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Abstract

We consider the generalized moment problem (GMP) over the simplex and the
sphere. This is a rich setting and it contains NP-hard problems as special cases,
like constructing optimal cubature schemes and rational optimization. Using the
reformulation-linearization technique (RLT) and Lasserre-type hierarchies, relax-
ations of the problem are introduced and analyzed. For our analysis we assume
throughout the existence of a dual optimal solution as well as strong duality. For the
GMP over the simplex we prove a convergence rate of O(1/r) for a linear program-
ming, RLT-type hierarchy, where r is the level of the hierarchy, using a quantitative
version of Pdlya’s Positivstellensatz. As an extension of a recent result by Fang and
Fawzi (Math Program, 2020. https://doi.org/10.1007/s10107-020-01537-7) we prove
the Lasserre hierarchy of the GMP (Lasserre in Math Program 112(1):65-92, 2008.
https://doi.org/10.1007/s10107-006-0085-1) over the sphere has a convergence rate
of O(1/r?). Moreover, we show the introduced linear RLT-relaxation is a generaliza-
tion of a hierarchy for minimizing forms of degree d over the simplex, introduced by
De Klerk et al. (J Theor Comput Sci 361(2-3):210-225, 2006).

Keywords Generalized moment problem with polynomials - Linear programming
hierarchies - Semidefinite programming hierarchies

The authors are supported by the European Union’s Horizon 2020 research and innovation programme
under the Marie Sktodowska-Curie Grant Agreement N. 813211 (POEMA).

B Felix Kirschner
f.c.kirschner @tilburguniversity.edu

Etienne de Klerk
e.deklerk @tilburguniversity.edu

1 Tilburg University, PO Box 90153, 5000 LE Tilburg, The Netherlands

@ Springer


http://crossmark.crossref.org/dialog/?doi=10.1007/s11590-022-01851-3&domain=pdf
https://doi.org/10.1007/s10107-020-01537-7
https://doi.org/10.1007/s10107-006-0085-1

2192 F. Kirschner, E. de Klerk

1 Introduction

For a compact set K C R” let M(K') denote the (infinite-dimensional) vector space
of signed finite Borel measures with support contained in K. Let [m] = {1, ..., m}
for m € N. The generalized moment problem (GMP) is an optimization problem of
the following form:

val :=  inf / So(x)du(x)
neM(EK)+ Jk

s.t. / fix)du(x) = b; Vi € [m]
K
/ du(x) < 1, )
K

where m € N, b; € R for all i € [m], M(K) is the convex cone of positive finite
Borel measures supported on K, and fy, fi, ..., fin are continuous on K. We will
always assume the GMP (1) has a feasible solution, which implies that it has an optimal
solution as well (see Theorem 1).

The constraint || x d(x) < 1 essentially means that we know an upper bound on the
measure of K for the optimal solution, since, in this case, we may scale the functions
fi apriori to satisfy this condition.

The GMP is a conic linear optimization problem whose duality theory is well
understood, see e.g. [18]. A wide range of optimization problems can be modeled as
an instance of the GMP. The list includes problems from optimization, probability,
financial economics and optimal control to name only a few, see e.g. [11].

For polynomial data, i.e. when all the f;’s are polynomials (i € {0, 1, ..., m}), and
the set K is a basic closed semialgebraic set, Lasserre [10] introduced a monotone
nondecreasing hierarchy of semidefinite programming (SDP) relaxations of (1). For a
survey on SDP approaches to the GMP with polynomial data and their error analysis,
we refer to the survey of De Klerk and Laurent [4].

In this paper, we will consider the case where K is the standard (probability) simplex

Apmi ={x R} ix1+--+x, =1},

where R’} is the nonnegative orthant, or the Euclidean sphere
sl ={xeR x3 =P+ a7 =1)

Our main result is to establish a rate of convergence for the Lasserre hierarchy
[10] for the GPM with polynomial data on the sphere, and for a related, RLT
(reformulation-linearization technique)-type linear programming hierarchy for the
GPM with polynomial data on the simplex. This RLT hierarchy is in fact a gener-
alisation of LP hierarchies for polynomial optimization on the simplex, as introduced
by Bomze and De Klerk [2], and De Klerk et al. [5], and is closely related to the
original work on RLT hierarchies by Sherali and Adams [19].
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Outline of the paper

