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Abstract

In this paper, we derive a new linear convergence rate for the gradient method with
fixed step lengths for non-convex smooth optimization problems satisfying the
Polyak-Lojasiewicz (PL) inequality. We establish that the PL inequality is a nec-
essary and sufficient condition for linear convergence to the optimal value for this
class of problems. We list some related classes of functions for which the gradient
method may enjoy linear convergence rate. Moreover, we investigate their relation-
ship with the PL inequality.

Keywords Weakly convex optimization - Gradient method - Performance estimation
problem - Polyak-Lojasiewicz inequality - Semidefinite programming
1 Introduction
We consider the gradient method for the unconstrained optimization problem
* = inf
S 1= jnl 1 m

where f : R" — R is differentiable, and f* is finite. The gradient method with fixed
step lengths may be described as follows.

P4 Moslem Zamani
m.zamani_1 @tilburguniversity.edu

Hadi Abbaszadehpeivasti
h.abbaszadehpeivasti @tilburguniversity.edu

Etienne de Klerk
e.deklerk @tilburguniversity.edu

Department of Econometrics and Operations Research, Tilburg University, Tilburg,
The Netherlands

@ Springer


http://crossmark.crossref.org/dialog/?doi=10.1007/s11590-023-01981-2&domain=pdf
http://orcid.org/0000-0003-4086-0999

1106 H. Abbaszadehpeivasti et al.

Algorithm 1 Gradient method with fixed step lengths

Set N and {t;}_, (step lengths) and pick z! € R™.
For k =1,2,..., N perform the following step:
1. okl =2k — 1, Vf(zF)

In addition, we assume that f has a maximum curvature L € (0, o) and a mini-
mum curvature y € (—oo, L). Recall that f has a maximum curvature L if L % =f
is convex. Similarly, fhas a minimum curvature u if f — £||.||> is convex. We denote
smooth functions with curvature belonging to the interval [u, L] by F, ;(R"). The
class 7, ; (R") includes all smooth functions with Lipschitz gradient (note that 4 > 0
corresponds to convexity). Indeed, f is L-smooth on R” if and only if f has a maxi-
mum and minimum curvature L > 0 and fi, respectively, with max(L, | ii|) < L. This
class of functions is broad and appears naturally in many models in machine learn-
ing, see [8] and the references therein.

For f € F, (R"), we have the following inequalities for x,y € R"

FO) S @)+ (V@) y = x) + 5y = 1, ®)

FO) 2 fQ) + (VF00,y = x) + 5 lly = xlI; 3)

see Lemma 2.5 in [21].

It is known that the lower bound of first order methods for obtaining an e-station-
ary point is of the order Q(e‘z) for L-smooth functions [6]. Hence, it is of interest
to investigate the classes of functions for which the gradient method enjoys linear
convergence rate. This subject has been investigated by some scholars and some
classes of functions have been introduced where linear convergence is possible; see
[7, 14—-16] and the references therein. This includes the class of functions satisfying
the Polyak-L.ojasiewicz (PL) inequality [16, 20].

Definition 1 A function f is said to satisfy the PL inequality on X C R”" if there
exists y, > 0 such that

F@ =f* < 5IVf@IP, vxeX. @

Note that the PL inequality is also known as gradient dominated; see [19, Defini-
tion 4.1.3]. Strongly convex functions satisfy the PL inequality, but some classes of
non-convex functions also fulfill this inequality. For instance, consider a differentia-
ble function G : R"” — R™ with m < n. Suppose that the non-linear system G(x) = 0
has some solution. If

. T _
min Amin (Jog(0)T) =6 > 0,

where J;(x) is the Jacobian matrix of G at x, then the function f(x) = ||G(x)||* ful-
fils the PL inequality; see [19, Example 4.1.3]. Here, 4,,,(A) denotes the smallest

‘min
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eigenvalue of symmetric matrix A. In other words, nonlinear least squares problems
often correspond to instances of (1) where the objective satisfies the PL inequality.

The following classical theorem provides a linear convergence rate for Algo-
rithm 1 under the PL inequality.

