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A mathematical model for industrial refining of silicon alloys has been developed for the
so-called oxidative ladle refining process. It is a lumped (zero-dimensional) model, based on the
mass balances of metal, slag, and gas in the ladle, developed to operate with relatively short
computational times for the sake of industrial relevance. The model accounts for a
semi-continuous process which includes both the tapping and post-tapping refining stages. It
predicts the concentrations of Ca, Al, and trace elements, most notably the alkaline metals,
alkaline earth metal, and rare earth metals. The predictive power of the model depends on the
quality of the model coefficients, the kinetic coefficient, s, and the equilibrium partition
coefficient, L for a given element. A sensitivity analysis indicates that the model results are most
sensitive to L. The model has been compared to industrial measurement data and found to be
able to qualitatively, and to some extent quantitatively, predict the data. The model is very well
suited for alkaline and alkaline earth metals which respond relatively fast to the refining process.
The model is less well suited for elements such as the lanthanides and Al, which are refined more
slowly. A major challenge for the prediction of the behavior of the rare earth metals is that
reliable thermodynamic data for true equilibrium conditions relevant to the industrial process is
not typically available in literature.
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I. INTRODUCTION

METALLURGICAL grade silicon (MG-Si) has a
variety of applications. It is, for example, used as an
alloying element in metals, a raw material in silicone,
and a basis for PV-Si and electronic grade Si. MG-Si is
produced by carbothermic reduction of quartz in an
electric furnace, followed by an oxidative ladle refining
(OLR) process. During ladle refining, oxygen is added
to the metal. Oxidation of metal creates a slag phase
which has the ability to capture metal impurities.[1–3]

The slag phase is vital for achieving a specific metal
purity, but on the other hand the production of slag
consumes valuable metal. Being able to control the
process is thus imperative to achieve a good balance
between quality and yield (profit). This requires an
understanding of the process which can be supported by
a mathematical model. Such a mathematical model
needs to be based on a proper understanding of the
refining process and its governing mechanisms.

In ladle refining of Si metal, metal is tapped into the
ladle from a tap hole in the lower parts of the furnace.[1]

The resulting metal jet plunges into the ladle and entrains
air into the metal in the ladle. The ladle is purged with

oxygen and air from a bottom plug. The oxygen from the
top entrainment and bottom purging reacts with Si and
creates silica through the following reaction:

SiþO2 , SiO2: ½I�
The reaction involves mass transfer between three

phases and the transfer rate is limited by convection in
the boundary layer on the metal side of the interfaces.[4]

This mass transfer is relatively fast and all of the oxygen
which is added to the metal can be assumed to be
consumed by the metal fairly quickly. The reaction
product, silica, forms the basis of the slag phase.
Impurities in the metal phase will react to various
degrees with silica and become additional components
in the slag phase. An element, El, in the metal will react
with silica according to[1]:

xElþ y

2
SiO2 , ElxOy þ

y

2
Si: ½II�

The transfer rate of this reaction is limited by
diffusion on the slag side of the reaction interface. Since
slag is much more viscous than metal, the resulting
transfer rate of this reaction is significantly slower than
for Reaction [I]. In Si refining, aluminum and calcium
are normally the predominant impurities. Here, alu-
minum and calcium are considered as the major
impurities, while the others are trace elements.
In order to quantitatively describe and make predic-

tions for the ladle refining process, a mathematical
model is required. A model can be based on a
computational fluid dynamics (CFD) framework where
flow variables and mass transfer is calculated on a
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computational grid. Such an approach has previously
been developed for Si refining without a tapping jet.[4]

One of the conclusions was that the modeling concept is
too computationally demanding for any practical appli-
cation of the model. This is caused by the need to
capture phenomena occurring on small timescales,
typically less than 0.1 seconds, whereas the refining
process typically spans 1 to 2 hours. An alternative is to
develop a lumped model. In a lumped model spatial
variations are either neglected or accounted for in model
coefficients. They are in principal zero-dimensional
models. A lumped model for Si refining of Ca and Al,
without tapping jet, was developed by Ashrafian et al.[5]

The lumped model was shown to be fast, reliable, and
industrially applicable. Both the 3D CFD model and the
lumped model showed that refining rates depend on
partition coefficients, diffusivities, and interfacial areas.
A model thus needs to account for these thermophysical
properties and process variables.

