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Abstract: The adaptive tracking problem for uncertain flexible joint robot system is studied in this paper. By utilizing the adaptive
backstepping method, an adaptive controller is constructed at the beginning. By utilizing the modified adaptive dynamic surface control
technique, a new adaptive controller is presented afterwards to avoid the overparametrization problem and the explosion of complexity
problem existing in the adaptive backstepping method. All the signals of the closed-loop system are rendered globally/semi-globally
uniformly ultimately bounded, and the tracking error can be made arbitrarily small by tuning the designed parameters. A simulation
example is given to show the validity of the control algorithm.
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1 Introduction

The research of flexible joint robots (FJR) has received
considerable attention in the past two decades!™. To ob-
tain good control performance, no matter in modeling or in
control design, the joint flexibility, which is usually caused
by harmonic drives, shaft windup, and bearing deforma-
tion, cannot be ignored. In the literature, there have been
many methods proposed, for instance, the singular pertur-
bation approachm, the passivity approach[3], the sliding
mode approach!®, and the neural network approach!® 9.

It is known that the backstepping technique is also an im-
portant method. A robust controller was proposed to guar-
antee the tracking of any given reference trajectory with ar-
bitrary accuracy[7]. An adaptive output-feedback controller
was designed for the single link robotic manipulator[s] and
the adaptive backstepping method for rigid-link flexible-
joint robots was studied. In addition to these methods!® 1,
the dynamic surface control method is a recently proposed
control algorithm. With this method, Zhang et al.l1112]
considered adaptive dynamic surface control for nonlinear
systems with uncertainties, Hou and Duan!*®! studied how
to design controller for integrated missile guidance and au-
topilot. Moreover, some other approaches such as model
reference adaptive control** 191
and adaptive iterative learning controll'™ are also useful to

, robust adaptive control°!

regulate such nonlinear systems.
The adaptive tracking problem for FJR has been studied
before. However, there exist some drawbacks in the exist-
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ing methods. The first one may be the “overparametriza-
tion” problem. The reason is that the control design pro-
cedure depends on the linear property of unknown system
parameters. Another may be the “explosion of complex-
ity” problem, i.e., the designed controller is usually made
quite complicated because of the repeated differentiations
of virtual controllers in control design procedure. In this
paper, we will investigate how to design an adaptive track-
ing controller for FJR to avoid the above problems. Mainly
motivated by the continuous control ideas!'® 1 and flexibly
using algebraic techniques, we present a new control design
method for FJR. Then, we construct an appropriate Lya-
punov function and show that the designed controllers can
guarantee all the signals of the resulting closed-loop system
globally /semi-globally uniformly ultimately bounded, and
the tracking errors can be rendered arbitrarily small.

The main contributions of the paper are characterized by
the following specific features: 1) The “explosion of com-
plexity” problem and the “overparametrization” problem of
the existing control methods are avoided. 2) It is not easy
to find an appropriate Lyapunov function which is well-
behaved in stability analysis. In this paper, by using flex-
ible algebraic techniques, two new Lyapunov functions are
recursively constructed in the control design procedure.

2 Preliminaries and problem statement

Consider the dynamic equations of the flexible joint

robots given asl?0:21]

M(q1)q + Clqr, ¢1)¢1 + h(qr) + 7 + fi(qr,¢1) =0 (1)
Bia — 7e + fa(q2,42) = u (2)
Te = K(q1 — q2) (3)

where ¢1 € R" is the joint angular position, g2 € R" is the
motor angular position, ¢1, ¢z € R" are the respective veloc-
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ities, M (q1) € R™*", B € R™*" are positive and symmetric
inertia matrices, K € R™*" is diagonal matrix whose en-
tries are elastic constants k; of the joints, C(q1,41)¢1 € R"
is the centrifugal and coriolis force, h(q1) € R™ is the grav-
ity force vector, f1(q1,q1), f2(q2, ¢2) are the frictional terms,
and u € R" is the input torque. The angular positions g,
q2, and the respective velocities ¢1, ¢2 are assumed to be
measurable.

The purpose of the paper is to design an adaptive state
feedback controller for the system (1)—(3). We specified the
control problems as: 1) Given the desired reference trajec-
tory qq, design a controller if possible, such that the link
position tracking error z; = q1 — qq4 converges to 0 as much
as possible. 2) Meanwhile, all the closed-loop signals are
rendered bounded.

