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Abstract
The gamma distribution functions with one shape parameter, employed to describe the parametric hydrograph, proved inef-
fective for the upper Vistula River and the middle Oder River water regions. It was therefore necessary to find a different 
function. The Pearson Type IV distribution functions proposed by Strupczewski with one and two shape parameters were 
analyzed for their applicability based on the data acquired from 60 water gauges, 30 of which were located on the Vistula 
River and the other 30 were on the Oder River. The shape parameter (parameters) and the time of rising limb were opti-
mized based on the calculated hydrograph widths at 50% and 75% of peak flow (W50 and W75) as well as on the skewness 
coefficient s. The calculated parametric hydrographs were compared with the nonparametric input hydrographs with regard 
to the closeness of their volumes and the position of their centers of gravity. Both Pearson Type IV distribution functions 
proved to fit well. However, the function with two shape parameters did not yield the exact solution since the condition of 
the assumed objective function was met by a very large group of pairs of m and n shape parameters. It was therefore assumed 
that the recommended function is the Pearson Type IV distribution with one shape parameter. This function has an additional 
advantage of having an inflection point located between the W50 and W75, which allows to use the exponential function for 
the rising or recession limb that better describes either part of the hydrograph.

Keywords  Parametric hydrograph · Strupczewski’s methods · Gamma distribution function · Archer’s method · Pearson 
Type IV distribution function

Introduction

Both climate change (Hattermann et al. 2013) and the effect 
of anthropopressure enforce the use of hydrological meth-
ods to assess the scale of threats and to predict their occur-
rence that have been neglected so far. Hydrological methods 
attempt to describe extreme phenomena. Increasing attention 
is paid to their definition in a time-variant system, i.e., focus-
ing not only on extreme values but also on the time course 
of these phenomena, which is related to the determination 
of the shape of a flood wave.

The knowledge of the theoretical shape of a flood wave 
and the possibility of its definition using its basic parameters 
is very much needed and desired in a number of design tasks 
in the field of water management, hydraulic engineering 
(Mioduszewski 2014), water and sewage management, spa-
tial management (Zevenbergen et al. 2011) as well as forest 
management. In contrast to the commonly used design flows, 
the hypothetical waves expand the range of usable data, e.g., 
by the volume of a flood wave with a given exceedance prob-
ability and the variation of the flow rate for the rising and 
falling limbs. Therefore, the design can take into account the 
flow in the form of a hydrograph with a given exceedance 
probability (Ciepielowski 1987, 2001).

The hypothetical hydrograph is understood as such the-
oretical hydrograph that demonstrates representative flood 
wave form, which may occur under specific conditions at 
a selected location, for a given maximum (design) value 
(Gądek and Środula 2014). It is being increasingly utilized 
in the widely understood flood risk assessment (Apel et al. 
2006; Vrijling et al. 1998; Zeleňáková et al. 2017) and in 
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the estimation of loss of lives and property (Ernst et al. 
2010; Jonkman and Vrijling 2008).

These hydrographs are presented in an analytical form, 
using a variety of functions, or in a synthetic form, which 
uses two-dimensional statistical analysis (De Michele et al. 
2005; Serinaldi and Grimaldi 2011). In some countries, 
analytical hydrographs are called parametric flow hydro-
graphs. Their main advantage is that they can be deter-
mined at any cross section of the river, with the influence 
of climate change on their course taken into consideration 
(O’Connor et al. 2014; Bayliss 1999; Mills et al. 2014). 
In order to describe the course of the parametric design 
hydrograph, it is necessary to use the appropriate math-
ematical function. The most common one is the gamma 
distribution function, which was proposed by Nash in 1957 
(Nash 1957).

The function gamma describes the rising limb very well 
with large flow heights (above 50% of the maximum flow 
Qmax), but in the lower part of the recession (falling) limb, 
large discrepancies occur. For this reason, in Ireland, the 
exponential function known as the UPO-ERR-Gamma (unit-
peak-at-origin gamma curve coupled with an exponential 
replacement recession curve) has been introduced for the 
recession limb (O’Connor et al. 2014).

It is more reasonable to use homogeneous functions 
instead of spline functions for the needs of analytic hydro-
graphs. The attempt to use the Hayashi distribution (Hayashi 
et al. 1986; Aziz et al. 2006), the negative binomial dis-
tribution, the inverse Gaussian distribution and the gamma 
distribution with algebraic replacement recession curve 
was considered unconvincing (O’Connor et al. 2014). The 
authors of this manuscript also verified the applicability of 
the three-parameter Pearson Type III distribution function 
with two shape parameters (Gądek et al. 2017b). Although 
the proposed method yielded positive results, it could not 
be recommended due to the very large number of solutions 
for the parameters tp, m and n (where m and n represent 
the shape parameters). The function describing a hydro-
graph must not only be adapted to the time course of flow 
variations but also yield the unique solution. Such rigorous 
assumption allows to determine the parametric design hydro-
graph in any section of the river, which has only been pos-
sible so far using hydrological models (Ozga-Zielińska et al. 
2002; Wałęga 2013; Pietrusiewicz et al. 2014), being a rather 
cumbersome process and not always yielding unambiguous 
results, mainly due to the lack of procedures to determine the 
course of a hyetograph or a possibility to assess the moisture 
conditions in the catchment.

