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                    Abstract
In this paper, we develop a unified convergence analysis framework for the Accelerated Smoothed GAp ReDuction algorithm (ASGARD) introduced in Tran-Dinh et al. (SIAM J Optim 28(1):96–134, 2018). Unlike Tran-Dinh et al. (SIAM J Optim 28(1):96–134, 2018), the new analysis covers three settings in a single algorithm: general convexity, strong convexity, and strong convexity and smoothness. Moreover, we establish the convergence guarantees on three criteria: (i) gap function, (ii) primal objective residual, and (iii) dual objective residual. Our convergence rates are optimal (up to a constant factor) in all cases. While the convergence rate on the primal objective residual for the general convex case has been established in Tran-Dinh et al. (SIAM J Optim 28(1):96–134, 2018), we prove additional convergence rates on the gap function and the dual objective residual. The analysis for the last two cases is completely new. Our results provide a complete picture on the convergence guarantees of ASGARD. Finally, we present four different numerical experiments on a representative optimization model to verify our algorithm and compare it with the well-known Nesterov’s smoothing algorithm.
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Appendices
Appendix 1: Technical lemmas
We need the following technical lemmas for our convergence analysis in the main text.

                  Lemma 4

                  ([23, Lemma 10]) Given \(\beta > 0\), \(\dot{y}\in \mathbb {R}^n\), and a proper, closed, and convex function \(g : \mathbb {R}^n \rightarrow \mathbb {R}\cup \{+\infty \}\) with its Fenchel conjugate \(g^{*}\), we define
$$\begin{aligned} g_{\beta }(u, \dot{y}) := \max _{y\in \mathbb {R}^n}\left\{ \langle u, y\rangle - g^{*}(y) - \tfrac{\beta }{2}\Vert y - \dot{y}\Vert ^2\right\} . \end{aligned}$$

                    (29)
                

Let \(y^{*}_{\beta }(u, \dot{y})\) be the unique solution of (29). Then, the following statements hold: 
	(a):
	
                        \(g_{\beta }(\cdot ,\dot{y})\) is convex w.r.t. u on \(\mathrm {dom}\left( g\right) \) and \(\frac{1}{\beta + \mu _{g^{*}}}\)-smooth w.r.t. u on \(\mathrm {dom}\left( g\right) \), where \(\nabla _u{g_{\beta }}(u,\dot{y}) = \text {prox}_{g^{*}/\beta }(\dot{y} + \frac{1}{\beta }u)\). Moreover, for any \(u, \hat{u} \in \mathrm {dom}\left( g\right) \), we have 
$$\begin{aligned} g_{\beta }(\hat{u},\dot{y}) + \langle \nabla {g}_{\beta }(\hat{u},\dot{y}), u - \hat{u}\rangle \le g_{\beta }(u,\dot{y}) - \frac{\beta + \mu _{g^{*}}}{2}\Vert \nabla _u{g_{\beta }}(\hat{u},\dot{y}) - \nabla _u{g_{\beta }}(u,\dot{y})\Vert ^2. \end{aligned}$$

                    (30)
                


                      
	(b):
	
                        For any \(\beta > 0\), \(\dot{y}\in \mathbb {R}^n\), and \(u\in \mathrm {dom}\left( g\right) \), we have 
$$\begin{aligned} \begin{array}{lcl} g_{\beta }(u,\dot{y}) \le g(u) \le g_{\beta }(u,\dot{y}) + \frac{\beta }{2} [ D_{g}(\dot{y})]^2, \ \text {where} \ D_{g}(\dot{y}) := \sup _{y\in \partial {g(u)}} \left\| y - \dot{y}\right\| . \end{array} \end{aligned}$$

                    (31)
                


                      
	(c):
	
                        For \(u\in \mathrm {dom}\left( g\right) \) and \(\dot{y}\in \mathbb {R}^n\), \(g_{\beta }(u,\dot{y})\) is convex in \(\beta \), and for all \(\hat{\beta } \ge \beta > 0\), we have 
$$\begin{aligned} g_{\beta }(u,\dot{y}) \le g_{\hat{\beta }}(u,\dot{y}) + \big (\tfrac{\hat{\beta } - \beta }{2}\big )\Vert \nabla _u{g_{\beta }}(u,\dot{y}) - \dot{y} \Vert ^2. \end{aligned}$$

                    (32)
                


                      
	(d):
	
                        For any \(\beta > 0\), and \(u, \hat{u}\in \mathrm {dom}\left( g\right) \), we have 
$$\begin{aligned} \begin{array}{lcl} g_{\beta }(u,\dot{y}) + \langle \nabla _u{g_{\beta }}(u, \dot{y}), \hat{u} - u\rangle\le & {} \ell _{\beta }(\hat{u}, \dot{y}) - \frac{\beta }{2}\Vert \nabla _u{g_{\beta }}(u,\dot{y}) - \dot{y}\Vert ^2, \end{array} \end{aligned}$$

                    (33)
                

 where \(\ell _{\beta }(\hat{u}, \dot{y}) := \langle \hat{u}, \nabla _u{g_{\beta }}(u,\dot{y}) \rangle - g^{*}(\nabla _u{g_{\beta }}(u,\dot{y})) \le g(\hat{u}) - \frac{\mu _{g^{*}}}{2}\Vert \nabla _u{g_{\beta }}(u,\dot{y}) - \nabla {g}(\hat{u})\Vert ^2\) for any \(\nabla {g}(\hat{u}) \in \partial {g}(\hat{u})\).

