'> 1! suggests that a resolution of the issue is
timely.

Here, we focus on the analytically simpler case of the
round billet. In particular, we demonstrate that pre-
scribing the normal component of the magnetic flux
density at the boundary leads to a solution that is not
unique; however, prescribing the tangential component
leads to a solution that is unique. It is also found that
the expressions for the spatial distributions of the
time-averaged radial and cylindrical components of the
Lorentz force obtained via the two routes turn out to be
the same as each other, to within a multiplicative factor
that depends on a single dimensionless parameter,
although only when the magnetic Reynolds number is
small. Otherwise, it is possible to reconcile only the
tangential and normal components at the boundary
from the two routes, although this time via a multi-
plicative factor that depends on two dimensionless
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parameters, one of which is the magnetic Reynolds
number; this factor can only be computed numerically
by solving the full model equations. Lastly, remedies are
suggested for avoiding the problems mentioned above,
as is the significance of these results for further work.

II. MODEL EQUATIONS

A. Governing Equations and Boundary Conditions

We consider, as shown in Figure 1, a rotary EMS
stirrer operating with an electric current having angular
velocity w, related to the frequency of the coil current f
by /= w/2m, acting on a melt region of radius ry; a
horizontal cross-section of Figure 1 is shown in
Figure 2.

The continuity equation for the region in 0 <r<r is
given in cylindrical (r, 0, z) coordinates by

10 1 0vg 8v_,_
rar( )+;%+82_ ’ [1]

where v,,vy, and v, denote the r-, 6-, and z-compo-
nents of velocity, respectively. The conservation of
momentum for 0 <r<ry, is given by
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Fig. 1—Schematic of the arrangement of an inductor around a cir-
cular steel strand for inducing rotating fields.
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where p is the density of the melt and p is the pres-
sure. Also, in Eqgs. [2] through [4], 7,709, T2z, Trzs
Tory Tory Trg, To2, and 7.9 denote the components of the
stress tensor and are given, respectively, by

+ F.,

Ty = 2%, [3]

ey = 28 Jrr Ir) @Vg N > 6]

T = 2(u+ pr) %, 7]

o=t = et un) (G4 ), §

Tor = 70 = (K + pir) ('% (?) + %ZZ) ) 9]
T0: = T:0 = (L + ur) <881;L)+i?’91]9> (10]

with u being the dynamic viscosity and p, the turbu-
lent viscosity. Furthermore, in Eqs. [2] through [4],
F., Fy, and F. denote the time-averaged components of
the Lorentz force, which we write as F,, Fy, and F.
and which are given by

F)‘:JHB:_JZB% F{'):‘]ZBI’_JI‘BZ7 Fz:JrBH_JHBr;

respectively, where (J,,Jy,J.) is the electrical current
density vector, J, and (B,, By, B.) is the magnetic flux
density vector, B; moreover, F,,Fy, and F. are related

to F,,Fp, and F. by
B 1 2n/w B 1 2n/w
F,= / F.df', Fy :—/ Fodt',
2n/w Jy

21/

B 1 2n/w o
Jo—— F.dt,
- 271/(0/0

where the integrals are taken with respect to time over
one oscillation period, 2n/w. At this point, it may
appear that F,,Fy, and F, should all be functions of
r,0, and z, but, as a consequence of the boundary
conditions to be specified later, they will only be func-
tions of r.
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To determine J and B, we must solve Maxwell’s
equations in the magnetohydrodynamic (MHD)
approximation, which consist of the following:

e the magnetic field constraint,

V.-B=0; [11]
e Ampere’s law,

J=VxH, [12]

where H is the magnetic field strength, which is related
to B by B = yH, where # is the magnetic permeability;
e Faraday’s law,

OB
VXE——E, [13]

where ¢ is the time and E is the electric field;
e Ohm’s law,

J=0(E+vxB), [14]
where ¢ is the metal electrical conductivity, which we
take to be constant, and v is the velocity vector,
(Vra Vo, Vz)-

Manipulating [12] through [14], we arrive at
OB
N5 = VB+an{(V-B+B-V)v— (V-v+v-V)B},
[15]
whence, on using Eqgs. [1] and [11], we obtain
19) }] 5
MIE:V B+on{(B-V)v—(v-V)B}; [l6]
note, however, that this must still be solved together
with Eq. [11].

