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Abstract: This paper deals with the problem of the state estimation and the sensor faults detection for nonlinear perturbed systems

described by Takagi-Sugeno (T-S) fuzzy models with unmeasurable premise variables. Indeed, a T-S observer is synthesized, in

descriptor form, to estimate both the system states and the sensor faults simultaneously. The idea of the proposed approach is to

introduce the sensor fault as an auxiliary variable in the state vector. Besides, the T-S model with unmeasurable premise variables

is reduced to a perturbed model with measurable variables. Convergence conditions are established with Lyapunov theory and the

H∞ performance in order to guarantee the best robustness to disturbances. These conditions are expressed in terms of linear matrix

inequalities (LMIs). The parameters of the observer are computed using the solution of the LMI conditions. Finally, a numerical

example is given to illustrate the design procedures. Simulation results show the satisfactory performances.
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1 Introduction

In most practical control systems, unexpected faults or

failures are often unknown and occur at uncertain time in

most cases. These malfunctions may lead to degradation

of performance and even to system instability. To improve

the reliability of such systems, research on faults detection

and isolation has received considerable attention in the past

two decades (see [1–4]). Specially, several researches have

exploited the fuzzy modeling approach for control and di-

agnosis of nonlinear systems (see [5–9]). Indeed, the main

feature of a Takagi-Sugeno (T-S) fuzzy model is based on

the interpolation of linear sub-models by nonlinear weight-

ing functions satisfying the convex sum property. These

sub-models represent local behaviors of the nonlinear sys-

tem. Therefore, the T-S fuzzy model has proven to be a

powerful tool in the analysis and identification of nonlinear

and complex system[10−12].

Very interesting approaches were proposed for diagno-

sis of T-S fuzzy systems subject to sensor and actuator

faults by using different techniques. These techniques in-

clude sliding mode observer, piecewise Lyapunov functions,

linear matrix inequality (LMI) approach, fuzzy descriptor

approach, adaptive thresh-old technique and bounded-error

approach (BEA algorithm) (see [13–17]). Special attention

was given to the diagnosis of T-S fuzzy systems with H∞
performance[4, 18]. In [14], a robust observer was presented

and applied to electro-mechanical pitch drive systems of

wind. The synthesis of this observer is based on faults detec-

tion approach combined with the sliding mode for T-S fuzzy

systems. The problem of H∞ fuzzy observer based non-

parallel distributed compensation (Non-PDC) controller de-
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sign for uncertain T-S fuzzy systems with external distur-

bances was proposed in [19]. This is done using a fuzzy Lya-

punov function and the descriptor redundancy approach.

The authors in [20] developed a singular approach to design

an observer for T-S fuzzy systems with unknown output

disturbance and its application to estimate sensor faults.

The singular approach was also developed in [18] to investi-

gate H−/H∞ faults estimation and detection for T-S fuzzy

systems with unknown bounded disturbance. The problem

is solved with a sufficient conditions based on an iterative

LMI procedure[21]. In [22] a fuzzy adaptive backstepping

output feedback control was constructed for a class of non-

linear systems with unknown time-delay based on a fuzzy

observer to estimate unmeasured states. The authors in

[23] proposed a robust fault detection approach for non-

linear systems using Lyapunov techniques and provided a

sufficient condition for the existence of a robust observer.

In this study, motivated by the work in [24], we use the

fuzzy descriptor approach to investigate sensor faults esti-

mation with unmeasurable premise variables of T-S fuzzy

system affected by unknown bounded disturbance. By con-

sidering the sensor faults term as an auxiliary state vector,

an augmented descriptor system is constructed. A suitable

Lyapunov matrix in the form of LMI is used to find out the

gains of the fuzzy observer with H∞ performance without

recourse to the hard calculation of block matrix inversion

which gives nonlinear and complex terms like in [24].

The outline of this paper is as follows. In Section 2,

the class of studied systems and a background results are

given. Robust fault detection based-observer design with

unmeasurable premise variables is given in Section 3. Sec-

tion 4 presents an example to illustrate the effectiveness

of the proposed method. Concluding remarks are given in
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Section 5.