                      


                
                  Lemma 5

                  The following statements hold. 
	\(\mathrm {(a)}\):
	
                        Let \(\left\{ \tau _k\right\} \subset (0, 1]\) be computed by \(\tau _{k+1} := \frac{\tau _k}{2}\big [ (\tau _k^2 + 4)^{1/2} - \tau _k\big ]\) for some \(\tau _0 \in (0, 1]\). Then, we have 
$$\begin{aligned}&\tau _k^2 = (1-\tau _k)\tau _{k-1}^2, \quad \frac{1}{k + 1/\tau _0} \le \tau _k < \frac{2}{k + 2/\tau _0}, \\&\quad \text {and}\quad \frac{1}{1 + \tau _{k-2}} \le 1 - \tau _k \le \frac{1}{1+\tau _{k-1}}. \end{aligned}$$

 Moreover, we also have 
$$\begin{aligned} \begin{array}{ll} &{} \varTheta _{l,k} := \displaystyle \prod _{i=l}^k(1-\tau _i) = \dfrac{\tau _k^2}{\tau _{l-1}^2} \quad \text {for}\ 0\le l\le k, \qquad \\ &{}\varTheta _{0,k} = \dfrac{(1-\tau _0)\tau _k^2}{\tau _0^2} \le \dfrac{4(1-\tau _0)}{(\tau _0k+2)^2}, \vspace{1ex}\\ \text {and}\quad &{}\dfrac{\tau _{l+1}^2}{\tau _{k+2}^2} \le \varGamma _{l,k} := \displaystyle \prod _{i=l}^k(1+\tau _i) \le \dfrac{\tau _l^2}{\tau _{k+1}^2} \quad \text {for} \ 0 \le l \le k. \end{array} \end{aligned}$$

 If we update \(\beta _k := \frac{\beta _{k-1}}{1+\tau _k}\) for a given \(\beta _0 > 0\), then 
$$\begin{aligned} \frac{4\beta _0\tau _0^2}{\tau _1^2[\tau _0(k+1) + 2]^2} \le \frac{\beta _0\tau _{k+1}^2}{\tau _1^2} \le \beta _k = \frac{\beta _0}{\varGamma _{1,k}}\le \frac{\beta _0\tau _{k+2}^2}{\tau _2^2} \le \frac{4\beta _0\tau _0^2}{\tau _2^2[\tau _0(k+2) + 2]^2}. \end{aligned}$$


                      
	\(\mathrm {(b)}\):
	
                        Let \(\left\{ \tau _k\right\} \subset (0, 1]\) be computed by solving \(\tau _k^3 + \tau _k^2 + \tau _{k-1}^2\tau _k - \tau _{k-1}^2 = 0\) for all \(k\ge 1\) and \(\tau _0 := 1\). Then, we have \(\frac{1}{k+1} \le \tau _k \le \frac{2}{k+2}\) and \(\varTheta _{1,k} := \prod _{i=1}^k(1-\tau _i) \le \frac{1}{k+1}\). Moreover, if we update \(\beta _k := \frac{\beta _{k-1}}{1+\tau _k}\), then \(\beta _k \le \frac{2\beta _0}{k+2}\).

                      


                
                  Proof

                  The first two relations of (a) have been proved, e.g., in [24]. Let us prove the last inequality of (a). Since \(\frac{1}{1+\tau _{k-2}} \le 1-\tau _k\) is equivalent to \(\tau _{k-2}(1-\tau _k) \ge \tau _k\). Using \(1- \tau _k = \frac{\tau _k^2}{\tau _{k-1}^2}\), we have \(\tau _k\tau _{k-2} \ge \tau _{k-1}^2\). Utilizing \(\tau _k = \frac{\tau _{k-1}}{2}\big [(\tau _{k-1}^2 + 4)^2 - \tau _{k-1}\big ]\), this condition is equivalent to \(\tau _{k-2}^2 \ge \tau _{k-1}^2(1 + \tau _{k-2})\). However, since \(\tau _{k-1}^2 = (1-\tau _{k-1})\tau _{k-2}^2\), the last condition becomes \(1 \ge (1-\tau _{k-1})(1+\tau _{k-2})\), or equivalently, \(\tau _{k-1} \le \tau _{k-2}\), which automatically holds.

                  To prove \(1-\tau _k \le \frac{1}{1 + \tau _{k-1}}\), we write it as \(\tau _{k-1}(1-\tau _k) \le \tau _{k}\). Using again \(\tau _k^2 = (1-\tau _k)\tau _{k-1}^2\), the last inequality is equivalent to \(\tau _k \le \tau _{k-1}\), which automatically holds. The last statements of (a) is a consequence of \(1-\tau _k = \frac{\tau _k^2}{\tau _{k-1}^2}\) and the previous relations.

