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Abstract

We consider a two-machine flow shop scheduling problem in which the process-
ing time of each operation is inversely proportional to the power of the amount of
resources consumed by it. The objective is to minimize the sum of the makespan
and the total resource consumption cost. We show that the problem is NP-hard, and
its constrained version remains so. Then, we develop 1.25- and 2-approximation
algorithms for the problem and its constrained version, respectively.

Keywords Scheduling - Convex resource consumption - Computational complexity -
Approximation algorithms

1 Introduction

Scheduling problems with controllable processing times have been extensively
studied since Vickson [13]. Refer to [6, 10] for the comprehensive surveys. In most
scheduling problems with controllable processing times, it is assumed that the pro-
cessing time of job j is determined by a linear resource consumption function, which
is described as

Pijui)) =pi—uy 0<u; <, 1

where u, ; is the resource consumption amount of job j on machine i, and p, ; and &;;
are the initial processing time and upper bound on the resource consumption amount
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of job j on machine i, respectively. However, linear resource consumption functions
in (1) cannot reflect the law of diminishing marginal returns, which can be found
in many resource allocation problems in physical or economic systems. The law
means that productivity increases at a decreasing rate with the resource consumption
amount. In this paper, to reflect this, assume that each job processing time decreases
at an increasing rate with the amount of resource consumption, which is described

as
Wi k
Pi‘,‘(”i,,‘) = <u_> > (2)

i

where w;; > 0 is the workload of operation O;; and k is a positive constant. Thus, we
mainly focus on introducing the previous research with convex resource consump-
tion functions in (2). Table 1 shows a summary of complexity results for scheduling
problems with convex resource consumption functions. Please refer to [10] for any
missing definitions.

For a single-machine case, Kayan and Akturk [7] and Cheng and Janiak [2] intro-
duced the application of convex resource consumption functions. In a CNC machine
scheduling problem [7], the job processing time is determined by a convex function in
(2) of the feed rate and spindle speed used for each operation. In a steel mill industry
[2], the time to preheat each batch of ingots in each soaking pit to a certain tempera-
ture is determined by a convex decreasing function of the gas flow intensity. Shabtay
and Kaspi [8] considered 1|conv, ¥, u; < K| ¥, v;C;, where v; is the weight of job j.
Although the computational complexity remains open, they revealed a closed-form of
the optimal resource allocation for a given job sequence, and presented polynomially

Table 1 Complexity results for scheduling with convex resource consumption functions

Problem Complexity Ref.
1|c0nv|(zj C/-,Zj u; O(nlogn) [8]
Leonv|(Cpyy 25, €j147) O(n) [10]
l|conv,d; = d, Z/T] <T| Zj u; on?) [14]
Lconv,up, ¥ cj; < K|Cpyyy NP-hard, 1.5-approx, [12]
FPTAS
Lleonv, up|Cpox + 35, cjt; NP-hard, FPTAS [4]
Pm|conv, pmin, ¥ u; < K|Cpo on?) [91
Pm|conv, 3 u; < K|Cpyyy NP-hard [91
Pm|conv, E,‘ u; < K| Zj G O(nlogn) 9]
Fm|conv, prmu, ¥, . u;; < K, ;; < u;; < f;;1Cpy NP-hard, m-approx [2]
(general convex)
F2|conv,nw, 3, t;; < K| Cpay Strongly NP-hard, 2!/4+! [11]
-approx
F2|conv|C,, + Zi,/‘ C; Ui NP-hard, 1.25-approx Theorem 1 & Theorem 3
F2|conv, Y. i) Cigltij < K| Crax NP-hard, 2-approx Corollary 2 & Theorem 4
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solvable cases. Xu et al. [14] showed that l|conv,d; = d, Y, T; < T| 3 u; is solvable
in O(n?). Recently, Shabtay and Zofi [12] cons1dered 1|c0nv Z u; < K |C. .~ with
one unavailability period, and showed that it is NP-hard and has a 1.5 approximation
algorithm and an FPTAS. Choi and Park [4] extended the results into the case with
multiple unavailability periods. For a parallel-machine case, Shabtay and Kaspi [9]

showed that Pm|conv, Zj u; < K|C,,,,x is NP-hard while its preemption vesion and
Pm|conv, ¥, u; < K| ¥, C; are polynomially solvable.