In the design hydrology, parametric hydrographs may be 
determined in any cross section of the river. This is in line 
with the expectations regarding this type of solutions and the 
idea originating in the 1930s associated with the isochrones 
theory developed by Dubelir, Boldakov and Čerkašin. This 

theory is based on the genetic flood wave equation which is 
given by:

where Qt is the outflow rate from the catchment at time t, ht−τ 
the thickness of water layer discharged by the catchment in 
the time unit t − τ, bτ the average width of the partial runoff 
area, vτ the runoff velocity, t the time of discharge from the 
catchment, and τ the time needed for water to reach the cross 
section.

 This method was used until the mid-1960s and resulted 
in the creation of hydrographs presented in the form of a 
triangle or trapezium. Its advantage was the ability to deter-
mine the hydrograph in a selected cross section, which 
was not possible later as a result of the use of the so-called 
hypothetical hydrographs determined by the Reitz and Kreps 
method (Reitz and Kreps 1945), the Warsaw University of 
Technology method (Gądek et al. 2017b), the Hydroprojekt 
method (Gądek and Środula 2014) or the Krakow method 
(Gądek and Tokarczyk 2015).

The modified Pearson Type III distribution function, con-
sistent with the nonparametric hydrograph with one shape 
parameter m, is given by (Gądek et al. 2017b):

and with two shape parameters:

where qt is the percentage of peak flow at time t [%], tp the 
time to peak [h], t the time from the beginning of rising limb 
[h], and m, n the shape parameters [−].

Similar solutions with one shape parameter were pre-
sented in the USA (McEnroe 1992) and in Ireland under the 
name UPO gamma (unit-peak-at-origin gamma) (O’Connor 
et al. 2014).

The authors of this research paper propose to use the Pear-
son Type IV distribution with one shape parameter and two 
shape parameters for the description of the analytical hydro-
graph. This distribution was tested for the analytical descrip-
tion of hydrographs in the 1960s, which was then considered 
to be less accurate than the Pearson Type III distribution with 
two shape parameters (Strupczewski 1964; Strupczewski et al. 
2013). Currently, this distribution is practically disused. The 
authors modified the Pearson Type IV distribution functions 
proposed by Strupczewski to match the analytical hydrograph 
to the nonparametric hydrograph determined by the Archer’s 
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method. The objective of this paper is to prove that the modi-
fied Pearson Type IV distribution functions are well suited for 
describing a parametric hydrograph based on three parameters: 
hydrograph widths at 50% and 75% of peak flow (W50 and 
W75) and the skewness coefficient s. Innovative research has 
been carried out for two water regions of Poland: the upper Vis-
tula River and the middle Oder River. Thirty gauged cross sec-
tions were included in the calculations for each of these regions. 
To determine the parameters W50, W75 and s, nonparametric 
hydrographs were developed in each of these cross sections. 
The developed method ought to have a universal character; it 
should enable determining parametric hydrographs in any cross 
section of any river. In order to prove the universality of the pro-
posed distribution functions, a large number of catchments with 
diverse hydrological regime were adopted for the calculations.

Materials and methods

Study area

The research studies were carried out based on the recorded 
hydrographs in 60 measurement cross sections, located in 
the upper Vistula River and the middle the Oder River water 
regions (Fig. 1). The selected catchments represented the 
areas of various types of hydrograph formation. The selec-
tion was made so that they represented different types of 
geographic areas: mountain, highland as well as lowland 
catchments. Eight unimodal hydrographs with the highest 
flow values Qmax selected from the period 1960–2014 were 
adopted. Table 1 illustrates the gauged stations systematized 
from 1 to 30 for the Vistula River, and from 31 to 60 for the 
Oder River. Some gauged stations are located downstream 
of the water reservoirs, but the distances from the reservoirs 
are so large that no influence of the reservoirs on the hydro-
graphs in gauged stations could have been assumed.

Methods

Parametric flow hydrographs can be determined in any cross 
section of the river regardless of the size of the catchment. It 
is made possible thanks to the Archer’s method of determin-
ing nonparametric hydrograph (i.e., the median of recorded 
hydrographs). The nonparametric hydrograph determined 
by the Archer’s method is used only to determine the value 
of hydrograph width at 50% (W50) and 75% (W75) of peak 
flow and the skewness coefficient s (Archer et al. 2000). The 
Archer’s method uses W50 and W75 similarly to the Snyder 
method (1938) where with similar parameters characterizing 
the Synthetic Unit Hydrograph (Snyder 1938; Challa 1997).

