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Abstract: This paper deals with the dynamics and control of a novel 3-degrees-of-freedom (DOF) parallel manipulator with

actuation redundancy. According to the kinematics of the redundant manipulator, the inverse dynamic equation is formulated in the
task space by using the Lagrangian formalism, and the driving force is optimized by utilizing the minimal 2-norm method. Based on
the dynamic model, a synchronized sliding mode control scheme based on contour error is proposed to implement accurate motion
tracking control. Additionally, an adaptive method is introduced to approximate the lumped uncertainty of the system and provide a

chattering-free control. The simulation results indicate the effectiveness of the proposed approaches and demonstrate the satisfactory
tracking performance compared to the conventional controller in the presence of the parameter uncertainties and un-modelled dynamics
for the motion control of manipulators.
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1 Introduction

Parallel manipulators have drawn continuous interest in
both academia and industry in the last few decades because
of their advantages compared to serial ones, such as higher
payload-to-weight ratio, higher structural rigidity, location
of motors at or close to the base and simplicity of the in-
verse displacement problem[1]. Most of the existing works
regarding parallel manipulator are built upon the concept
of traditional Gough-Stewart mechanism type, but such full
degree-of-freedom (DOF) manipulators are not necessary
for most industrial operations[2]. The parallel manipula-
tors with limited-DOF have most of the inherent superiori-
ties such as simple structure, high stiffness, high dexterity,
low inertia and large payload capacity. It can be widely
used for different kinds of practical applications and can be
made with lower manufacturing cost[3, 4]. The 3-DOF par-
allel manipulators, which are the most widely used, have
been considered to be one of the easiest ways to achieve
multi-DOF hybrid mechanism tools.

As is well known, for the limited-DOF parallel manipu-
lator, the reduction of DOFs can result in coupled motions
of the mobile platform, the kinematic and dynamic analysis
become very complex[5]. Moreover, when the manipulator
moves toward a singular configuration, its stiffness and ac-
curacy quickly deteriorate and its behaviour becomes dan-
gerous if the singularity is a degenerative one[6]. In order
to solve the problem and fully realize potential advantages
of the parallel manipulator, redundancy is introduced to
improve the ability and performance of parallel manipula-
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tor. It is believed that there are many advantages for the
redundant parallel manipulator such as avoiding kinematic
singularities, increasing workspace, improving dexterity, en-
larging load capability and so on[7−9]. The 3-DOF parallel
manipulator under consideration in this paper is a redun-
dantly actuated manipulator implemented by adding one
additional branch to the 3-DOF parallel manipulator.

Recently, the research of limited-DOF redundant parallel
manipulator mainly focuses on structural design, kinemat-
ics analysis, singularity analysis and dynamic modelling.
However, one of the main concerns in manipulator applica-
tions is to introduce an efficient control algorithm to realize
its benefits property and further potential. Generally, tra-
ditional proportional-differential (PD) and augmented PD
controllers are the preferred control schemes in actual paral-
lel manipulator[10]. However, they cannot always ensure the
better controller performance by virtue of strong coupling
and high nonlinearity of such a system[11]. On the other
hand, some advanced control algorithms for parallel ma-
nipulator have been studied by many researchers. In [12],
based on the dynamic model, a position and force switch-
ing control strategy is proposed for a planar 3-DOF parallel
manipulator with actuation redundancy. In [13], the dual-
space adaptive control is proposed to control the R4 re-
dundantly actuated parallel manipulator with high acceler-
ations. This control method can not only keep a very good
performance independent with operational case, but also
has a better performance than the dual-space feed forward
controller even when the latter is best configured to the
given case. Reference [14] discussed a hybrid position / force
adaptive control method for the redundantly actuated par-
allel manipulators, and optimized the actual driving joint
torques. Using an extended Kalman filter as state observer,
a suitably constructed state feedback controller is derived
and applied to redundant parallel robotic manipulator in
[15]. Moreover, state-space generalized predictive control is
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discussed for redundant parallel manipulators in [16]. Fo-
cusing on minimizing energy consumption, optimal control
theory is used to find the optimal distribution of the motion
between the actuators, constrained by physical limitations,
for a given end-effector path of redundant manipulation of
mechanism tools[17].

Since the mechanical structure of the parallel manipula-
tor contains a number of interconnected branch chains, the
designed controller for an active joint in each branch should
consider other branch chains with interconnections[18].
Moreover, some control strategies developed for controlling
the motion of parallel manipulator, require that the manip-
ulator parameters and the load are known in advance and
many of control techniques, such as proportional-integral-
differential (PID) control and fuzzy logic control, fail to give
satisfactory results in the presence of the parameters uncer-
tainties and the un-modelled dynamics in motion tracking
of the manipulators.