For a ﬂow shop case, Cheng and Janiak [2] considered Fm|conv, Y. . u Uiy < K| Crgg
such that permutation schedules are only considered and the bound constraint for
each operation, that is, @;; < u;; < B;;, exists. They proved the NP-hardness of the
case with m = 2, and developed a branch-and-bound algorithm and three m-approx-
imation algorithms whose performances were effective through numerical experi-
ments. Shabtay et al. [11] considered F2|conv, Y. . u jUij < K|Cppyy such that no-wait
constraints exist, that is, no idle time exists between the first and the second opera-
tions of each job. They proved its strong NP-hardness, developed a 2!/%+Lapproxi-
mation algorithm, and introduced three polynomially solvable cases. Furthermore,
they developed two heuristics whose performance were effective through numerical
experiments.

To the best of our knowledge, there has been no study on the complexity of
F2|conv, Y. .u juij < K|Cpyx without the bound and no-wait constraints. Note that
the optimality property obtained from the bound constraints is to fully compress
or not to compress each job under an optimal schedule, which had been used for
the NP-hardness proof of [5]. Cheng and Janiak [2] also proved the NP-hardness
of F2|conv, Zz,} ij S K|Cpax With a;; <u;; < f;; based on this optimality prop-
erty. Since the convex resource consumption functions in (2) are not locally
bounded, however, this optimality property cannot be used for the NP-hardness of
F2|conv, Y. .u jUij < K|Cpyy- Furthermore, two cases with and without no-wait con-
straint are completely different problems. Thus, it is not straightforwardly that the

NP-hardness result of [2, 5, 11] holds in F2|conv, ¥, ; ¢; tt;; < K|Cppyy.

The contributions of this paper are twofold. First, we prove the NP-hard-
ness of F2lconv|Cpy + X, ¢i5u;; and  F2|conv, ¥, ¢;u;; < K|Cpyy,  Which
implies the NP-hardness of F2|c0nv|(CmaX, z” ij4;j) whose complexity remains

max

open in [10]. Second, we develop 1.25- and 2-approximation algorithms for
F2|conv|Cpyy + X, ¢iju;; and F2|conv, ¥, i ¢ u;; < K|C,

nax» Tespectively. Since
an optimal schedule ex1sts among the set of the permutation schedules in the two-

machine flow shop scheduling problem with makespan criterion, an m-approxima-
tion algorithm of Cheng and Janiak [2] becomes a 2-approximation algorithm for

F2|conv, 3, c;ju;; < K|Cppyy This fact is consistent with our 2-approximability

result of F2|conv, ¥, ¢;ju;; < K|C g
The remainder of this paper is organized as follows: Sections 2 and 3 introduce
the problem definition and some optimality properties, respectively. In Sects. 4 and

5, we prove the NP-hardness and develop approximation algorithms, respectively.
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2 Problem definition

Our problem can be formally stated as follows. Let 7= {1,2,...,n} and M = {1,2}
be the sets of jobs and machines, respectively. Let O = {0O,; | i € M and j € J} be
the set of operations, where O, is the operation of job j on machine i. For O0;; € O,
let w;; be the workload of O, ;. Let o = (n;u) be a permutation schedule such that

7 = (7(1), 7(2), ..., r(n)) is the job sequence on both machines, where x(j) is the
Jjth job to be processed on both machines in permutation z;

u = U)o, 0 where u;; > 0 is the resource consumption amount of operation
0,; €0.

Note that

It is known from [1] that it suffices to consider only the permutation schedule
with respect to any regular performance measures (e.g., makespan) in the two-
machine flow shop model;

For O;; € O, the resource consumption costk and the processing time of O;; are
calculated as c;ju;; and p;;(u;;) = (w,;/u;;)", respectively, where ¢;; > 0 is the
unit consumption cost.