According to this method, the nonparametric hydro-
graph has an independent rising limb and an independ-
ent recession limb (Fig. 2). The flows are presented as 

percentages of peak flow. The horizontal axis indicates the 
duration of percent flow exceeding the given value. The 
time for the rising limb of the hydrograph is expressed 
in negative values, and for the recession limb in positive 
values. At the time t = 0 there is a maximum percentage of 
peak value q = 100%. The time t of the individual percent 
flows is the median of the durations of percent flow of the 
recorded hydrographs, separately for the rising limb and 
separately for the recession limb (O’Connor et al. 2014; 
Gądek et al. 2017a). Such a nonparametric hydrograph 
is determined based on the recorded hydrographs. The 
applied methods of analytical hydrographs determination 
based on nonparametric hydrographs assume various num-
bers of unimodal flow hydrographs. The Warsaw Univer-
sity of Technology method uses six unimodal flow hydro-
graphs (Gądek et al. 2016), the Hydroprojekt method—one 
(Gądek and Środula 2014), and the Krakow method—eight 
(Gądek and Tokarczyk 2015; Gądek et  al. 2016). The 
authors applied the maximum number of hydrographs 
from used methods, i.e., eight unimodal flow hydrographs.

In 1964, Strupczewski proposed to use the Pearson Type 
III distribution function with one shape parameter m and 

Fig. 1   Location of water gauge in: a the middle Oder River water 
region and b the upper Vistula River water region (see Table 1)
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with two shape parameters m and n as well as Type IV with 
one shape parameter to describe the parametric hydrographs 
(Strupczewski 1964; Ciepielowski 1987, 2001). The solu-
tions proposed by Strupczewski concerned the methods 
based on the traditional presentation of nonparametric and 
parametric hydrographs. The authors of this manuscript 
adapted the function notation to the description consistent 
with the properties of the nonparametric hydrograph (median 
of the hydrographs), developed using the Archer’s method. A 
parametric hydrograph is created from the parameters W50, 
W75 and s determined of the nonparametric hydrograph 
developed using the Archer’s method (see Fig. 3).

The parametric hydrograph is developed on the basis 
of the Archer’s nonparametric hydrograph. For analytical 
description, two versions: the first with one shape parameter 
and the second with two shape parameters, of the Strupcze-
wski Pearson Type IV distribution function were adopted. 
The first function is defined as follows

The second function is given by:

The authors modified Eqs. (4) and (5):
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Table 1   Water gauges in the hydrologic order for the Oder River and Vistula River water region

Nos. River Water gauge A (km2) Nos. River Water gauge A (km2)

1 Odra Głogów 36,403 31 Wisła Skoczów 296
2 Odra Cigacice 39,900 32 Wisła Sandomierz 31,847
3 Nysa Kłodzka Międzylesie 49.7 33 Wisła Zawichost 50,732
4 Nysa Kłodzka Bystrzyca Kłodzka 260 34 Przemsza Jeleń 2006
5 Nysa Kłodzka Kłodzko 1084 35 Bystra Kamesznica 48.2
6 Nysa Kłodzka Bardo 1744 36 Żabniczanka Żabnica 22.8
7 Wilczka Wilkanów 35.1 37 Skawa Sucha Beskidzka 468
8 Bystrzyca Bystrzyca Kłodzka 64 38 Skawa Wadowice 835
9 Biała Lądecka Lądek Zdrój 166 39 Wieprzówka Rudze 154
10 Bystrzyca Dusznicka Szalejów Dolny 175 40 Raba Kasinka Mała 353
11 Ścinawka Tłumaczów 256 41 Raba Stróża 644
12 Ścinawka Gorzuchów 511 42 Raba Proszówki 1 470
13 Biała Głuchołaska Głuchołazy 283 43 Lubieńka Lubień 46.9
14 Bystrzyca Jugowice 122 44 Uszwica Borzęcin 265
15 Bystrzyca Jarnołtów 1721 45 Dunajec Nowy Targ-Kowaniec 681
16 Piława Mościsko 292 46 Dunajec Nowy Sącz 4341
17 Czarna Woda Gniechowice 251 47 Dunajec Żabno 6735
18 Strzegomka Łażany 362.3 48 Grajcarek Szczawnica 73.6
19 Kaczawa Świerzawa 133.7 49 Poprad StarySącz 2071
20 Kaczawa Rzymówka 313.7 50 Biała Tarnowska Koszyce Wielkie 957
21 Kaczawa Dunino 774 51 Nida Brzegi 3359
22 Kaczawa Piątnica 1807 52 Czarna Nida Morawica 755
23 Nysa Szalona Jawor 298 53 Czarna Staszów 571
24 Czarna Woda Bukowna 430.5 54 Jasiołka Jasło 164
25 Bóbr Kamienna Góra 190 55 Koprzywianka Koprzywnica 498
26 Bóbr Wojanów 535.2 56 San Przemyśl 3686
27 Bóbr Jelenia Góra 1047 57 San Rzuchów 12,180
28 Bóbr Dąbrowa Bolesławiecka 1713 58 San Radomyśl 16,824
29 Bóbr Szprotawa 2879 59 Osława Szczawne 302
30 Bóbr Żagań 4255 60 Wisłok Puławy 131
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The optimization of the shape parameters and the time to 
peak tp in all formulas was carried out based on the values 
W50 and W75 of the Archer hydrograph and the skewness 
coefficient s, determined for the hydrograph width W50 (see 
Fig. 2). It was also assumed that the shape parameters were 
positive values to enable application of empirical formulas. 
The descriptors and the skewness coefficient s were calcu-
lated based on the median of hydrographs for 30-year data 
sequences for both catchments.