The above may be simplified in a self-consistent way
by taking v, = 0,v. = 0,vg = v(r),p = p(r), B- =0, and

Fig. 2—Horizontal cross-section of the geometry in Fig. 1.

METALLURGICAL AND MATERIALS TRANSACTIONS B

0/0z = 0 in Eqs. [1] through [4], [11], and [16]. We find
that [1] and [4] are satisfied automatically, whereas [2]
and [3] become

+ F,, [17]

respectively, with F, and Fj being determined using

By 0 0B, _B.[0 0B,
F"T(E(rBH)W) F(’T(E(rb)e) 80>'

[19]
Equation [181 is the same as that given by Tacke and

Schwerdtfeger,[ 1 which can be solved first for vy, after
which [17] it can be solved for p. Also, B, and By satisfy
10 1 0By
;5 (IB,») + ;W = O7 [20]
OB, OB, 10B, 10°B. B, 20By vy OB,

Tor T or ;W+1*2 90> 2 12 90

OBy &*By 10By 10*By By 209B,
o= t -t 5+
ot or ror rroo I r2 00

22
+on( B2 _ve9B -
P ar ~ 7 00 )
The boundary conditions for vy are then just
vg=0 atr=ry, [23]
vo=0 atr=0, [24]

Also, the only boundary condition prescribed on the
magnetic field quantities is that for B, at the edge of
the melt,>”!

B, = Bycos(wt —nl) atr=ry, [25]

where 7 is the number of poles. In addition, however,
we require

B, finite atr=0. [26]

Note that no conditions are set for By.

III. NONDIMENSIONALIZATION

It is ultimately more instructive to nondimensionalize
the equations, and we do this through
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27]

where V' is a velocity scale that has to be determined.
Equations [17] and [18] become

V3 dp Ha* \ -
Ny ab . ( Ha g 28

R~ dr" <RemRe> R 128
with

1 d ~ Ve Vo Hd*
0=——1(1 R ——— Fo, [29
RZdR{( + ) (8R R)}+Rem o, 129
where Ha, Re, and Re,, denote the Hartmann, Rey-

nolds, and magnetic Reynolds numbers, respectively,
and are given by

Vrp
Ha = Borb\/E7 Re = P71 ,
u u

for completeness, we show in the Appendix how V can
be determined. On the other hand, Egs. [20] through
[22] become

Re,, = Vrpno;  [30]

10 10By

ﬁﬁ_R<RBR>+§%_O’ (31]
0By _ By 10Bx | By By 2 9By
0t OR* ROR R* 90> R> R®O0
Vo OBg
Rem R w, [32]
OBy By 10B) 1 By By 2 0Bx
0t OR* ROR R2 9% R: R2 OO 33

V VyOB
+Rem(BR89—086>,

where Q = fonri. Note here that the related quantity
wanr; was defined by Tacke and Schwerdtfeger” as
the magnetic Reynolds number Re,,, but that the latter
is generally defined as in Eq. [30].l'%') We note also
that, although magnetohydrodynamic flows are in gen-
eral characterized by Ha and Re, and in particular by
the combination Ha?/Re, Re plays a secondary role in
this particular configuration and serves only to adjust
the radial pressure gradient after 7y has already been
determined.

Boundary conditions [23] through [26] are now

Vo=0 atR=1, 34]
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Vo=0 atR=0, [35]
Br =cos(2nt —n) atR=1, [36]
Br finite at R=0, [37]

respectively.

IV. ANALYSIS

A. Earlier Solution'>”!

We first consider what happens when Re,, < 1, so
that, on using [31], Eq. [32] can be rewritten as

0 1 0 0’ 1 &
Q— (RBr) =—=——=(RB —(RB —— (RBR).
e (RBr) = R oR(RBR) T 5o (RBr) + 7o 55 (RBR)
38]
Setting
RBr = —Re (inae"(znf’”@)), [39]

where i = v/—1 and Re denotes the real part, we have

da 1 da n’
2da (" 5 0i)g= 4
dR " RaR <R2+ & l)a 0 [40]
subject to
a=' atR=1, [41]
n
a=0 atR=0. [42]

The second condition is necessary; otherwise, Bg will
not be finite at R = 0.