                  (b) We consider the function \(\varphi (\tau ) := \tau ^3 + \tau ^2 + \tau _{k-1}^2\tau - \tau _{k-1}^2\). Clearly, \(\varphi (0) = -\tau _{k-1}^2 < 0\) and \(\varphi (1) = 2 > 0\). Moreover, \(\varphi '(\tau ) = 3\tau ^2 + 2\tau + \tau _{k-1}^2 > 0\) for \(\tau \in [0, 1]\). Hence, the cubic equation \(\varphi (\tau ) = 0\) has a unique solution \(\tau _k \in (0, 1)\). Therefore, \(\{\tau _k\}_{k\ge 0}\) is well-defined.

                  Next, since \(\tau _k^3 + \tau _k^2 + \tau _k\tau _{k-1}^2 - \tau _{k-1}^2 = 0\) is equivalent to \(\tau _{k-1}^2(1-\tau _k) = \tau _k^2(1+\tau _k)\), we have \(\tau _{k-1}^2(1-\tau _k) = \tau _k^2(1+\tau _k) \le \frac{\tau _k^2}{1-\tau _k}\). This inequality becomes \(\tau _k \ge \frac{\tau _{k-1}}{1 + \tau _{k-1}}\). By induction and \(\tau _0 = 1\), we can easily show that \(\tau _k \ge \frac{1}{k+1}\). On the other hand, \(\tau _{k-1}^2(1-\tau _k) = \tau _k^2(1+\tau _k) \ge \tau _k^2\). From this inequality, with a similar argument as in the proof of the statement (a), we can also easily show that \(\tau _k \le \frac{2}{k+2}\). Hence, we have \(\frac{1}{k+1} \le \tau _k \le \frac{2}{k+2}\) for all \(k\ge 0\).

                  Finally, since \(\tau _k \ge \frac{1}{k+1}\), we have \(\prod _{i=1}^k(1-\tau _i) \le \prod _{i=1}^k\left( 1 - \frac{1}{i+1}\right) = \frac{1}{k+1}\). Alternatively, \(\prod _{i=1}^k(1+\tau _i) \ge \prod _{i=1}^k\left( 1 + \frac{1}{i+1}\right) = \frac{k+2}{2}\). However, since \(\beta _k = \frac{\beta _{k-1}}{1+\tau _k}\), we have \(\beta _k = \beta _0\prod _{i=1}^k\frac{1}{1+\tau _i} \le \frac{2\beta _0}{k+2}\). \(\square \)

                
                  Lemma 6

                  ([29, Lemma 4] and [23]) The following statements hold. 
	\(\mathrm {(a)}\):
	
                        For any \(u, v, w\in \mathbb {R}^p\) and \(t_1, t_2 \in \mathbb {R}\) such that \(t_1 + t_2 \ne 0\), we have 
$$\begin{aligned} t_1\Vert u - w\Vert ^2 + t_2\Vert v - w\Vert ^2 = (t_1 + t_2)\Vert w - \tfrac{1}{t_1+t_2}(t_1u + t_2v)\Vert ^2 + \tfrac{t_1t_2}{t_1+t_2}\Vert u-v\Vert ^2. \end{aligned}$$


                      
	\(\mathrm {(b)}\):
	
                        For any \(\tau \in (0, 1)\), \(\hat{\beta }, \beta > 0\), \(w, z\in \mathbb {R}^p\), we have 
$$\begin{aligned} \begin{array}{lcl} &{}&{}\beta (1-\tau ) \Vert w - z\Vert ^2 + \beta \tau \Vert w\Vert ^2 - (1-\tau )(\hat{\beta } - \beta )\Vert z\Vert ^2 = \beta \Vert w - (1-\tau )z\Vert ^2 \vspace{1ex}\\ &{}&{} \quad + {~} (1-\tau )\big [\tau \beta - (\hat{\beta } - \beta ) \big ]\Vert z\Vert ^2. \end{array} \end{aligned}$$


                      


                The following lemma is a key step to address the strongly convex case of f in (1).

                  Lemma 7

                  Given \(L_k > 0\), \(\mu _f > 0\), and \(\tau _k \in (0, 1)\), let \(m_k := \frac{L_k + \mu _f}{L_{k-1} + \mu _f}\) and \(a_k := \frac{L_k}{L_{k-1} + \mu _f}\). Assume that the following two conditions hold:
$$\begin{aligned} \left\{ \begin{array}{llcl} &{}(1-\tau _k) \big [ \tau _{k-1}^2 + m_k\tau _k \big ]&{}\ge &{} a_k\tau _k \vspace{1ex}\\ &{}m_k\tau _k\tau _{k-1}^2 + m_k^2\tau _k^2 &{}\ge &{} a_k\tau _{k-1}^2. \end{array}\right. \end{aligned}$$

                    (34)
                