For simplicity, we will use p;; instead of p; ;(;;) for O;; € O when no confusion
exists. For O0;; € O, let C;(0) and S, ;(¢) be the completion and start times of O, in
o, and C,(0) = C, 4, (o) be referred to as the makespan. The objective is to find a
schedule o with the minimum sum of the makespan and the total resource consump-
tion cost, that is,

min 2(0) = Cpp(0) + ). 1.
0,,€0

Let the problem above be referred to as Problem P. Furthermore, let the constrained
version of Problem P be stated as follows:

minC,,,, (o)

s.t. Z cjuij < K,
0,,€0

where K is a given threshold.
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3 Optimal properties of an optimal schedule

In this section, we introduce some optimality properties of Problem P. First, we intro-
duce a new terminology. Let a job j be referred to as a pivot in o, if C, (o) = S, j(0).
Then, we have the following optimality properties.

Proposition 1 The first and last jobs are pivots in any optimal schedule.

Proof Let fand [ be the first and last jobs in the optimal schedule, respectively. With-
out increasing the makespan, we can decrease u, ; and u, ; until jobs f and [ become
pivots. Thus, Proposition 1 holds.

Proposition 2 No idle time exists between consecutive jobs in any optimal schedule.

By Propositions 1 and 2, henceforth, we consider only a schedule ¢ with

n n—1
Zpl,n(j) = ZPZ,HU)’
j=2 j=1

which implies that
n n
Crax(0) = Z PixG) T Poxmy =Pzt Z D22y 3)
j=1 j=1

Let o* = (ﬂ*;u*) be an optimal schedule, and pZ/‘ = pij(u:‘j) for Oi,; € O. For sim-
plicity, let

fowk O\ o
i
1) = pij(u;) + cju;; and 7, = - for 0;; € 0.
ij
Since
k
’ ) _ ij
tiJ(uiJ) = pl.J.(uiJ) +c= k_uk+1 +¢ijs
ij
we have
/ / S
1:(Tig) = piy(Tig) + ¢y =0. )

By Eq. (4) and the strict convexity of 7;;(u; ;), t; ;(; ;) is minimized at u;; = 7, ; and
1) > 1(7;5) for w; # 7, ®)

and, furthermore, we have
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1246 B.-C. Choi, M.-J. Park

1
kwk N\ B Wi\ B
CijTij = C"J(c_-»J> B k<%> = kp;j(zi;)- ©)
Ly

Lemmal Inoc*,

*
u;; <7y for 0;; € O.

Proof Suppose thatu, > 7, for some O, ), € O. Then, we can construct a schedule
o by letting it, ), = 7, and i;; = u;; for 0;; € O\{0,,}. Note thatby u* , > 7, ,,, we

have Pa,b(”Z,b) < pup(t,,) and
Crnax(0) = Conax(67) < Py (T p) = Pyt ) (M
Then, by inequalities (5) and (7),
26) = 2(0") < Pup(Tap) = Papllty,) + Cap(Tap — uZ,b) = Lo (Tap) = tapuy,,) <O.
This is a contradiction.
Lemma2 Inc*,
ui; =1 for 0;; € P* 1= {0 o1y, O oy }-
Proof 1t is observed from Eq. (3) that two terms in
{t;,;)1 0;; € P*}
are independent of u; ; for O, ; € O \ P*. Thus, Lemma 2 holds from Eq. (5).

For simplicity, we introduce the following notations: When jobs z(h) and z(m)
are the consecutive pivots in o, let

forl <h<m<n,

Ay ={xh+1),...,2z(m)} and B, = {x(h),..., x(m—1)};

7,m(0) be the objective value with respect to the operations in
{01,,' |j € Ay} U {OZJ lje Bh,m}'

Then,

Zpm(0) = Z plj(uu) + Z cy g+ Z Co jlty js )

JEAm JEAnm JEB)m
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where the first term is the total processing times on machines 1 and the second and
third terms are the total resource consumption costs of these operations, respec-
tively, and the following equation holds:

Z prj(uyy) = Z P2ty ). 9)

JEAm JEBym

Lemma3 z, (o) is minimized when two constants y and y exist such that
u; =7, for j€ A, and uy; =yt,; for j € B,

Proof Suppose that Zje 4, P1jyy) =6, where 6 > 0 is some value. Then, z;, ,(c) is
minimized when o is optimal for the following problem:

min Z Cy iy

JEALm

st Y piyuy ) <6

JEAm
Since Lagrangian L(u;A) for the above problem is expressed as follows:
L(u;2) = Z Cy ity + /1( Z Py ) — 5>,
J€ALm JEALm

