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Abstract:

Consensus problem is investigated for heterogeneous multi-agent systems composed of first-order agents and second-order

agents in this paper. Leader-following consensus protocol is adopted to solve consensus problem of heterogeneous multi-agent systems
with time-varying communication and input delays. By constructing Lyapunov-Krasovkii functional, sufficient consensus conditions in
linear matrix inequality (LMI) form are obtained for the system under fixed interconnection topology. Moreover, consensus conditions
are also obtained for the heterogeneous systems under switching topologies with time delays. Simulation examples are given to illustrate

effectiveness of the results.
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1 Introduction

In the past decade, consensus problem, which means that
each agent reaches an agreement on a common value asymp-
totically by cooperating with their neighbors, has attracted
much attention in several areas for its broad engineering
applications, such as automated highway systems, air traf-
fic control, congestion control in communication networks,
etc.

In the multi-agent systems, each agent needs certain in-
put delay for itself to accept and process information, and
communication delays between neighboring agents are non-
negligible when the agents exchange information. So far,
two types of consensus protocols with communication de-
lays have been extensively adopted. One is that both the
state of the agent and its neighbors are affected by identi-
cal delays, while another is that delays only affect the state
received from neighbors of the agents.

Up to now, there has been much research on consen-
sus problem of first-order' =% second-order"~'), and high-
order?® 2 multi-agent systems with identical agents’ dy-
namics. In some practical situations, however, the agent of
multi-agent systems has different dynamics for various con-
straints. Hence, consensus problem of heterogeneous multi-
agent systems has attracted many researchers’ interests.

For heterogeneous multi-agent systems composed of first-
order and second-order integrator agents, Zheng et al.[??]
discussed the consensus problem under the linear consen-
sus protocol and the saturated consensus protocol, and the
sufficient conditions were established when the communi-
cation topologies were undirected connected graphs and
leader-following networks. Zheng and Wang[23] studied the
finite-time consensus problem of heterogeneous multi-agent
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systems, and two classes of consensus protocols with and
without velocity measurements were proposed by combin-
ing the homogeneous domination method with the addi-
tion of power integrator method. Liu and Liu®¥ investi-
gated consensus problem for discrete-time heterogeneous
multi-agent systems composed of first-order and second-
order agents, and obtained the sufficient consensus crite-
ria for the agents with bounded communication delays un-
der fixed topology and switching topologies, respectively.
Moreover, Yin et al.[?"] investigated the consensus problem
for a set of discrete-time heterogeneous multi-agent systems
and designed a consensus algorithm based on the event-
triggered communication scheme, where communication is
only needed between the agent and its local neighbors. In
addition, a sufficient condition is obtained to guarantee the
consensus of heterogeneous multi-agent systems in terms
of linear matrix inequality (LMI) based on the Lyapunov
functional method and the Kronecker product technique.
Tian and Zhang[%] studied the high-order consensus prob-
lem for heterogeneous multi-agent systems with unknown
communication delays, and got a necessary and sufficient
consensus condition. Munz et al.?”) considered the multi-
agent systems with agents’ dynamics given by strictly stable
linear systems with nonuniform communication delays, and
set-valued consensus conditions have been acquired based
on the properties of the frequency-domain feedback matrix.

In this paper, a general stationary consensus protocol is
adopted for heterogeneous multi-agent systems with input
and communication delay to follow a static leader. Firstly,
consensus is analyzed for the system with time-varying
input delay and communication delay under fixed topol-
ogy. By constructing Lyapunov-Krasovskii functional, suf-
ficient consensus condition is obtained and expressed in LMI
form. Secondly, a delay-dependent consensus condition in
the form of LMI is also obtained for the system with time-
varying input delay and communication delay converging
to the leader’s states under switching topologies. By using
LMI toolbox in Matlab software, the bound of time delay
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can be determined based on LMI.