Notation. XT and X−1 are the transpose and the in-

verse of matrix X, respectively. Sym(X) = X + XT. I is

the identity matrix with appropriate dimension.

2 System description and background

results

Consider the nonlinear system described by the following

fuzzy IF-THEN rules:

Rule i :

IF ξ1(t) is M1i and, · · · , and ξg(t) is Msi, THEN

ẋ(t) = Aix(t) + Biu(t)

y(t) = Cx(t)
(1)

where x(t) ∈ Rn is the state vector, u(t) ∈ Rm is the in-

put vector and y(t) ∈ Rp is the output vector. Ai, Bi and

C are constant real matrices with appropriate dimensions.

ξj(j = 1, · · · , g) are the premise variables assumed measur-

able. Mij(i = 1, · · · , r; j = 1, · · · , s) are the fuzzy sets and

r is the number of rules.

By fuzzy blending, the overall fuzzy model with sensor

faults fs(t) and affected by unknown bounded disturbance

d(t) is inferred as follows:

ẋ(t) =

r∑

i=1

μi

(
ξ(t)

)(
Aix(t) + Biu(t) + Bdd(t)

)

y(t) = Cx(t) + Dsfs(t)

(2)

where

μi(ξ(t)) =
ωi(ξ(t))

r∑

i=1

ωi(ξ(t))

ωi(ξ(t)) =
r∏

j=1

Mij(ξj(t)).

Hence, μi(ξ(t)) satisfies

r∑

i=1

μi(ξ(t)) = 1 and μi(ξ) > 0 for i = 1, · · · , r

where Bd and Ds are matrices with appropriate dimensions.

For sake of simplicity, the time variable (t) is omitted in the

followings.

In order to estimate state vector x and sensor fault fs,

an augmented system is constructed using the descriptor

technique. Then the T-S fuzzy system (2) can be written

as follows:

Ē ˙̄x =
r∑

i=1

μi(ξ)
(
(Āix̄ + B̄iu) + Nxs + B̄dd

)

y = C̄x̄ = C0x̄ + xs (3)

where

xs = Dsfs, x̄ =

[
x

xs

]

Ē =

[
In 0

0 0

]
, Āi =

[
Ai 0

0 −Ip

]
, B̄i =

[
Bi

0

]

N =

[
0

Ip

]
, B̄d =

[
Bd

0

]
, C0 =

[
C 0

]
, C̄ =

[
C Ip

]
.

Vector xs is considered as an auxiliary state of the aug-

mented system (3). So if the state estimation of the aug-

mented system (3) exists, then the state estimation of the

original system (3) and the fault estimation exist too.

Based on this model, the following fuzzy observer struc-

ture is adopted

Eż =
r∑

i=1

μi(ξ)
(
Fiz + B̄iu

)

ˆ̄x = z + Ly (4)

where z ∈ Rn+p is an auxiliary state vector of the observer

and ˆ̄x ∈ Rn+p is the state estimation of (3).

Lemma 1[24]. If there exist positive definite symmetric

matrices P1 and P2, matrix R, non singular matrix M and

scalar γ > 0 such that the following LMI is satisfied for

i = 1, · · · , r,
⎡

⎢⎣
Sym(P1Ai) + Sym(Z1C) + In ∗ ∗

ZT
1 − P2CAi − Z2C −Sym(Z2) ∗

P1 −CTP2 −γ2I

⎤

⎥⎦ < 0

(5)

then there exist a fuzzy observer in the form (4) to asymp-

totically estimate the state and fault sensor for fuzzy system

(2). The observer parameters are given by

Fi =

[
Ai 0

−C −Ip

]
(6)

L =

[
0

Ip

]
(7)

E =

[
In + RC R

MC M

]
(8)

where

M = (P−1
2 Z2 − CP−1

1 Z1)
−1 (9)

R = P−1
1 Z1M. (10)

Remark 1. Conditions (5)–(10) in Lemma 1 were ob-

tained by using Lyapunov techniques. This approach re-

quires the calculation of the inverse of matrix E which yields

nonlinear and complex terms. Moreover, the approach uses

a diagonal Lyapunov matrix in the form P = diag(P1, P2)

which is too restrictive.