Theorem 1 [20, Theorem 4] Let f be L-smooth and let f satisfy PL inequality on
X = {x:f(x) <fEHl} Ift, € (O, %) and x* is generated by Algorithm 1, then

FOA) =f* < (1= 0,2 = 10) (fG&H) = f*). ©)

In particular, ift, = %, we have
fe = < (1=2) (Fah - ). ©)

In this paper we will sharpen this bound; see Theorem 3. Under the assump-
tions of Theorem 1, Karimi et al. [16] established linear convergence rates for
some other methods including the randomized coordinate descent. We refer the
interested reader to the recent survey [7] for more details on the convergence of
non-convex algorithms under the PL inequality.

In this paper, we analyse the gradient method from black-box perspective,
which means that we have access to the gradient and the function value at the
given point. Furthermore, we study the convergence rate of Algorithm 1 by using
performance estimation.

In recent years, performance estimation has been used to find worst-case con-
vergence rates of first order methods [1, 2, 9, 10, 13, 23], to name but a few. This
strong tool first has been introduced by Drori and Teboulle in their seminal paper
[12]. The idea of performance estimation is that the infinite dimensional optimi-
zation problem concerning the computation of convergence rate may be formu-
lated as a finite dimensional optimization problem (often semidefinite programs)
by using interpolation theorems. The interested reader may consult the PhD the-
ses of Drori [11] and Taylor [22] for an introduction to, and review of the topic.

The rest of the paper is organized as follows. In Sect. 2, we consider prob-
lem (1) when f satisfies the PL inequality. We derive a new linear convergence
rate for Algorithm 1 by using performance estimation. Furthermore, we provide
an optimal step length with respect to the given bound. We also show that the
PL inequality is necessary and sufficient for linear convergence, in a well-defined
sense. Sect. 3 lists some other situations where Algorithm 1 is linearly conver-
gent. Moreover, we study the relationships between these situations. Finally, we
conclude the paper with some remarks and questions for future research.

Notation

The n-dimensional Euclidean space is denoted by R". Vectors are considered
to be column vectors and the superscript 7 denotes the transpose operation. We
use (-,-) and || - || to denote the Euclidean inner product and norm, respectively.
For a matrix A, Al-j denotes its (i, j)-th entry. The notation A > 0 means the matrix
A is symmetric positive semi-definite, and tr(A) stands for the trace of A.
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1108 H. Abbaszadehpeivasti et al.

2 Linear convergence under the Pt inequality

This section studies linear convergence of the gradient descent under the PL ine-
quality. It is readily seen that the PL inequality implies that every stationary point
is a global minimum on X. By virtue of the descent lemma [19, Page 29], we have

fG =f* 2 LIVFWIP, Vx € R

Hence, H,, can take value in (0, L]. On the other hand, we may assume without loss
of generality y < p,,. The inequality is trivial if 4 < 0, and we therefore assume that
u > 0. By taking the minimum with respect to y from both side of inequality (3), we
get

F@ =f* < VIR

Hence, one may assume without loss of generality y, = max{u, y,} in inequality
.

In what follows, we employ performance estimation to get a new bound under
the assumptions of Theorem 1. In this setting, the worst-case convergence rate of
Algorithm 1 may be cast as the following optimization problem,
feD)—f*

FGh—f*
x? is generated by Algorithm 1 w.r.t. f, x!
fx) > f*vVxeR"
fO =f* < 5o IVFIP. vaeX
.
f € fy,L(Rn)
x! e R".

max

)

In problem (7), f and x! are decision variables and X = {x : f(x) < f(x")}. We may
replace the infinite dimensional condition f € ¥, , (R") by a finite set of constraints,
by using interpolation. Theorem 2 gives some necessary and sufficient conditions
for the interpolation of given data by some f € F, ; (R").

Theorem 2 [21, Theorem 3.1] Let {(x';g'f)},c; € R" X R" X R with a given index
set I and let L € (0, 0] and u € (—o0, L). There exists a function f € fﬂyL([R”) with

fe) =V =g i€l ®)
if and only if for everyi,j € 1
2 2 S
1 R VY O EETCRRRE)
<f - = (g - ).

©)
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It is worth noting that Theorem 2 addresses non-smooth functions as well. In fact,
L = oo covers non-smooth functions. Note that we only investigate the smooth case in
this paper, that is L € (0, o0) and 4 € (—o0, 0].
By Theorem 2, problem (7) may be relaxed as follows,
Ff*
I f *

max

S.t.

(18" = I + ulle =0 = 2 (g - g - ') ) <
f={g.x—-¥)ije(l1,2} (10)

x2=x1—t1g1
fF2f ke (1,2}

FE=1* < 5olghP ke (1.2).