2 Problem description

In this paper, it is assumed that the heterogeneous multi-
agent system is composed of m second-order agents and n-m
first-order agents. The dynamics of heterogeneous multi-
agent systems are given as

&i(t) = vi(t),
bit) = wi(t), i=1,2,---,m (1)
@i(t) = ui(t),

t=m+1,---,n

where x; € R, v; € R are the position, velocity and u; € R
is the control input respectively of agent 1.

The interconnection topology of multi-agent systems is
usually described as directed graph (digraph). Let G =
(V, E, A) as the weighted digraph, V = {1,--- ,n} is a set of
vertices, £ C V x V is a set of edges, and A = [a;;] € R™*"
is a weighted adjacency matrix such that a;; > 0and a;; =0
for all ¢ = 1,--- ,n. The node indexes n belong to a finite
index set A = {1,--- ,n}. The set of neighbors of node 7 is
denoted by N; = {j € V(4,j) € E}. The Laplacian matrix
of the weighted digraph G is defined as L = D — A, where
D = diag{>_7_, ai;,i € A} is the degree matrix of G.

Based on the protocols in [8, 15], we proposed a consen-
sus protocol with a static leader as follows

ui = —k2vi(t) + k1 Z aij(x;(t) — i (t))+
bi(zo — (1)),

u; = Z aij(arj(t) — Z'z(t)) + bi(xo - l'i(t)),

1:1)27""7m (2)

i=m+1,---,n

where k1 > 0,k2 > 0, a;; > 0,7 € N; is the adjacent
element of neighbors matrix A. xo € R is a constant that
denotes the position of the static leader, and the linked
weight b; from agent i to the leader is defined as

bi >0,
b =0,

In this paper, the interconnection topology composed of
the n agents and the static leader is denoted by G.

Under the time-varying input delay 7(¢) > 0 and the
communication delay n(¢) > 0 between each agent, the pro-

tocol (2) can be written as

if agent is connected to the leader,
otherwise.

w; = —kavi(t — 7(t) + k1 Y @i (¢ —n(t) —7(1)—

j=1

zi(t —7(t))) + bi(zo — z:i(¢)), 1=1,2,---,m (3)

bi(xo —zi(t)), i=m+1,---,n.

With the consensus algorithm (3), the closed-loop form

of system (1) is
&i(t) = wvi(t),
0i(t) = —kavi(t — (1)) + k1 Z aij(z;(t —n(t) —7(t))—

wi(t = 7(1))) + bi(wo — z(1)),

&i(t) = Z agj(;(t =n(t) = 7(8)) — zi(t = 7(2)))+

7::172,"',77’1,,

3

bi(zo — zi(t)),
Define #;(t) = zi(t) — o, and we can get
Zs(t) = vs(t),
05 (t) = —kaImvs (t = 7(1)) + k1 [AssTs(E = n(t) — 7(8))+
Aspy(t —n(t) = 7(t)) = DsZs(t — 7(1))] — BsZs(1),
2p(t) = ApsZs(t —n(t) = 7(t)) + Aps2s(t —n(t) — 7(t))—

i=m+1,-,n (4)

Dyzp(t —7(t)) — Bray(t) (5)
where Zs = [Z1,Z2, -+ ,%m], Vs = [v1,V2, -+ ,VUm], and
j"f = [j’m“'la e 7jn} Ass S Rmxm is the adja—

cency matrix of second-order agents between each other,
Agp € R™X(=m) g the adjacency matrix of first-
order agents between each other, A,y € R™ (™™ and
Ays € R("~™)X™ ig adjacency matrix between first-order
and second-order agents, and Bs = diag{bi, - ,bm}, By =
diag{bm+1, cee ,bn}

Then, system (5) can be rewritten as

y(t) = Hiy(t) + Hay(t — 7(8)) + Hay(t — n(t) — 7(t)) (6)

where

0 I 0
y (1) = [2s(t),vs(t), ;)] Hi=| =Bs 0 0 |,
0 0 —By
0 0 0
Hy = —k1Ds  —kolp, 0
0 0 —Dy
and
0 0 0
HS = _klAss 0 klAsf

Aps 0 Agy

Therefore, the consensus convergence problem of multi-
agent system (4) is equivalent to the asymptotic stability of
system (6).