By Karush-Kuhn-Tucker (KKT) necessary and sufficient conditions, there exists a
constant A such that
9 ;oo\ . , _ .
%L(u,ﬂ) =+ AP () =0 for jEA,,. (10)

Note that by Eq. (4), ¢;; = —p’lJ(TIJ). Then, since p’lJ(ulJ) # 0, Eq. (10) can be
rewritten as follows:

A=-—

ci, Py (T uy \ <!
Py () B ) N <T_1J> ’
which implies that for j € A, ,,

uy = AT, (11)
By Eq. (11) and setting § = ,1*1,

uy;=jry; for j€ A,

By Egs. (8) and (9), z;,,,(0) is also minimized when o is optimal for the following
problem:
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min Z Co ity
JEBym

st Y pyyli) < 6.

.jEle,m

By a similar argument,
Uy; =yt for j € By,
O

For1 <h<m<n,letA,, and B, be the total processing time of operations in
Ay, and B, ,, when u; ; = 7, ;, respectively, which are calculated as follows:

k
Cr Wiy \ =1
Ay = 2 p1j(Tyy) = Z ( X ) (12)
JEAnm JEAnm
and
L
CZ,jWZ,j k+1
B, = Z P2j(7y) = Z (T) : (13)
JEB) JEB)m
k
B\ B
Zpm(0) = (k+ 1)<Ahfm + Bhfm> ,
Lemma 4
where the equality holds at
L L
kel ket kL ket
Apm By
el | sl | (14)
Ah,km + Bh,km Ah,km + Bh,km

Proof By Lemma 3, set
”1,/ = }711‘]- for ] (S Ah,m and uz‘/‘ = 772,/' for ] € Bh,m’

Then, Egs. (6), (8) and (9) can be modified as follows.

A m
Zh,m(o-) = % + kAh,m? + thm7 (15)

and
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1 1
%Ah,m = %Bh,m' (16)

By settingy = (B, /Ah!m)%f/ from (16) and substituting it into (15),

Apm ma ko
Zh,m(a) +kAhm}/ +thm Y.
Y Ahm

Note that z;, ,,(¢) is minimized when
d A Bh m i
dAth(G) ?k*'l +kAhm+thm Ahm =0,
that is, when two equalities in (14) hold. By substkituting 7 and 7 of (14) into (15),

kel KL kel
Z,.m(0) has the minimum of (k + 1) <Ah"m + Bhkm> . O

It is observed from Lemma 4 that if jobs z (k) and z(m) are the consecutive pivots
in o and two equalities in (14) hold, then

A k1 k1 AL] 1
P <A +B,' ) oL . 17
hm(a) )/ k + lzh,m(a) ( )

where P, , (o) is the total processing time of operations in A, .

Corollary 1 In c*,
2(6™) = (k+ 1)C, 0 (67).

Proof Let Q" be the set of the pairs of the consecutive pivots in ¢*. Then, by Lemma
2 and relations (6) and (17), we have

2(o*) = Zo,,ep* 1i(7; ) + Z(h,m)eg* Zpm(07)
(k+ 1)( 2o, PijTip) + Lmeo P CY)
= (k+ 1)C,pi(67%).

4 Computational complexity

In this section, we show that Problem P and its constrained version are NP-hard by
using the optimality properties in Sect. 3.

Theorem 1 Problem P is NP-hard, even when k = 1 and wyj = wzd-forj eJ.
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1250 B.-C. Choi, M.-J. Park

Proof We prove it by reduction from the partition problem, which is known to be
NP-complete: Given g integers in {a;, a,, ..., ag} with Zle a; = 2A, is there a subset
A cC{1,2,..., g} such that

2 a;=A?

jeA

Given an instance of the partition problem, we can construct an instance of Problem
P as follows: Let 7= {1,2,...g+3}and O = {O,; | i = 1,2, j € J} such that
b; for0,; € O\P

wi; =b; for 0;;€ O and ¢;; { 1/M? for0,; € P,

where

a; forj=1,2,...¢
b,=42A forj=g+1

J
A for j=g+2,g+3,

P={0)442:09413}- M = 8v/A/8,8 = min{1,£(1) — £(0)}, and

F®) = 2V13A42 — 10Ax + 222 + 2V/13A2 + 10Ax + 242,

By definition, we have

;=1 for 0,;€O\P and Ti’l»=\/ZM for O,;; €P. (18)

iy

Henceforth, we show that there exists a solution A to the partition problem if and
only if the reduced instance of Problem P has a schedule ¢ with z(c) < Z, where
Z=4\134 +6/2.