First we introduce some notation in Sect. 2.1. In Sect. 2.2 we review the duality
theory of the GMP. A brief overview of possible applications of our setting is given
in Sect. 2.3. For K the simplex we introduce a linear relaxation hierarchy in this
setting in Sect. 3 and prove a convergence rate of O (1/r). Section 4 contains the new
convergence analysis of the Lasserre [11] SDP hierarchies of the GPM on the sphere.
In Sect. 5 we take a mathematical view of how the optimal measure is obtained in
the limit as the level of the hierarchies approaches infinity. In Sect. 6 we explain how
our LP hierarchy is a generalization of an approximation hierarchy for the problem
of minimizing a form of degree d over the simplex introduced by De Klerk et al. [5]
based on earlier results obtained by Bomze and De Klerk [2].

2 Preliminaries
2.1 Notation

Let N = {0, 1,2, ...} denote the set of nonnegative integers, N; = N\{0} and N}
the set of sequences o € N" for which |a| = Y !_,a; <t fort € N. Fora € N",
x“% denotes the monomial x'f” ... xy" and its degree is |«|. The ring of multivariate
polynomials in n variables x = (x1, ..., x,) is denoted by R[x] = R[x, ..., x,]
and R[x]; is its subspace of polynomials of degree at most 7. The (total) degree of
a polynomial is the maximal degree of its appearing monomials. A monomial basis
vector of order ¢ is given by

t T

2 2 t
[X]: = (1, X1, ooy X, X7 X125 o, X1 X, Xy ooy Xy e X))

Any polynomial p € R[x] can be written as p = ),y PoX”, Where only finitely
many po are non-zero. A polynomial p € R[x] is a sum of squares (sos) if p =
Z];ZI (h.,‘)2 for h; € R[x] and k > 1. The set of sos polynomials is denoted by X'[x]
and the set of sos polynomials of degree at most ¢ is denoted by X'[x];.

2.2 Duality of the generalized problem of moments

We shall briefly discuss the duality theory associated with the GMP (1). To this end,
let C(K) denote the space of bounded continuous functions on K endowed with the
supremum norm ||-||s. For two vector spaces E, F of arbitrary dimension, a non-
degenerate bilinear form () : E x F — R is called a duality of E and F. The spaces
M(K) and C(K) can be put in duality by defining () : C(K) x M(K) — R as

Fou) = /K FOOdL). %)
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2194 F. Kirschner, E. de Klerk

Let fo, fi,..., fin be continuous functions on K and by, ..., b, € R. The dual of
(1) is given by
m
val' = sup Z yibi —t

(y.DeR™ xRy ;4

st fo®) =Y yifi®) +1>0 VYxeKk. 3)

i=1

Note that the dual problem (3) is always strictly feasible, due to the constraint | xdu <
1 in the primal GMP (1).

Weak duality holds for this pair of problems, meaning val’ < val. The difference
val — val’ is called duality gap. In fact, the duality gap is always zero, as the next
theorem shows. Note that a zero duality gap does not imply the existence of a dual
optimal solution.

Theorem 1 (see, e.g. [11, Theorem 1.3]) Assume problem (1) is feasible. Then it has
an optimal solution (the inf is attained), and val = val'.

We continue by recalling a sufficient condition for a dual optimal solution to exist.

Theorem 2 (see, e.g. [18, Proposition 2.8]) Suppose problem (1) is feasible. If

beint(((f1, ) - (fims ) 1 0 € M(K)4) “)

then the set of optimal solutions of (3) is nonempty and bounded.

As discussed in Lasserre [10], it is customary in the literature to assume that con-
dition (4) holds, but in practice it may be a non-trivial task to check whether it does.
We do stress, however, that condition (4) does hold for the applications discussed in
the next subsection.

Another result worth mentioning is that if the GMP (1) has an optimal solution, it
has one which is finite atomic.

Theorem 3 (see, e.g. [4, Theorem 3]) If the GMP (1) has an optimal solution, then it
has one which is finite atomic with at most m atoms, i.e., of the form p* =y ;| w¢Sy®
where wy > 0, x e K and 84w denotes the Dirac measure supported at x® L e

[m]).