The smallest deviation of the values calculated from the 
given values of hydrograph width at 50% and 75% of peak 

flow was adopted as the selection criterion (the objective func-
tion) in accordance with the following dependence:

where W75 is the hydrograph width at 75% of peak flow 
determined by the nonparametric hydrograph [h], â the 
hydrograph width at 75% of peak flow W75 calculated 
from one of the formulas (6) and (7) [h], b the duration of 
the percent flow exceeding 50% for the rising limb of the 
nonparametric hydrograph, b = s·W50 [h], b̂ the duration of 

(8)S = (W75 − â)2 +
(
b − b̂

)2
+ (c − ĉ)2 = min

Fig. 2   Exemplary nonparamet-
ric hydrograph according to 
Archer

Fig. 3   Exemplary parametric 
design hydrograph
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the percent flow exceeding 50% calculated from one of the 
formulas (6) and (7) [h], c the duration of the percent flow 
exceeding 50%, for the recession limb of the nonparamet-
ric hydrograph [h], and ĉ the duration of the percent flow 
exceeding 50% calculated from one of the formulas (6) and 
(7) [h].

Results

The calculations consisted of:

1.	 Determination of Archer’s nonparametric hydrographs 
for 60 water gauges.

2.	 Determination of parameters based on the Archer’s non-
parametric hydrographs: hydrograph width at 50% of 
peak flow (W50), hydrograph width at 75% of peak flow 
(W75) and skewness coefficient s.

3.	 Definition of hydrograph shape parameters (m and n) 
and the rising time tp for each water gauge cross section 
according to the selection criterion (Eq. 8).

4.	 Determination of the Pearson Type IV parametric hydro-
graphs with one and two shape parameters for the calcu-
lated parameters: m, n and tp.

5.	 Determination of the W50, W75 and s parameters of the 
Pearson Type IV parametric hydrographs.

Specific steps of calculation were adopted for the calcu-
lated shape parameters m and n (0.01) and for the time of 
rising limb tp (1 h).

The analytical hydrographs calculated using the Pearson 
Type IV function with one and two shape parameters exhibit 
similarity.

Figure 4 shows the values of W50, W75 and s of selected 
Archer’s hydrographs calculated using the Pearson Type IV 
distribution function with one and two shape parameters. 
Table 2 shows the hydrograph parameters for all 60 water 
gauges.

Figure 4 confirms that parametric hydrographs (Pearson 
1 and Pearson 2) deviate from nonparametric hydrographs 
determined by the Archer’s method. Much better fit occurs 
in the upper parts of the hydrographs (above W50). The fit 
in the lower parts is much worse which can be expected 
because of the assumption that the hydrographs are adjusted 
based on the W50 and W75 parameter values.

Analysis and discussion

Several types of quality measures for matching nonparamet-
ric and parametric hydrographs were adopted for the analy-
sis. Relative error (RE) and mean relative error (MRE) are 
criteria recommended in Technical Research Report Volume 
III Hydrograph Analysis (O’Connor et al. 2014) to assess 
the compliance of the parametric and nonparametric hydro-
graphs (Fig. 5). 

Relative error of hydrograph width was calculated from 
the following formula:

where REp is the relative error of hydrograph width Wp, 
p = 50%, p = 75% [−], Wp the hydrograph width at p = 50%, 
p = 75% determined from nonparametric design hydrograph 
[h], and Ŵp the hydrograph width at p = 50%, p = 75% deter-
mined from parametric hydrograph for specific formulas 
which were used (gamma and Strupczewski) [h].

To analyze the calculated values of relative errors of 
hydrograph width Wp, the following quality assessment 
measures for W50 and W75 were adopted (Table 3). 

More stringent criteria were adopted for the W50 due to 
the objective function used in the optimization process. The 
best possible adjustment of the parametric hydrograph to 
nonparametric for this value was the main assumption of 
the objective function.