Thence, solving Eq. [40], subject to [41] and [42], gives

(®) iJ,(RV2nQe’™/4)

a(R) = ,
nd, (V2mQe3mi/4)

where J,(R) is a Bessel function of the first kind, satis-
fying

[43]

&£J, dJ,

2 2 _ 2\ 7 _
R R+ (R*—n)J, =0. [44]
B. Anomaly
Now,
OB ; d
8—09 = Re (ine’(z’""w d—;) , [45]
so that
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By = —Re( f2re=l) j;) +(R,1), [46]

where qS is a function of R and 7, which was omitted
entirely in earlier work™”); hence, since

7= (5 kB0 - 555 47

using Eqgs. [39] and [46] to simplify the resulting
expression, we have

10

J
2~ ROR

(Rp) — 2nQRe (iaei(znf_”g)), [48]
and thus
Fr = —-2nQRe (l.aei<2m7n())) Re <ei(2”7’7()) ﬂ) + Fr,

dR
[49]

Q :
Fo = HT Re( iae' " ”9)) Re (inae’(zm_”e)) + Fo, [50]

Fr=— <]128R (R¢p) — 2nQRe (iaei(znf”‘)))) )

[51]
1 0 ; da
- i(2nt—n)
* rog RORe (e dR)’
1 0 ‘
- ; i(2nt—n0)
Fo RIR (Ro)Re (mae ) , [52]
leading to
= da da _
Fr=Qn <Re(a)1m (dR) — Im(a)Re (dR)) + Fr,
[53]
= QTCn 2 > _
Fog = —— (Re(a) +Im(a) ) +Fo, [54]
R
where Im denotes the imaginary part and
1 1
j:R:/ Frdr, .7:@):/ Fodr. [55]
0 0

A further point omitted in earlier work!>” was
whether [46], even without ¢(R, 1), would satisfy [33].
Substituting [39] and [46] into [33], we obtain
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ot OR? ROR R
d #a 1 da n

Thus, if ¢ =0, [33] would be satisfied as a conse-
quence of [40]; otherwise, we are left with

ap  p 10 ¢
5 R TROR R 157]
and there appears to be no more information available
to determine ¢.

To gain further insight, consider a formulation in
terms of a magnetic vector potential, 4 = (0,0, 4). To
cut down on the algebra, we revert briefly to Cartesian
(X, Y) coordinates, so that (By,By,0)=curld and
A= A(X,Y) with

00 P 109 ¢
[56]

X =Rcosf, Y =Rsinb, [58]

however, for later use, we note that

104 0A

Br=——2, By=——=.

R=Roo> """ " OR

The nondimensionalized versions of the X- and
Y-components of Eq. [16] give, in the small Re,,

limit,
0 04 0*°4 0°4
a_Y(QE_a_Xz_aYZ> =0 160]
G, 04 9?4 0*4
a_X< E‘a?‘aw) 0 161]

leading, on integrating with respect to Y and X,
respectively, to

04 82A 82
04 0°A 0°4
QE el 8Y2+y2(Y ), [63]

where y, and y, are functions to be determined; how-
ever, since X and Y are independent variables, clearly
7, and y, can only be functions of © with y;, = y,(= 7).
We can write A =A+§ [Ty(/)dr, so that [62] and
[63] both give
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04_#4 24 o
ot 0X? oY*
Reverting back to (R, 6) coordinates, this becomes
oA 1 0 04 1 94
Q—=——(R— ——
Jt  ROR ( 8R> TR 90* 163]
with [36] now being given by
A _ cos(2nt —nh) atR=1 [66]
o0 -
which can be integrated with respect to 6 to give
A=— %sin(2nr —nl)+ A*(r) atR=1, [67]

where 4*(7) is a function of 7 that would need to be
determined. We should also expect that

A finite at R=0.