Let \(\left\{ x^k\right\} \) be a given sequence in \(\mathbb {R}^p\). We define \(\hat{x}^k := x^k + \frac{1}{\omega _k}(x^k - x^{k-1})\), where \(\omega _k\) is chosen such that
$$\begin{aligned} \max \left\{ \frac{\tau _{k-1} + \sqrt{\tau _{k-1}^2 + 4a_k}}{2(1-\tau _{k-1})}, \frac{a_k\tau _k}{(1-\tau _k)(1-\tau _{k-1})\tau _{k-1}}\right\} \le \omega _k \le \frac{\tau _{k-1}^2 + m_k\tau _k}{\tau _{k-1}(1-\tau _{k-1})}. \end{aligned}$$

                    (35)
                

Then, \(\omega _k\) is well-defined, and for any \(x \in \mathbb {R}^p\), we have
$$\begin{aligned} \begin{array}{ll} &{}L_k\tau _k^2\Vert \frac{1}{\tau _k}[\hat{x}^k - (1-\tau _k)x^k] - x\Vert ^2 - \mu _f \tau _k(1-\tau _k)\Vert x^k - x\Vert ^2 \vspace{1ex}\\ &{}\qquad \le {~} (1-\tau _k) \left( L_{k-1} + \mu _f\right) \tau _{k-1}^2\Vert \frac{1}{\tau _{k-1}}[x^k - (1-\tau _{k-1})x^{k-1}] - x\Vert ^2. \end{array} \end{aligned}$$

                    (36)
                


                
                  Proof

                  Firstly, from the definition \(\hat{x}^k := x^k + \frac{1}{\omega _k}(x^k - x^{k-1})\) of \(\hat{x}^k\), we have \(\omega _k(\hat{x}^k - x^k) = x^k - x^{k-1}\). Hence, we can show that
$$\begin{aligned} \begin{array}{lcl} \tau _{k-1}^2\Vert \frac{1}{\tau _{k-1}}[x^k - (1-\tau _{k-1})x^{k-1}] - x\Vert ^2 &{}= &{} \Vert (1-\tau _{k-1})(x^k - x^{k-1}) + \tau _{k-1}(x^k - x)\Vert ^2 \vspace{1ex}\\ &{}= &{} \Vert (1-\tau _{k-1})\omega _k(\hat{x}^k - x^{k}) + \tau _{k-1}(x^k - x)\Vert ^2 \vspace{1ex}\\ &{}= &{} \omega _k^2(1-\tau _{k-1})^2\Vert \hat{x}^k - x^k\Vert ^2 + \tau _{k-1}^2\Vert x^k - x\Vert ^2\vspace{1ex}\\ &{}&{} + {~} 2\omega _k(1-\tau _{k-1})\tau _{k-1}\langle \hat{x}^k - x^k, x^k - x\rangle . \end{array} \end{aligned}$$

Alternatively, we also have
$$\begin{aligned} \begin{array}{lcl} \tau _k^2\Vert \frac{1}{\tau _k}[\hat{x}^k - (1-\tau _k)x^k] - x\Vert ^2= & {} \Vert \hat{x}^k - x^k\Vert ^2 + \tau _k^2\Vert x^k - x\Vert ^2 + 2\tau _k\langle \hat{x}^k - x^k, x^k - x\rangle . \end{array} \end{aligned}$$

Utilizing the two last expressions, (36) can be rewritten equivalently to
$$\begin{aligned} \begin{array}{lcl} \mathcal {T}_{[1]} &{}:= &{} 2\left[ \left( L_{k-1} + \mu _f\right) (1-\tau _k)(1-\tau _{k-1})\tau _{k-1}\omega _k - L_k\tau _k \right] \langle \hat{x}^k - x^k, x - x^k\rangle \vspace{1ex}\\ &{}\le &{} \left[ \left( L_{k-1} + \mu _f \right) (1-\tau _k)(1-\tau _{k-1})^2\omega _k^2 - L_{k}\right] \Vert \hat{x}^k - x^k\Vert ^2 \vspace{1ex}\\ &{}&{} + {~} \left[ \left( L_{k-1} + \mu _f\right) (1-\tau _k)\tau _{k-1}^2 - L_k\tau _k^2 + \mu _f\tau _k(1-\tau _k)\right] \Vert x^k - x\Vert ^2. \end{array} \end{aligned}$$

Now, let us denote
$$\begin{aligned} \left\{ \begin{array}{lcl} c_1 &{}:= &{} \left( L_{k-1} + \mu _f\right) (1-\tau _k)(1-\tau _{k-1})\tau _{k-1}\omega _k - L_k\tau _k\vspace{1ex}\\ c_2 &{}:= &{} \left( L_{k-1} + \mu _f\right) (1-\tau _k)(1-\tau _{k-1})^2\omega _k^2 - L_k \vspace{1ex}\\ c_3 &{}:= &{} \left( L_{k-1} + \mu _f\right) (1-\tau _k)\tau _{k-1}^2 - L_k\tau _k^2 + \mu _f(1-\tau _k)\tau _k. \end{array}\right. \end{aligned}$$

Then, (36) is equivalent to
$$\begin{aligned} 2c_1\langle \hat{x}^k - x^k, x - x^k\rangle \le c_2\Vert \hat{x}^k - x^k\Vert ^2 + c_3\Vert x - x^k\Vert ^2. \end{aligned}$$