 With the adopted criteria, the match quality of the W50 
value of the parametric hydrograph to nonparametric is very 
good (see Fig. 6a), while for the W75 value is good (see 
Fig. 6b), which confirms the correctness of the objective 
function adopted in the study (Fig. 7). 

Mean relative error (Elshorbagy et al. 2000) was calcu-
lated for the p percent flow, p = 75% and p = 50%, using the 
following definition:

where MREp is the mean relative error for the p percent 
flow p = 75% and p = 50%, Np the number of percent flows 
exceeding p percent flow, 6 for p = 75% and 11 for p = 50%, 
REi the relative error of percent flows, p1 = 98, p2 = 95, 
p3 = 90, p4 = 85, p5 = 80, p6 = 75,…, p11 = 50 (see Fig. 3) [−], 
and i the percent flow number.

To analyze the calculated values of mean relative errors 
for the p percent flow, the following quality assessment 
measures for W50 and W75 were adopted (Table 4).

Figure 8 shows that the mean relative error criterion for 
the p percent flow for evaluating the fit of the parametric 

(9)REp =

|
|
|
Wp − Ŵp

|
|
|

Wp

(10)MREp =
1

N p

Np∑

i=1

REi

Fig. 4   Parametric hydrographs calculated using the Pearson Type 
IV distribution with one shape parameter (Pearson 1) and two shape 
parameters (Pearson 2), and nonparametric hydrographs determined 
by the Archer’s method for the following cross sections: a Odra–
Cigacice (2), b Nysa Kłodzka–Kłodzko (5), c Kaczawa–Piątnica (22), 
d Bóbr–Kamienna Góra (25), e Wisła–Sandomierz (32), f Lubieńka–
Lubień (43), g Koprzywianka–Koprzywnica (55), h San–Radomyśl 
(58)

◂
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Table 2   Values of parameters 
W50, W75 and s of the Archer’s 
nonparametric hydrographs and 
the Pearson Type IV parametric 
hydrographs with one shape 
parameter (Pearson 1) and two 
shape parameters (Pearson 2)

Water 
gauge nos.

Archer Pearson 1 Pearson 2

W75 W50 s W75 W50 s W75 W50 s

1 107.4 268.9 0.439 171.9 268.8 0.437 163.3 260.3 0.379
2 109.8 250.3 0.371 155.8 250.2 0.368 151.0 245.7 0.336
3 3.9 9.1 0.453 5.7 9.1 0.395 5.7 9.1 0.395
4 3.3 11.0 0.552 7.0 10.9 0.456 7.0 10.9 0.455
5 6.9 15.1 0.473 9.6 15.1 0.437 9.5 15.0 0.424
6 10.7 26.3 0.417 16.6 26.3 0.402 16.7 26.3 0.401
7 7.3 14.7 0.440 9.3 14.7 0.406 9.3 14.7 0.406
8 11.9 24.3 0.185 12.2 25.0 0.170 11.4 24.4 0.165
9 11.4 25.7 0.348 15.6 25.8 0.329 15.7 25.7 0.329
10 6.3 10.1 0.371 6.0 10.1 0.319 6.1 10.1 0.322
11 11.5 23.4 0.522 15.0 23.3 0.456 14.8 23.1 0.459
12 11.0 24.5 0.392 15.2 24.5 0.373 15.3 24.4 0.371
13 6.4 15.9 0.291 8.9 15.7 0.254 9.1 15.9 0.262
14 8.7 18.2 0.531 11.5 18.0 0.456 11.5 18.0 0.450
15 36.3 77.5 0.241 42.4 77.5 0.233 43.4 77.4 0.234
16 34.5 68.1 0.326 40.9 68.0 0.319 41.3 68.1 0.319
17 39.9 75.3 0.386 47.2 75.2 0.383 47.3 75.2 0.383
18 38.0 57.8 0.282 33.3 57.8 0.272 33.7 57.7 0.272
19 8.6 17.9 0.377 11.0 17.9 0.350 11.0 17.9 0.349
20 15.5 28.0 0.305 16.4 28.0 0.289 16.6 28.0 0.286
21 14.2 32.8 0.316 19.6 32.8 0.307 19.7 32.8 0.305
22 37.9 82.7 0.218 43.7 81.9 0.216 45.1 82.8 0.213
23 13.5 25.9 0.429 16.4 25.8 0.410 16.4 25.9 0.409
24 100.2 167.1 0.202 72.7 158.5 0.146 89.0 167.1 0.198
25 12.9 22.7 0.505 14.4 22.5 0.456 14.1 22.2 0.424
26 15.7 38.2 0.398 24.0 38.2 0.386 24.1 38.2 0.387
27 23.4 44.6 0.443 28.5 44.6 0.432 28.5 44.6 0.432
28 27.0 78.4 0.254 43.9 78.6 0.247 44.3 78.2 0.242
29 35.3 98.4 0.194 44.9 94.5 0.159 50.6 98.0 0.184
30 45.2 114.8 0.247 63.4 113.7 0.244 65.1 114.5 0.245
31 12.8 24.6 0.386 15.3 24.6 0.369 15.5 24.6 0.390
32 52.9 95.1 0.308 56.7 95.4 0.304 56.0 90.6 0.332
33 48.4 143.8 0.294 83.7 143.2 0.286 85.3 144.0 0.286
34 62.2 131.7 0.398 83.1 131.8 0.396 80.6 129.2 0.365
35 22.2 44.8 0.469 28.7 44.8 0.456 28.4 44.4 0.432
36 10.2 16.0 0.377 10.9 17.5 0.371 10.9 17.5 0.371
37 13.2 26.5 0.490 19.0 29.8 0.436 16.8 26.2 0.448
38 11.2 19.4 0.388 12.0 19.4 0.364 12.0 19.3 0.362
39 10.1 22.3 0.427 14.1 22.3 0.408 14.0 22.0 0.410
40 10.2 20.5 0.432 13.0 20.5 0.408 13.0 20.5 0.407
41 11.2 23.8 0.498 15.2 23.6 0.456 15.1 23.6 0.450
42 21.6 44.6 0.510 28.4 44.2 0.456 28.1 44.0 0.443
43 15.3 30.5 0.457 19.5 30.5 0.440 19.4 30.4 0.424
44 17.4 34.2 0.423 21.6 34.2 0.405 21.3 33.7 0.407
45 11.1 23.3 0.427 14.8 23.4 0.406 14.8 23.3 0.405
46 18.9 40.1 0.417 25.4 40.1 0.404 25.4 40.1 0.404
47 27.9 57.2 0.576 36.1 56.2 0.456 35.8 55.8 0.452
48 13.3 30.1 0.479 19.3 30.0 0.456 19.1 29.8 0.445
49 27.9 54.8 0.512 34.9 54.3 0.456 34.3 53.7 0.434