2.3 Applications
We now review some examples of problems which can be formulated as a GMP with

polynomial data, and discuss the special cases considered in this paper, namely when
the set K is a simplex or sphere.
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2.3.1 Polynomial and rational optimization
Consider the problem of minimizing a rational function over K:

.. P(X)
= inf ,
xeK q(X)

*

)

where g, p € R[x] are relatively prime and we may assume g(x) > 0 forall x € K.
Indeed, if g changes signs on K, Jibetean and De Klerk [9, Corollary 1] showed that
p* = —oo. We will in fact make the stronger assumption that g(x) > 1 on K, i.e.
that we know a positive lower bound on the minimum of g over K. The optimization

problem (5) can be modeled as a GMP:

val = /LE/E[1{K)+ {/K pxX)du(x) : /Kq(x)dy,(x) = 1} . (6)

The inequality constraint f x du(x) < 1isredundantif g(x) > 1 ¥x € K and can
be added to obtain a problem of form (1). Note that setting g(x) = 1 for all x € K
problem (5) becomes a polynomial optimization problem.

We now consider the special case where K is the simplex. Motzkin and Strauss [12]
showed that the maximum stable set problem can be formulated as a quadratic poly-
nomial optimization problem over the simplex. Indeed, for a graph G with adjacency
matrix adjacency matrix A,

1 T
— mi A+ 1
2(G)  xohin XA+ DX,

where [ is the identity matrix, and «(G) is the stable set number (independence num-
ber) of G. This gives a quadratic polynomial optimization problem over the simplex,
that may be written as the GMP (6) with p(x) = x’ (A 4+ I)x and ¢(x) = 1.

To give an example for the special case when K is a sphere, recall that deciding
convexity of a homogeneous polynomial f of degree 4 or higher is known to be
NP-hard [1]. A homogeneous polynomial f is convex if and only if

min y' V2 f(x)y > 0,
(X’y)GSZn—l

which can again be cast as a GMP over the sphere via (6).

2.3.2 Polynomial cubature

Another application that goes beyond polynomial optimization is concerned with poly-
nomial cubature rules, seee.g. [7,21]. Let N € N. Consider the problem of multivariate
numerical integration of a function f over a set K with respect to a given (reference)
measure o € M(K)y. Loosely speaking, a cubature scheme consists of a set of
nodes x € K and weights w; > 0 for £ € [N], respectively, such that
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2196 F. Kirschner, E. de Klerk

N
/K F@dum ~ Y ouf (xV).
=1

We call a rule consisting of nodes x*) and weights wy for £ € [N] a polynomial
cubature scheme of degree d if it is exact for polynomials up to degree d. Finding
polynomial cubature rules is NP-hard in general, see [3]. The problem of finding such
weights and nodes can be cast as a GMP. Let d € N and 8 € N" any vector such that
|B] > d. Assume the reference measure wq is a probability measure, otherwise set
no < Ho/mo(K). In the GMP given by

val := inf / xPd (x)
HeM(K)+ JK H
s.t. / x*du(x) :/ x*dpo(x) Yo € Nj @)
K K

the redundant constraint f x du(x) < 1 can be added to turn it into a GMP of form
(1). The the solution u* to (7) will be of the form u* = Zfz\/:l wed,), where N <
IN7| = (” j]'d) by Theorem 3. This result is known as Tchakaloff’s theorem [20]. There
is some freedom in the choice of the objective function, however, note that it should
be linearly independent of {x*} for a € N.

In the special cases where K is a simplex or sphere, many cubature schemes are
known, but this remains an active field of study. The interested reader is referred to
the book [6] for more details.

3 Alinear relaxation hierarchy over the simplex

In the remainder of the paper we will only deal with the GMP (1) with polynomial
data, i.e. we assume in what follows that all f;’s are polynomials (i € {0, ..., m}).