                    (37)
                

Secondly, we need to guarantee that \(c_1 \ge 0\). This condition holds if we choose \(\omega _k\) such that
$$\begin{aligned} \omega _k \ge \frac{a_k\tau _k}{(1-\tau _k)(1-\tau _{k-1})\tau _{k-1}}. \end{aligned}$$

                    (38)
                

Thirdly, we also need to guarantee \(c_2 \ge c_1\), which is equivalent to
$$\begin{aligned} c_2 - c_1 = \left( L_{k-1} + \mu _f\right) (1-\tau _k)(1-\tau _{k-1})\left[ (1-\tau _{k-1})\omega _k^2 - \tau _{k-1}\omega _k \right] - L_k(1-\tau _k) \ge 0. \end{aligned}$$

This condition holds if
$$\begin{aligned} \omega _k \ge \frac{\tau _{k-1} + \sqrt{\tau _{k-1}^2 + 4a_k}}{2(1-\tau _{k-1})}. \end{aligned}$$

                    (39)
                

Alternatively, we also need to guarantee \(c_3 \ge c_1\), which is equivalent to
$$\begin{aligned} c_3 - c_1 = \left( L_{k-1} + \mu _f\right) (1-\tau _k)\left[ \tau _{k-1}^2 - (1-\tau _{k-1})\tau _{k-1}\omega _k \right] + (L_k + \mu _f)\tau _k(1-\tau _k) \ge 0. \end{aligned}$$

This condition holds if
$$\begin{aligned} \omega _k \le \frac{\tau _{k-1}^2 + m_k\tau _k}{\tau _{k-1}(1-\tau _{k-1})}. \end{aligned}$$

                    (40)
                

Combining (38), (39), and (40), we obtain
$$\begin{aligned} \max \left\{ \frac{\tau _{k-1} + \sqrt{\tau _{k-1}^2 + 4a_k}}{2(1-\tau _{k-1})}, \frac{a_k\tau _k}{(1-\tau _k)(1-\tau _{k-1})\tau _{k-1}}\right\} \le \omega _k \le \frac{\tau _{k-1}^2 + m_k\tau _k}{\tau _{k-1}(1-\tau _{k-1})}, \end{aligned}$$

which is exactly (35). Here, under the condition (34), the left-hand side of the last expression is less than or equal to the right-hand side. Therefore, \(\omega _k\) is well-defined.

                  Finally, under the choice of \(\omega _k\) as in (35), we have \(c_2 \ge c_1 \ge 0\) and \(c_3\ge c_1 \ge 0\). Hence, (37) holds, which is also equivalent to (36). \(\square \)

                Appendix 2: Technical proof of Lemmas 2 and 3 in Sect. 3
                        
This section provides the full proof of Lemmas 2 and 3 in the main text.
1.1 The proof of Lemma 2: key estimate of the primal–dual step (9)

                    Proof

                    From the first line of (9) and Lemma 4(a), we have \(\nabla _ug_{\beta _k}(K\hat{x}^k, \dot{y}) = K^{\top }y^{k+1}\). Now, from the second line of (9), we also have
$$\begin{aligned} 0 \in \partial {f}(x^{k+1}) + L_k(x^{k+1} - \hat{x}^k) + K^{\top }\nabla _u{g_{\beta _k}}(K\hat{x}^k, \dot{y}). \end{aligned}$$

Combining this inclusion and the \(\mu _f\)-convexity of f, for any \(x\in \mathrm {dom}\left( f\right) \), we get
$$\begin{aligned} \begin{array}{lcl} f(x^{k+1}) &{} \le &{} f(x) + \langle \nabla _u{g_{\beta _k}}(K\hat{x}^k, \dot{y}), K(x - x^{k+1})\rangle + L_k\langle x^{k+1} - \hat{x}^k, x - x^{k+1}\rangle \vspace{1ex}\\ &{}&{} - {~} \frac{\mu _f}{2}\Vert x^{k+1} - x\Vert ^2. \end{array} \end{aligned}$$

Since \(g_{\beta }(\cdot , \dot{y})\) is \(\frac{1}{\beta + \mu _{g^{*}}}\)-smooth by Lemma 4(a), for any \(x\in \mathrm {dom}\left( f\right) \), we have
$$\begin{aligned} \begin{array}{lcl} g_{\beta _k}(Kx^{k+1}, \dot{y}) &{} \le &{} g_{\beta _k}(K\hat{x}^k, \dot{y}) + \langle \nabla _u{g}_{\beta _k}(K\hat{x}^k, \dot{y}), K(x^{k+1} - \hat{x}^k)\rangle \vspace{1ex}\\ &{}&{} + {~} \frac{1}{2(\beta _k + \mu _{g^{*}})}\Vert K(x^{k+1} - \hat{x}^k)\Vert ^2 \vspace{1ex}\\ &{} = &{} g_{\beta _k}(K\hat{x}^k, \dot{y}) + \langle \nabla _ug_{\beta _k}(K\hat{x}^k, \dot{y}), K(x - \hat{x}^k)\rangle \vspace{1ex}\\ &{}&{} - {~} \langle \nabla _u{g}_{\beta _k}(K\hat{x}^k, \dot{y}), K(x - x^{k+1})\rangle \vspace{1ex}\\ &{}&{} + {~} \frac{1}{2(\mu _{g^{*}} + \beta _k)}\Vert K(x^{k+1} - \hat{x}^k)\Vert ^2. \end{array} \end{aligned}$$