2(1
(L

As we replace the constraint f(x) —f*< —||Vf(x)||2 for each x€X by
fl=f*< 5 L |lg'I? and f2 —f* < ™ L Ig21%, problem (10) is a relaxation of prob-

lem (7). By 1plSiIlg the constraint x*> = x' —#,g!, problem (10) may be reformulated
as,

max ff:{f‘:
st o= (182117 + (1 + L} = 2ur)llg!|IP + 2ur, — 18", 8))

=+ = (g'ng') <0

s 18217 + (1 L = 28 1P + 20uty = 1(g".8%)) (1)
—fT+f7+ (g ) <0

fF-ff<0 ke (1,2)

FE=1* = 5 I8M P <0, ke (1,2),

By using the Gram matrix,

@y lg'll! (s',s”)
X = <(g2)T> (g 8 ) <(g ) lIgl”? ) ’

problem (11) can be relaxed as follows,

max £
st. trAX)—f2+f1<0
tr(A2X) —fl +f2 < 0 (12)

fl=f*+tr(A;X) <0
2= +t(A,X) <0
LAz X =0,
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1110 H. Abbaszadehpeivasti et al.

where
1+pul2—2pt, —1 ut—1 L+ule;=2uty  pr—1 I
= 2(L—p) 2(L—p) = 2(L—p) 2L—p) 2
A ut{—1 1 Ay ut;—1 f 1
2(L—p) 2(L—p) 2(L-p) 2 2(L—p)

a=(7°) a=(08
= H = -1 .
Noo) "%

In addition, X, ', f 2 are decision variables in this formulation. In the next theorem,
we obtain an upper bound for problem (11) by using weak duality. This bound gives
a new convergence rate for Algorithm 1 for a wide variety of functions.

Theorem 3 Let f € F (R with L € (0, 00), u € (—00,0] and let f satisfy the PL
inequality on X = {x : f(x) < f(x")}. Suppose that x* is generated by Algorithm 1.

0 Ift, e (0, %) then

JO) —f*
f&h) —f*
2
(1= L) + 4L = ) (= 1,) (2= Ly pyty + (L= o)
<
- L-pu+p,
. 1 3
i) [ftl S [z, m}, then
fO2) —f* < (Lty = 2)(uty = Dpyt,y 1)
fGh) —f* (L+u—p,)t, -2
lll) Iftl S (m, %), then
O =1 (Lt =1
FGNY = f* T Lty =12+ p,t,2 - Lty)
In particular, if t, = % and y = —L, we have
. 2L —2u N
f)—f* < <Fﬂp”>(f(xl)—f ). (13)

Proof First we consider ¢, € (O, %) Let
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~ (L— ) (a+u,(1—Lt))
1 a(L—p+uy)

2
a
b2=bl_<L—ybl> )

@ =@ = (s (1, = ) (L1, =2) + (L= ).

where

It is readily seen that b, b, > 0. Furthermore,
2_*_b_b 1_*_b _le 1 _ %
e A R e R e 8 IR AR

P

Lol 2l?, 2 o* 1 212
—(1—b1)<—2—%||g | +72-r )—bl(m—_m(ng I
+(1+ puLt; = 2ut)lIg I1* +2(ut, — 1)(g". %)) =1 + 2+ (g%, 1,8"))

1 - Lt 2

ab; <0
2a '

)
L8 "8

Therefore, for any feasible solution of problem (11), we have

o) —f*
Jah —f*

w(1-Lt) + \/(L— (1= 1) (2= Lt Yoty + (L= )

L—,u+;4p

2

<

and the proof of this part is complete. Now, we consider the case that

S [11‘ m] Suppose that
a = ut; —1 4= 1 -Lt ,
(L+/4—yp)t,—2 (L+,u—up)tl—2
(@ =2)uty =2 = 1)ty ~ Moty
“=T (L+M—Mp)t1—2 ' a4__(L+,u—/4p)t1—2'

It is readily seen that a,, a,, a;, a, > 0. Furthermore,
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1112 H. Abbaszadehpeivasti et al.