(=) Suppose that there exists a solution A to the partition problem. Let
L be the set of jobs in {1,2,...,g} corresponding to the integers in A, and
R =1{1,2,...g} \ L. Then, we can construct a schedule & = (i) such that

7=(g+2,7;,8+1, 75,8+ 3), where 77 and 7 are the sequences constructed

by arbitrarily ordering the jobs in £ and R, respectively;

= (L’tiJ)OUGO, where
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(11;-2/V13) forj=g+2
(3/V13.2/V/13) forjel
() iy) =4 (3/V/13.3/y/13) forj=g+1
2/V13.3/\13) forjeR

2/V13,1,)) forj=g+3.

Let p;; = w;;/u;; for O;; € O. Then,

<ﬁ\/2,%\/EA> forj=g+2
(%\/Ea~,%\/ﬁaj> forje L
(P1j>P2j) = 3 (%\/EA,g\/EA> forj=g+1
<%\/1_30-,%\/Eaj> forje R
(3V134,£VA)  forj=ge+3.

“

It is observed that no idle time exists between the consecutive jobs in ¢ on both
machines. Thus, since

g+3

- _ =2
Cmax(o-) =Przn T 2])2’,—,(]—) =2V13A+ M\/Z
=1
and

Y ey, =2Vi3A+ 2V

0,.€0

L)

we have

z(6)=4\/BA+%\/X=4\/EA+g=Z.

(<) Suppose that there exists an optimal schedule ¢* with z(¢*) < Z. Then, we can
obtain 6 = (ﬂ*;ﬁ) by setting & = (&1, )p,_eo With
. 7, for 0;; € P
u.. = o
i u’. for 0, € O\ P.
ij tJ

Since @;; > ui}. for each O;; € O by Lemma 1, C,,,,(6) < Cy,,(67). Let 6 = (7%;12),
where 7 is a sequence by Johnson’s rule. Note that C,,,(6) < C,,(6). Thus,
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1252 B.-C. Choi, M.-J. Park

26) =Cr(B) + D €y

0,,€0
SCon®+ D il D ity
0,,€0\P 0,,€P
% % s
SCmax(o- ) + Z Cl-JM[.J + Z CiJ(ui,/' + Ti,/') (19)
0,,€O\P 0,,€P
=Cx(0") + Z ciJu?‘J + Z CijTiy
0,,€0 JEP

<Z+2VA/M = 4V13A + %5.

Now, we will see the structure of 6 in Claims 1 and 2.
Claim 1 Jobs (g + 2) and (g + 3) are the first and last jobs in &, respectively.
Proof Let p,; = w;;/i;; for O;; € O. Then, by (18), we have

Wi A o

pi=—=——==-<1 for 0;,€P
Toony am 8 ’

and, by Lemma 1 and (18),

w. .

p —i>ﬁ—w >1 for 0;;, € O\P
Pi,/—u*—T =W = ij :
ij ij

Hence, by Johnson’s rule, jobs (g + 2) and (g + 3) are the first and last jobs in &,
respectively. O Like (12) and (13), for1 <h <m < g+ 3, let

Ah,m = Z Wl,j and Bh,m = Z WzJ‘,

JEA Jj€B,,,
where 4,,,, = {#(h + 1), ..., #(m)} and B, = {#(h), ..., #(m — 1)}.
Claim 2 In 6, job (g + 1) is a pivot.
Proof Suppose that, in &, job (g+ 1) is not a pivot, it is the /th job, and it is

sequenced between the consecutive pivots 7(h) and 7Z(m), where h < [ < m. By (18)
and Lemma 3,

fn; =7 for j€A,, and i,;=7 for j€B,,.

i) 7 <7SinceA,; — B, =w, z0 — Wosm = 24 —A > 0, we have
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This implies that job 7 (/) becomes a pivot, which is a contradiction.
i) 7 >7Since B, —A;,, =Wy 20y = Wi 2 = 2A —A > 0, we have

This implies that jobs 7 (m) is not a pivot, which is a contradiction.
By cases i) and ii), Claim 2 holds. O
Now, we will derive a lower bound of z(&). Let L and R be the sets of jobs in
{1,2, ..., g} before and after job (g + 1) in &, respectively.