Now, combining the last two estimates, we get
$$\begin{aligned} \begin{array}{lcl} f(x^{k+1}) + g_{\beta _k}(Kx^{k+1}, \dot{y}) &{} \le &{} f(x) + g_{\beta _k}(K\hat{x}^k, \dot{y}) + \langle \nabla _ug_{\beta _k}(K\hat{x}^k, \dot{y}), K(x - \hat{x}^k)\rangle \vspace{1ex}\\ &{}&{} + {~} L_k\langle x^{k+1} - \hat{x}^k, x - \hat{x}^k\rangle - L_k\Vert x^{k+1} - \hat{x}^k\Vert ^2 \vspace{1ex}\\ &{}&{} + {~} \frac{1}{2(\mu _{g^{*}} + \beta _k)}\Vert K(x^{k+1} - \hat{x}^k)\Vert ^2 - \frac{\mu _f}{2}\Vert x - x^{k+1}\Vert ^2. \end{array} \end{aligned}$$

                    (41)
                

Using Lemma 4(a) again, we have
$$\begin{aligned} \begin{array}{lcl} \ell _{\beta _k}(x^k, \dot{y}) &{}:= &{} g_{\beta _k}(K\hat{x}^k, \dot{y}) + \langle \nabla _ug_{\beta _k}(K\hat{x}^k, \dot{y}), K(x^k - \hat{x}^k)\rangle \vspace{1ex}\\ &{}\le &{} g_{\beta _k}(Kx^k, \dot{y}) - \frac{\beta _k+\mu _{g^{*}}}{2}\Vert \nabla _ug_{\beta _k}(K\hat{x}^k, \dot{y}) - \nabla _ug_{\beta _k}(Kx^k, \dot{y})\Vert ^2. \end{array} \end{aligned}$$

                    (42)
                

Substituting \(x := x^k\) into (41), and multiplying the result by \(1-\tau _k\) and adding the result to (41) after multiplying it by \(\tau _k\), then using (42), we can derive
$$\begin{aligned} \begin{array}{lcl} F_{\beta _k}(x^{k+1}, \dot{y}) &{}:= &{} f(x^{k+1}) + g_{\beta _k}(Kx^{k+1}, \dot{y}) \vspace{1ex}\\ &{} \le &{} (1 - \tau _k)[ f(x^k) + g_{\beta _k}(Kx^k, \dot{y})] + \tau _k\left[ f(x) + \ell _{\beta _k}(x, \dot{y}) \right] \vspace{1ex}\\ &{}&{} - {~} L_k\Vert x^{k+1} - \hat{x}^k\Vert ^2 + \frac{1}{2(\mu _{g^{*}}+\beta _k)}\Vert K(x^{k+1} - \hat{x}^k)\Vert ^2 \vspace{1ex}\\ &{}&{} + {~} L_k\langle x^{k+1} - \hat{x}^k, \tau _kx - \hat{x}^k + (1-\tau _k)x^k\rangle \vspace{1ex}\\ &{}&{} - {~} \frac{\mu _f}{2}\left[ (1-\tau _k)\Vert x^{k+1} - x^k\Vert ^2 + \tau _k\Vert x - x^{k+1}\Vert ^2\right] \vspace{1ex}\\ &{}&{} - {~} \frac{(1-\tau _k)(\beta _k+\mu _{g^{*}})}{2}\Vert \nabla _ug_{\beta _k}(K\hat{x}^k, \dot{y}) - \nabla _ug_{\beta _k}(Kx^k, \dot{y})\Vert ^2. \end{array} \end{aligned}$$

                    (43)
                

From Lemma 6(a), we can easily show that
$$\begin{aligned} \begin{array}{lcl} (1-\tau _k)\Vert x^{k+1} - x^k\Vert ^2 + \tau _k\Vert x^{k+1} - x\Vert ^2 &{} = &{} \tau _k^2\Vert \tfrac{1}{\tau _k}[ x^{k+1} - (1-\tau _k)x^k] - x\Vert ^2 \vspace{1ex}\\ &{}&{} + {~} \tau _k(1-\tau _k)\Vert x - x^k\Vert ^2. \end{array} \end{aligned}$$

We also have the following elementary relation
$$\begin{aligned} \begin{array}{lcl} \langle x^{k+1} - \hat{x}^k, \tau _k x - [\hat{x}^k - (1-\tau _k)x^k]\rangle &{}= &{} \frac{\tau _k^2}{2}\Vert \tfrac{1}{\tau _k}[\hat{x}^k - (1-\tau _k)x^k] - x\Vert ^2 + \frac{1}{2}\Vert x^{k+1} - \hat{x}^k\Vert ^2 \vspace{1ex}\\ &{}&{} - {~} \frac{\tau _k^2}{2}\Vert \tfrac{1}{\tau _k}[x^{k+1} - (1-\tau _k)x^k] - x\Vert ^2. \end{array} \end{aligned}$$