The sliding mode control (SMC) is a well-established
technique for control of uncertain systems acted upon by
immeasurable disturbance, which does not depend on the
accurate mathematical models of the controlled object and
is robust against bounded parameter variations, uncertain-
ties, and external disturbances[19, 20]. So it is suitable
for the control of parallel mechanism working in complex
environment[21−23]. Weng[24] used adaptive fuzzy sliding
mode control scheme for tracking the trajectory of par-
allel robot. Achili[25] adopted robust controller with re-
spect to external disturbances to improve the trajectory
tracking of parallel robot by combining neural network
and sliding mode technique. Redha et al.[26] introduced
a diagram of control based on SMC and applied iterative
learning control (ILC) to Delta parallel robot. Moreover,
Gao et al.[27−29] proposed chattering-free sliding mode con-
trol, integral-surface adaptive sliding mode control, adap-
tive neural network sliding mode control for the 2-DOF
and 6-DOF parallel robots with a strong coupling and high
non-linearity. However, many control techniques mentioned
above are in theoretical research stage or fail to give sat-
isfactory results in the presence of the parameters uncer-
tainties and the un-modelled dynamics in motion tracking
of the manipulators. To overcome these difficulties, in this
paper, a synchronized adaptive sliding mode control is pro-
posed based on the dynamic model to implement the ac-
curate motion control for a novel 3-DOF redundantly ac-
tuated parallel manipulator. Experiment results show that
the proposed control method can not only guarantee the
robustness of the system but also get rid of the inherent
chattering of sliding mode control.

2 Structure description

The parallel manipulator with actuation redundancy was
developed by Tsinghua University, which is composed of one
moving platform, three fixed-length links and four sliders,
as shown in Fig. 1.

The moving platform of the parallel module is connected
to the base through three fixed-length legs. The mov-
ing platform of the parallel module is connected to the
base through three fixed-length legs. The front two legs

are PRRR (P-prismatic joint, R-revolute joint) kinematic
chains in the same plane and the other leg is PPRR kine-
matic chain. Each slider of the parallel manipulator moves
along a gantry frame, which are driven by four servomotors
fixed on the columns[30]. The whole construction of the
parallel manipulator enables movement of the moving plat-
form in two directions (Y and Z axes) and rotation about
the axis normal to the O-Y X plane. From the view point
of the manipulator, three driving sliders are enough for the
manipulator to be capable of 3-DOF motion. The reason for
adding an additional slider is to introduce the advantages of
redundant manipulator to the parallel manipulator[31, 32].

Fig. 1 Prototype of redundantly actuated parallel manipulator

2.1 Inverse kinematics analysis

According to the mechanical features, the kinematic
model of the 3-DOF redundantly actuated parallel manipu-
lator is developed as shown in Fig. 2, where the connection
points of the actuated legs to the base are represented by
Bi and that to the moving platform are represented by Pi,
i = 1, 2, 3. In order to analyse the kinematics of the parallel
manipulator, two relative reference frames are assigned. A
fixed global reference system O-XY Z is located at the cen-
tre of the side B1B2 with the X-axis perpendicular to the
plane of the first two legs, the positive Y -axis is defined as
the direction B1B2, and the positive Z-axis determined by
the right hand rule. And the moving frame O′-X ′Y ′Z′ is
established on the moving platform at the center of P1P2,
when the manipulator is in the zero position with respect to
the Z′-axis perpendicular to plane O′-X ′Y ′Z′, the positive
Z′-axis is defined as the direction P1P2, and the X ′-axis
is determined by the right hand rule. Then the configura-
tion of the platform can be described by the coordinates
(0, y, z) of the point O′ with respect to the moving frame,
and the rotational angle β from Z′-axis to Z-axis. Thus,
the following generalized coordinates p = [y, z, β]T can be
chosen to describe the pose of 3-DOF parallel manipulator.

There are two types of kinematic analysis problems: In-
verse kinematics and forward kinematics. For inverse kine-
matics, the position and orientation of the moving platform
are given, and the displacement of the linear actuators and
active angles are to be found.

The position vector of joint point Bi (i = 1, 2, 3) with
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respect to O-XY Z can be described as

B1 =

⎡
⎢⎣

0

−R1

z1

⎤
⎥⎦ , B2 =

⎡
⎢⎣

0

R2

z2

⎤
⎥⎦ , B3 =

⎡
⎢⎣

−R3

y

z3

⎤
⎥⎦ (1)

where Ri (i = 1, 2, 3) is the distance from Bi to O, and
R1 = R2 = R.

Fig. 2 Kinematic model of the 3-DOF redundantly actuated

parallel manipulator

The position vector of joint point Pi with respect to O′-
X ′Y ′Z′ is expressed as

P ′
1 =

⎡
⎢⎣

0

−r1

0

⎤
⎥⎦ , P ′

2 =

⎡
⎢⎣

0

R2

0

⎤
⎥⎦ , P ′

3 =

⎡
⎢⎣

−r3

0

0

⎤
⎥⎦ (2)

where ri(i = 1, 2, 3) is the distance from Pi to O′, and
r1 = r2 = r.