A moment sequence (yq)yent C R of ameasure u € M(K) is an infinite sequence
such that

Vo =/ x*du(x) Va € N,
K
Let L : R[x] — R be a linear operator

P =D pax* > L(p)= D Pada

aeN" aeN"?

that maps monomials to their respective moments. Thus, to an optimal solution p* of a
GMP there is an associated linear functional L* such that L*( fo) = valand L*(f;) =
b; for all i € [m] as well as L*(1) < 1. The idea of the relaxation we are about to
introduce is to approximate the optimal solution by a sequence (hierarchy) of linear
functionals L) that dependonr = 1,2,....Let K = A,_;.Fori =0,1,...,m
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let f; be a real homogeneous polynomial of degree d and let r > d. Let L") be the
optimal solution of the following RLT-type relaxation of (1):

[0 = min_ L(fo)
- L:R[x]->R
L linear

st. L(f)=b Yielm]
L) <1
Lx*)>0 VY|a|<r

L(x"‘):L(xo‘in) Vel <r—1. )
i=l1

Every feasible solution 1 to (1) provides an upper bound for (8) by setting L (x*) =
(x¥, u'). Hence, I/ ](jg < val. The second last constraint is reflecting the necessary
condition for a positive measure p over the simplex:

(x"‘,u):/ x%du >0 Vo e N
Ap—1

The last constraint in (8) arises from the fact that
L(p)=L(g) if p(x) =q(x) Vx€ Ay_;.

Equivalently, defining the ideal Z = {x > p(x) (1 -3 xi) : p € R[x]} we
require

L(p)=1L(g) & p=q mod7Z,

where p = ¢ mod Z means p(x) = q(x) + (1 — > /", x;)h(x) for some h € R[x].

Our formulation (8) is closely related to the RLT approach by Sherali and Adams
[19], that was originally introduced for O—1 mixed integer linear programming prob-
lems and subsequently extended for more general problems (but not to the GMP, to
the best of the authors’ knowledge). In fact, for the special case of polynomial opti-
mization, problem (8) is essentially a Sherali-Adams RLT approach. To see this, note
that our linearization operator L corresponds to the approximation L(x%) ~ (x*, u*),
where p* again denotes an optimal solution to the GMP (1). For the special case of
polynomial optimization, we may assume that u* is a Dirac delta centered at an opti-
mal solution, say x*. In this case, L(x%) ~ (x¥, u*) = x*%, i.e. L corresponds to the
type of linearization operator introduced by Sherali and Adams [19].

We now state two lemmas that will come in handy in our later analysis.

Lemma 1 Let r,k € N with k < r and let L be a feasible solution to the linear
relaxation (8) for some fo, f1, ..., fm. Then for all XY withy e N" and |y| <r —k
we have
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2198 F. Kirschner, E. de Klerk

L(x")=L|x" (gx,)k

Proof The proof is immediate, by using induction on k. O

Lemma 2 Consider the GMP given in (1) and let (y,t) € R™ x Ry. Then the pair
(v, t) is dual optimal only if

0 = min <fo(x) =) vifio + t) :

i=1

Proof The proof is a direct consequence of the GPM duality theory, and is omitted
here. =

When we consider the case where K = A,,_1, we may, without loss of generality,
assume the f; to be homogeneous of the same degree foralli = 0, 1, ..., m.Indeed, let

fx) = Z‘;:o fj(x), where deg(f;) = j. Then, g(x) := Z?:O fix (o, x,-)dfj

is homogeneous of degree d and f(x) = g(x) forallx € A,_;.

3.1 Convergence analysis

The following theorem is a refinement of a result by Powers and Reznick [15], obtained
by de Klerk et al. [5, Theorem 1.1]. It is a quantitative version of Pdlya’s Positivstel-
lensatz (see, e.g. [17] for a survey), and it will be crucial in our analysis of the simplex
case.

Theorem 4 Suppose f € R[x] is a homogeneous polynomial of degree d of the form
F(X) =3 jg)=q JaX*. Let e = miny, | f(x) and define

ap! - ap!

B(f) = max e )

a|=d d!

Then the polynomial (x| + - - - + x,)* £ (X) has only positive coefficients if

d(d—1) B(f)
o M
2 e

k —d. (10)

We continue by stating and proving one of the main results of this paper.