Substituting the two last expressions into (43), we obtain
$$\begin{aligned} \begin{array}{lcl} F_{\beta _k}(x^{k+1}, \dot{y}) &{} \le &{} (1 - \tau _k) F_{\beta _k}(x^k, \dot{y}) + \tau _k \left[ f(x) + \ell _{\beta _k}(x, \dot{y}) \right] \vspace{1ex}\\ &{}&{} + {~} \frac{L_k\tau _k^2}{2} \Vert \tfrac{1}{\tau _k}[\hat{x}^k - (1-\tau _k)x^k] - x\Vert ^2 \vspace{1ex}\\ &{}&{} - {~} \frac{\tau _k^2}{2}\left( L_k + \mu _f \right) \Vert \tfrac{1}{\tau _k}[x^{k+1} - (1-\tau _k)x^k] - x\Vert ^2 \vspace{1ex}\\ &{}&{} - {~} \frac{(1-\tau _k)(\mu _{g^{*}} + \beta _k)}{2}\Vert \nabla _ug_{\beta _k}(K\hat{x}^k, \dot{y}) - \nabla _ug_{\beta _k}(Kx^k, \dot{y})\Vert ^2 \vspace{1ex}\\ &{}&{} - {~} \frac{L_k}{2}\Vert x^{k+1} - \hat{x}^k\Vert ^2 + \frac{1}{2(\mu _{g^{*}}+\beta _k)}\Vert K(x^{k+1} - \hat{x}^k)\Vert ^2 \vspace{1ex}\\ &{}&{} - {~} \frac{\mu _f(1-\tau _k)\tau _k}{2}\Vert x - x^k\Vert ^2. \end{array} \end{aligned}$$

                    (44)
                

One the one hand, by (32) of Lemma 4, we have
$$\begin{aligned} F_{\beta _k}(x^k, \dot{y}) \le F_{\beta _{k-1}}(x^k, \dot{y}) + \frac{(\beta _{k-1} - \beta _k)}{2}\Vert \nabla _ug_{\beta _{k}}(Kx^k, \dot{y}) - \dot{y}\Vert ^2. \end{aligned}$$

On the other hand, by (33) of Lemma 4, we get
$$\begin{aligned} f(x) + \ell _{\beta _k}(x, \dot{y}) \le \mathcal {L}(x, y^{k+1}) - \frac{\beta _k}{2}\Vert \nabla _ug_{\beta _{k}}(K\hat{x}^k, \dot{y}) - \dot{y}\Vert ^2, \end{aligned}$$

where \(\mathcal {L}(x, y^{k+1}) := f(x) + \langle Kx, y^{k+1}\rangle - g^{*}(y^{k+1})\) is the Lagrange function in (1).

                    Now, substituting the last two inequalities into (44), and using Lemma 6(b) with \(w := \nabla _ug_{\beta _k}(K\hat{x}^k, \dot{y}) - \dot{y}\) and \(z := \nabla _ug_{\beta _k}(Kx^k, \dot{y}) - \dot{y}\), we arrive at
$$\begin{aligned} \begin{array}{lcl} F_{\beta _k}(x^{k+1}, \dot{y}) &{} \le &{} (1 - \tau _k) F_{\beta _{k-1}}(x^k, \dot{y}) + \tau _k\mathcal {L}(x, y^{k+1}) + \frac{L_k\tau _k^2}{2} \Vert \tfrac{1}{\tau _k}[\hat{x}^k - (1-\tau _k)x^k] - x\Vert ^2 \vspace{1ex}\\ &{}&{} - {~} \frac{\tau _k^2}{2}\left( L_k + \mu _f \right) \Vert \tfrac{1}{\tau _k}[x^{k+1} - (1-\tau _k)x^k] - x\Vert ^2 - \frac{\mu _f(1-\tau _k)\tau _k}{2}\Vert x - x^k\Vert ^2 \vspace{1ex}\\ &{}&{} - {~} \frac{L_k}{2}\Vert x^{k+1} - \hat{x}^k\Vert ^2 + \frac{1}{2(\mu _{g^{*}}+\beta _k)}\Vert K(x^{k+1} - \hat{x}^k)\Vert ^2 \vspace{1ex}\\ &{}&{} - {~} \frac{(1-\tau _k)}{2}\left[ \tau _k\beta _k - (\beta _{k-1} - \beta _k)\right] \Vert \nabla _ug_{\beta _k}(Kx^k, \dot{y}) - \dot{y}\Vert ^2 \vspace{1ex}\\ &{}&{} - {~} \frac{\beta _k}{2}\Vert \nabla _ug_{\beta _k}(K\hat{x}^k, \dot{y}) - \dot{y} - (1-\tau _k)\left[ \nabla _ug_{\beta _k}(Kx^k, \dot{y}) - \dot{y} \right] \Vert ^2 \vspace{1ex}\\ &{}&{} - {~} \frac{(1-\tau _k)\mu _{g^{*}}}{2}\Vert \nabla _ug_{\beta _k}(K\hat{x}^k, \dot{y}) - \nabla _ug_{\beta _k}(Kx^k, \dot{y})\Vert ^2. \end{array} \end{aligned}$$