As a result, the position vector of point Pi in the base
coordinate system O-XY Z can be obtained as

Pi = T B
MP ′

i + OB
M (3)

where OB
M is the position vector of the origin O′ with respect

to O-XY Z, which can be defined as OB
M = [y, z, β]T, T B

M is
the rotation transformation matrix from {T} to {B}, which
can be expressed as

T B
M =

⎡
⎢⎣

cosβ 0 sinβ

0 1 0

−sinβ 0 cosβ

⎤
⎥⎦ . (4)

Then, the position vector of point Pi in the base coordinate
system O-XY Z can be written as

P1 =

⎡
⎢⎣

0

y − r1

z

⎤
⎥⎦ , P2 =

⎡
⎢⎣

0

y + r2

0

⎤
⎥⎦ , P3 =

⎡
⎢⎣

−r3 cos β

y

z + r3 cos β

⎤
⎥⎦ .

(5)

Using the parameters defined in Fig. 2, the constraint
equations associated with the i-th kinematic chain of the
parallel manipulators are expressed as

⎧⎪⎨
⎪⎩

(y − r + R)2 + (z − z1)
2 = L2

1

(y + r − R)2 + (z − z2)
2 = L2

2

(−R3 + r3cosβ)2 + (z3 − r3sinβ − z)2 = L2
3.

(6)

Solving the above equations, we get the inverse kinematic
solution as

⎧⎪⎨
⎪⎩

z1 = ±
√

L2
1 − (y − r + R)2 + z

z2 = ±√
L2

2 − (y + r − R)2 + z

z3 = ±
√

L2
3 − (R3 − r3cosβ)2 + z + r3sinβ + z.

(7)

From (7), we can see that there are eight inverse kinemat-
ics solutions for a given pose of the parallel manipulator. To
obtain the inverse configuration as shown in Fig. 1, each of
the signs “±” in (7) should be “+”.

Thus, for the 3-DOF actuated redundant parallel ma-
nipulator, with the determined geometric parameters and
a given pose, the displacement of three sliders along the
Z-axis can be computed using (7). Moreover, by analyz-
ing, the displacement of redundant actuated slider can be
obtained as

z4 = −y. (8)

Equations (7) and (8) are the position inverse kinematics of
3-DOF redundantly actuated parallel manipulator studied
in this paper.

2.2 Jacobian matrix

The Jacobian defines a transformation between the joint
velocities and the end-effector velocities. It is a crucial re-
lationship for robot analysis and control algorithms. By
differentiating (7) and (8) with respect to time t leads to

q̇ = Jṗ (9)

where q̇ = (ż1, ż2, ż3, ż4)
T, Ṗ = (ẏ, ż, β̇)T and J is the Ja-

cobian matrix which can be written as

J =

⎡
⎢⎢⎢⎣

−Δ1 1 0

−Δ2 1 0

0 1 r3cosβ − Δ3

−1 0 0

⎤
⎥⎥⎥⎦ (10)

where Δ1, Δ2 and Δ3 can be seen in (A6) of Appendix.

3 Dynamic modelling

When a good dynamic performance and a higher accu-
racy in positioning of the moving platform under large load
are required, the dynamic model of the robot is important
for the automatic control. Inverse dynamic model is of great
significance for the optimization of sectional parameters of
components and estimation of servomotor parameters. The
dynamics of parallel manipulator is complicated due to ex-
istence of multiple closed-loop chains. In the context of the
real time control, neglecting the friction forces and consider-
ing the gravitational effects system, the Lagrange formalism
is employed to derive the dynamic model. The dynamic
equation of the proposed redundant parallel manipulator
can be written in general form as

d

dt

(
∂L

∂q̇

)
− ∂L

∂q
= τ (11)

where L = T −U is the Lagrangian function, T and U are
the kinetic and potential energy functions, respectively. q =
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[y, z, β]T is the generalized coordinate which denotes the
position and orientation parameters of the moving platform,
q̇ is the first order derivation of q, τ denotes the vector
of non-conservative generalized force corresponding to the
generalized coordinates.

The whole system of redundant parallel manipulator is
divided into three parts: the moving platform, the kine-
matic legs and the driving sliders. The following steps will
be used to build the dynamic model. Here, all the kine-
matic parameters are described relative to the fixed Carte-
sian frame {B}. Moreover, in the derivation of the equa-
tions of motion, all legs are assumed to be rigid bodies and
the mass and friction of the joints are neglected.

3.1 Kinetic energy

The kinetic energy of the moving platform can be divided
into two terms, i.e., translational energy and rotational ki-
netic energy are expresses as

Tp =
1

2
mpv

Tv +
1

2
ωT

h Ipωh (12)

where mp, v, ωh and Ip are the mass, the linear velocity, the
angular velocity and the moment of inertia of the moving
platform, respectively.