We need Assumptions 1-3.

Assumption 1. The desired trajectory vectors are con-
tinuous and available, and [q3, 47, d7]" € Qq with known
compact set Qg = {[q4,dd,d4]" € R*||qal®+]dal*+]dal® <
A},

Assumption 2. There exist positive constants b;, mi,
k‘i, i = 1,2, such that my < >\min(M) < HMHQ <
Amax(M) < m2, by < Amin(B) < [[Bll2 < Amax(B) < ba,
k1 < Amin(K) < |K]l2 € Amax(K) < k2, where only pa-
rameter by is known.

Assumption 3. There exist unknown positive constant
0;, and known smooth functions ¢;(-), 2 = 0,1, 2, such that

IC(q1,d1)d1 + h(q1) + Kq1|* < 6odo(ar, dr) (4)
|f1(q1, d1)[* < 011 (a1, 1) (5)
|f2(q2, G2)|° < O22(q2, G2).- (6)

Remark 1. These assumptions are reasonable and not
stronger than the existing ones. Assumption 1 gives basic
conditions using dynamic surface control method. Assump-
tion 2 provides that only one constant b2 is known in this
paper, while in [8,10], all the parameters b;, m;, ki, i = 1,2
were assumed to be known. Assumption 3 is similar to
Assumption 2 in [19] for the rigid joint case.

Remark 2. It is easy to see that the FJR system is
underactuated. Tracking control problems of underactu-
ated systems are more difficult, since there are fewer inputs
than degrees of freedom. In addition, when the system is
suffered by external disturbances, only some semi-global
results can be obtained, rather than achieving global re-
sults. See for instance, the FJR system[7’ 9], the ships[m],
the wheeled inverted pendulumsm]
deractuated systemm].

Before the control design procedure, we define z1 = ¢1,
T2 = 1, *3 = @2, T4 = ¢2, and introduce the following
transformations:

21 = T1 — 4d,
*
Z3 = I3 — I3,

where z; is the virtual control to be determined later. Then,

, and more general un-

zo=21+ (a1 + 1)z

24 = T4 — T4

(7)
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we can deduce that

21 = 29 — (Cl + 1)21
ZQZM_I(xl)Kl’;g—Fl
23 :1’4—8w?é—F2 (8)

24 =B! (u—l—K(xl —1‘3)—f2) — 88‘246;_}7‘3

where F; are defined as Fy = M ~* (Cxo+h+ Kz1+ f1)+

. 2 oz . oxx . oxk .
Ga—(c1+1)z24(c1+1)%21, Fr = azl% z1+ 6z2% 22+ aqd% qa +
oz .. _ Oz} . oz} . oz} . oz} . oz} ..
Qq:{ qd, and F3 = az'lr z1+ 6Z2T z2 + 8z3T z3 + qu qd + qu qd-
. k3
Define positive parameters a = 7;22 and 0 = ,%, X
1
2 2 2 92 am% 92a2m% .
max 4 0o, 01, m7, k5, a“m7, ko 0 k2 . Parameter a will
2

be used for constructing the Lyapunov function subse-
quently, and parameter 6 is the only one to be estimated
in the control design. The following lemma 1, which is the
well known Young's inequality[lg], will play a key role in
proving the main results of this paper.

Lemma 1. For vectors z,y € R", and scalar positive
numbers € > 0, p > 0, there holds

eP 1
ey < fafP+ fyl?
p qe

where ¢ = pf .
Lemma 2. There exist smooth nonnegative functions
Yi, ¢ =1,---,4, and positive constant v such that
T T
— 23 Fy < (23 23) (Y10 + ¢2) + v 9)
—Z4TF3 < (Z4TZ4) (1/130+1/J4) + v. (10)
Proof. See Appendix. d

3 Control of FJR system

In this subsection, we will construct an adaptive state-
feedback controller for FJR system, which will be addressed
in a step-by-step manner.