By dropping the last two nonpositive terms in the last inequality, we obtain (10). \(\square \)

                  1.2 The proof of Lemma 3: recursive estimate of the Lyapunov function

                    Proof

                    First, from the last line \(\tilde{y}^{k+1} = (1-\tau _k)\tilde{y}^k + \tau _ky^{k+1}\) of (11), and the \(\mu _{g^{*}}\)-convexity of \(g^{*}\), we have
$$\begin{aligned} \begin{array}{lcl} \mathcal {L}(x, \tilde{y}^{k+1}) &{} := &{} f(x) + \langle Kx, \tilde{y}^{k+1}\rangle - g^{*}(\tilde{y}^{k+1}) \vspace{1ex}\\ &{} \ge &{} (1-\tau _k)\mathcal {L}(x, \tilde{y}^k) + \tau _k\mathcal {L}(x, y^{k+1}) + \frac{\mu _{g^{*}}\tau _k(1-\tau _k)}{2}\Vert y^{k+1} - \tilde{y}^k\Vert ^2. \end{array} \end{aligned}$$

Hence, \(\tau _k\mathcal {L}(x, y^{k+1}) \le \mathcal {L}(x, \tilde{y}^{k+1}) - (1-\tau _k)\mathcal {L}(x, \tilde{y}^k) - \frac{\mu _{g^{*}}\tau _k(1-\tau _k)}{2}\Vert y^{k+1} - \tilde{y}^k\Vert ^2\). Substituting this estimate into (10) and dropping the term \(- \frac{\mu _{g^{*}}\tau _k(1-\tau _k)}{2}\Vert y^{k+1} - \tilde{y}^k\Vert ^2\), we can derive
$$\begin{aligned} \begin{array}{lcl} F_{\beta _k}(x^{k+1},\dot{y}) &{} \le &{} (1 - \tau _k) F_{\beta _{k-1}}(x^k, \dot{y}) + \mathcal {L}(x, \tilde{y}^{k+1}) - (1-\tau _k)\mathcal {L}(x, \tilde{y}^k) \vspace{1ex}\\ &{}&{} + {~} \frac{L_k\tau _k^2}{2} \big \Vert \tfrac{1}{\tau _k}[\hat{x}^k - (1-\tau _k)x^k] - x \big \Vert ^2 \vspace{1ex}\\ &{}&{} - {~} \frac{\tau _k^2}{2}\left( L_k + \mu _f\right) \big \Vert \tfrac{1}{\tau _k}[x^{k+1} - (1-\tau _k)x^k] - x \big \Vert ^2 \vspace{1ex}\\ &{}&{} - {~} \frac{L_k}{2}\Vert x^{k+1} - \hat{x}^k\Vert ^2 + \frac{1}{2(\mu _{g^{*}} + \beta _k)}\Vert K(x^{k+1} - \hat{x}^k)\Vert ^2 \vspace{1ex}\\ &{}&{} - {~} \frac{\mu _f\tau _k(1-\tau _k)}{2}\Vert x^k - x\Vert ^2. \end{array} \end{aligned}$$

                    (45)
                

Now, it is obvious to show that the condition (14) is equivalent to the condition (34) of Lemma 7. In addition, we choose \(\eta _k = \frac{1}{\omega _k}\) in our update (13), where \(\omega _k := \frac{\tau _{k-1}^2 + m_k\tau _k}{\tau _{k-1}(1-\tau _{k-1})}\), which is the upper bound of (35). Hence, (35) automatically holds. Using (36), we have
$$\begin{aligned} \begin{array}{lcl} \mathcal {T}_{[2]} &{}:= &{} \frac{L_k\tau _k^2}{2} \big \Vert \tfrac{1}{\tau _k}[\hat{x}^k - (1-\tau _k)x^k] - x \big \Vert ^2 - \frac{\mu _f\tau _k(1-\tau _k)}{2}\Vert x^k - x\Vert ^2 \vspace{1ex}\\ &{}\le &{} \frac{\tau _{k-1}^2}{2} (1-\tau _k)\left( L_{k-1} + \mu _f\right) \big \Vert \tfrac{1}{\tau _{k-1}}[x^{k} - (1-\tau _{k-1})x^{k-1}] - x \big \Vert ^2. \end{array} \end{aligned}$$

Moreover, \(\frac{1}{2(\mu _{g^{*}} + \beta _k)}\Vert K(x^{k+1} - \hat{x}^k)\Vert ^2 \le \frac{\Vert K\Vert ^2}{2(\mu _{g^{*}} + \beta _k)}\Vert x^{k+1} - \hat{x}^k\Vert ^2 = \frac{L_k}{2}\Vert x^{k+1} - \hat{x}^k\Vert ^2\) due to the definition of \(L_k\) in (13). Substituting these two estimates into (45), and utilizing the definition (12) of \(\mathcal {V}_k\), we obtain (15). \(\square \)
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