Claim 3 f(x) is a lower bound of z(6), where x = A — Z a;.
JjeL
Proof Let {ﬁ(ai) |i=1, ...,v} be the set of pivots in 6. Note that by Proposition 1
and Claim 2, we may assume that 7(a;) = g + 2, #(e,) = g + 1, and #(a,) = g+ 3,
where 1 < u < v. For simplicity, fori € {2,3,...,v}, let Ai = Aa,;lva," I§,- = Bai—lvai’ and

z{(6) = z,_, 4(6). Since 7(a;_;) and #(«;) are consecutive pivots and by Lemma 4 for

k =1, we have
7(8) 2 24/A2+ B? fori € {2,3,...,v}.

Note that by the Cauchy-Schwarz inequality, we have, fori € {2,3,...,v — 1},

VA +B 4[R2 4B > A+ A2 + B+ By

Since ) A;=A, , and ZBi =B, ,,wehave
u 1%

1%

i=2 . =
PRICGESDY \/Al2 +B > 2\/“‘3,,% +B . (20)
i=2 i=2
v v
Similarly, since Z A = Aau,av and 2 B = fi’awav, we have
i=u+1 i=u+1
v v
A A2 4 B2 A i
Z 2(6) =2 2 VA + B 22, /A2 4B 1)
i=u+1 i=u+1

Then, by inequalities (20) and (21), we have

v
z(6) Zpl,,;(l) + z Z[(a-) +p2,7i-(g+3)
i=2 (22)

A2 n2 A2 N2
>2 \/Aal’au B+ 2\/AWV +B

v

Since Z a; = 2A — 2 a; = A + x, we obtain

jer jeL
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1254 B.-C. Choi, M.-J. Park

Ay a, ZZW1J+W1,g+1 = Zaj+2A =3A -1,

jel jel
By o =Wagn + ZWZJ- =A+ Zaj =2A -1,
jel jel
aa = Z Wit W3 = Z a; +A=2A+x, and
jer jer
By o, =Wags1 + Z wy; =2A+ Z a; =3A +x.
jeR jeR

Then, the inequality (22) can be rewritten as follows:

2(6) >2V(BA — x)2 + (2A — 02 + 21/ (BA + x)2 + (2A + x)2
=2V 1342 — 10Ax + 2x2 + 2V 13A2 + 10Ax + 2x2 = f(x).

O
Now, we show that Z is a solution to the partition problem. By definition, |x| < A.
Suppose that Z a;#A. Then, 1< |x] <A holds by the integrality of g; for
jel
Jj € {1,2,...,g}. Note that f{x) is an increasing function on 0 < x < A since

Fo) = 10A + 4x ~ 10A — 4x 0
VI13A2 + 10Ax +2x2 V1342 — 10Ax + 2x2

By f(—x) =f(x), we have f(x)>f(1) on 1 < |x| £A. Then, by Claim 3 and

£(0) = 44/134,

28) > () = f(1) = 4V 134 + £(1) — £(0) > 4V/13A + 6.

This is a contradiction to the inequality (19). Thus, Z a; = A holds and L is a solu-
jeL
tion to the partition problem. O

Theorem 2 Problem P is NP-hard, even when k = 1 and ¢ = chfor je J.