Step 1. Suppose 0 is the estimate of 0, and the corre-
sponding error is defined as 6=0-0. Then, we introduce
the transformations: z1 = x1 —qq and 22 = 21 + (c1 + 1)21
and choose the candidate Lyapunov function Vi (z1, 22, 5) =
;z;zl + 21a 23 Kz + 2{/92, where v > 0 is a designed pa-
rameter. Taking the time derivative of V1, we get

. 1 _ .
Vi=—(ci41)2121 + 21 22+ GZQTKM Y ) Kah+

1 _ " 1 1~z
GZQTKM 'K (x5 — x3) — angFl + V99. (11)

By using Lemma 1, one can conclude that

1 1
z?zl + Qz;rzz. (12)

21 22 < 9
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From Assumption 2 and Lemma 1, it leads to
1 _
— CLZQTKM " (Caa + h(z1) + Kz1 + f1) <

k
2 |z2]|Cx2 + h+ Kz1 + f1] <
am:i

(ke N 51
0 0 <
51 <am1) |22]” (Gogpo + 011) + g S
1 T 61
5, 07272 (G0 + 1)+ . (13)
1 2
According to Assumption 2 and Lemma 1, it yields
1 T . 0 T 62 .2
- Kgq < . 14
g2 s 2622222+ 2|Qd‘ (14)

Similarly, we have

1
— ang (—(61 +1)z2 + (a1 + 1)221) <

1) ko k2 1
(C1+1+(Cl—g ) )HlaX{aQ 2}|22|2‘|'2|21|2§

(a+ 1)4) ;

9 Hz;er + lz;le. (15)

(Cl+1+ 9

Combining (13)—(15), it follows that

1 0 02 ..
—angFl < zrlrzl + 0(w1 — l)zng + 7y ;\qd\Q (16)

1
2 2

where wy; = 511 (o + ¢1) + 2[1;2 4+ + (C1;1)4 + 2. It follows
from Assumption 2 and Lemma 1 that

lz;FKMflK(xg —x3) < ;z;rzs + 023 2. (17)
a

Defining d; = ‘521 + 522 |Ga|?, and substituting (12)—(17) into
(11), we obtain

. 1 _ " 1
Vi < —c1zt 21 + angM Yz Kxh + (2 +w19) 29 20+

1 1=
22;23 +di + ’YGG (18)

‘We choose the first virtual control

* . A 1 A
x3(21, 22, qd, 4a, 0) = — <C2 +, +w19> 22 (19)

where c2 > 0 is a design parameter. The adaptive law is
designed as

0= —ob (20)

where U > 0 will be determined later. Actually, the adap-
tive law can guarantee 0(t) > 0 for any positive initial value,
ie., if 8(to) > 0. From (20), we have

t
O(t) = O(tg)e =10 +/ e 7P (s)ds > 0.

to

In view of @ > 0 and § > 0, it follows that

1 _ . 1 A
az;FKM 1(x1)Kx3 < —(cz + 9 —l—wl@)zgzg. (21)

Substituting (21) into (18), we obtain

2 .
Vlg—Zciz;in—Flz;f,Zg;—&—j(é—\Ill)—kdl (22)

‘ 2
i=1

where W1 = ~wiz4 z2. This completes Step 1. It can be
viewed as the initialization of the whole design procedure.

Step 2. Choosing the candidate Lyapunov function
Va(z1, 22, 23, 0~) =Vi+ ézgzd, and taking the time deriva-
tive, it leads to

2
. 1 . 0
Vo < —ZCiZ?Zi—F 2523+z§x4+ 7(9— Uq)+

. 2
i=1
d1 —zga;é3§+zg(x4 —x}) — 23 Fb. (23)

By Lemma 1, we can deduce that

. 1
23 (x4 — x3) < 22224+zg,23. (24)
Using Lemma 2, we have
—23 Py < (23 23) (10 + ) + v. (25)

Defining Wy = Wy 4 y1)1 29 23 and choosing the virtual con-
trol, we have

() = —(cs + 1+ o + 10)z5 — 859 (W — o) (26)

where c3 > 0 is a design parameter. Substituting (26) into
(23), it yields that

> 1 7 oz
v <_Z 2Tz T _ 103
- i:lczlz+2z4z4+(w = ae)x
(0 — Wy + o) — :éé +do (27)

where d2 = di + v is a positive constant.