Theorem 5 Let val be the optimal value of the GMP (1) for input data K =
An—1, fo, f1, -+, fmn € R[X] homogeneous of degree d and by, . .., b, € R. Assume
there exists a dual optimal solution (y, t) and let f+1(X) := 1 for every x € A,
and set Y41 = —t. Then, setting yo = 1 and y; = —y; fori € [m + 1] we have

(Z,’-":BI B(yi i) +t) dd—1)
0 < val — f(’) < ’
B ke 20— 1) —d(d—1)

(11)
for B(-)asin(9)andr > d(d —1)/2 + 1.
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Remark 1 The bound we give in Theorem 5 depends on the dual optimal solution
(y,t). We cannot bound the dual variables in terms of the problem data a priori in
general, as they may become arbitrarily large. There are, however, cases in which one
can bound the variables in terms of the problem data. An example of this case can be
found in Sect. 6.

Proof By Theorem 1 there is no duality gap. Let 7 > d(d — 1)/2 + 1 and let L") be
an optimal solution to (8). Fix some ¢ > 0. Then,

m m
0 <val— f) = val — L") (Ziiﬁ —t+ fo— ) Jifi +t>

i=1 i=1

=val = Y LY (fi) + L (1) — L (fo =D Sifi+ t)

i=1 i=1

m m
SVal—Z)_Iib[-I—t—L(r) (fo—Z)_’ifi +t)

i=1 i=1

=-L" (fo =D ifi+ r)

i=1

=—L® (fo =Y ifi +t+8> +eLP(1)

i=1

m
AL (fo—Zyiﬁ+r+e)+a,

i=1

IA

where both inequalities follow from the fact that L(’)(l) < 1. By Lemma 2 we have
mingen, , fo(X) — Z?fll v f; (X) + & = &. We assume wlog that f — Z;"jl] yi fi is
homogeneous of degree d. Define

m+1 n d
f1=f0—2§ifi+8( x,-) :
i=1 1

i=

which is homogeneous as well and its minimum over the simplex is . The aim now
is to show that L") ( f) > 0 for the appropriate choice of r and then bound r in terms
of ¢. By Theorem 4 for k as in (10) we have

n k
f(x) (Zm) = Y cpxf
i=1

BENG

with ¢cg > 0 for all B € Nj ;. To determine the smallest integer k for which the
theorem holds we will first bound B(f). For this, set yo = 1 and y; = —y;. We may
rewrite f as
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m—+1 n d
f=Y vk +8( Xi)
i=0 1

i=

m+1 d
X(;yifi +¢ Z (al'.'%)x“
=

la|=d
m—+1
d
= Z (Z Yiﬁ,a+5< ) )) xa.
lal=d \i=0 o1 Qn

Then,

m+1 d! ap!- - o!
B(f)=mjx|:<§y"ﬁ'“+m!---an!8) a! }
m+1 Otl!"'an!
= (mo?x <§ yiﬁ,a) T) te

m+l aplenee !
> (max yifi,a—> +e
o d!
i=0
m+1
=Y BOifi)+e.

i=0

IA

With this bound on B(f) we find that if r is large enough, i.e.,

. [d(d — ) X BOWS) +ﬂ N {d(d - B(f)w ’
- 2 € 2 €

it follows from Lemma 1 that

m+1
—L" (fo — Y difi +e> +e=e—LY(f)

i=1

u k
—e—LD|f (Zx,-)
i=1

=g— LW Z cwcﬂ <e,
BEN; g
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where the last inequality follows from the fact that L) (x*) > 0 for all |a| < r. To
find a bound on r in terms of &€ we set

o {d(d — ) Y BOif) + ﬂ
2 € '

Then, one may bound r as follows

r—1

m+1 s
S d(dz_ 1) (Zizo BO) 1)
&

m+1
o< im0 BOWAE = 1)
= 2r—1)—dd—1)

concluding the proof. O

4 Lasserre hierarchy over the sphere

We now consider the GMP (1) over the sphere, i.e. we consider the case K = Sl
Additionally, we assume the fy, f1, ..., fin in (1) are homogeneous polynomials of
even degree 2d.

The Lasserre hierarchy [11] of semidefinite relaxations of the GMP (1) over the
sphere is given by

(zr) _ . .

=min min L

iSDP L:R[x]->R (fO)
L linear

st. L(f)=b; Yielm]
L) <1

L (11517 ) = 0

L(x%) =L (x“||x||§) V olal <2r -2, (12)

where the L operator is now applied entry-wise to matrix-valued functions, where
needed and the optimal solution is denoted by L?".