Fr=fr=(1=ay—a) (f' =£*) —a3<—2i||g‘||2 +/! —f*)

L2l o 2 2
—a4<—%|)g |+ —f> <2(L (I + (1 ek = 2p1)llg |

1
+2(uty = 1)(g". ¢»)) — ' +17 + (g% 1,8 —a( lg*I?
=g P+ (8 ng')) —a 2(L_ﬂ)(g
+(1+ pLt; = 2ut)lIg 1> + 2(uty — 1)(g", %)) — > +f' = (g'.1,")) =0
Therefore, for any feasible solution of problem (11), we have

Ly ut> = 2u (L + p)t> + 4u 1
fe) - - L= L7 +1) faH—f*) <0
< (L+wu—m,)t =2 ( )

3
LA 12 =L+ 12’

Now, we prove the last part. Assume that ¢, € ( L) With some alge-

bra, one can show

Lt; — 1)? 1(2—Lty)
P ()0 == () (el + )

~ <(Lt1 -DE- Ltl)>
B

(2(L1 (1% 1% + (1 + pLd = 2ur)lIg 17 + 2(ut, — 1)(g", %))

2(L

+2(uty — 1)(g". ¢%)) =1 + 2 + (g5 1g"))
(1= Lt))(Lur® = 2(u + L)t + 3)

2
1
= H\/Lll lg' + Tnot lgz

Lt
2+ = (g"ng")) - <1 )( '_M)(||gz||2+(1+;4Lr%—2m1>||gl||2

28(L — ) B
where,
B =Lty = 1)* + p,t,(2 - Lt).
The rest of the proof is similar to that of the former cases. O

One may wonder how we obtain Lagrange multipliers (dual variables) in The-
orem 3. The multipliers are computed by solving the dual of problem (12) by
hand. Furthermore, Theorem 3 provides a tighter bound in comparison with the
convergence rate given in Theorem 1 for L-smooth functions with ¢; € (0, %). To
show this, we need investigate three subintervals:

i) Suppose thatt; € (0, %) Asl—Lt <0,
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2L+p,

( 1, (1=t )+ 2L(=L=p, ) (=Lt Y 1, +4L2 )2

< AR (L, X =D+, Ly
= QLtp,

where the last inequality follows from non-positivity of the quadratic function
T,@) = —Lt%(ZL2 + Ly, + /45) + 21 (2L2 + Ly, + ,uj) — 4L on the given interval.
i) Letr, € [% \/TE] Since u, < Land (2 — Lt;) > 0, we have

Lt)+2 = 1— Q—Lt) Lty +2D)p, 1y
Myt +2 Myl +2

1<

<1-=1pu,(2 = Lty).

iii) Assume that ¢, € (73, %). It is readily verified that the quadratic function
Ty(t)) = (Lt; = 1)* 4+ 1, (2 — Lt;) — 1 is non-positive on the given interval.
Hence,

(Lt,=1) 1,1, (2=Lt,)
(Lt =)+t 2Lty L~V 4py, 0—L1y) = 1 =114, (2 = Lty)

Therefore, for ¢, € (O, %) the bound provided by Theorem 3 is tighter than that

given by Theorem 2.

In most problems, the smoothness constant, L, is unknown. By using (2), any
estimation of the smoothness constant L, say L, should satisfy the following
inequality,

F(x=1V7@) <f00 = V@I

Thus one may try to obtain a suitable estimate by searching for a sufficiently large
value of L that satisfies this inequality. This technique is due to Nesterov; see [18,
Section 3] for details.

The next proposition gives the optimal step length with respect to the worst-case
convergence rate.

Proposition 1 Let f € F, ;| (R") with L € (0, o), u € (—00,0] and let f satisfy the PL

inequality on X ={x:fx<fxHy). Suppose that
r(t) = Lu(L + p — ) — (L* — p,(L+ p) + 5Ly + ) > + 4L+ )t —4 and 7 is
. .1 3 e, *
the unique root of r in [L, RTIOY e m] if it exists. Then t* given by
N 1 if 7 exists
r= S R otherwise,
u+L+\ 12 —Lp+L?

is the optimal step length for Algorithm 1 with respect to the worst-case convergence
rate.
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1114 H. Abbaszadehpeivasti et al.

Proof To obtain an optimal step length, we need to solve the optimization problem
min h(t),

e 02
'L

where £ is given by

-

L-p+u,

2
/4,,(1—LI)+\/(L—M)(ﬂ—,u,,)(Z—LI)M,,H(L—M)Z) ‘e (0, 1)

h(t) =< @L=2)(ut-u,t
® L2 u=Dmt te[l, 3 ]
(L+u=p,)i=2 L™ py+L++/ 2 —Lu+L?
w-1? e 3 2
(Lt=12+Q2~Li)p,t utL+\p2—Lu+2" L)’
It is easily seen that % is decreasing on <0, 1 ) and is increasing on (é, 2 )
L UAL+\ 2 —Lu+12" L

Hence, we need investigate the closed interval [l, é] We will show that
& L™ p+L+/ 2 —Lu+L2

h is convex on the interval in question. First, we consider the case L+ p — p, < 0.