3 Consensus analysis

First of all, the assumptions about the input delay and
communication delay are made as follows.

Assumption 1. 0< 7(¢) < 0,0<7(t) < p< 1,0 >0,
t > 0.

Assumption 2. 0 < 7(t) < h,0< () <d <1,h>0.

In the proof of the main results, moreover, the following
lemma is needed(?®!.

Lemma 1. Assume that 0 < n(t) < h,h > 0 is piece-
wise continuous function. For arbitrary differentiable vec-
tor function z(t) : [—h,00) — R"™ and arbitrary positive
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definite matrix M € R"™*™, the following inequality is es-
tablished:

(/tin(t) jsT(s)ds> M (/tin(t) d:(s)ds) <

h/ z(s)ds, t=0.

3.1 Fixed topology

In this section, consensus is analyzed for system (4) with
time-varying input delay and time-varying communication
delay under fixed topology.

Theorem 1. 7(t) and n(t) satisfy Assumptions 1 and 2,
respectively, and the interconnection topology G of multi-
agent system (4) has the leader as a globally reachable
node. Then, multi-agent system (4) achieves an asymptotic
consensus such that lim¢—o z;(t) = xo, lim¢—oo vi(t) = 0,
1 € A, if the following LMI

Mll M12 M13
Moo  Mas <0 (7)
x  Mss

holds, where

My = H{ P+ PH, + Q1 +ocH{ RiH, + hH{ RoH,—
o 'Ry

My = PHy + cH{ RiHy + hHY RoHs + 0 'Ry

M3 = PH3 + cH{ RiHs + hH{ Ry Hs

Mo = (1 — p1)(Q2 — Q1) + 0Hy RiHa + hHy Ry Ha—
o 'Ri—h 'Ry

Moz = ocHy RiHs + hH] RyHs +h™ 'Ry

Mss = (d+ p — 1)Qa2 + o Hy R1Hs + hHZ Ry Hz—
h™ "R

and P, Q;, R;, j = 1,2, 3 are positive definite matrices with
appropriate dimensions.

Proof. Choose a Lyapunov-Krasovskii functional for the
system (6) as follows:

V(t) = Vi(t) + Va(t) + Vs(¢)

Vi) = yT<t>Py<>
/ (5)Quy(s)ds+
/ t W(T:) (e
/ /H s)Ruj(s)dsdd+
[ /H §) Ray(s)dsdo.

Calculating the derivative of V(t), we get

V() =y (t)Pyt)+y @) Pyt) + (1 — p)y* (t—7(t))
(Q2 — QUy(t —7(t)) + (d+ p— 1)y " (t — n(t)—

7(t))Qay(t — n(t) — 7(1)) + 0" (t) Rag(t)—
oMy () =y (= T()Ra(y(t) — y(t — 7(1)))+
hy" () Rug(t) —h ™ (y" (= 7() =y (¢ —n(t)~

T(O) Ra(y(t —7(t) — y(t —n(t) - ()))-

Based on Lemma 1, we have
(t)Me(t)

where o™ (t) = [y (£), y™ (t= (1)), y ™ (t=n(t) —(1))] and M
is defined as (7). Therefore, if (7) is established, the system
(6) is asymptotically stable, i.e., the agents in system (4)
achieve an asymptotic consensus.

In practice, the input delay between the controller and
actuator usually changes relatively slowly, but the deriva-
tive of communication delay may be greater than one or un-
known for various communication constraints. When 7 (¢)
satisfies Assumption 1 and the derivative of n(t) is not less
than one or unknown, we choose the following Lyapunov-

Krasovskii functional
/—o‘ /+€

s)Ray(s)dsdd.