Setting 4 = A; + A, the original problem for 4 is
broken up into two problems, one for 4; and one for
A5. The problem for A4, is given by

04, 10 A, 1 0°4,
o ~ROR (RaR) Eog 8
subject to
Ay = —%sin(Zm —n0) atR=1, [69]
while the problem for 4> is given by
04, 10 04, 1 0°4,
@ ~RaR (Ra_R) o 0
subject to
Ay = A*(t) atR=1. [71]

It is worth pointing out that the decomposition of a
problem for the function of interest, in this case A,
into a sequence of simpler subproblems in this way is
an established mathematical procedure; see, for exam-
ple, the book by Carslaw and Jaeger.”” In the current
context, we can note also that boundary condition [69]
for A; can be set without knowing details about A».
For the 4;-problem, setting

A= % Re (ia-ef@”*"m) 7 172]
we have
%% <R3—;> - (%22 + 27rQi>¢7 =0, [73]
subject to
a=1 atR=1 [74]
and
a finite at R=0. [75]
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Notice also that a satisfies the same differential equa-
tion as a, Ie., [40], although the boundary condition
at R = 0 is less constrained. Nevertheless, although Y,
the Bessel function of the second kind, would also sat-
isfy [40], it is unbounded at R = 0, which is why it was
omitted earlier. Nevertheless, Eq. [75], although less
constraining than [42], does not permit Y, as a viable
solution either, and the solution for a is in effect the

same as that for a earlier. ) _
However, we are still left with the A,-problem,

consisting of Egs. [70] and [71]. Note that even if
y# 0, Br can still satisfy [40]. Moreover, it is still
possible that 4, # 0, which will ultimately mean that By
is not uniquely determined.

C. New Solution

Now consider what happens if we replace [25] by a
boundary condition on the tangential component of B,
By, instead; we can easily demonstrate that there will be
a unique solution for A and hence for B and By. To see
this, we replace [25] by

By =cos(2nt —nf) atR=1, [76]
which leads to [66] being replaced by
04
3R cos(2nt —nf) at R=1; [77]

we will relate this new problem to the original problem
shortly, although it is a natural replacement: if Bpg
exhibits periodic behavior at R =1, we would expect
By also to have periodic behavior. Note that built into
Eq. [76] is the assumption that the maximum value for
By at the edge of the domain is the same as the maxi-
mum value for Bg; this is not an unreasonable starting
point, since it corresponds to using the characteristic
value, By, that has presumably been obtained from an
experiment. Furthermore, from a mathematical point
of view, it is also well established that with [77] as a
boundary condition for [65], there will be a unique
solution for A, provided that an initial condition for A4
is prescribed; see, for example, the book by Protter
and Weinberger.[zn In the present case, where we seek
periodic solutions for 4, we do not set an initial condi-
tion for A, but use an ansatz for 4 of the type used in
Eq. [72]; although the resulting solution is only unique
up to a constant, this is still enough to give unique
solutions for By and By, since these are obtained by
taking the spatial derivatives of 4.

To demonstrate these ideas more concretely, we set
about solving [65] subject to [77] directly. First of all,
note that if 4 is a solution of these equations, then so is
A+ C*, where C* is an arbitrary constant; this is the
constant mentioned in the previous paragraph, and
henceforth we set it to zero, as it does not affect the
analysis. Then, setting

A=Re (ae"@m*"‘”), (78]

where once again @ = a(R), Eq. [65] gives
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Fa 1 da n?
—+——— | —=+27Qi |a =0, 79
dR?>  RdR (R2 > [ ]
subject to
Table I. Model Parameters
Parameter Value
By 0.02T
S 50 Hz
p 1
rp 0.1 m
n 1.2566 x 1076 Vs A~ m~!
u 0.006 kg m~! 57!
0 7200 kg m~>
g 7.14 x 10° A V'Im !
0.15
— 0 =0.088
B S N
.......... QO = 0.440
0.1rf
s
T L-mTTTTT S~
~ e N
0.05 ’ S
0 i | | |
0.4 0.6 0.8
R
(a)

da

Y1 atR=1
dR 4 ’

[30]

a=0 atR=0. 81]

The first of these comes from [77], whereas the second
comes from the requirement that By is finite at R = 0;
from [59] and [78], it is quickly evident that [81] must
hold.