_ pt=2 _ _ _

Let p(r) = - and g(t) = (Lt — 2) H,t. By some algebra, one can show the fol
.. .. 1 3 I
10w1ng 1nequa11tles fort € [Z, m]

p) >0 q(n<0
PH=0 ¢@®=>0
Pl <0 4'®=>0.

Hence, the convexity of & follows from A" = p”q + 2p’'q’ + pq”. Now, we investi-

gate the case that L+ pu—p,>0. Suppose that p(r)= m and
P

q(t) = (Lt — 2)(ut — 2). For these functions, we have the following inequalities

p) <0 ¢g»=0
P00 ¢d0<0
=0 4" <0,

which analogous to the former case one can infer the convexity of 4 on the given

interval. Hence, if / has a root in [l — 3 | it will be the minimum. Other-

Lyt L2 —Lu+L2 |

3 will be the minimum. This follows from the

uAL+ p?—Lu+L?

2y, (u,—L . . . .
% < 0 and the convexity of % on the interval in question.
.
O

wise, the point 1* =

point that #'(7) =
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Thanks to Proposition 1, the following corollary gives the optimal step length
for L-smooth convex functions satisfying the PL inequality.

Corollary 1 If fis an L-smooth convex function satisfying the PL inequality, then the
optimal step length with respect to the worst-case convergence rate is

. 2 3
min , =
L++/Ly,” 2L

The constant

2 . . . . .
T also appears in the the fast gradient algorithm introduced in

[17] for L-smooth convex functions which are (1, u,)-quasar-convex, see Definition 4.
By Theorem 9, (1, u,)-quasar-convexity implies the PL inequality with the same con-
stant. Algorithm 2 describes the method in question.

Algorithm 2 Fast gradient method

Pick 2! € R", set N and y! = z1.
For k =1,2,..., N perform the following step:

1. yk+1 —:Ck—— ( k)
k+1 —VFp (,k+1 _ o,k
2. ghtl = gyhtl 4 ﬁ'ﬂ/ﬁ (y y*)

One can verify that Algorithm 2, at the first iteration, generates

2=x - L+\/_Vf(x)

A more general form of the PL inequality, called the L.ojasiewicz inequality, may be
written as

(F@ =f*)" < IV, VxeX. (14)

where 0 € (0, 1). It is known that when 6 € (0, l] some algorithms, including Algo-
rithm 1, is linearly convergent; see [3, 4]. In the next theorem, we show that for
functions with finite maximum and minimum curvature the Lojasiewicz inequality
cannot hold for 6 € (0, 3).

Theorem4 Let f € F, ;(R") be a non-constant function. If f satisfies the Lojasiewicz
inequality on X = {x : f(x) < f(x")}, then 6 > %

Proof To the contrary, assume that 6 € (0, %). Without loss of generality, we may
assume that y = —L. It is known that Algorithm 1 generates a decreasing sequence
{f(x*)} and it is convergent, that is || Vf(xX)|| — 0; see [19, page 28]. Furthermore,
(14) implies that f(x*) — f*. Without loss of generality, we may assume that
f* = 0. First, we investigate the case that f(x') = 1. The semi-definite programming
problem corresponding to performance estimation in this case may be formulated as
follows,
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1116 H. Abbaszadehpeivasti et al.

max f2

st. tr(A,X)—f2+1<0
tr(A,X)—1+f2<0
1 +tr(A;X) <0
)Y +tr(A,X) <0
f2>0,X > 0.

5)

Since Algorithm 1 is a monotone method, f2 can take value in [0, 1]. In addition, we
have f2 < (f>)* on this interval. Hence, by using Theorem 3, we get the following

bound,
f2 < 2L — 2;{,,'
2L + Hp

Now, suppose that f(x!') =f! > 0. Consider the function i : R" — R given by
h(x) = J% It is seen that & is fil-smooth and

W S s IVA@IP, Vx € X,

As Algorithm 1 generates the same x? for both functions, by using the first part, we
obtain

Jit2) 2L(FH! — Zyp(f')29—2 2L — 2Mp(f])26_1
fh < 2L(fH-! +Mp(fl)20—2 - 2L+H,,(fl)29“ .