The following lemma enables us to use a quantitative Positivstellensatz by Fang
and Fawzi [8] for positive polynomials on the sphere, to obtain a rate of convergence
of the Lasserre hierarchy. It is a folklore result and certainly known to be true, however
we did not find a suitable reference. Hence, we give a short proof for completeness.

Lemma3 Let L : R[x]ox — R be a linear operator and suppose L ([X]k[x]kT) >0,

where the operator is applied entrywise to the matrix [X]k[x]kT. Then, L(c) > 0 for
all o € Y[x]k.
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Proof Let o € X[x]; be a sum of squares of degree 2k. Then there exists A > 0 such
that o = [X]]{A[X]k. Let (-, -) denote the trace inner product. We have

Lo) = L (IXIf Alxle) = > Ai L ((x10i(1xh0,1) = (A, L (IxkixI] ) = 0,
i,j

since both A and L ([x]«[x]} ) are psd. o
The quantitative Positivstellensatz by Fang and Fawzi [8] is as follows.

Theorem 6 [8, Theorem 3.8] Assume f is a homogeneous polynomial of degree 2d
such that0 < f(x) < 1 forallx € 8" and d < n. There are constants Cy, C(’i that
depend only on d such that if r > Cyn then

f4+Cid/r? =0+ 1 —xI3)hx)

for o(x) € X[x], and h € R[x]r,_2.

We may now use the theorem by Fang and Fawzi [8] and Lemma 3 to derive a rate
of convergence for Lasserre hierarchy [11] of the GMP on the sphere as follows.

Theorem 7 Let val be the optimal value of the GMP (1) for input data K =
S fos f1, -, fm € R[x] homogeneous of even degree 2d, by, ...,b, € R and
d < n. Let (3, t) be a dual optimal solution and let f,41(X) := 1 for everyx € 8"~ 1,
set ymy1 = —t and set yo = 1 and y = —5. Further, let fyii = maxg gn1 ;i fi(X).
There exist constants Cgq, C)j, only dependent on d, such that if r > Caqn we have

C'd? Zm—H i,Yi
_ r@2n) d i=0 Jmax
0 <val— fip < I E—
Proof The proof is similar to that of Theorem 5, essentially the only difference being
that Lemma 3 is used, and we omit the details. O

5 Limiting behavior of the hierarchies of linear operators

The purpose of this section is to show that the limit functionals of the introduced
hierarchies correspond to measures, in the sense that they are the Riesz functional of
the optimal solution of the corresponding GMP. In the following we will define the
limit of the optimal solutions L) of the introduced hierarchies in a meaningful way
and prove that the corresponding moment sequences have a representing measure.

5.1 The simplex case
Consider the case when K = A,_;. When looking at the linear operators in the
relaxation hierarchies (8) one would expect that in the limit, i.e. for r — oo, the

operators L) (-) behave like (-, 1) for some positive measure z. In the rest of this
section we prove that this is in fact the case and we will define the limit in a meaningful
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way. Consider again the ideal Z = {x > p(x) (1 — Y7, x;) : p € R[x]} and let
L : R[x] /Z — R be a linear operator such that

I. L(x*) > 0 forall « € N"
2. L) <1

and let
L ={L :R[x]/Z — R : L fulfills conditions 1. and 2.}

be the class of all linear operators that satisfy the conditions above. Note that for every
L € L the relation

n
L ((1 — Zx,) XO‘) =0foralla € N*
i=1

trivially holds. If [| f|| = supyc,, , [f(X)[, then (R[x]/Z, ||-]|) is a normed vector
space.

Theorem 8 (see, e.g. [13, Theorem 1.4.2]) Suppose F : X — Y is a linear operator
between two normed vector spaces (X, ||-||x) and (Y, ||-|ly), then the following are
equivalent

1. F is continuous
2. |Fxl|ly < M||x||x for some M € R.

Using Theorem 8 we can prove that the operators we consider are continuous in
the limit.

Lemma4 Every L € L is continuous.