The solution for a is now given by

Iy (R\/ 27rQe3"i/4) 82)
a= ,
V21Qe3m/4 T (V2 Qemil4)

with the prime denoting differentiation with respect to
R, and, having found a, we obtain

—0=10.088
---0=0.270

0 0.2 0.4 0.6 0.8 1

(b)

Fig. 3—Re(a) as a function of R : (a) earlier solution” and (b) new solution.

09 r

0.8 r

0.7 |

Im(a)

04 r

03 r

02r

0.1 r

0 0.2 04

— (0 =0.088
- -0 =0270
.......... 0 =0.440
0.6 0.8
R
(a)

0.45

04 r

—— Q=00s8 1
---Q=0270 -7

03 | QO = 0.440 » |

Im(a)

0.2 0.4 0.6 0.8 1

(b)

Fig. 4—Im(a) as a function of R: (a) earlier solution™”) and (b) new solution.
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1 . da
Br = fﬁRe (niae’(z’”’"w), By = —Re (ﬁ e’<2’”"0)>.

This time, it is clear that the solutions for B and By
are unique.

By this stage, it has become evident that using [76] is
certainly sufficient in order to obtain B, and By
uniquely. However, it is certainly not a necessary
condition: applying the result from Protter and Wein-
berger,?! it is evident that a unique solution for 4, and
hence B, and By, can be obtained if A satisfies a
boundary condition of the form

- 0A
06(9, T)A + ﬁ(ea T) ap 5(07 T) [84]

OR
at R =1, for functions «, 8, . In particular, if o =0,
this simply reduces to a condition on By once again.
However, one motivation for using [76] as an alterna-
tive boundary condition for the problem was that it
permitted instructive analysis that contrasts starkly
with that which results when prescribing a boundary
condition on B,. Secondly, as we see next, it permits
the original solution from earlier work!>” to be recov-

ered in a time-averaged sense.

V. RESULTS

It is of interest to compare this new solution with the
one from earlier work,” ") although this needs to be done
carefully for the comparison to be meaningful; we have,
after all, replaced one boundary condition with another.
In order to fix ideas, we use input data from earlier
work!”; this is given in Table 1.

First of all, it makes sense to compare a(R) and this is
done in Figures 3 and 4 for Re(a) and Im(a),

16
1al
1ol | Q=008
. --- Q=020
.......... Q= 0440
1+
F
R sl
06
04t )
: By
0 o
0 0.2 04 - :
R
(a)

respectively, for three different values of Q; these values
correspond to f'= 10,30, 50 Hz, which covers the range
considered by Tacke and Schwerdtfeger.”! Not surpris-
ingly, in view of the differing boundary conditions at
R =1, the profiles are entirely different.

Noting now that the functional forms of expressions
for Fr and Fg are the same as before, i.c., [53] and [54]
with Fr = Fg = 0, Figures 5 and 6 show Fg and Fg as
the functions of R for the same three values as shown in
Figures 3 and 4. It is readily apparent that the earlier
and new solutions for a lead to profiles for Fg and Fg
that ecach differ simply by a multiplicative constant;
however, the constant is different for each value of Q.

To understand this, we express a(l) for the new
solution as

a(l) = Rue, [85]
where
R, = \/Rez(a(l)) +1Im?(a(1)), ¢ =tan"! (E’ZEZEB;)
[36]
Thence, we find
(Br) g1 = nR,cos (2m' —nb — g + l//), [87]

which implies that the new solution has a phase shift
of  — 7, as compared to the earlier solution, and that
(Br)g—, Will have a maximum value of nR,; however,
both  and nR, will depend on Q, and these depen-
dencies are shown in Figures 7 and 8, respectively.
This means that if the value of By in the earlier solu-
tion is replaced by By/nR, for the new solution, the
two solutions would have identical behavior at R =1,
save for the shift in  — n/2; however, this shift is
without consequence as regards Fr and Fg, since these

09

0.8} — 0=10088 -
o7L |---@=0210 FA
.......... Q = 0.440

0.6 1

04 1
0.3F s
02f - :

01+ e .- 4

Fig. 5—Fp as a function of R: (a) earlier solution™”! and (b) new solution.
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2.5

2+ — Q= 0.088
- Q=10270
.......... Q = 0.440
_15¢
Fo
A .
05 I e
0 ‘ ‘ ‘ ‘
0 0.2 0.4 0.6 08
R
(a)

Fig. 6—Fg as a function of R: (a) earlier solution” and (b) new solution.