2L—2ﬂp(fl )20—1
2L+}4p(fl )29—1
proof is complete. O

For f! sufficiently small, we have < 0, which contradicts f* > 0 and the

Necoara et al. gave necessary and sufficient conditions for linear convergence of
the gradient method with constant step lengths when f is a smooth convex func-
tion; see [17, Theorem 13]. Indeed, the theorem says that Algorithm 1 is linearly
convergent if and only if f has a quadratic functional growth on {x : f(x) < f(x)};
see Definition 3. However, this theorem does not hold necessarily for non-convex
functions. The next theorem provides necessary and sufficient conditions for linear
convergence of Algorithm 1.

Theorem 5 Let f € F,;(R"). Algorithm 1 is linearly convergent to the optimal
value if and only if f satisfies PE inequality on {x : f(x) < f(x)}.

Proof Let x € {x : f(x) <f(x)}. Linear convergence implies the existence of
y € [0, 1) with

f® - <r([f® -1*), (16)

where % = ¥ — %Vf()‘c). By (3), we have f(¥) — f(}) < 25;;‘ |V£(®)||>. By using this
inequality with (16), we get
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Conditions for linear convergence of the gradient method for. .. 117

f@ =% < =@ —f®) < 7S IV

which shows that f satisfies PE. inequality on {x : f(x) < f(x")}. The other implica-
tion follows from Theorem 3. O

3 The Pt inequality: relation to some classes of functions

In this section, we study some classes of functions for which Algorithm 1 may
be linearly convergent. We establish that these classes of functions satisfy the PL
inequality under mild assumptions, and we infer the linear convergence by using
Theorem 3. Moreover, one can get convergence rates by applying performance
estimation.

Throughout the section, we denote the optimal solution set of problem (1) by
X* and we assume that X* is non-empty. We denote the distance function to X* by
dy«(x) :=inf ey, ||y — x[|. The set-valued mapping Ily.(x) stands for the projection
of x on X*, that is, [T, (x) = {y : |y — x|| = dy«(x)}. Note that, as X* is non-empty
closed set, Iy.(x) exists and is well-defined.

Definition 2 Let y, > 0. A function f has a quadratic gradient growth on X C R"if
(V). x = x*) > p,dz.(x), Vx€X, (17)

for some x* &€ Iy (x).

Note that inequality (2) implies that y, < L. Hu et al. [15] investigated the con-
vergence rate {x*} when f satisfies (17) and X* is singleton. To the best knowledge
of the authors, there is no convergence rate result in terms of {f(x*)} for functions
with a quadratic gradient growth. The next proposition states that quadratic gradient
growth property implies the PL inequality.

Proposition 2 Letr f € F, [ (R"). If f has a quadratic gradient growth on X C R"

2

with p, > 0, then f satisfies the PL inequality with p,, = %

Proof Suppose that x* € Ily.(x) satisfies (17). By the Cauchy-Schwarz inequality,
we have

Hollx = x* || < [IVF@)I. (18)

On the other hand, (2) implies that
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1118 H. Abbaszadehpeivasti et al.

FO) <FOX) + Zllx =21 (19)
The PL inequality follows from (18) and (19). O

By Proposition 2 and Theorem 3, one can infer the linear convergence of Algo-
rithm 1 when f has a quadratic gradient growth on X = {x : f(x) < f(x")}. Indeed,
one can derive the following bound if #; = % and y = —L,

5 20% — 2/4§ .
o) —f* < ETreny (Fah =r*). (20)
8

Nevertheless, by using the performance estimation method, one can derive a better
bound than the bound given by (20). The performance estimation problem for ¢, = %
in this case may be formulated as

fz_f*

s.t. {ok, gk, f¥1 U (%, 0,f* ) satisfy interpolation constraints (9) for k € {1,2}
2 =x = lgl
L
ff2f* ke (l1,2)
<gk?xk _yk> > Mg”yk _xk”2’ ke {1’2}
! = yHIP < flx' =212
[l = 211> < [l = y'|I1% 2D

max

1 aa T I T
BN —— Bound (20)
T~ - - - PEP bound (21)

Upper bound on function value
/

Fig. 1 Convergence rate computed by performance estimation (red line) and the bound given by (20)
(blue line) for “T* € (0, 1). (color figure online)
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Analogous to Sect. 2, one can obtain an upper bound for problem (21) by solving a
semidefinite program. Our numerical results show that the bounds generated by per-
formance estimation is tighter than bound (20); see Fig. 1. We do not have a closed-
form bound on the optimal value of (21), though.