Proof By Theorem 8§ it suffices to show that every L € £ satisfies
IL(HI = MI[fll =M sup |f]

XEA, -1

forall f € R[x]/Z. Hence, let /' € R[x]/Z and let || f|| = supyc,, , |/ (X)]. Also set

Jmin = min f(X) = —[| fll and finax = max f(x) < | f].
xXEA,—1 XEA,—1
Let L* be the optimizer of

min L(f)s.t. L € L.

Then L*(f) > —|| f|l. To see this suppose fmin > 0, from which follows that L*( f) >

0 > —| fIl by Theorem 5. If fmin < O, consider L*(f — fumin) = Oand so L*(f) >
fmin = —| fl. Hence, for all L € £ we have

L(f) = L*(f) = =l fIl.
Similarly, let L’ be the optimizer of

max L(f)s.t. L € L.

@ Springer



2204 F. Kirschner, E. de Klerk

By the same reasoning we have L'(f) < |If]l. Hence one can set M = 1 and we see

ILCOI=IIFI-

O

The set R[x]/Z is dense in C(A,_1). This means we can employ the following
theorem in the next step.

Theorem 9 (see, e.g. [13, Theorem 1.9.1]) Suppose that M is a dense subspace of a
normed space X, that Y is a Banach space, and that To : M — Y is a bounded linear
operator. Then there is a unique continuous function T : X — Y that agrees with Ty
on M. This function T, called a continuous linear extension of Ty, is a bounded linear
operator and ||T|| = || To|l.

Now let

T = {T :C(Ay—1) — R : T is the continuous linear extension of some L € £} .

Proposition1 Let T € T and f € C(A,—1). Then
=] e
n—1

for some positive measure p supported on A,_1, satisfying u(Ap—1) < 1.

Proof 1t is sufficient to show T(f) > O forall f € C(A,—1)+ = {f € C(A,—1) :
f(x) > 0 Vx € A,_1}. To see this, note that the space C(A,—_) can be ordered
by the convex cone C(A,—1)4. Now T(f) > 0 for all f € C(A,—1)+ implies that
T € (C(An—1)+)*, i.e. the dual cone of C(A,—1)+ which is known to be the set of
finite Borel measures on A,_;. Let f be a homogeneous continuous function that is

non-negative on the simplex and consider its Bernstein approximation of order r given
by

TR G

aeN!
|a|=r

The approximation converges uniformly to f as r — oo since f is continuous. Using
Lemma 4 we see

T(f) =T(lim B})
r— 00
Teont 4im T(B))
—00 .

r

@ Springer



Convergence rates of RLT and Lasserre-type hierarchies for... 2205

. (03] (04 r
r—00 r r/\a) ——
aeN ——————— - )
loe|=r >0 >0 -

Hence, it follows that T(f) = (f,u) for some positive measure w, such that
/L(An—l) <L O

Remark 2 By the proof given above, it becomes clear that the continuous linear exten-
sion can in fact be deﬁnec_l in terms of the limit of the ]_Sernstein approximation, i.e.,
define T'(f) := lim, - L(B}) for f € C(Ay—1)and L € L.

5.2 The sphere case

For the sphere case, i.e. K = S"~! consider the following theorem.

Theorem 10 (see,e.g.[1 1, Theorem 3.8]) Lety = (Vo )aent C R be a given infinite
real sequence, L : R[x] — R be the linear operator defined by

pPX) =D paX* > L(P) =D PaYa:

aeN" aeN"?

andlet K ={x e R" : g1(x) >0, ..., gn(x) > 0}. The sequence y has a finite Borel
representing measure with support contained in K if and only if

L(f?g)>0VJ C{l,....,m}and f € R[x],

where g;(x) = [T, 8; ().

Now, let L be a linear operator such that

L) <1
2. L(x)[x]]) =0V e N
3. L(x¥) = L(x% ||x||2) Vo € N*

and let £/ = {L : R[x] — R : L satisfies 1. - 3.}. Recall that as a semialgebraic
set the sphere can be written as S"~! = {x e R" : g1 (x) 1= 1 — ||x||2 >0, g2(x) :=
||x||2 — 1> 0}. Then for K = 8"~ ! every L e £’ satisfies all conditions of Theorem
10. To see this, note that the only p0551b111t1es for J are {@, {1}, {2}, {1, 2}}. Because
of condition 3 we have that L(4(1 — ||x||2)p) = O for all p € R[x] covering all cases
except J = . For J = () the condition reduces to L(p*) > 0 which holds for all
p € R[x] because of Lemma 3. Hence, every L € £ has a representing measure
whose support is contained in S” .