1427Acta Geophysica (2019) 67:1419–1433	

1 3

hydrograph to nonparametric one is weak. The visual evalu-
ation of the hydrographs shown in Fig. 4 suggests much 
smaller matching errors.

The REp and MREp measures do not answer unambigu-
ously as to whether the functions used should be recom-
mended for the Vistula or the Oder water regions, or not. 
A similar observation was reported by Chai and Draxler 
(2014).

Therefore, two other measures were assumed to assess the 
similarity of the parametric and nonparametric hydrographs: 
the volume of hydrograph, V, and the center of gravity time 
coordinate, rp.

The volume of hydrograph was determined above the p per-
cent flow, p = 50% and p = 75%, using the following definition 
(see Fig. 9):

where Vp is the volume of hydrograph above the p percent 
flow, p = 50%, p = 75%, Np the number of percent flows 
exceeding p percent flow: 6 for p = 75% and 11 for p = 50%, 
and Vp,i the partial volume of the hydrograph between suc-
cessive p percent flows.

The center of gravity time coordinate was determined for 
the hydrograph part above the p percent flow, p = 50% and 
p = 75% (see Fig. 9).

(11)Vp =

Np∑

i=1

Vp,i

(12)rp =

∑Np

i
Vp,ili

∑Np

i
Vp,i

Table 2   (continued) Water 
gauge nos.

Archer Pearson 1 Pearson 2

W75 W50 s W75 W50 s W75 W50 s

50 9.3 18.6 0.472 11.9 18.6 0.443 11.9 18.6 0.443
51 32.3 69.2 0.303 40.9 69.5 0.293 41.2 69.3 0.293
52 30.2 54.2 0.337 34.5 53.8 0.456 33.9 53.1 0.434
53 21.2 46.7 0.470 30.0 46.7 0.456 30.0 46.7 0.456
54 15.9 31.9 0.515 20.4 31.8 0.456 20.2 31.5 0.449
55 17.6 33.7 0.446 21.5 33.7 0.435 21.5 33.7 0.435
56 34.2 58.3 0.623 36.4 56.7 0.456 36.6 56.9 0.462
57 53.7 94.2 0.571 59.3 92.5 0.456 59.0 92.0 0.451
58 55.2 109.4 0.433 69.7 109.3 0.428 67.2 106.9 0.384
59 14.4 29.4 0.455 18.6 29.4 0.411 18.6 29.4 0.410
60 10.4 24.3 0.466 15.6 24.3 0.445 15.4 24.2 0.424

Fig. 5   Relative errors of hydrograph width Wp: a for p = 50%; b for p = 75%

Table 3   Quality measures for relative errors of hydrograph width Wp

Quality W50 W75

Very good < 1% < 20%
Good < 1%, 2%) < 20%, 40%)
Weak < 2%, 4%) < 40%, 60%)
Very weak ≥ 4% ≥ 60%
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where rp is the time coordinate of the center of gravity of the 
hydrograph above the p percent flow, p = 50% and p = 75% 
[h], Np the number of percent flows exceeding p percent flow, 
6 for p = 75% and 11 for p = 50%, Vp,i the partial volume of 
the hydrograph between successive p percent flow [h], li the 
time coordinate of the gravity center ri of the partial volume 
[h], and ri the gravity center of the partial volume.