Definition 3 [17, Definition 4], [19, Definition 4.1.2] Let Hy > 0. A function f has a
quadratic functional growth on X C R" if

B2, (x0) <f(x)—f*, VxeX. 22)

2 TX*

It is readily seen that, contrary to the previous situations, the quadratic func-
tional growth property does not necessarily imply that each stationary point is a
global optimal solution. The next theorem investigates the relationship between
quadratic functional growth property and other notions.

Theorem 6 Let f € ]:M,L(IR”) and let X = {x : f(x) < f(x)}. We have the following
implications:

0 (&)= (2) with u, = p,
ii) Ifu, > ZT”i then (22) = (17) with pi, = % (1 — &) + £,
iii) If

f) —f™) < (Vf(x),x —x*), Vx € X,

for some x* € Iy, (x) then (22) = (17) with He = %
Proof One can establish i) similarly to the proof of [16, Theorem 2]. Consider part
ii). Let x € X and x* € Iy. (x) with dy. (x) = ||x — x*||. By (9), we have

F@) =fG*) < 57 IVFOIP = 5l = IP + 75 (T (0,0 = x%).

As %”x — _x*”z Sf(x) —f(x*), we get
(2(1=2) + &)l = x| < (V7. x = 2%),

which establishes the desired inequality. Part iii) is proved similarly to the former
case. a

By Theorem 3, it is clear that Algorithm 1 enjoys linear convergence rate if
f has a quadratic gradient growth on X = {x : f(x) <f(x")} and if f satisfies
assumptions ii) or iif) in Theorem 6. For instance, if 4 = —L and y, € (%,L), one
can derive the following convergence rate for Algorithm 1 for fixed step length
1
b= 1 ke {l,..,N},
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1 1 207 = 2(p, — é)z ' 1
FEN = fh < ETE IRy (Fahy =), (23)
q 2

It is interesting to compare the convergence rate (23) to the convergence rate
obtained by using the performance estimation framework. In this case, the perfor-
mance estimation problem may be cast as follows,

N+1 _p*
max L h

f]—*
st {xk, g5 fFY U (OK,0,f* ) satisfy inequality (9) fork € {1,..,N + 1}
ey =xk—%gk, ke{l,...N} 4
k * ( )
ffzfr kedl,. N}
k _ xS Mok _ k2
Fo=fr 2 S = ke (1 LN+ 1)
I = Y112 < Ik =K%, ke (1L N+ 11K € (1, ,N+1}.

Since xF*1 = xk — %gk, we get xF! = x! — % Z;‘zl g'. Hence, problem (24) may be
reformulated as follows,

fN+l _f*

max ——

k—1

S.t.
=1

fE>f* ke fl,.,Nj

k—1
1 1 Z ! k
x —_—— —_—
L8
=1

Xl — % Z g g~ fk} U {yX,0,f*} satisfy interpolation constraints (9)

2

fk—f*z% , ke {l,.,N+1)}

, kK e{l,..N+1}. (25

The next theorem provides an upper bound for problem (25) by using weak duality.
Theorem 7 Let f € F_; ;(R") and let f have a quadratic functional growth on

X ={x:f) <fQh) with u, € (%,L). Ift, = %, k€ {1,..,N}, then we have the
following convergence rate for Algorithm 1,

N
O —f) < £ (2= ) (ra) ). 6)

Proof The proof is analogous to that of Theorem 3. Without loss of generality, we
may assume that f* = 0. By some algebra, one can show that
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N+1
N N-1
N+l _px _ L[ 2K I _ N+l—j< _ﬂ)
per b ) e 3 (200
=

Y, L
gl> - i”é””2 +3

5 (2 ()0-) ) (oot 2
X =1

j-1 2

-1

; ; i i 1

Xf*—fj—<g/,yl—xl+z yl—xl+2281+zg/
=1

=1

i=2 j=i
i1 2 N
ey b St |3 (- 2)
= J=
e N-1 N

N—1 N+1

X (11 =p = 2yt =) = —<§(1 —8) I -+ Zg’||2>
=1

N

N—i
- |%0-%)

yi—x1+1%2gl <0.
I=1

By using the above inequality, we get

fN+1 _f*S£<2—2—Z”>N(f1 _f*)’

Hq
for any feasible point of (25), and the proof is complete. O
By doing some calculus, one can verify the following inequality

> L\?
2L —2(”4_5> > 2 zﬂq LL
2 —( —7)’ ”qe(z’ >~
2L2+<yq—§>

Hence, Theorem 7 provides a tighter bound than (23).