According to the angular velocity synthesis theorem, ωh

can be expressed with respect to the moving frame by using
rotation transformation matrix E

ωh = E × ω (13)

where ω = (α̇, β̇, γ̇)T denotes the angular velocity of the
moving platform expressed with respect to the base frame,
which can be obtained from the roll-pitch-yaw angles α, β
and γ.

The three legs perform both translational and rotational
motions. But in practice, the angular velocity of each leg
is very small and can be ignored. In the base coordinate
system O-XY Z, assume that the leg BiPi (i = 1, 2, 3) is
homogeneous body and the coordinate of the centre of mass
is denoted as Gi, then

Gi =
−−→
OP i +

1

2
Li

−→ui (14)

where −→ui =
−−−→
PiBi

Li
is the unit vector of the i-th leg.

By substituting (1) and (5) into (14) yields

GGG1 =

[
0,

1

2
(y − r + R), z +

1

2

√
L2

2 − (y − r + R)2
]T

GGG2 =

[
0,

1

2
(y + r − R), z +

1

2

√
L2

2 − (y + r − R)2
]T

GGG3 =

[
−1

2
R3 − 1

2
r3 cos β, y, z + r3 sin β+

1

2

√
L2

3 − (R3 − r3 cos β)2
]T

. (15)

By taking the derivative of (15) with respect to time, one
can obtain the linear velocities vGi (i = 1, 2, 3) of the centre

of mass for the i-th leg

vG1 =

[
0,

1

2
ẏ, ż − 1

2
Δ1ẏ

]T

vG2 =

[
0,

1

2
ẏ, ż − 1

2
Δ2ẏ

]T

vG3 =

[
1

2
r3 sin ββ̇, ẏ, ż + (r3 cos β − 1

2
Δ3)β̇

]T

.

(16)

So, the kinetic energy of all the legs can be described as

Tl = Tl1 + Tl2 + Tl3 =
3∑

i=1

1

2
mliv

T
GivGi (17)

where mli, vGi, (i = 1, 2, 3) are the mass and the linear
velocity of the i-th leg, respectively.

The movements of driving sliders include the mobility
along Z axis for the three non-redundant driving sliders and
the mobility along Y axis for the redundant one, without
any rotational energy. The linear velocities of four driving
sliders can be expressed as vbi = [0, 0, żi]

T, (i = 1, 2 · · · 4),
where, żi can be determined by (10).

Thus, the kinetic energy of sliders can be written as

Tb =

4∑
i=1

1

2
mbiv

T
bivbi (18)

where mbi, vbi, (i = 1, 2, · · · , 4) are the mass and the linear
velocity of the i-th slider, respectively.

According to the analysis above, the kinetic energy of the
redundant parallel manipulator system can be described as

T = Tp + Tl + Tb. (19)

3.2 Potential energy

The potential energy is related to the chosen coordinate
frame. Here, the XOY plane of the fixed frame {B} is
selected as the zero potential energy plane. Ignoring the
elasticity and friction of all components, then the potential
energy for the moving platform, the kinematic legs and the
driving sliders can be described respectively as

Up = mpgz

Ul =
3∑

i=1

mligzGi , (i = 1, 2 · · · 3)

Ub =
3∑

i=1

mbigzi, (i = 1, 2 · · · 3)
(20)

where z, zGi and zi are the coordinates of the centres of
mass for the moving platform, three legs and three non-
redundant driving sliders in Z-axis with respect to the
frame {B}, respectively.

For the redundant drive slider, the gravity is counter-
acted by the support force in Z-axis. Then, the potential
energy of the parallel manipulator system can be written as

U = Up + Ul + Ub. (21)

3.3 Dynamic formulation

The kinetic energy T and potential energy U of the sys-
tem have been obtained, they are the function of generalized
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coordinate q. Substituting (19) and (21) into (11) leads to
the following dynamic equation

M (q)q̈ + C(q, q̇)q̇ + G(q) = τ (22)

where M (q) is the inertia matrix, C(q, q̇) is the Corio-
lis and centrifugal force terms, G(q) is the gravity force
terms, τ = [τ1, τ2, τ3]

T is the equivalent generalized force
vector in Y , Z and β direction. M (q), C(q, q̇)and G(q)
are described in detail in the Appendix.

Proposition 1. The dynamic equations of a redun-
dantly actuated closed-chain manipulator have the follow-
ing structural properties[33].

1) M (q) is symmetric and positive definite.
2) Ṁ (q) − 2C(q, q̇) is skew-symmetric.
Based on the principle of virtual work[34], the expression

of the equivalent generalized force τ corresponding to the
driving force F can be obtained as

τ = JTF (23)

where F = [f1, f2, f3, f4]
T is the driving force vector which

acts on four sliders. J is the velocity Jacobian matrix, seen
in (10).