There is always a trade-off between computational
speed and accuracy. The model presented in the
following aims to be industrially applicable and
accounts for the tapping process and the post-tapping
refining. It predicts the behavior of trace elements as
well as major elements. To be industrially applicable the
model needs to be computationally fast and sufficiently
accurate. The goal with this study is to check if a lumped
model can qualitatively and quantitatively describe
OLR of Si, and to assess how different elements behave
with respect to refining.

In order to verify if the model is reliable, it should be
compared to experimental data. The model also requires
fundamental thermophysical data (e.g., material prop-
erties, partition coefficients). To some extent these data
are available in the literature,[4,6] but trace elements are
rarely described. The best data on trace elements are
those extracted from the industrial experiments per-
formed by Kero et al.[7] They collected industrial
samples from an MG-Si production site. Samples of Si
and slag were taken from eight different refining ladles
exposed to standard process variables. At the time of the
sampling, the temperature in the Si was in the range of
1719 K to 1950 K (1446 �C to 1677 �C). Samples from
the unrefined Si were taken from the tapping jet (from
the furnace, into the ladle). Samples of liquid Si were
collected when the ladle had been filled by half, by three
quarters, and completely. Finally, a sample of the
refined Si was collected just before casting. Slag samples
were taken from the top and bottom slags after the ladle
had been emptied by the casting operation. Each ladle
was filled up in approximately 2 hours and then cast,
approximately half an hour later. The samples were all
analyzed by high resolution inductively coupled plasma
mass spectroscopy (ICP-MS). The solid bulk samples
were crushed to a powder and all samples were dissolved
in acids prior to ICP-MS analysis. The full descriptions
of sampling procedure, error sources, uncertainty esti-
mations, recovery values, and element distribution
between phases have been described in detail by Naess
et al.[2,3] From these samples, refining curves for a
number of elements were extracted and partition coef-
ficients were calculated.

In the industrial experiments, equilibrium was prob-
ably only reached for the elements with the highest
refining rates and thus some of the reported partition
coefficients do not represent equilibrium. In the follow-
ing a lumped model is derived and compared to these
industrial experiments.

II. MODEL DESCRIPTION

The mathematical model for ladle refining is based on
mass balances of metal, slag, gas, and elements, as
illustrated by Figure 1. The nitrogen in the injected gas
is assumed to be inert and only contributes to the mixing
of the ladle. The oxygen reacts with Si to form silica
which becomes a major component in the process slag.
Oxygen will also be entrained at the top by the plunging
jet from the furnace tapping. If the total rate of oxygen

added to the ladle is _MO2
and the rate of metal tapped

into the ladle is _Mtap; the mass balance of the ladle
becomes

_MO2
þ _Mtap ¼ d

dt
MA þMSð Þ: ½1�

Here MA and MS are the total mass of metal (alloy)
and slag in the ladle. The metal reacts with oxygen
according to Reaction [I]. This reaction is fast and
governed by the stoichiometry of the reaction. Thus the
slag creation rate is:

d

dt
MS ¼ aS _MO2

: ½2�

Here aS is a coefficient for the relative mass conver-
sion from O2 to slag. If only SiO2 is created and no other
elements bond with oxygen in the slag, aS is given by the
ratio between the molar weights of silica and oxygen
(aS = 1.875). SiO2 is typically the primary slag compo-
nent in Si ladles, but not the only one. Thus this value is
an approximation. The two preceding equations enable
calculation of the total amount of metal and slag in the
ladle. Combining the above two equations yields:

d

dt
MA ¼ _Mtap þ 1� aSð Þ _MO2

: ½3�

The mass balance for an element El is given by

Mtapc
El
tap ¼ MAc

El
A þMSc

El
S ; ½4�

where cEl is the mass fraction of impurity El and Mtap

is the accumulated mass tapped into the ladle. If mix-
ing is fast and efficient, it can be argued that the time
scale for mixing is faster than the time scale for mass
transfer. Under such conditions it can be assumed that
the elements are uniformly distributed in the alloy and
slag. The mass transfer of element El into the slag
phase is then given by

d

dt
MSc

El
S

� �
¼ kSqSAS cEl

�

S � cElS

� �
; ½5�

where cEl
�

S is the mass fraction of element El in the slag
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at the slag/metal interface. The mass balance for elements
in the metal phase accounts for the mass tapped into the
ladle and the elements transferred to the slag phase:

d

dt
MAc

El
A

� �
¼ _Mtapc

El
tap �

d

dt
MSc

El
S

� �
: ½6�

We introduce the partition coefficient for a given
element LEl, which is the ratio between the concentra-
tions of the element in slag (S) and metal (A) at
equilibrium:

LEl �
cElS
cElA

����
eq

� cEl
�

S

cEl
�

A

: ½7�

Here cEl
�

A is the mass fraction of element El in the
metal at the slag/metal interface. Due to the high
process temperatures in the range of 1723 K to 1973 K
(1450 �C to 1700 �C) we assume that the concentrations at
the interface are in equilibrium. Since the transfer resis-
tance is on the slag side of the interface, we can also

assume cEl
�

A ¼ cElA : By introducing the kinetic coefficient, s

s ¼ MS

kSqSAS
; ½8�

and combining Eqs. [4] to [7] we get the following dif-
ferential equation governing the concentration of ele-
ment El

_Mtapc
El
tap þ

1

s
Mtapc

El
tap ¼ dðMAc

El
A Þ

dt

1

s
1þ RLElð ÞMAc

El
A ;

½9�

where we have introduced the slag–metal ratio

R ¼ MS

MA
: ½10�

The kinetic coefficient s is a model coefficient repre-
senting how fast the element is transferred from metal to
slag. It can be argued that MS/MA is a constant (at least
as a first order approximation) since the total surface
area of slag should correlate with the amount of slag.
The mass transfer coefficient kS is however depending on
the diffusivity of the element. Thus s will vary for each
element. For now we will apply a constant s due to the
reasons mentioned below. For similar processes where it
cannot be assumed that mass transfer is limited by
diffusion on one side of the interface, s needs to be
generalized and include an effective mass transfer
coefficient accounting for conditions on both sides of
the interface.[8]

Equations [2], [3], and [9] define a set of differential
equations which need to be solved in order to calculate
the amount of metal and slag and the concentration of
impurities as a function of time. This set of equations
can be solved by straightforward numerical schemes,
both explicit and implicit.
Note that when running the model the oxygen rate

needs to include both oxygen from the bottom and the
top. The bottom injection is controlled by the operators,
but the top entrainment is governed by the process itself
(in particular the plunging force of the tapping jet).

_MO2
¼ _Mtop

O2
þ _Mbot

O2
: ½11�

Little is known about _Mtop
O2

: Until more is known, we

apply a value such that the slag balance is in accordance
with process observations on the final weight of metal
and slag.
If we assume that tapping rate and oxygen introduc-

tion rate are constant and tapping is still ongoing, it can
be shown that (see Appendix):

cElA ¼ cEltap
ð1� 1=bÞð1� expð�bt=sÞÞ

b
s
t
þ 1

b

� �
; ½12�

where

b � 1þ RLEl ¼ 1þ aS _MO2
t

_Mtaptþ ð1� aSÞ _MO2
t
LEl: ½13�

If tapping occurs for infinitely long time, the impurity
level reduces to

cElA ¼ cEltap=btap ¼ cEltap 1þ LEl
aS _MO2

_Mtap

 !�1

: ½14�

At this stage the level of impurities does not depend
on s. This is physically sound since s represents the mass
transfer kinetics and should only affect the transient
behavior.