Proof Given an instance of the partition problem, we can construct an instance of
Problem P as follows: Let J = {1,2,...g+3}and O = {0,; | i = 1,2, j € J} such
that

Wi,,‘_{bj fOFOiJEO\P and ci‘/-=bj for OiJEO,

1/M*  forO;; €P

where b; and M are the values defined in the proof of Theorem 1. By using the same
argument in the proof of Theorem 1, we can show that there exists a solution A to
the partition problem if and only if the reduced instance of Problem P has a schedule
o with z(c) < Z. We omit the details. O
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Corollary 2 The constrained version of Problem P is NP-hard, even when k = 1 and,
forje J, Wi =Wp;0rc); =0y

Proof We can prove it by using the instances in the proofs of Theorems 1 and 2. We
will show that there exists a solution .A to the partition problem if and only if there
exists a schedule ¢ with C,,,(c) < Z/2 and c;ju;j < Z/2. It is observed from

max
0,,€0

the proofs of Theorems 1 and 2 that

If the partition problem has a solution, then & in the (=) part satisfies

If there exists a schedule 6 with C,,,(6) <Z/2 and Z ¢l < Z/2, then
0,,€0
2(6) < Z and the partition problem has a solution by the (<) part.

By the observations above, Corollary 2 holds. O

5 Approximability

Since Problem P and its constrained version are proven to be NP-hard, it is reason-
able to develop approximation algorithms instead of developing the exact algorithm.
In this section, we develop approximation algorithms for Problem P and its con-
strained version by using the optimality properties in Sect. 3.

Let 6 = (IZ'H;‘L') be a schedule, where 7 = (Ti!]-)OUE@ and 7' is a job sequence
according to Johnson’s rule. Note that 6 can be obtained in O(n log ) time. For sim-

plicity, let p; ; be the processing time of O;; when u; ; = 7;;, that is,

_ Wi ¢
Pij =Dij(Tij) = <T—> for 0,; € O.

i

Theorem 3 Problem P has (1 + )-approximability.

k
(k+1)2

Proof First, we obtain the bound for C, (). For an arbitrary schedule ¢ = (n;u),

max
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h
h n

2 max {Z Pra) + Claptig) + 2 (Pre) + C2xp0.) }
h }

n
Pln(z)+ Zl’zn(n} Z Ci.n()Hi.n(i)

Jj=h 0,,€0

1 j=h

~.

; (23)
j=1

~.

2 max { 2 (Bray + ClagrTra) + fo (P24) + €200 T2.001)

h n
=k+1) max { 21’71,”@ + Zﬁz,nv‘) }
j=1 Jj=h
=(k + 1)C,y (7:7)

>k + 1)Cp 0 (6),

where the second inequality and the second equality hold from Egs. (5) and (6),
respectively. Second, we obtain the bound for the total resource consumption cost of
6. By Egs. (5) and (6), furthermore, it is observed that

<kJ];1> Z Cijtij = Z ( 2 Cij%ij tCi Tw)
0,,€0
= Z (Pij + ciy7ig)

0,,€0

< X (ivay)

0,,€0 (24)

(@) + Y i
0,,€0

=2(6") + Cax(0™)

{1+ e

where the the last equality holds from Corollary 1. By inequalities (23) and (24),

(3) = @+ 3 ,J_< . f1)2>z<a*>.

0,,€0

Note that since

d ko 1—k
%<1+(k+1)2>_(k+1)3’
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(1 + T 1)2 ) has the maximum of 1.25 at k = 1, and it converges to 1 when k goes to

0 or co. Henceforth, we will prove a 2-approximablity for the constrained version.
Let 6 = (z;at) be a schedule with an arbitrary sequence r, where

K

0= =—.
Zoi_jeo CijTij

Note that 6 can be obtained in O(n) time. For simplicity, let &;; = at;; and
pij =pi (@) for O;; € O.

Theorem 4 The constrained version of Problem P has 2-approximability.

Proof Consider the following problem.

(25)
s.t cijui; < K.
0,,€0
Lagrangian L(u;A) for problem (25) is described as
Wy
L=y (= +/1( > e -
0,,€0 Uij 0,,€0
and KKT necessary and sufficient conditions are as follows:
0 ) Wﬁj
%L(u,/l) = —kﬁ + Ac;; =0 for O;; € O, (26)
ij
and
A Y cu;—K|=0. 27)
0,,€0
Since A = # and u;; =i;; for O;; € O satisfy Egs. (26) and (27), (“z,;)o o

becomes an optimal solutlon to problem (25). Since (ulJ)OiJEO is a feasible solution
of problem (25), we have

max(o-) = Z pl:l < Z pl] 2Cmax( )

0,,€0 0,,€0
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Note that it is still open that the above approximation factors <1 + (k-fl)z ) and 2

are tight or not.