Remark 2. The T-S model representation is very in-

teresting since it allows to simplify the stability analysis

of nonlinear systems. In [18, 20, 24], the authors used the

tools inspired directly by the study of linear systems. In

[25, 26] the authors worked on the problem of state esti-

mation and application for diagnosis of T-S fuzzy systems.

However, they assumed that the premise variable ξ(t) is

measurable, i.e., ξ(t) = u(t) or ξ(t) = y(t). In the diagnosis

problem, this hypothesis imposes to conceive a bank of ob-

servers based on multiple models whose weighting functions

depend on the input u(t), for the detection and isolation of
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the sensor faults, or on the output y(t) for the detection and

isolation of the actuator fault. This requires the elaboration

of two different T-S models for the same nonlinear system.

Hence, it is interesting to develop only one T-S model which

considers the system state as premise variable. This is the

case of the present paper. Thus, in the next section we

develop an observer to estimate the system state and the

sensor fault for the system with weighting functions depend-

ing on the system state. The observer weighting functions

will depend on the measurements.

3 Design of robust descriptor observer

with unmeasurable premise variables

In this section, we assume that the weighting functions

that depend on the system state, then system (2) becomes

ẋ =
r∑

i=1

μi

(
x
)
(Aix + Biu) + Bdd

y = Cx + Dsfs. (11)

Adding and subtracting the term
∑r

i=1

(
μi(x̂)

)(
Aix +

Biu
)
, we obtain the following equivalent system with the

weighting functions depending on the estimated state.

ẋ =
r∑

i=1

μi

(
x̂
)
(Aix + Biu) + Bdd + w

y = Cx + Dsfs (12)

where

w =
r∑

i=1

(
μi(x) − μi(x̂)

)(
Aix + Biu

)
.

The global system (12) can be rewritten as follows

ẋ =

r∑

i=1

μi(x̂)(Aix + Biu) + B̃dv

y = Cx + Dsfs (13)

where B̃d =
[
Bd I

]
and v =

[
dT wT

]T

.

In the augmented form, model (13) becomes

Ē ˙̄x =

r∑

i=1

μi(x̂)(Āix̄ + B̄iu) + Nxs + ¯̃Bdv

y = C̄x̄ = C0x̄ + xs (14)

where

xs = Dsfs, x̄ =

[
x

xs

]

Ē =

[
In 0

0 0

]
, Āi =

[
Ai 0

0 −Ip

]
, B̄i =

[
Bi

0

]
,

N =

[
0

Ip

]
, ¯̃Bd =

[
B̃d

0

]
, C0 =

[
C 0

]
, C̄ =

[
C Ip

]
.

Let us consider the following fuzzy observer with unmea-

surable premise variables

Eż =
r∑

i=1

μi(x̂)(Fiz + B̄iu)

ˆ̄x = z + Ly (15)

where z ∈ Rn+p is an auxiliary state vector of the observer

and ˆ̄x ∈ Rn+p is the state estimation of (3). By substituting

z = ˆ̄x−LC̄x̄ = ˆ̄x−LC0x̄−Lxs into the differential algebraic

equation of (4), we obtain

E ˙̄̂x − ELC̄ ˙̄x =

r∑

i=1

μi

(
ξ
)(

Fi

(
ˆ̄x − LC0x̄ − Lxs

)
+ B̄iu

)
. (16)

Subtracting (16) from (3) yields

(
Ē+ELC̄

)
˙̄x − E ˙̄̂x = ¯̃Bdv +

r∑

i=1

μi

(
ξ
)×

((
Āi + FiLC0

)
x̄ − Fi ˆ̄x +

(
N + FiL

)
xs

)
. (17)