The analysis involved the assessment of the conform-
ity between the centers of gravity of the parametric hydro-
graphs relative to the flow axis for the percentage of peak 
p = 75% and higher, and for the percentage of peak p = 50% 
and higher (Fig. 10). The position of the center of gravity 

indicates the proportion between the rising limb volume 
and the recession limb volume of the hydrograph. The 
slope coefficient of the trend line represents the relation-
ship between the position of the center of gravity of the 
parametric hydrograph rp and the nonparametric hydrograph 
rar. Slope coefficient values below 1 indicate that the center 
of gravity of the nonparametric hydrograph rar is located 
further away from the q axis than the center of gravity of the 
parametric hydrograph rp. Figure 10 shows that the position 
of the centers of gravity of both hydrographs is better in case 
of distribution with two shape parameters m and n than with 
one parameter.

The analysis of the volume of the parametric hydrographs 
Vp compared to the nonparametric Var, for the percentage 
of peak p = 75% and higher, and for the percentage of peak 
p = 50% and higher (Fig. 11), shows a better fit above W50. 
This analysis confirms that the fit of parametric hydrographs 
to nonparametric ones above W75 is weak and the volume 
of parametric hydrographs is about 30% larger than that of 
the nonparametric ones.

The proposed criteria (13) and (14) offer a possibility 
to evaluate the determined parametric hydrograph when 

Fig. 6   Quality measures for relative errors of hydrograph width Wp: a p = 50%; b = 75%

Fig. 7   Mean relative errors for the p percent flow: a p = 50%; b p = 75%

Table 4   Quality measures for mean relative errors for the p percent 
flow

Quality W50 W75

Very good < 10% < 10%
Good < 10, 50%) < 19%, 50%)
Weak < 50%, 100%) < 50%, 100%)
Very weak ≥ 100% ≥ 100%
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compared to the input (nonparametric) hydrograph. In addi-
tion, an analysis of the absolute deviation Ss of the values 
of the calculated hydrograph width at 50% (W50) and 75% 
(W75) of peak flow, depending on the skewness coefficient 
s, was carried out.

where a is the duration of the percentage of peak flow 
p = 50% or p = 75%, or higher, for the rising limb of the 
nonparametric hydrograph, a = s W50 or a = s W75 [h], â the 
duration of the percentage of peak flow p = 50% or p = 75%, 
or higher, calculated from one of the formulas (8) and (9) 
for the rising limb [h], b the duration of the percentage of 
peak flow p = 50% or p = 75%, or higher, for the recession 
limb of the nonparametric hydrograph [h], and b̂ the dura-
tion of the percentage of peak flow p = 50% or p = 75%, or 
higher, calculated from one of the formulas (8) and (9) for 
the recession limb [h].

Figures 12 and 13 demonstrate the relationship between 
the absolute deviation Ss and the skewness coefficient s for 

(13)Ss =

√
(a − â)2 +

(
b − b̂

)2

the hydrograph widths W50 and W75, respectively. This 
analysis is used to determine the possibility of using Pear-
son Type IV distribution in both considered water regions. 
The skewness coefficient of the hydrograph characterizes 
the proportion of the rising limb of the hydrograph to the 
recession limb. The smaller the value of the skewness 
coefficient s, the larger the share of the recession limb. 
The analysis shows that for hydrographs with values of 
the coefficient s about 0.2 and above 0.5, the compliance 
of parametric hydrographs above W50 described with the 
Pearson Type IV distribution with one shape parameter m 
with nonparametric hydrographs is smaller (see Fig. 12a). 
In the case of two shape parameters m and n (see Fig. 12b) 
fit differences of hydrographs are already visible for the 
value of the skewness coefficient s > 0.3. For hydrographs 
above W75, both for one and for two shape parameters, 
the fit for values of s < 0.4 is less than for values s > 0.4 
(see Fig. 13). In the whole range of variation the skewness 
coefficient of the hydrograph s for the W75 fitting of the 
both hydrographs is much worse than for the W50.