Since the parallel manipulator has one redundant actua-
tor and JT is non-square, the driving force F in (23) has
infinite solutions. To obtain a unique solution, an optimiza-
tion technique has to be applied. In this paper, the opti-
mizing objective is to minimize the two-norm of τ [33, 34],
then

F =
(
JT

)+

τ (24)

where
(
JT

)+
= J

(
JTJ

)−1
is the Moore-penrose inverse of

JT, satisfying J
(
JT

)+
= I and (J)+ JT = I .

In practice, for the 3-DOF parallel manipulator system,
external disturbances such as friction torque between the
joints, the servo system friction, the environmental noise
and the un-modelled dynamics are inevitable, which will
make a strong impact on performance of parallel manipula-
tor, so the dynamic equation shown in (22) can be rewritten
as

M (q)q̈ + C(q, q̇)q̇ + G(q) = τ − τd (25)

where τd = [τd1, τd2, τd3]
T is the vector of lumped uncer-

tainty including the un-modelled dynamics and external
disturbances.

4 Controller design

It is noted from (25) that the parallel manipulator
with actuation redundancy is a complex system with time-
varying, highly nonlinear, and strong coupling character-
istics. Hence, the designed controller should be robust to
parameter perturbation and be able to reject the external
disturbance. Sliding mode control is a decoupling control
method which can be designed without prior knowledge of
accurate mathematical model, and it is particularly insensi-
tive to the system parameters variation and external distur-
bances. So, we introduced the synchronized sliding mode

control based on contour error to control the parallel ma-
nipulator. Additionally, an adaptive method is introduced
to approximate the lumped uncertainty of the system and
provide a chattering-free control, the block diagram of con-
trol system is shown in Fig. 3.

Fig. 3 Diagram of synchronisation adaptive sliding mode con-

trol scheme

4.1 Synchronisation error design

The synchronisation error used in this paper is the most
significant error for controller design, which has the largest
impact on trajectory tracking accuracy. For the 3-DOF
parallel manipulator, considering its closed-loop kinematic
chain mechanism, the synchronisation error may be defined
as the contour error which is well used in multi-axis machine
tools and multi-robot systems[35].

Tracking error and contour error are concerned in the
trajectory movement. Tracking error is defined as the de-
sired position and the actual position at a given instant
in time, while contour error is defined as the minimum dis-
tance from current actual position to the desired contour[36].
Fig. 4 shows a planar curve exhibiting the difference be-
tween tracking error and contour error. Assume pd is the
desired position at time t, and p is the actual position at
the same time instant. The tracking error vector e(t) can
be decomposed into ey(t) and ez(t), and the contour error
ec(t) is denoted as

ec(t) = −eyp(t) sin α + ezp(t) cos α (26)

where α is the tangent angle to the desired trajectory.

Fig. 4 Tracking error and contour error model

Decompose ec(t) into the Y -axis and Z-axis components,
then

ecy(t) = ec(t) sin α = −eyp(t) sin2 α + ezp(t) cos α sin α

ecz(t) = ec(t) cos α = −eyp(t) cos α sin α + ezp(t) cos2 α.

(27)

When the orientation error of the platform eβ(t) are avail-
able, the synchronisation error ε(t) can be defined as

ε(t) = [ecy(t), ecz(t), eβ(t)]T = σe(t) (28)
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where σ ∈ R3×3 is a constant gain matrix, expressed by

σ =

⎡
⎢⎣

− sin2 α cos α sin α 0

− cos α sin α cos2 α 0

0 0 1

⎤
⎥⎦ . (29)

Since the platform tracking error is substantially reduced
by using the contour error ec(t) when compared with the
tracking error e(t), the synchronisation error ε(t) can thus
improve the trajectory tracking accuracy of the platform
substantially[30].

Through combination of ε(t) and e(t), a coupling error
e∗(t) ∈ R3×1 is defined as

e∗(t) = e(t) + Γε(t) = (I + Γσ) e(t) (30)

where Γ is a constant diagonal and positive definite gain
matrix, which denotes the relative weight of the synchro-
nisation error in (30). Each diagonal element of Γ should
satisfy 0 � Γii � 1, (i = 1, 2, 3).

4.2 Design of adaptive sliding mode con-
troller

The tracking control problem in task space is to find a
control law so that for a desired trajectory qd, the pose
tracking error tends to zero as soon as possible with uncer-
tainties and slowly time-varying parameters.

The pose tracking error and its derivative are

e = qd − q

ė = q̇d − q̇.