Let the error estimation be defined by ē = x̄ − ˆ̄x, and

suppose that

E = Ē + ELC̄, (18)

Fi = Āi + FiLC0, (19)

N = −FiL. (20)

The error dynamic can then be written as follows

E ˙̄e =
r∑

i=1

μi

(
ξ
)
Fiē + ¯̃Bdv. (21)

Notice that substituting (20) into (19) one gets

Fi =

[
Ai 0

−C −Ip

]
. (22)

Considering (19) and taking account of the expression of

Āi above we get
[

Ai 0

−C −Ip

]
=

[
Ai 0

0 −Ip

]
+

[
Ai 0

−C −Ip

] [
L1

L2

] [
C 0

]
=

[
Ai 0

0 −Ip

]
+

[
A 0

−C −Ip

] [
L1C 0

L2C 0

]
=

[
Ai + AiL1C 0

−CL1C − L2C −Ip

]

from which a unique choice of L follows as L1 = 0 and

L2 = Ip or

L =

[
0

Ip

]
. (23)

Therefore, condition (18) becomes

E =

[
In 0

0 0

]
+ E

[
0 0

C Ip

]
=

[
In 0

0 0

]
+

[
E12C E12

E22C E22

]
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from which we get

E11 = In + E12C

E12 = E12

E21 = E22C

E22 = E22.

Let R = E12 and M = E22; then E becomes

E =

[
In + RC R

MC M

]
= Ē + KC̄ (24)

with K =
[
RT MT

]T

.

Matrices R and M can be chosen in such a way that E

is invertible.

Then, the error dynamic (21) becomes

˙̄e =

r∑

i=1

μi(x̂)Siē + G̃v (25)

where

Si = E−1Fi , G̃ = E−1 ¯̃Bd. (26)

The following definition is borrowed from [27] with some

adaptation concerning the initial conditions.

Definition 1 (H∞H∞H∞ Problem). Given a real positive

scalar γ, find the observer parameters such that the estima-

tion error ē = x̄ − ˆ̄x is asymptotically stable with v(t) = 0

and the L2 gain between v(t) and ē satisfies
∫ ∞

0

ēTēdt
∫ ∞

0

vTvdt + Φ(0)

� γ2 (27)

where Φ(0) is a positive scalar depending on the initial con-

ditions.

Notice that when Φ(0) = 0, that is, the case of null initial

condition we get the standard expression used for the L2

gain approach.

To satisfy the stabilization conditions of system (25), we

propose Theorem 1 below.

Theorem 1. The T-S fuzzy system (25) is asymptot-

ically stable and satisfies the H∞ performances, if there

exist a positive definite symmetric matrix X and a matrix

Y such that the following LMI is satisfied, for i = 1, · · · , r
⎡

⎢⎣
Sym(FT

i XE1 + FT
i Y E2) + I ∗

¯̃BT
d XE1 + ¯̃BT

d Y E2 −γ2I

⎤

⎥⎦ < 0. (28)

The observer parameters R and M are then given by

K =
[
RT MT

]T

= Y X−1.

Proof. Consider the following Lyapunov function

V (ē) = ēTP ē with P > 0 and a positive scalar γ such

the following condition

V̇ (ē) + ēTē − γ2vTv � 0 (29)

holds.

Therefore, integrating the inequality above from zero to

+∞, we get

lim
T→+∞

V − V (e(0)) +

∫ ∞

0

ēTēdt − γ2

∫ ∞

0

vTvdt � 0

from which we get

− lim
T→+∞

V �
∫ ∞

0

ēTēdt − γ2

(∫ ∞

0

vTvdt +
V (e(0))

γ2

)

and since V (·) is positive it comes that (27) is satisfied and

the system achieves an H∞ bound less than γ.