Step 3. Choosing the candidate Lyapunov function as
Vg(zl,zg,zg,Z4,Ql,Qg,é) = Vo + éz:fBzu;, and taking the
time derivative of V3 while noticing (7) and (8), we have

3 _
. 1 0
V3§—§ ciz;rzi—&—Qz:fzz;—!—(’y—zg

=1

(é—@g—aé)—l—Uéé—&—z:fu—z:fax}é—&—
Y 00

*
al‘g

)X
00 )
T T
Z4 (K(l‘l —l‘g)—fg) — 24 F3+ds. (28)
By using Lemma 1, it leads to

€1

0
zi K(z1 —x3) < |za|? |1 — 23] + . (29)
261 2
Similarly, from Lemma 1, we can deduce that
R < P laPert P < ) juPe+ 2 @0
— 2¢€9 2 T 2eo 2
By Lemma 2, it yields
—z1 Fs < (21 24) (30 + 1) + . (31)
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Defining wy = ,! o1 — @sl” + !, é2 + vs, s = s —

2en
yipzza Bgé?’, U = Uy 4 ywazg 24, d3 = do + v + & + %, and

choosing the adaptive controller, we have

1 - - Oz} -
u:—(C4+2+¢3+w29>24— ;g(\ll—aé)

. (32)
0=¥—060, 0(0)>0.
Substituting (24) and (31) into (28), we have
. 3 1 O ~~
V3S—Zcizgzi—&-Qz}zzl—i—’yee—&—dg. (33)

=1

It is not difficult to get

—laéé:—loéQ—laéeg—laéQ—&— 1092. (34)
Y Y Y 2y 2y

Substituting (34) into (33), it follows that

Va< —cVa+d (35)
where d = ds + 217 00%. Theorem 1 summarizes the main
results of this section.

Theorem 1. Consider the flexible joint robots dynamic
system (1)—(3) under Assumptions 1-3, we can design the
adaptive controller (32), such that all the closed-loop signals
are rendered globally uniformly ultimately bounded and the
tracking error z; can be rendered arbitrarily small.

Proof. As can be seen, by (35), we can deduce that
Vg < 0on V3 = pwhenc > Z. Hence, V3 < pis an invariant
set, Le., if V3(0) < p, then Vi(t) < p for all ¢ > 0. Thus,
all the closed-loop signals are globally uniformly ultimately
bounded. Moreover, by adjusting parameters o, v, ci, J;
€j,1=1,---,4, 7 =1,2,3, we can make the tracking error
z1 arbitrarily small. g

Remark 3. This section presents an adaptive back-
stepping based control algorithm for FJR system. The
overparametrization problem is avoided. However, the de-
signed controller is very complicated here. This problem
can be solved by using a modified adaptive dynamic sur-
face method, see the next section for detail.

4 Extensions

In this section, a modified adaptive dynamic surface
method will be adopted to obtain a simple adaptive con-
troller. We need to introduce the following transformations:

Zo=2z1+ (@1 + 1)z

Z1 = T1 —qd, (36)
23 = X3 — T3, 24 = T4 — T4

where Z;, i = 3,4 are the filtered virtual control achieved
by the following first-order filter

where 7; > 0 is a positive constant and z; is the virtual
control to be determined later. Define o1 = T3 — x3, 02 =
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Z4 — 2}, then from (36) and (37), we have

Z1 = Z9 — (51 + 1)21

Zp = M~ (x1)Kzs — F(1,%2,qa, 4a, Ga)

. 1

Zz =rat+ 01 (3
T3 1

Zy = B™' (u+ K(z1 — a3) — fa(zs,24)) + _ 02

T4

where I is defined as

F=M"(Cx2a+h+Kzi+ f1) + Ga—
(@1 + 1)z + (é1 + 1)%z.

Now, we give the design procedure in detail.