-0.1

-0.15
-0.2
-0.25
-0.3

¥ -0.35
-0.4

-0.45

[ [Hz]

Fig. 7—y as a function of f.

0.95
0.9
nR,

0.85

0.8

0.75 L L L L L L L

10 15 20 25 30 35 40 45
[/ [Hz]

Fig. 8—nR, as a function of f.
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50

1.5
— 0 =10.088
---0Q=0270
Tr | Q = 0.440 B

(b)
13
—0=0.088
\\ ---0=0.270
DY Y e Q= 0.440
\‘\.
\‘
\\
\‘
12} ]
\q
\‘
\«
Aas| ]
\;
\c
\t
14> |
1.05 | N
1 |
0 10

Re,,
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are calculated as time averages over one period of
oscillation. Thus, a comparison of the profiles in
Figures 5(a) and 6(a) with those in Figures 5(b) and

6(b), divided by (nRa)z, would yield identical results.

VI. DISCUSSION

Thus, so far, we have found that the expressions for
Fr and Fg are the same as those found in earlier work
when Re,, = 0; this might have been expected from the
discussion given after Eq. [77] concerning the identical
spatial and temporal periodicity of Bg and By, and the
same scaling with the imposed magnetic flux density By.
In this sense, it might be argued that the original
assumption that ¢(R,7) =0 was in fact correct; how-
ever, it needs to be remembered that this is not the case
if Re,, # 0, and even if Re, = 0 the actual expressions
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for B, and By are different to those in earlier work, as
seen in the differences in @ shown in Figures 3 and 4.

Now, if Re,, # 0, the equations for ¢ and Vy will be
coupled, and in the form

1d AV Vo
Oﬁﬁ{“*“ﬂ’* (ﬁ F)}

+ (%i) % (Re(a)2+1m(a)2),

[88]

Fa 1da Ve n?
r—y I — 1 2 _R m — —y == .
5+ <1( i9) emh ) + 2)(1 0. [89]

This time, we have a coupled nonlinear system of ordi-
nary differential equations, and there is no reason to
expect our modified problem to give the same expres-
sions for Fi and Fg as the original one. This leads to
a wider issue: if it is only (B,),_, that can be used as
input data from an experiment, how can these data be
used to obtain a unique solution? Solving [88] and
[89], subject to [34], [35], [80], and [81], would once
again give a(l), and thence R,, with the maximum
value of (Bgr)g_, being nR,. However, instead of
replacing the original value of By by By/nR, this time,
we should modify Eq. [80] to give

da

R A atR=1, [90]
where 4 is a real constant to be determined, and iterate
for A until #R, = 1. In general, 42 will depend on Re,,,
as well as Q. This is a fairly straightforward numerical
task and we omit the details. Instead, we show in
Figure 9 the obtained values of 4 as a function of Re,,
for the three values of Q used earlier. Note that, on
using Figure 8, we find that 1 = 1/nR, when Re,, =0,
as expected. Furthermore, we see that A takes its great-
est value when Re,, =0 and then decreases, before
starting to increase again at around Re,, = 40.

VII. CONCLUSIONS

This paper has revisited some early, yet still often-
cited, mathematical models for electromagnetic stirring
in continuous casting®”! and has found that the
solutions obtained originally were not unique. Detailed
analysis for the case of a round billet under rotary EMS
shows how to avoid this behavior, whilst still making
use of the experimental data that motivated the original
models. Moreover, although the current results are for a
round billet, they are of relevance for rectangular
strands, in that they indicate that it is the tangential
component of the magnetic flux density that must be
prescribed at the boundary of the melt region, not the
normal one. The issue seems to be linked to the fact that
it was easier to measure the normal component of the
field experimentally, and that it was therefore used as a
boundary condition in the modelst®*”): however, the

408—VOLUME 49B, FEBRUARY 2018

theory requires the tangential component for a unique
solution. There are therefore, at least, two remedies:

e to measure the tangential component, if possible;

e to set an unknown tangential component in the model
and iterate on it to find the experimentally obtained
normal component.