III. SENSITIVITY OF MODEL COEFFICIENTS

The model described above has been programed in
Matlab with a Runge–Kutta numerical solver. The
Matlab model can simulate the transient behavior of the

Fig. 1—Oxidative ladle refining.
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ladle refining of Si. The simulation results depend on
input variables such as oxygen rate, tapping rate, and
composition of metal being tapped into the ladle. The
results also depend on the model coefficients, the
partition coefficient L, and the kinetic coefficient s.
Strictly speaking these are parameters and not coeffi-
cients, but once a value is assigned to these parameters
they become coefficients. An assessment on model
sensitivity to these coefficients is crucial to understand-
ing which coefficient requires more attention and
accuracy.

Using the input variables and conditions associated
with the industrial cases studied by Kero et al.,[7] the
model sensitivity to the coefficients can be assessed. The
processes were run with a tapping rate of 0.9 kg/second
of metal for 120 minutes. After tapping had ceased,
purging of oxygen from the bottom continued until
150 minutes. The bottom gas rate of oxygen was 0.035
kg/second (15 Nm3/hour of O2/N2 mixture with 50 pct
O2). The top gas rate due to entrainment is unknown. It
might be obtained from CFD simulation, of which an
illustration is shown in Figure 2. Here the top gas rate
has been calibrated to 0.005 kg/second to match the
measured total weight of slag at the end of the process.
Thus the oxygen entrained at the top amounts to
roughly 10 pct of the total oxygen bound in the slag.

It should be noted that the modeling concept only
considers oxidized elements as part of the slag. In reality
a significant amount of metal sticks to the slag and this
slag/metal mixture is treated as slag by the industry. We
thus need to distinguish between pure slag and industrial
slag. Typically 40 to 60 pct of the industrial slag is metal.
The mass balance of metal and pure slag as predicted by
the model is seen in Figure 3. The change in the curves
at 120 minutes is caused by the end of the metal tapping.
When metal tapping stops and bottom purging contin-
ues the metal yield drops. These results indicate a
slag–metal ratio of R = 0.05. We compare the model
with the measured metal and slag weight at the end of
the process. The slag weight has been compensated such
that it represents the weight of pure slag with an
assumption of 40 pct metal in the industrial slag.

Simulations with the same settings with various values
for the partition coefficient L and the kinetic coefficient s

were also performed to assess the model sensitivity to
these coefficients. In Figure 4 we see that the kinetic
coefficient only affects the rate of the refining and not
the level of contamination when equilibrium is reached.
Note the dip in the refining curve after 120 minutes.
This is the time at which tapping ceases. After that no
more metal or impurities are added. In Figure 5 we see
the effect of the partition coefficient. The partition
coefficient defines the level at which the refining curves
level off. A high partition coefficient gives better
refining. Note that the partition coefficient also affects
the rate of refining.
Partition coefficients were extracted for a range of

elements by Kero et al.[7] It should be noted that these
coefficients cannot be applied in the modeling concept
derived above. They are based on the measured con-
centration ratio of industrial slag and metal, whereas the
model assumes a partition coefficient based on the
concentration ratio of pure slag and metal. It is also
required to distinguish between the partition coefficient
of the metal element or its oxide which is its form in the
slag (e.g., Ca vs CaO). This gives us four different
definitions of the partition coefficient:

ðaÞ
Lpure
El

�
cEl
S pure

cEl
A

ðbÞ
Lpure
ElxOy

�
c
ElxOy

S pure

cEl
A

ðcÞ
Lind
El

�
cEl
S ind

cEl
A

ðdÞ
Lind
ElxOy

�
c
ElxOy

S ind

cEl
A

: ½15�
All of these are valid. However, which of these

definitions are applied need to be specified. Kero et al.[7]

applied definition (c) whereas the model presented above
assumes definition (a). Due to this difference, the
partition coefficient for a chosen set of elements has
been recalculated based on the definition applied in the
model. This calculation is based on the overall mass
balance of the elements, Eq. [4], combined with the
definition of the partition coefficient, Eq. [7] or more
specifically Eq. [15] (a):