Step 1. Choosing the candidate Lyapunov function
Ui(21,22,0) = 32121 + 5,73 K2 + ,- 6%, similar to Sec-
tion 3, we have

01
2

1 1 82,
—CLEQTKF < 22?21 + 0w —)zr 20+ . + 22|qd\2. (39)
According to Assumption 2, Lemma 1 and noticing zs —
T3 = Z3 + 01, it follows that

1 1

_ « 1 1 _T_
022 KM 'K (zs —23) < 2z523+29?91+9z522. (40)

Choosing the virtual control

* . _ 1 N
w3(zlrz27qdaqd50) - - (C2 + 9 +W19) z2 (4]_)

where ¢2 > 0 is a design parameter, and using (39) and
(40), we have

2

. 1 1 0, :

U < - E iz Zi + 25;23-5- 29?@1 + ’7(9—A1)+d1
i=1

(42)

where Ay = Jw1 23 Z2. Let x3 pass the first-order filter (37),
then we get the filtered virtual control Zs.

Step 2. Choosing the candidate Lyapunov function
Uz (21,22,%3,0) = Ur + 373 23 and taking the time deriva-
tive, we have

9 _
. _ 1 _7_ 1 0 x
UzS—;cz-z;fziJergTszr291Tgl+ﬁ(9—A1)+
* — * 1
Zg(x4—x4)+z;,r(x4+T 01) + di. (43)
3

From Lemma 1, it yields that

N T, 1_1_ T 1
23 (z4 — o)) = Za (Fa + 02) < 2ZfZ4 + 2373 + 2@592.
(44)
Choose the virtual control
zy(Z3,00) =~ |, +C |z~ o (45)
2 T3
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where ¢ > 0 is a designed parameter. Defining di = 521 +

%2G4|?, and substituting (45) into (43), it yields that
— _T_ lfo 1 T 1 T

Uz < —Zcm Zi + 9% Z4 + NJyal + N 02+

0 = _

7(9—A1)+d1. (46)

Let the virtual control xj pass the first-order filter (37),
then we can get the filtered virtual control Z4.
Step 3. From the definition of g1, g2, it follows that

é:)l :_{SQI +771(%17"' 7%47917qd7(jd7.q:d7é:) A (47)
02 = T 02 + 772(Z17 T, 24,01, 02,49d,4d,9d, 0)
where continuous functions 71, 72 are defined as
ors . ory . oxs . ox3 oxs *
= N 48
m 02T 1+82 +aq:{qd+aqu+ 56 (48)
oxy . oxy
= 49
72 823T 3+ 9 rlf 1 (49)
Choosing the candidate Lyapunov function

Us(Z1, %2, 23, Za, 01, 02,0) = Us + L 21 BZa+ 301 01 + 503 02,
and taking the time derivative of V3 while noticing (36)
and (38), we have

3
1 1 1 .
=D EE E+ A At el et jer0 +dit

A 1 1

(0—A)+Ziu—01(_ o1—m)—o0s(_ 02—m)+
T3 T4

2 D™

(K —a2) - fa+ | Boa). (50)

There exist positive constants €; and €2 such that

1 _
Zi (K(z1 —3) — f2) < Ow2zj Za + 2@392 + 621 + 622
(51)

where ws is defined as wo =
Lemma 1, we can deduce

1 2
28, |x1 —x3]+ 252 ¢2. By using

IN

1 1 _ 2, &b
X B . 52
Z4 - 02 €3Tf |Za]” + 4 02 (52)

Defining d2 = d1 + ¢ + 7, and substituting (52) and (51)
into (50), we have

3 ~

. 0 =
Us < =S @zlz + S0=1 +Ziu+ oim + 032t
1=1
1 1 AN _T_ 1 1y 1
0 —
(2+€37_2+w2 Vziza + ( 7_3+2)ng1+
1 €sb3\ T 7

— 1 d 53

(=, T1+ 7 eetd (53)

where A = A1 + '_ngszzl. Choosing the adaptive controller

2

1 1 _ AR
u:—( + _ 2+C4+w29)24
. €37,
6=A—50, 6(0)>0

(54)

where  is a positive constant, and substituting (54) into
(53), it leads to

chzl Zi — 099+ (

1 1, ¢
5 + 2)91 o1+

1 b3
(_ +1+€32
T4 4

Now, we have theorem 2, which summarizes the main

)os 02+ 0im +02m2 +d2. (55)

results of this section.

Theorem 2. Consider the flexible joint robots dynamic
system (1) - (3) under Assumptions 1-3, one can design the
adaptive state-feedback controller (54), such that:

1) For any initial conditions satisfying Us(0) < p, p > 0,
there exist o, ¥, ¢, 5]-, €, Tk, t=1,---,4,7=1,23, k=
3,4, guaranteeing that the tracking error z; can be made
arbitrarily small by adjusting these designed parameters.