For a round billet, we have shown how the second
option can be implemented. However, the simplicity of
this advice depends on the axisymmetric geometry, and
new results will be needed for rectangular billet and
bloom geometries undergoing either rotary EMS or
linear traveling EMS. Nevertheless, it should be noted
that the theorem from Protter and Weinberger®!! that
was used in discussing possible necessary and sufficient
conditions for the round billet case is actually valid for
more general boundaries. Indeed, if [64] holds on a
domain T" which is bounded by a curve I" on which A4
satisfies

ol A+ s, 7) o = (s, 7). o1]
where s is the arc length around OI" and 0/dv is any
directional derivative in an outward direction on 0T,
then the solution for 4, and hence By and By, will be
unique. Furthermore, if o = 0, then [91] reduces simply
to a condition on the tangential component of the
magnetic field at OI'. In addition, if OI" is a square or
a rectangle, then it is clear that a billet or bloom
geometry is being considered. At this stage, it is evi-
dent that the analysis is limited to the case of rotary
EMS leading to a planar magnetic field that can be
expressed in terms of a single function A. Further
work is needed to consider the situation when linear
traveling EMS is used, as is the case for slabs, but also
for blooms and billets; in this case, all three compo-
nents of the magnetic vector potential may be
nonzero.

The results obtained are of significance for a number
of reasons. First, as detailed in the analysis, correct use
of the experimentally measured normal component at
the boundary in the model leads to a phase shift in time,
as compared to the way that this component was
originally used. As we have seen, this difference does not
alter the time-averaged Lorentz force when the magnetic
Reynolds is small enough and only one inductor
frequency is used. However, in modulated EMS,?* 24
magnetic fields of different frequencies are applied and it
is the intention that the resulting Lorentz force should
have a constant time-averaged and a time-varying
component; in this case, posing the correct boundary
conditions for the magnetic field is vital for obtaining
meaningful results from modeling.

Furthermore, although current-day software pack-
ages are in principle able to couple the fluid dynamics
and electromagnetics and solve numerically for both the
strand and the surrounding core, so that the issue
regarding this boundary condition appears less relevant,
it is nevertheless important if one is seeking to develop
more fundamental models for understanding the effects
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of EMS on the mushy zone, for example dendrite
fragmentation®>?®! and white band formation.[*?” 3% In
this context, having to include a model for the sur-
rounding core in order just to avoid this issue is clearly

an inconvenience.
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APPENDIX

To determine the velocity scale, V, in Eq. [29], we
note first that iy > 1, since we expect the turbulent
viscosity to be much greater than the dynamic viscosity.
Moreover, the viscous and stirring forces must balance,
so that

Hd?
[y ~—. A.l
Hr Re,, [A.1]
To demonstrate the idea, we take one of the simplest
forms for py, which comes from adopting the Prandtl
mixing length hypothesis for the turbulent viscosity;
thus, we set

Hr =/ 0Tr9lm, [A2]
where the quantity [/, is Nikuradse’s mixing
length,[7’31]

Iy = 1" <0.14 ~0.08 (%)2—0.06 (})4> A.3]

with r* being the radius of the liquid.
Now, [A.1] implies that

_ 'y

Iy
Hp ~ , A4
T u u [A.4]

from which we extract

0.14, /2l (.14, /2182y

0.0196p Vi

u
’ bl
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Thence, we need

0.0196p V" Br,

~Y 5 A.6
rpit v A6
leading to
Borp
Vo~ 40.14/01/2”1/%* , [A.7)
whence
~0.14p'/2Byr*
N L A8

un

Using the data in Table I, and setting r* =r,, we
obtain ¥~ 1.5 m s~!, whereas ji; ~3.5x 10°. The
former is in line with the order of magnitude obtained
by Tacke and Schwerdtfeger,””) even though a simpler
description has been used for the turbulence; the latter
is in line with the expectation that g, > 1.
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