Define the sliding surface as

s = ė∗ + Λe∗ = (I + Γσ) ė + Λ (I + Γσ) e (31)

where Λ is a 3× 3 diagonal positive definite matrix.
The derivative of the sliding surface is

ṡ = ë∗ + Λė∗ =

(I + Γσ) ë + Λ (I + Γσ) ė =

(I + Γσ) (q̈d − q̈) + Λ (I + Γσ) ė =

(I + Γσ)
(
q̈d − M−1 (τ − τd − G − Cq̇)

)
+ Λ (I + Γσ) ė.

(32)

In this paper, a sliding mode control based on weighted
integral gain reaching law is presented and the reaching law
is

ṡ = −ks − kw ‖ρ‖ sgn (s)

ρ =

∫ t

0

(kfρ + s)dt, kfii < 0 (33)

where k and kf are 3× 3 diagonal definite weighted coeffi-
cient matrices. ρ ∈ R3×1 is the integral term, when ρi > 0,
kfiiρi <0, and when ρi <0, kfiiρi > 0. So, it can avoid
significantly increasing of the switch gain when the system
states are not in the sliding mode phase and can solve the
chattering problem of sliding mode control.

Define the estimate error of the lumped uncertainty as

τ̃d = τ ∗
d − τ̂d (34)

where τ ∗
d and τ̂d represent the real value and estimate value

of τd, respectively. According to (32)–(34), an adaptive
version of control algorithm is proposed as

τ = M (q̈d + Λė) + C(q̇d + Λe) + G + τ̂d+

ks + kw ‖ρ‖ sgn(s). (35)

Stability analysis of the proposed control law is the sub-
ject of the following section.

4.3 Stability analysis

In order to prove the stability of the proposed controller,
the following stability theorem is considered.

Theorem 1 (Stability theorem). Consider a nonlin-
ear uncertain dynamical system represented by (25). If the
synchronized adaptive sliding mode control shown in (35) is
applied, asymptotic robust stability of the closed-loop sys-
tem in the presence of model uncertainties and disturbances
is guaranteed.

Proof. To prove the stability of the proposed controller,
consider the Lyapunov function candidate as

V =
1

2
sTMs +

1

2

3∑
i=1

τ̃ 2
di

γi
(36)

where γi (i = 1, 2, 3) is a positive definite constant.
Taking into account the property that Ṁ (q) − 2C(q, q̇)

is skew-symmetric, the derivative of Lyapunov function is

V̇ = sTMṡ +
1

2
sTṀs −

3∑
i=1

τ̃diτ̂di

γi
=

1

2
sT(Ṁ − 2C)s + sTCs + sTMṡ −

3∑
i=1

τ̃diτ̂di

γi
=

sT(Mṡ + Cs) −
3∑

i=1

τ̃diτ̂di

γi
=

sT(Cs + M (ë∗ + Λė∗)) −
3∑

i=1

τ̃diτ̂di

γi
=

sT(Cs + M [(I + Γσ)(q̈d − M−1(τ − τd − G − Cq̇))+

Λ(I + Γσ)ė] −
3∑

i=1

τ̃di
˙̂τdi

γi
=

sT(C(I + Γσ)ė + CΛ(I + Γσ)e + M (I + Γσ)q̈d−

(I + Γσ)(τ − τd − G − Cq̇) + MΛė) −
3∑

i=1

τ̃di
˙̂τdi

γi
=

sT(C(I + Γσ)(q̇d + Λe) + M (I + Γσ)(q̈d + Λė)−

(I + Γσ)(τ − τd − G) −
3∑

i=1

τ̃di
˙̂τdi

γi
. (37)
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Substituting (35) into (37) yields

V̇ =sT(−ks − kw ‖ρ‖ sgn(s))−
1

γi

3∑
i=1

τ̃di( ˙̂τdi − γisi(I + Γσ)ii) =

− sTks − ‖ρ‖ sTkwsgn(s)−
1

γi

3∑
i=1

τ̃di( ˙̂τdi − γisi(I + Γσ)ii). (38)

The adaptation law is chosen as ˙̂τdi = γi (I + Γσ)ii si

(i = 1, 2, 3), and after substituting it into (38),

V̇ = −sTks − ‖ρ‖ sTkwsgn (s) � 0. (39)

Thus, according to the Lyapunov theory, the adaptive
sliding mode control law base on synchronisation coupling
error can guarantee the stability of the closed loop control
system.

�

5 Simulation results

In this section, in order to verify the validity of the
control law proposed in this paper, simulations of trajec-
tory tracking on the 3-DOF parallel manipulator are car-
ried out using Matlab software in the presence of exter-
nal disturbance. The system parameters are given as fol-
lows: mp = 8.103 kg, mb1 = mb2 = 11.815 kg, mb3 =
16.401 kg, ml1 = ml2 = 10.875 kg, ml3 = 8.525 kg, mb4 =
70.318 kg, L1 = L2 = 269 mm, r1 = r2 = 98.17 mm,
r3 = 140 mm, R1 = R2 = 213.91 mm, R3 = 207.8 mm, L3 =
216 mm, r = diag{0.3, 0.3, 0.3}, Λ = diag{600, 600, 600},
k = diag{400, 400, 400}, kw = diag{10, 10, 10}, kf =
diag{−5,−5,−5}.