2) All the closed-loop signals are rendered semi-globally
uniformly ultimately bounded.

Proof. Choosing the Lyapunov function V3, and defin-
ing the set 2 = {[2;, z% 2% zZF of, Q;r, 5]T € R6"+1‘2?21+
ingZQ + 23 23+ 21 BZa+ 07 01+ 03 02+ ;52 < Qp}, we see
that Q4 in Assumption 1 and 2 are compact sets. Then,
from the definition of 71 () and 72(-), it follows that there
exist positive constants 71 and 72, such that on the com-
pact set Qg x Q, |n1(1)] < 71 and |n2(-)| < 2. By using
Lemma 1, we have

s 54
0101+ 0512 < —9292+

27 T 204 27 (56)

<
Ql m < 26
Defining d = da + 523 + 524 + ,- 6%, and substituting (34)
and (56) into (55) yields
1 1 7
1Rq A1 0 - - - -
< Zcz Zi 0' (7_3 9 253)@191

1= — 2
T4 4 2(54

Choosing parameters such that ¢; > 0, i = 17 <o 4,6 >0,
b2

T13 >75+, —1—263, i) > 74 —&—1—1—63 2 —|—25 , where 73 > 0,

74 >0, we have

1 b2 _
( fbs _ )03 02 + d. (57)

Us < —cUs +d (58)

where ¢ satisfies 0 < ¢ < 2 - min{é, ‘fj,ég, g;‘, 30, T3, 7o}
It follows from (58) that Us < 0 on the surface Us = p when
c > Z. Hence, V3 < p is an invariant set, i.e., if Us(0) <
p, then Us(t) < p for all ¢ > 0. Consequently, all the
closed-loop signals are semi-globally uniformly ultimately
bounded. Moreover, by adjusting parameters &, 7, &, 9;,
€, Tk, ¢ = 1,---,4, 7 =1,2,3, k = 3,4, we can make the
tracking error z; arbitrarily small. O

Remark 4. To achieve the tracking errors arbitrarily
small, one can adjust the design parameters accordingly.
To be specific, increasing ¢;, &, and decreasing 7 will help
to increase ¢. Decreasing Sj, €; and increasing 4 will help to
decrease d. From (58), it leads to Uz < Us(0)e™" + 2(1 -
e~"). With increasing value of ¢, and decreasing value of
‘g, the tracking error is made smaller.
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5 Simulation

Consider the single-link flexible joint robot!”?, whose
dynamic equations are as follows:

Igi + Mglsin(q1) + K(qn — ¢2) + fi(q1,¢1) =0
JG2 + Bie + K(q2 — q1) + f2(g2, ¢2) = u.

The desired trajectory for this robot model is given as
ga = 0.5sin(0.5t) rad. When the external disturbances are
0, we choose the parameters as I = 1 kg-m?, Mgl = 3 N-m,
K = 5 Nm/rad, J = 1 kgm? B = 4 N-m-s/rad. It is
easy to verify that Assumption 1 and Assumption 2 hold.
Assumption 3 holds with ¢o = sin® q1 +¢7, ¢1 = 0, P2 = ¢3.
In Figs. 1-3, the responses of the resulting closed-loop sys-
tem for this case are characterized by the different curves
(the position of the link is gi4, the parameter estimation is
0o, and the control input is u,). When the external distur-
bances are fi = —0.5cos(¢1)N and f2 = —0.5 cos(g2)N, we
choose another group of the parameters as I = 0.5 kg-m?,
Mgl = 1.5 N-m, K = 2.5 N-m/rad, J = 0.5 kg-m?, and
B =2 N-m-s/rad, the responses of the resulting closed-loop
system for this case are characterized by the different curves
(the position of the link is g5, the parameter estimation is
0y, and the control input is uy).

0.5
0.4
0.3
0.2
0.1
0.
-0.1
-0.2
-0.3
-0.4]
-0.5

0 15
Time (s)

Trajectories of ¢, and g, (rad)

Fig.1  The position of g4 and ¢

0.09
0.089+ o
< 0.088}
s
£0.087}
<
£0.0861 » [
20.085F~ -~ "7 =
2
20.084}
g
£0.083 K/\/q_/ﬁ—/\/
0.082
0.081f
0.08 . . " s .