Definition 4 [14, Definition 1] Lety € (0, 1]and p, > 0. A function fis called (y, u,)
-quasar-convex on X C R" with respect to x* € argmin, g, f(x) if

£+ NV, x* = x) + £ x" =2l <f*, VxEX, @7

The class of quasar-convex functions is large. For instance, non-negative homoge-
neous functions are (1, 0)-quasar-convex on R”. (Recall that a function f : R” - R
is called homogeneous of degree k if f(ax) = a*f(x) for all x € R”, @ € R. ) Indeed,
if fis non-negative homogeneous of degree k£ > 1, by the Euler identity, we have
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JO) +{(Vf(x),x* —x) =1 —k)f(x) <0, Vx e R",
where x* = 0. In what follows, we list some convergence results concerning quasar-

convex functions for Algorithm 1.

Theorem 8 [5, Remark 4.3] Let f be L-smooth and let f be (y, p,)-quasar-convex on
X = {x:f(x) <fCEHY) Ift, = %and if X2 is from Algorithm 1, then

e = < (1= 28 ) (Feh) = 17). (8)

In the following theorem, we state the relationship between quasar-convexity and
other concepts. Before we get to the theorem, we recall star convexity. A set X is
called star convex at x* if

A+ -Ax*eX, VxeX,Vie[o,1].

Theorem 9 Ler x* be the unique solution of problem (1) and let
X={x:fx)<f@&H). If X is star convex at x*, then we have the following
implications:

) Q27)=17)with Hy = LT
ity (17)= 27) withu, = £ — %a
l”) (27) => (4) with 'up = Msyz.

S

dy = %for each? € (max(g, I’lg)’ 00).

Proof The proof of i) is similar in spirit to the proof of Theorem 1 in [17]. Let
x € X. By the fundamental theorem of calculus and (27),we have

1
f) —f™) = / %(Vf(/lx + (1= ADx™), Ax+ (1 = x* —x*)dA
0
! 2
> /0 L(fChe+ (1= ) = £ + 25 e = x| )
> Il - 2P,

where the last inequality follows from the global optimality of x*. By summing
) —f(x*) > %llx — x*||? and (27), we get the desired inequality. Now, we prove

part ii). Let x € R"and 7 € (max(%, yg), 00). By (2), we have
FO) SFEF) + Sl =217, (29)

By using (29) and (17), we get
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Fe0+ (£ )(Vfe0.x" =)+ (€= £ )l = I <6,
For the proof of iii), we refer the reader to [5, Lemma 3.2]. O

By combining Theorem 3 and Theorem 9, under the assumptions of Theorem 8,
one can get the following convergence rate for Algorithm 1 with¢, = %,

2L - 2”.§y2

2\ _ px
et S(ZL"‘/M’Z

)Uub—fw,

which is tighter the bound given in Theorem 8.

4 Concluding remarks

In this paper we studied the convergence rate of the gradient method with fixed step
lengths for smooth functions satisfying the PL inequality. We gave a new conver-
gence rate, which is sharper than known bounds in the literature. One important
question which remains to be addressed is the computation of the tightest bound
for Algorithm 1. Moreover, the performance analysis of fast gradient methods, like
Algorithm 2, for these classes of functions may also be of interest.

We only studied the linear convergence in terms of the convergence of objective
values. However, one can also infer the linear convergence in terms of distance to
the solution set or the norm of the gradient by using our results. For instance, under
the assumption of Theorem 3, we have

B, (1) < fEH) - <M (Fah) - £7) < Hdl ),
where the first inequality follows from Theorem 6, y is the linear convergence rate
given in Theorem 3, and the last inequality resulted from (2). Hence,

& (0 < ol (),

Hy
Moreover, the quadratic gradient growth is a necessary and sufficient conditions for

the linear convergence in terms of distance to the solution set; see [24, Theorem 3.4].
Note that the PL inequality and the quadratic gradient growth are equivalent.
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