Therefore, to satisfy (29) we have

V̇ (ē) + ēTē − γ2vTv =
r∑

i=1

μi

(
ξ
)
ēT(ST

i P + PSi)ē+

vTG̃TP ē + ēTPG̃v + ēTē − γ2vvT =

r∑

i=1

μi

(
ξ
)
⎡

⎢⎣
ē

v

⎤

⎥⎦

T ⎡

⎢⎣
ST

i P + PSi + I P G̃

G̃TP −γ2I

⎤

⎥⎦

⎡

⎢⎣
ē

v

⎤

⎥⎦

from which we deduce that
⎡

⎢⎣
ST

i P + PSi + I ∗

G̃TP −γ2I

⎤

⎥⎦ � 0 (30)

is a sufficient condition to satisfy (29).

From (26), we can write

⎡

⎢⎣
Sym(FT

i E−TP ) + I ∗

¯̃BT
d E−TP −γ2I

⎤

⎥⎦ � 0. (31)

Note that matrix E depends on the unknown matrices R

and M and to make the computation easier we have to get

rid of the term E−1 and get as a consequence an LMI where

R and M will be the decision variables. For this purpose,

we rewrite (31) as follows:

⎡

⎢⎣
Sym(FT

i E−TPE−1E) + I ∗

¯̃BT
d E−TPE−1E −γ2I

⎤

⎥⎦ � 0 (32)

and we proceed to a change of variable X = E−TPE−1 to

get
⎡

⎢⎣
Sym(FT

i XE) + I ∗

¯̃BT
d XE −γ2I

⎤

⎥⎦ � 0. (33)

Using (24), it comes then that condition (33) becomes

⎡

⎢⎣
Sym(FT

i XĒ + FT
i XKC̄) + I ∗

¯̃BdXĒ + ¯̃BdXKĒ −γ2I

⎤

⎥⎦ < 0. (34)

Since E is invertible and P > 0 so X is a positive definite

and symmetric matrix.
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Unfortunately, condition (28) is still not an LMI with

respect to K. Therefore, to get an LMI condition we have to

consider the change of variable Y = XK. Then, condition

(28) becomes
⎡

⎢⎣
Sym(FT

i XĒ + FT
i Y C̄) + I ∗

¯̃BdXĒ + ¯̃BdY C̄ −γ2I

⎤

⎥⎦ < 0. (35)

�
To compute the observer parameters, the following pro-

cedure is proposed.

1) For a given γ, compute matrices X and Y by solving

LMI (28).

2) Compute matrix K = X−1Y .

3) Deduce the observer gains Fi, L and E from (22), (23),

and (24), respectively.

The sensor faults estimation is defined by

f̂s = (DT
s Ds)

−1DT
s

[
0 In

]
ˆ̄x. (36)

Remark 3. Comparing the obtained result with [24],

we can see that in the present work a systematic method

is provided in order to compute the observer parameters.

The proposed method introduces more degrees of freedom

by means of two additional variables, which may lead to

less conservatism.

4 Numerical example

In order to illustrate the effectiveness of the proposed

approach, we consider an academic T-S system in the form

of (2) with the following matrices:

A1 =

⎡

⎢⎣
−2 1 1

−1 −3 0

−2 1 −8

⎤

⎥⎦ , A2 =

⎡

⎢⎣
−3 2 2

−1 −3 0.2

0.5 2 −5

⎤

⎥⎦ , B1 =

⎡

⎢⎣
1

−1

−2

⎤

⎥⎦

B2 =

⎡

⎢⎣
1

−1

0.5

⎤

⎥⎦ , C =

[
1 0 1

0 1 0

]
, Ds =

[
1 0

0 1

]
, Bd =

⎡

⎢⎣
1

0.5

0.8

⎤

⎥⎦ .

The membership functions for rules 1 and 2 are

μ1 =
1 − tanh(x1)

2
, μ2 =

1 + tanh(x1)

2
= 1 − μ1.