Funding This work was supported by the Ministry of Education of the Republic of Korea and the
National Research Foundation of Korea (NRF-2021S1A5B8096365). This work was supported by
the National Research Foundation of Korea(NRF) grant funded by the Korea government(MSIT)
(NRF-2021R1A2C1093960).

Data availability Data sharing not applicable to this article as no datasets were generated or analysed dur-
ing the current study.

Declarations

Confilict of interest The authors have no conflicts of interest to declare that are relevant to the content of
this article.

Open Access This article is licensed under a Creative Commons Attribution 4.0 International License,
which permits use, sharing, adaptation, distribution and reproduction in any medium or format, as long as
you give appropriate credit to the original author(s) and the source, provide a link to the Creative Com-
mons licence, and indicate if changes were made. The images or other third party material in this article
are included in the article’s Creative Commons licence, unless indicated otherwise in a credit line to the
material. If material is not included in the article’s Creative Commons licence and your intended use is
not permitted by statutory regulation or exceeds the permitted use, you will need to obtain permission
directly from the copyright holder. To view a copy of this licence, visit http://creativecommons.org/licen
ses/by/4.0/.

References
1. Baker, K.R., Trietsch, D.: Principles of sequencing and scheeduling. Wiley, New Jersey (2009)
2. Cheng, T.C.E., Janiak, A.: A permutation flow-shop scheduling problem with convex models of

operation processing times. Ann. Oper. Res. 96, 39-60 (2000)
3. Cheng, T.C.E., Shakhlevich, N.: Proportionate flow shop with controllable processing times. J.
Sched. 2, 253-265 (1999)
4. Choi, B.C., Park, M.-J.: Single-machine scheduling with resource-dependent processing times and
multiple unavailability periods. J. Sched. 25, 191-202 (2022)
5. Janiak, A.: Minimization of resource consumption under a given deadline in the two-processor flop-
shop scheduling problem. Inf. Process. Lett. 32, 101-112 (1989)
6. Janiak, A., Janiak, W., Lichtenstein, M.: Resource management in machine scheduling problems: a
survey. Decision Making Manuf. Serv. 1, 59-89 (2007)
7. Kayan, R.K., Akturk, M.S.: A new bounding mechanism for the CNC machine scheduling problem
with controllable processing times. Eur. J. Oper. Res. 167, 624-643 (2005)
8. Shabtay, D., Kaspi, M.: Minimizing the total weighted flow time in a single machine with control-
lable processing times. Comput. Oper. Res. 31, 2279-2289 (2004)
9. Shabtay, D., Kaspi, M.: Parallel machine scheduling with a convex resource consumption function.
Eur. J. Oper. Res. 173, 92-107 (2006)
10. Shabtay, D., Steiner, G.: A survey of scheduling with controllable processing times. Discret. Appl.
Math. 155, 1643-1666 (2007)
11. Shabtay, D., Kaspi, M., Steiner, G.: The no-wait two-machine flow shop scheduling problem with
convex resource-dependent processing times. IIE Trans. 39, 539-557 (2007)
12. Shabtay, D., Zofi, M.: Single machine scheduling with controllable processing times and an unavail-
ablity period to minimize the makespan. Int. J. Prod. Econ. 198, 191-200 (2018)
13. Vickson, R.G.: Choosing the job sequence and processing times to minimize total processing plus
flow cost on a single machine. Oper. Res. 28, 1155-1167 (1980)

@ Springer


http://creativecommons.org/licenses/by/4.0/
http://creativecommons.org/licenses/by/4.0/

Two-machine flow shop scheduling with convex resource... 1259

14. Xu, K., Feng, Z., Ke, L.: Single machine scheduling with total tardiness criterion and convex con-
trollable processing times. Ann. Oper. Res. 186, 383-391 (2011)

Publisher’s Note Springer Nature remains neutral with regard to jurisdictional claims in published maps
and institutional affiliations.

@ Springer



	Two-machine flow shop scheduling with convex resource consumption functions
	Abstract
	1 Introduction
	2 Problem definition
	3 Optimal properties of an optimal schedule
	4 Computational complexity
	5 Approximability
	References