LEl ¼
Mtapc

El
tap

McElA
� 1

 !
MA

MS
: ½16�

From this we get partition coefficients as listed in
Table I for the industrial cases studied by Kero et al.[7]

For some of the elements this is compared to values

Fig. 2—CFD simulation of plunging tapping jet. Fig. 3—Mass balance of metal and slag.
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obtained by others (adjusted to match the definition of
Eq. [15] (a)). The value is expected to depend on the
composition of the slag. Such correlations only exist for
Ca and Al[5] and to some extent for Mg[9] as far as we
know. A consequence of this is that the partition
coefficient will vary throughout the refining process as
the slag composition changes. Here we apply the
constant value obtained from the industrial cases and

Eq. [16]. Extracting the partition coefficient from
Eq. [16], or directly from its definition, assumes that
the concentration measurements are obtained when
equilibrium is reached. This is more likely to occur for
the elements with a high partition coefficient which
reaches equilibrium first.
The kinetic coefficient defined by Eq. [8] is a function

of the slag mass transfer coefficient and the interfacial
area between slag and metal. The parameters depend on
flow characteristics, slag composition (affecting physical
slag properties), and temperature. Due to the sensitivity
of the mass transfer coefficient with respect to slag
composition, it can be shown that the kinetic coefficient
may vary between 1 and 300 minutes.[5] The correlations
are complex and at this stage in the model development
we apply a constant value of 180 minutes which has
been calibrated against the refining measurements on
calcium. Since the sensitivity study illustrated by
Figures 4 and 5 indicate that results are more sensitive
to the partition coefficient, we will allow a rudimentary
choice of kinetic coefficient. Future model development
should account for the true complexity of the kinetic
coefficient.

IV. MODELING RESULTS

The model has been applied to the industrial cases
studied by Kero et al.[7] With a kinetic coefficient of
180 minutes, we get refining curves as presented in
Figure 6 for some chosen elements. We see that the
model matches the experiments fairly well for the chosen
elements. There are some discrepancies. This can be
explained by the simplifications made in the model
coefficients. With that in mind, it can be stated that the
model has good premises for reproducing the reality.
The results shown in Figure 6 demonstrate that the

model is capable of capturing industrial observations of
the ladle refining process. For elements with a very low
partition coefficient there is no refining. Kero et al.[7]

compared the driving force for oxidation (DG) for
various elements to that of the liquid Si in the refining
ladle. Their figure provides a theoretical prediction of
which elements can be removed from the metal by OLR.
The model is able to capture this, as illustrated by the

Fig. 4—Effect of kinetic coefficient for L = 150.

Fig. 5—Effect of partition coefficient for s = 180 min.

Table I. Partition Coefficients and Refining Rate Coefficients for Selected Elements

Alkali/Earth Alkali and Al Lanthanides

Literature Equation [16] Equation [16]

Li 199 La 16.5
Be 204 Ce 6.6
Mg 93[9] 91 Pr 6.1
Ca 100 to 900[5] 1135 Sm 14.2
Sr 1673 Tb 9.7
Ba 1573 Dy 12.1

Ho 16.7
Er 20.0
Tm 24.2

Al 70 to 300[5] 69 Yb 51.2
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results for boron (L = 0.86) shown in Figure 6(c). For
the elements with a medium partition coefficient (Al,
Mg, and La) the model and experiment consistently
show a good refining although not as good as for
calcium and beryllium which have very high partition
coefficients. For calcium we see some inconsistency
between model and experiments. Calcium is one of the
major impurities. It affects the composition and prop-
erties of the slag. The partition coefficient will vary with
these properties. Thus the partition coefficient is not

constant throughout the refining process which is also
confirmed by others.[5] The assumption of a constant
partition coefficient may explain the inconsistency
between model and experiments for calcium.
The model can be applied to compare how different

elements respond to the refining process. Such a
comparison can be seen in Figure 7, for three lan-
thanides, three alkaline, and alkaline earth metals. We
see that all six elements are readily refined, but the
lanthanides have a slower response to the process than