Fig. 8   Quality measures for mean relative errors for the p percent flow: a p = 50%; b p = 75%

Fig. 9   Sketch for determining 
partial volume of hydrograph 
(trapezoidal area) and the center 
of gravity time coordinate used 
in Eqs. 11 and 12
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Summary and conclusions

The gamma distribution function, i.e., Pearson Type III 
distribution function with one shape parameter, is the most 
often used function for parametric hydrographs descrip-
tion in the relevant literature. Authors of such publications 
(for example, O’Connor et al. 2014) indicate the imprecise 
fit of the recession limb of parametric hydrograph to the 
nonparametric one. One of the proposed solutions is to 
use a spline function consisting of two different functions 
describing independently two parts. The upward part of 
the recession limb to the inflection point, which is located 
between the parameters W75 and W50, is described by the 
gamma function. The recession limb below the inflection 
point is described by the exponential function. In Ireland, 
this spline function is known as UPO gamma (unit-peak-
at-origin gamma) (O’Connor et al. 2014). The research 
conducted for the Ireland area showed that this solution 
is not universal. This prompted the authors of this manu-
script to find one function that would allow us to describe 
both the rising and recession limbs of a nonparametric 
hydrograph in any water gauge.

The Pearson Type IV distribution function proposed by 
Strupczewski concerned the description of a nonparametric 
flow hydrograph obtained as a medium hydrograph from 
unimodal recorded hydrographs. Strupczewski claimed that 
this distribution function is recommended to use only when 
the duration of the recession limb of the hydrograph is six 
times longer than the rising limb duration.

Current trends in hydrology recommend the use of the 
Archer’s method for the nonparametric hydrographs descrip-
tion. This hydrograph represents the median durations of 
a given percent flow independently for rising and falling 
limbs. It is used to determine the value of the hydrograph 
width at 50% (W50) and 75% (W75) of peak flow and the 
skewness coefficient s (Archer et al. 2000). The parameters 
are used to determine the shape of a parametric hydrograph 
from W50 to peak flow. The Archer’s method allows to use 
the Pearson Type IV distribution function under conditions 
other than those considered by Strupczewski.

In this paper, the authors modified the formulas for the 
Pearson Type IV distribution with one and two shape param-
eters proposed by Strupczewski.

The analyses were conducted for the two water regions: 
the upper Vistula River and the middle Oder River. For each 

Fig. 10   Relationships between centers of gravity for parametric hydrographs determined by the Person Type IV (rp) and the centers of gravity 
for Archer’s nonparametric hydrographs (rar)
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of these regions, 30 catchments were selected, for which 
multiannual flow records were available. In these areas, large 
floods occurred. The flood hydrographs were highly varia-
ble, with variable ratio of the rising/recession limb duration.

The REp and MREp measures do not answer unam-
biguously as to whether the functions used should be 

recommended for the Vistula or the Oder water regions, 
or not. That is why the three independent methods were 
used to verify the obtained results: How the absolute error 
changed in relation to the skewness coefficient of the 
hydrograph (Figs. 12, 13); what relationships are between 
the calculated and the input hydrographs related to the 

Fig. 11   Relationships between volumes of parametric flow hydrographs determined by the Person Type IV (Vp) and Archer’s nonparametric 
hydrographs (Var)

Fig. 12   Absolute error values Ss versus values of skewness coefficient s for the Pearson distribution function Type IV: a one shape parameter m; 
b two shape parameters m and n for W50 
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changes in the position of the centers of gravity (Fig. 10) 
and the volume of the hydrographs (Fig. 11). The results 
of relative and average relative error analysis do not allow 
unambiguous application or rejection of the Pearson Type 
IV distribution function to describe the parametric hydro-
graph. The remaining three analyses confirmed that both 
Pearson Type IV distribution functions could be used to 
describe the parametric hydrograph. They confirm a good 
fit for the recession limb of the hydrograph. In the upper 
part of the parametric hydrograph above the 75% percent 
flow (W75), a relatively weak fit is observed, but it does 
not affect either the values of the volume in this part or 
the position of the center of gravity of the hydrograph. 
The applied measures of the volume and the position of 
the center of gravity of the hydrograph are more objec-
tive than the relative error (RE) and mean relative error 
(MRE) recommended in Technical Research Report Vol-
ume III Hydrograph Analysis (O’Connor et  al. 2014). 
When using the Pearson Type IV distribution it is difficult 
to state clearly what effect the skewness coefficient s has 
on the function’s fit for the given input parameters (W50 
and W75) (Figs. 12, 13).

As a result of additional tests performed, it was 
observed that there exist many potential pairs of shape 
parameters m and n for Pearson Type IV distribution func-
tion satisfying the objective function criterion (Eq. 8). 
This is a major inconvenience because the shape param-
eters are to be determined for ungauged cross sections, 
based on the physical catchment descriptors. Thus, the 
development of empirical formulas using the physical 
catchment descriptors to determine the parameters W50, 
W75 and s is impossible. Therefore, the Pearson Type IV 
distribution with a single shape parameter to describe the 
parametric hydrograph well enough is recommended.

Open Access  This article is distributed under the terms of the Crea-
tive Commons Attribution 4.0 International License (http://creat​iveco​
mmons​.org/licen​ses/by/4.0/), which permits unrestricted use, distribu-
tion, and reproduction in any medium, provided you give appropriate 
credit to the original author(s) and the source, provide a link to the 
Creative Commons license, and indicate if changes were made.
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