—_—

6 Concluding remarks

In this last section we conclude by outlining the connection of our results to previous
work. We show that—in the special case of polynomial optimization on the simplex—
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our RLT hierarchy reduces to one studied earlier by Bomze and De Klerk [2], and De
Klerk et al. [5].

De Klerk et al. [5] introduced the following hierarchy for minimizing a homoge-
neous polynomial p € R[x] of degree d over the simplex.

n r 1 d
p") = max A s.t. the polynomial (Z xi> p(x) — A (Z xi) (13)
i=1

i=1

has only nonneg. coefficients.

It was proved that lim,_, p(’) = Pmin = Mingea, , p(x). The LP hierarchy
introduced in Sect. 3 of this paper is a generalization of the hierarchy (13), in the sense
made precise in the following theorem.

Theorem 11 For some homogeneous polynomial p € R[X] of degree d let | YP+ D pe
the solution to the LP relaxation of the problem

min p(x) = val = inf {/ px)du(x) : / du(x) = 1}
Ap—1 Ap—1

XEA, | MEM(A,171)+
for some r € N. Then,

d
P = 1"

Proof The proof is straightforward, and omitted for the sake of brevity. O

Ashas been noted before, the estimate of Theorem (5) depends on the dual variables.
While it is in general not possible to get rid of these variables in the estimate there are
cases in which we can. In the following we present an example of such a case.

Example 1 Consider the case of polynomial optimization over the simplex. Let f €
R[x] be of degree d and set

fmin = min f(X)a
XEA, |

and analogously define fiax. We can cast this as a GMP of type (1)

fmin = inf { f(x)d,u:/ du =1, / dugl}.
neM(A-1) Ap—y Ap—i A

A dual optimal solution is in this case given by (y*, *) = (finin, 0). Noting that in
the estimate we set yp = 1, our estimate (11) becomes

fuin — £ < 4D

LP = 2(r4+d—-1)—d(d - 1)(B(f)—fmin)
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and applying the inequality

2d — 1

B(f)_fmin§< d

)dd (fmax - fmin) ,

shown in [5, Theorem 2.2], we find

PR dd—1) 2d — 1
LIPS 2 +d—1)—dd—-D\ d

)dd (fmax - fmin) .

This is essentially the same result as was obtained in [5, Theorem 1.3]. The presented
example highlights the fact that results for convergence rates of the GMP may not be
as clean as for simpler problems like polynomial optimization, even though the tools
that are used to obtain these results are the same. This, of course, is due to the fact that
the GMP is much more complicated in general.

Moreover, we would like to emphasize that the conceptual tools of this paper are
not limited to the cases that were treated. In fact, given a quantitative version of a
Positivstellensatz, it is possible to perform a convergence analysis of the kinds we
proposed in this paper as long as the nature of the relaxation hierarchy, i.e. linear or
semidefinite, is coherent with the positivity certificate given by the Positivstellensatz.
For example, for more general sets K there is a (much weaker) quantitative Positivstel-
lensatz available found by Nie and Schweighofer [14]. This result can be used to bound
the rate of convergence of the GMP for more general sets. We chose to discuss the
simplex and the sphere as there are strong Positivstellensitze available in these cases
and to expose the fact that the relaxation must be in line with the certificate. For the
sphere case, one could also use the following Positivstellensatz by Reznick.

Theorem 12 (cf. Theorem 3.12 in Reznick [16]) Assume f is a homogeneous poly-
nomial of degree 2d such that 0 < f(x) < 1 forall x € S"~'. Then one has

d—n

d
fx) + =0 + 1 = [x|)[hx)
rlog?2

for some o € E[X]Z(r+d) and h € R[X]z(r+d)_2.

By using this theorem instead of Theorem 6, one obtains a convergence result with
fewer assumptions than the one presented in Theorem 7, but at the cost of a worse
convergence rate. In particular, one may avoid the assumption n < d in Theorem 6
by using the result by Reznick, leading to a convergence rate of O (1/r) on the sphere
(as opposed to the 0(1/r2) in Theorem 7).
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