V() <ot

V(t) = s)R19(s)dsdf+

/h G/H

Thus, we can obtain the following consensus condition.
g
Theorem 2. 7(t) satisfies Assumption 1, and d > 1,
or the derivative of n(¢) is unknown, and the interconnec-
tion topology G of multi-agent system (4) has the leader
as a globally reachable node. The agents in system (4)
achieve an asymptotic consensus, i.e., lim;—oo x:(t) = o,
lim;—oo vi(t) =0, ¢ € A, if the following LMI

Mypir Mgz Mpis
Mypoa Moz | <O
* Mf33

holds, where

My11 = HI' P+ PHy + oH RiHy + (h + o) H{ RoHi+
0 'Ri —(h+0) 'Ry
M1y = PHy + 0H{ RiHz + (h+0)Hy RoHs + 0 'Ry
My = PHs + ocH{ RiH3 + (h+ o) + H{ RoHz+
(h+0) "Ry
Mjoy = 0Hy RiHs 4 (h+0)Hy ReHs — 0 'Ry
Moz = 0Hy RiHz + (h+ 0)H{ RoHs
Mys3 = 0Hy RiHz + (h+0)Hy RoHs — (h40) 'R
and P, Qj, R; j = 1,2,3 are positive definite matrices with
appropriate dimensions.

The proof of Theorem 2 is similar to that of Theorem 1,
so we omit it to contain the length of this paper.
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3.2 Switching interconnection topology

The structure of the interconnection topology will change
as time changes due to the addition of new links or the ob-
stacles in links. For example, the communication range of
agents is limited, or the agents change communication links
and coupling weights. In this section, we investigate the
consensus problem of heterogeneous multi-agent systems
with switching topologies. Here, we assume that the num-
ber of switching topologies is finite. The set of topologies
is defined as Q = {Gy,w =1,2,--- , N}, and each digraph
G has the leader as the globally reachable node. The sys-
tem (4) with time-varying delays and switching topologies
can be represented as

Ts(t) = vs(t)

0s(t) = —kaIpmvs(t — 7(t)) + k1[Asszs(t
Afpr(t —n(t) — 7(t)) — Dzs(t
BY (zolm — z4(t))

Tp(t) = Afsas(t —n(t) —7(t)) + Afyap(t —n(t) — 7(t)—
Dyxp(t —7(t)) — By (x4(t) — woln). (8)

Taking the variable transformation Z;(t) = z;(t) — zo, we
can get

—n(t) —7(t)+
—7(®)]+

Zs(t) = vs(t)

0s(t) = —kalivs(t — 7(1)) + k1[AgsTs (t = n(t) — 7(2))—
Azt —n(t) — 7(t)) — DSas(t — (1)) —

Tp(t) = AfsZs(t —n(t) — 7(t)) + AFpzs(t —n(t) — 7(t))—
Dyzs(t —7(t)) — By as(t). 9)

System (9) can be rewritten as

y(t) = Hi'y(t) + Hy'y(t — 7(t)) + H3'y(t — n(t) — 7(1))

(10)
where
0 I® 0
y () =[2s(t),05(t), ()], Hi'=| —BY 0 0 ;
0 0 -BY
0 0 0
HY = | —kiD?Y —koI® 0 ,
0 0 —DY¥
and
0 0 0
HY = | —kiAY, 0 ki
§s 0 Fr

Theorem 3. 7(t) and 7(t) satisfy Assumptions 1 and
2, and the interconnection topology G, of multi-agent sys-
tems (8) has the leader as a globally reachable node. Then,
multi-agent systems (8) reach an asymptotic consensus, i.e.,
lmy oo 24 () = xo, limy—oo vi(t) = 0, ¢ € A, if the following
LMIs