For a given γ = 0.68, we apply Theorem 1 and we get a

feasible solution for LMI (28) as follows:

X =

⎡

⎢⎢⎢⎢⎢⎣

0.44 0.32 −0.12 −0.42 −0.09

0.32 2.31 −1.41 1.76 −2.63

−0.12 −1.41 3.79 −4.74 2.49

−0.42 1.76 −4.74 236174.30 −2.91

−0.09 −2.63 2.49 −2.91 236171.61

⎤

⎥⎥⎥⎥⎥⎦

Y =

⎡

⎢⎢⎢⎢⎢⎣

0.13 −0.05

0.21 −1.05

−1.16 0.55

19682.75 −2328.38

2327.09 29522.69

⎤

⎥⎥⎥⎥⎥⎦
, K =

⎡

⎢⎢⎢⎢⎢⎣

0.44 0.15

−0.18 −0.37

−0.26 −0.08

0.08 −0.01

0.01 0.13

⎤

⎥⎥⎥⎥⎥⎦
.

Matrices M and R are deduced from the equality KT =[
RT MT

]
. The observer parameters are then computed

from (22), (23) and (24) as follows:

E =

⎡

⎢⎢⎢⎢⎢⎣

1.44 0.15 0.44 0.44 0.15

−0.18 0.63 −0.18 −0.18 −0.37

−0.26 −0.08 0.74 −0.26 −0.08

0.08 −0.01 0.08 0.08 −0.01

0.01 0.13 0.01 0.01 0.13

⎤

⎥⎥⎥⎥⎥⎦

F1 =

⎡

⎢⎢⎢⎢⎢⎣

−2 1 1 0 0

−1 −3 0 0 0

−2 1 −8 0 0

−1 0 −1 −1 0

0 −1 0 0 −1

⎤

⎥⎥⎥⎥⎥⎦

F2 =

⎡

⎢⎢⎢⎢⎢⎣

−3 2 2 0 0

−1 −3 0.2 0 0

0.5 2 −5 0 0

−1 0 −1 −1 0

0 −1 0 0 −1

⎤

⎥⎥⎥⎥⎥⎦

L =

[
0 0 0 1 0

0 0 0 0 1

]T

.

We suppose the sensor fault in the following form:

fs =

[
fs1

fs2

]
(37)

where

fs1 =

⎧
⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎩

0, 0 � t < 3.5

0.02(t − 3) + 0.2, 3.5 � t < 6

0, 6 � t < 12

0.2, 12 � t < 17

0, t � 17

fs2 =

⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

0, 0 � t < 6

0.1(−0.25t + 3.5), 6 � t < 8

0, 8 � t < 10

−0.15, 10 � t < 12

0, 12 � t < 14

0.15, 14 � t < 16

0, t � 16

and the input u = 0.1sin(t).

By applying Theorem 1, we obtain a set of feasible solu-

tions. The descriptor observer provides the estimated states

and faults. Figs. 1–3 show the state variables and their esti-

mation. The sensor fault estimation is presented in Figs. 4

and 5. Fig. 6 shows the estimation of the weighting func-

tions. By examining the different curves, we can say that

the estimation quality of the system states and the sensors
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faults provides a satisfying result despite the presence of

unknown bounded disturbance given by Fig. 7.

Fig. 1 Variable state x1 and its estimate

Fig. 2 Variable state x2 and its estimate

Fig. 3 Variable state x3 and its estimate

Fig. 4 Sensor fault fs1 and its estimate

Fig. 5 Sensor fault fs2 and its estimate

Fig. 6 Weighting functions µ1(x̂) and µ2(x̂)

Fig. 7 Disturbance d

5 Conclusions

This paper presents a robust observer with unmeasurable

premise variables for the T-S fuzzy model affected by sen-

sor faults and bounded input disturbances using descriptor

technique. In order to decouple the sensor faults, an aug-

mented descriptor model has been constructed by assuming

the sensor faults as an auxiliary state variable and the simul-

taneous estimates of the original state and sensor faults are

thus obtained. The convergence of the proposed observer

has been performed by the search of suitable Lyapunov ma-

trices. The main results are formulated in the form of LMI

with the H∞ criterion. Finally, simulation results are pre-

sented to verify the effectiveness of the proposed method.

The proposed observer can be extended to a technique for

actuator fault estimation and fault tolerant control.
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