Considering the workspace and singularities of the par-
allel manipulator, the moving platform is required to move
along a circular path with the initial pose (20 mm, −10 mm,
0), the desired trajectory is chosen to be y = 0.05 cos(2πt),
z = 0.05sin(2πt), β = 0◦, The simulation results are shown
in Figs. 5−10.

Figs. 5 and 6 show the actual trajectory tracking results
in Y , Z and β direction for the platform centre is to track
the desired circular trajectory. Obviously, the end-effector
of the manipulator is shown to follow the desired trajectory
without any fluctuation, and the final tracking errors con-
verge to zero in 0.07 s. The trajectory tracking errors in Y ,
Z direction are less than 0.5 mm and 0.8 mm, respectively,
which can meet the requirements of the practical applica-
tions. Furthermore, there is no movement in β direction,
but the corresponding tracking error as shown in Fig. 6 (c) is
not zero. That is mainly because the coupling effect among
the active joints is explicitly considered and this coupling
effect caused by kinematic constraints substantially influ-
ences the trajectory tracking.

Fig. 5 The circular trajectory tracking result

In this case, the driving forces of four joints considering
gravity term and Coriolis/centrifugal force term are shown
in Fig. 7 (a)–(d), respectively. The driving forces with the
proposed synchronized sliding mode control provide faster
transient response and smaller overshoot than the conven-
tional sliding mode controller. Additionally, the driving
force curves shall actually be sinusoidal waveform, which
are determined by the symmetries of the mechanism struc-
ture and the trajectory of parallel manipulator end-effector.

Fig. 6 The circular tracking error

Moreover, the sliding mode surface s1 is shown in Fig. 8,
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the output of controller for branch 1 can be seen in Fig. 9
and the estimation of lumped uncertainty τd1 is illustrated
in Fig. 10. It is observed in the magnified pictures that the
sliding mode surface and the control signal are smoother
than that of the conventional sliding mode control. A neg-
ative weighted value Kf is introduced in the approaching
phase, which can reduce the switching gain greatly. So, it
can minimize chattering significantly. Moreover, it can be
seen from Fig. 10 that the estimation of τd1 converges to the
true values with persistently exciting driving force.

Fig. 7 Joint driving force

Fig. 8 The surface s1 of sliding mode control

Fig. 9 The output of controller

Fig. 10 The estimation of uncertainty

6 Experimental results

The proposed control was experimentally evaluated us-
ing the 3-DOF parallel manipulator with actuation redun-
dancy as shown in Fig. 11 and the test setup consists of a
2.6 GHz Advantech IPC E5300, a Delta Tau UMAC card
and associated input channel board ACC–24E2A+OPT–1,
four Mitsubishi Electric MR–J3–70A servo amplifiers, four
Mitsubishi Electric HF–KP73B AC servo motors, four Hei-
dehain absolute rotary encoders, a microvision binocular
vision positioning system including two digital CCD cam-
eras MV–1300FM, image acquisition card PCI 1394A and
matching calibration algorithm software CCAS.

Fig. 11 Experiment setup

In the experiments, with respect to the inertial frame in-
dicated in Fig. 2, the moving platform is required to move
along a circular with centre at (0, 50 mm) and radius equal
to 50 mm. The maximum speed and acceleration of all ac-
tuated joints are set to 0.2 m/s and 100 m/s2, respectively.
Choose spatial coordinate (60 mm, 0, 0) as the test point



560 International Journal of Automation and Computing 10(6), December 2013

for the binocular vision positioning system and select twelve
test points pi (i = 1, 2, · · · , 12) as the trajectory test points
on the desired circle. Make the end-effector stay at each
test point for a certain period of time and obtain the pose
information. Repeat the same work for 10 times in a coun-
terclockwise direction. Due to limited space of the paper,
only one set of measurement results are given as shown in
Table 1.

Analyzing the measured results, it can be seen that the
maximum measurement error in Y Z plane is 1 mm, and
that in β direction is 0.5◦. As a result, for the 3-DOF re-
dundantly actuated parallel mechanism, the proposed slid-
ing mode control method can achieve good control perfor-
mance.