0 5 10 15 20 25 30
Time (s)

Fig.2 The trajectories of 6
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u,
200r -,

Input torque (N-m)

|
— |
o wn
S S

-150f

2005 05 1 15 2 25 3
Time (s)

Fig.3  The trajectories of input u

Since the responses of the presented controllers are simi-
lar, in this example, we only provide the simulation for the
control method shown in Section 4. By (7), we have

21 = 29 — (Cl —+ 1)2:1

Zo = I"'Kuxsz — F(x1,22,qd, 4d, Ga)

. 1
zZz =rTat+ 01 (59)
T3 1
24 :J’l(u+Bx4+K(x1—xg)—f2)+7_ 02
4

where F = 171 (Mglsinzy + Kz1+ f1) +da — (c1 +1)z2 +
(c1 4+ 1)%z;. We choose the first virtual control

* . ~ 1 A
x3(z1, 22,94, 4a,0) = — (2 + c2 —|—w19) 22 (60)

4
where wi = 511 (sin? 21 4+ x3) + 2(152 +co + (CHQ'I) + 2. Let
the virtual control x3 pass the first-order filter (37), then
we can get the filtered virtual control Z3. Next, we choose

the second virtual control
* . oA 3 1
'1"4(2:17227'337%17(]1179) = - +c3 ) z3 — 01. (61)
2 T3

Let the virtual control xj pass the first-order filter (37),
then we can get the filtered virtual control Z4. At last, we
choose the actual control and the adaptive law as
1
) 2
0 = v(wi29 22 + w2zl z4) — 0f, 6(0) =0.1

1 R
U = —( + ea7? + ¢4 +w29)24

(62)

1 2 1.2
where wy = 261 |x1 — x3|* + 2¢, T4

In the simulation, we choose the parameters as ¢; = 1.5,
Co = 3, C3 = 2.5, Cq = 3, (51 = 0.0057 (52 = 0.047 T3 = 0.0017
74 = 0.03, €1 = 0.1, e2 = 0.01, €3 = 8.5, 0 = 0.0004 and v =
0.000 55. The initial values are Z3(0) = 1.5 and Z3(0) = 3.5.
The simulation demonstrates that the tracking objective
of flexible joint robots can be achieved with satisfactory
responses by the designed controller (62).

6 Concluding remarks

Tracking problems of the FJR system which is underac-
tuated, are more difficult than the fully actuated system.
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This paper gives a new adaptive tracking control method
for uncertain flexible joint robots. The designed controllers
can make the position tracking error arbitrarily small, while
keeping all the closed signals globally/semi-globally uni-
formly ultimately bounded. In this direction, there are still
remaining problems to be investigated. For example, an
interesting research problem is how to design an adaptive
tracking controller for the flexible joint robots in random
vibration environment.

Appendix

Proof of Lemma 2. From Assumptions 1 and 2, we
have

|M; (1) (Caa + h(z1) + K21 + f1) | <
6: 02
¢11($1,$2)max{m1,

} (A1)

mi

1 1
where 11 (21, 22) = ¢ + ¢7. Then, we can deduce that
[F1| < 9110 + 12 + Ga. (A2)

From (8) and the definition of F» and F3, it is not difficult
to get that there exist smooth functions such that

|Fa| < 4h210 + 1h2a + 234 (A3)
|F5| < 49310 + 1b32 + V33da- (A4)

Thus, we can deduce that

— 23 Py < 23 (V210 + Y22 + ¥asdia) <
0 1 g
(2320) (V310 + 32 +435) + , + , + % =
(2?23) (Y10 4+ 2) + v (A5)

where ¢1 = ¢31, o = ¥3 + 33 and v
Similarly, we can deduce that

0 1 Gq
4+4+4'

— 24 F3 < 21 (Y310 + 32 + ¥s3da) <

0 1
(1 2a) (10 + 4 +43s) + , + , + o =

(21 24) (V30 + a) + v (A6)
where 13 = 2, and ¥y = 35 + 5. 0
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