Msll M512 MSI3
Moz M2z | <0 (11)
* Ms33

hold for w =1,2,--- , N, where

M1 = HY"P+ PHY + Q1+ Q2 + o Hy RiH{+
(h+0)HY " RoHY —6 'R1 — (h+0) 'Ry

M2 = PHY 4+ o H{"" Ry Ho+
(h+o)H"RoHY + 0™ 'Ry

Mas = PHY + o HY RiHy' + (h+0) + H{"" RoHY +
(h+0) "Ry

Mg = (u—1)Q1 + o HY "RiHY + (h + o)
071R1

Moz = o HY TR HY + (h + o)HY"" Ro HY

Mz = (d+p—1)Q2 + o Hg R1HY +
(h+o)HY"RoHY — (h+0) 'Ra

HYTR,HY —

and P,Q;, Rj,j = 1,2,3 are positive definite matrices with
appropriate dimensions.
Proof. Choosing a Lyapunov-Krasovskii functional for
system (10)
V(t) = Va(t) + Va(t) + Va (),

Vi(t) = y" (t) Py(t),
Va(t) = T(s 1y(s)ds
(1) /”my (5)Quy(s)ds+

t

/ 57 (5)Qay(s)ds,
t— eta(t)—7(t)

/ / s$)R1y(s)dsdl+
—0o +6

/ / $)R2y(s)dsdd.
h—o +6

Calculating the derivative of V(t), we get

V() =g  (0)Py(t) +y" Py(t) +y" (£)(Q1 + Q2)y(t)+
(b= Dy (t—7(1)Quy(t — 7(t) + (d+p— 1)y"
(t—n(t) = 7(£)Qay(t — n(t) — 7(t)) + oy ()
Rug(t) —o ' (y" () =y  (t — 7(2) Ra(y(t)—

y(t —7(t) + (h+ o)y (t) Ray(t)—
(h+0)  y (t—7(t) —y" (t —n(t) — (1))
Ra(y(t —7(t)) —y(t —n(t) — 7(t)))-

From Lemma 1, we have
¢ (HMp(t) (12)

where " (t) = [y (1), y" (t—7(1)),y" (t—n(t) —7(t))] and M
is defined as (11). Therefore, if (11) is established, the sys-
tem (10) is asymptotically stable, i.e., the agents in system
(8) reach an asymptotic consensus.

Remark 1. If 7(¢) satisfies Assumption 1, and d > 1
or the derivative of n(t) is unknown, we can use the same
Lyapunov-Krasovskii functional as that in Theorem 2. to
get the consensus condition for the system with switching
topologies, but we omit it here to avoid repetition.

V(t) <
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4 Simulation results

In this paper, we assume that the multi-agent system is
composed of two second-order agents and three first-order
agents and a static leader, and the leader is the globally
reachable node of the topology.

Example 1. The interconnection topology of system (4)
is given in Fig. 1. The node 0 is the static leader, and the
nodes 1,2 and the nodes 3,4,5 denote second-order agents
and first-order agents respectively. We assume that the
weights of edges are: a12 = 1,a23 = 0.2,a34 = 0.2,a45 =
0.3,as52 = 0.3,bs = 1.5. and the control gains are chosen as
ki1 = 0.1 and k2 = 1. The position of static leader is chosen
as o = 1, and the initial position and velocity of each node
are generated randomly.

0 5 4
O )
®

1 2 3

Fig.1 Interconnection topology with five agents and a leader

1) The input delay and communication delay are time-
varying. We choose n(t) = 6 |sin(0.1¢)| (s), and the deriva-
tive of n(t) is less than 1 that satisfies Assumption 1.
By using the LMI toolbox in Matlab for the LMI (7) in
Theorem 1, we can get 7 < 0.478s. In this section, we
assume that 7(t) = 0.3 |sin(¢)| (s), and the simulation re-
sults are shown in Fig. 2. Thus, each agent converges to the

leader’s state, i.e., lim;— oo xi(t) = 20,4 =1,2,--- , 5.
101>
I N - Leader
5 ~~ = Follower|
e D =
of -~ - -~
, P
L’ -
_5L - . ) )
0 20 40 60 80
Time (s)
6
3
-
ol
-3
0 20 40 60 80
Time (s)

Fig.2 Agents with d < 1 under fixed topology

2) We choose d > 1 and 7n(t) = 6 [sin(¢)| (s) that satisfies
Theorem 2. From the condition (7), we can get 7 < 0.417s.
Choosing 7(¢t) = 0.3]sin(t)| (s), and we obtain that each
agent converges to the leader’s state, i.e., lim;—oo x;(t) =
1,4 =1,2,---,5 and lim¢—~oovi(t) = 0, ¢ = 1,2. The
simulation results are shown in Fig. 3.