Fig. 6—Refining curves from model and experiment for (a) calcium, (b) beryllium, (c) boron, (d) lanthanum, (e) aluminum, and (f) magnesium,
respectively.
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the alkaline and alkaline earth metals, as previously
reported by Kero et al.[7] In the model, this is governed
by the partition coefficient which is lower for the
lanthanides. The chosen lanthanides represent the lan-
thanides with the highest (Yb), the lowest (Ce), and a
typical average partition coefficient (Ho) of the
lanthanides.

V. DISCUSSION AND CONCLUSIONS

The modeling results presented above demonstrate
that the developed lumped model for OLR of Si is
capable of reproducing the measurements obtained in an
industrial experiment.

Based on this, we may conclude that the model
qualitatively, and to some extent quantitatively,
describes the refining process. The predictive power of
the model depends on the quality of the model coeffi-
cients. The partition coefficient is in principle only
known for a few of the elements, and the kinetic
coefficient has been estimated by calibrating the refining
curve for one element (Ca). In reality these coefficients
depend on equilibrium conditions, slag composition,
and more. Since slag composition will vary both with
input alloy composition and throughout the refining
process, the coefficients should also vary with time. Such
complexity has not been included in the model, partly
because the available experimental data lack the level of
detail to clarify these issues. Future model development
needs to account for more physics in the model
coefficients. This will also require experimental work
to establish thermophysical properties.

Elements which are readily refined are likely to reach
equilibrium before the end of the refining cycle. There-
fore, it is reasonable to assume that the industrial
partition coefficients extracted from the data of Kero
et al.[7] approximate equilibrium for these elements.
Consequently, the model with the extracted partition
coefficients is well suited to be used for the prediction of
such element behavior. However, some of the elements
will require a partition coefficient which varies with slag
composition. Alkaline and alkaline earth metals

represent elements which respond relatively fast to the
refining process.
Elements which are refined at an intermediate rate are

less likely to reach equilibrium before the end of the
industrial refining process. The extracted partition
coefficient for these elements may thus not represent
equilibrium and should be used with some care. Lan-
thanides are used as an example for elements of such
behavior. They respond more slowly than the alkaline
earth metals, but they will also be transferred to the slag
if exposed to the refining process for a sufficiently long
time.
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APPENDIX

By assuming that tapping rate, oxygen rate, and
content of impurities in the alloy is constant with time
Eq. [9] becomes

_Mtc
i
inð1þ t=sÞ ¼ dðMAc

i
AÞ

dt
þ b

t
MAc

i
A; ½AI�

where

b � 1þ Li
MS

MA
: ½AII�

We introduce

F ¼ MAc
i
A

_Mtc
i
ins

; ½AIII�

and

v ¼ t

s
: ½AIV�

Then Eq. [13] reduces to

1þ v ¼ dF

dv
þ bF: ½AV�

Fig. 7—Refining curves for selected elements of the lanthanides
(black curves) and alkaline/alkaline earth metals (gray curves).
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The solution to the differential equation, Eq. [AI],
when the ladle is assumed to be empty at the starting
point (Ft = 0 = 0) is

F ¼ 1

b
f1� 1=bgf1� expð�bvÞg þ v

b
: ½AVI�

With a constant tapping and oxygen rate we have

MA ¼ _Mttþ 1� aSð Þ _MO2
t � _Mtt: ½AVII�

Combining Eqs. [AIII], [AVI], and [AVII] we get

ciA ¼ ciin
ð1� 1=bÞð1� expð�bt=sÞÞ

b
s
t
þ 1

b

� �
: ½AVIII�
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