Table 1 Test results

Test point
Desired value Real value

yd zd βd y z β

(mm) (mm) (◦) (mm) (mm) (◦)

P1 50.000 50.000 0 49.274 50.130 −0.020

P2 43.301 25.000 0 42.850 25.603 0.489

P3 25.000 43.300 0 25.562 −43.425 0.408

P4 0 50.000 0 0.298 50.826 0.083

P5 −25.000 43.300 0 −24.432 43.223 0.383

P6 −43.301 25.000 0 −43.923 25.775 0.154

P7 −50.000 0.000 0 −50.423 −0.201 0.006

P8 −43.301 −25.000 0 −42.750 −25.336 −0.046

P9 −25.000 −43.300 0 −25.512 −43.820 −0.014

P10 0 −50.000 0 0.220 −50.452 −0.169

P11 25.000 −43.30 0 24.963 −43.870 −0.121

P12 43.301 −25.000 0 42.826 −25.778 −0.043

7 Conclusions

This paper describes the dynamic modeling of a novel 3-
DOF parallel manipulator with actuation redundancy. Ac-
cording to the kinematics of the redundant mechanism and
considering fully the impact of inertial force for each compo-
nent, the inverse dynamic equation is formulated in the task
space by using the Lagrangian formalism. And the driving
force is optimized by utilizing the minimal 2-norm method.
Based on the dynamic model and combined with the appli-
cation characteristics, a synchronized adaptive sliding mode
control scheme based on contour error is proposed to im-
plement accurate motion tracking control. The sliding con-
troller is designed based on weighted integral gain reaching
law to guarantee system robustness. By using the synchro-
nisation error, the end-effector of the parallel manipulator
is controlled to move in a synchronized manner so that the
trajectory accuracy is substantially improved. In addition,
an adaptive term is incorporated into the sliding mode con-
trol to approximate the unknown part of the system, so
as to get rid of the inherent chattering problem of slid-
ing mode control. The simulation and experimental results
show that the proposed control method provides a supe-
rior tracking performance in the presence of the parameter
uncertainties and the un-modelled dynamics. Future work
could include investigation into coupling effect of each chain
and the validation of the work with an unknown payload
by experimental means.

Appendix

Marix coefficients M (q), C(q, q̇) and G(q) in the dy-
namic equation (28) are expressed as

M (q) =

⎡
⎢⎣

M11 M12 M13

M21 M22 M23

M31 M32 M33

⎤
⎥⎦ (A1)

where

M11 = mp + mb4 + ml3 +
1

2
ml1+

1

2

(
Δ2

1 + Δ2
2

)
(ml1 + 2mb1)

M12 = M21 = −1

2
(Δ1 + Δ2) (ml1 + 2mb1)

M13 = M31 = 0

M22 = mp + 2ml1 + ml3 + 2mb1 + mb3

M23 = M32 = r3 cos β (ml3 + mb3) − 1

2
Δ3 (ml3 + 2mb3)

(A2)

M33 =
1

2
mpr2 +

1

4
r2
3 sin2 βml3 + r3 cos β (ml3 + mb3)−

1

2
Δ3 (ml3 + 2mb3)

C(q, q̇) = Ṁ − 1

2

∂

∂q

(
q̇TM (q)

)
=

⎡
⎢⎣

C11 C12 C13

C21 C22 C23

C31 C32 C33

⎤
⎥⎦

(A3)

where

C11 =
1

4
L2

1Δ4 (ml1 + 4mb1) ẏ − 1

4
L2

2Δ5 (ml1 + 4mb1) ż

C12 =
1

4
L2

1Δ5 (ml1 + 4mb1) ẏ

C13 = C22 = C31 = 0

C21 = 2C12

C23 = (−r3 sin β(ml3 + mb13) − 1

2
Δ6(ml3 + 2mb13))β̇

C32 =
1

2
C23

C33 =
1

2
(r3 sin β(ml3 + mb13) +

1

2
Δ6(ml3 + 2mb13))ż+

((
1

4
r2
3 sin β cos β − 2(r3 cos β − 1

2
Δ3)(r3 sin β+

1

2
Δ6)ml3 − (r3 cos β − Δ3)(r3 sin β + Δ6)mb3)β̇

(A4)

G(q) =
∂U

∂q
=

⎡
⎢⎣

−(mb1 + 1
2
ml1)g(Δ1 + Δ2)

(mp + 2mb1 + mb3 + 2ml1 + ml3) g

(mb3 + ml3)g (r3 cos β − Δ3)

⎤
⎥⎦

(A5)
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where

Δ1 =
y − r + R√

L2
1 − (y − r + R)2

Δ2 =
y − r + R√

L2
2 − (y − r + R)2

Δ3 =
(R3 − r3 cos β) r3 sin β√

L2
3 − (R3 − r3 cos β)2

Δ4 =
y − r + R

(L2
1 − (y − r + R)2)2

+
y + r − R

(L2
2 − (y + r − R)2)2

Δ5 = (L2
1 − (y − r + R)2)−

2
3 + (L2

2 − (y + r − R)2)−
2
3

Δ6 =
r2
3 sin2 β + r3 (R3 − r3 cos β) cos β

(
L2

3 − (R3 − r3 cos β)2
) 3

2
. (A6)
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