3 Fe Leader
A Follower
K Of , 7
/
’
51
0 20 40 60 80
4 Time (s)
2
=~ 0f
-2
-4
0 20 40 60 80
Time (s)

Fig.3 Agents with d > 1 under fixed topology

Example 2. Consider a network of five agents and a
static leader given by (8). The interconnection topology of
the system is switched between the topology 1 in Fig. 4 and
the topology 2 in Fig.5. In the simulation, the intercon-
nection topology is switched from topology 1 to topology 2
every 5s. In topology 1, we choose the weights as: a2 =
0.2,a32 = 0.3, a42 = O.O5,a45 = 0.05,&52 = O.3,b2 = 1.2.
In topology 2, we choose the weights as: a5 = 0.1,a21 =
0.1,a32 = 0.3,a43 = 0.1,as53 = 0.3,b1 = 0.8. Topology 1
and topology 2 has the same control gains that are given
by k1 = 0.2 and k2 = 1.

0 5 4

O

@-

1 2 3
Fig.4 Topology 1

0 5 4

1 3 3
Fig.5 Topology 2

1) Consider the input delays and communication de-
lays are time-varying. Choose 7n(t) = 6 [sin(0.027t)] (s)
and the derivative d < 1 satisfying Assumption 1. By
using the LMI toolbox in Matlab for the LMI (11) in
Theorem 2, we get 7 < 0.812s. In this section, we as-
sume 7(t) = 0.3 [sin(0.57t)| (s), and we obtain that each
agent in system (8) converges to the leader’s state, i.e.,
lim¢— 0o :L’Z(t) = Xo, = 1,2,"' ,5 and lim¢— oo Ul(t) = O7
¢ =1,2. The simulation results are shown in Fig. 6.

2) Choose n(t) = 6[sin(2¢t)| (s) that satisfies d > 1.
From condition (11), we can get 7 < 0.79s. By choos-
ing 7(t) = 0.3|sin(0.57t)| (s), the closed-loop system (8)
achieves an asymptotic consensus, i.e., lim; o x:(t) = 1,
limi—oovi(t) = 0, ¢ = 1,2,---,5. The simulation results
are shown in Fig. 7.
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Leader
2H W —----Follower

0 20 40 60 80
Time (s)

-5 " . .
0 20 40 60 80
Time (s)

Fig.6 Agents with d < 1 under switching topologies

10 T - :
skN Leader
6 1’ L R Follower|
|
= 4 l\ r\/\ A
2 n ,\4 ! -
op -
-2
0 20 40 60 80
10 Time (s)
5
-
0 L
-5 . . .
0 20 40 60 80

Time (s)

Fig.7 Agents with d > 1 under switching topologies

5 Conclusion

In this paper, a stationary leader-following consensus
protocol is adopted to solve the consensus problem for
heterogeneous multi-agent systems composed of first-order
and second-order agents with time-varying input delay and
communication delay under fixed topology and switching
By constructing Lyapunov-Krasovskii func-
tional, the sufficient consensus conditions are provided for
the heterogeneous multi-agent systems with time-varying
input delay and communication delay under fixed and
switching topologies respectively. Furthermore, consensus
conditions are obtained for unknown or different values of
the derivative of communication delay. Although the con-
sensus conditions are all formulated in the form of LMIs, the
main results provide consensus criteria to obtain the time
delay upper-bounds by using the LMI tool box in Matlab.

topologies.
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