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Abstract

Let X = {Xy, X2, ..., X,;} be a system of smooth vector fields in R” satisfying the
Hormander’s finite rank condition. We prove the following Sobolev inequality with
reciprocal weights in Carnot-Carathéodory space G associated to system X

1/t 172
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where Xu denotes the horizontal gradient of u# with respect to X. We assume that the
weight K belongs to Muckenhoupt’s class A> and Gehring’s class G, where 7 is a
suitable exponent related to the homogeneous dimension.
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Muckenhoupt and Gehring weights

Mathematics Subject Classification 35R03 - 39B62

1 Introduction

This paper is devoted to study some basic functional and geometric properties of
general families of vector fields that include the Hérmander’s type as a special case.
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Similar to their Euclidean counterparts, such properties play an important role in the
analysis of the relevant differential operators (both linear and nonlinear).

We are concerned with a two-weight Sobolev type inequality on G, where G denotes
the Carnot-Caratheéodory space (€2, d) (suitably defined - see Sect. 2.1) associated
to a system of smooth vector fields X = {Xi, X»,..., X;,} on R" satisfying the
Hormander’s finite rank condition. This fact introduces a kind of degeneracy different
from that Euclidean one. Here, Q2 is an open (Euclidean) bounded and connected set
of R", n > 2, and d is the metric generated by X.

Let u € Lip (G). We denote by Xu = (X1u, ..., X,u) the horizontal gradient of
u with respect to the system X, where X ; plays the role of the first order differential
operator acting on u given by

Xju(x) = (X;(x), Vu(x)) for j=1,...,m.

Set "
1/2
Xul = (Y xw?) "

j=1

the length of the horizontal gradient of u. We refer to [5,12] for more details.
In our paper we prove a two-weight Sobolev type inequality where the weights K
and K ~! form a 2-admissible pair (K !, K), namely

1) K is locally doubling in €2 and K ~! belongs to A (G).
2) Given a compact set V C 2 there exist > 2 and C > 1 such that, for every ball
B with centerin V and 0 < r < 1, it holds

1t 1 12
r(f,BKu)dx) SE(frBK (x)dx) . 0

Jp K(x) dx Jg K~ (x) dx

Note that inequality (1.1) is the Chanillo-Wheeden condition (see [8]), with expo-
nents ¢ and 2, adapted to the Carnot-Carathéodory geometry (see [18]).

Our main result reads as follows.
Theorem 1.1 Let K be in A>(G) N G.(G) witht = 1 + 5;92:3. Lett > 2. Then, for
everyu € C(l)(B R), there exists a constant C > 1 such that

1/t 5
;/ u'K(x)dx| <CR ! / Xul” )
i K() dx Jpg [y~ dx Jp, K@)

Br K

1/2

(1.2)
with

1
- —

— 1
C=c(Qnt,q) CIK I3, (K1), *.

Q=

where C is the constant in (1.1), 2 < g < t, and Bp denotes the ball centered at the
origin with radius R > 0. Here, [K*l]A2 and [K]a, stand for A, constants of K~!
and K, respectively.
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A two-weight Sobolev inequality for Carnot-Carathéodory spaces 495

By properties of Muchenoupt’s class A ,(G), we have that since K € A>(G), then
K~! € A»(G). Moreover, by [12, Theorem 4.8], the assumption that K belongs to
A (G)NGL(G), witht =1+ ierz:lQ), guarantees that the pair (K ¢ ) satisfies
condition (1.1). Thus, one deduces that (K L ¢ ) is a 2-admissible pair in 2. We
emphasize that the 2-admissible property of (K -1 K ) will be used in the proof of
Theorem 1.1.

The tools used to obtain inequality (1.2) are the classical ones of the Euclidean case.
Neverthless, here we deal with a degeneracy into the geometry due to the presence of
a differential operator Xu different from the classical gradient Vu. In particular, this
fact causes a change of metric on R" and consequently some of the results valid for
Euclidean metric have been enlarged to Carnot-Carathéodory metric.

Let us emphasize that more general weighted inequalities for Euclidean case have
been extensively investigated, and are the subject of a rich literature (see e.g. [1-4,6,8—
11,14,15,26]).

In the Euclidean setting, Theorem 1.1 generalizes similar result contained in [2],
where the authors prove a weighted Sobolev inequality of the same type as (1.2), with
the weight K (x) related to the function |u|" and the weight K ~1(x) to the gradient
[Vul|?.

Problems of this kind, involving weighted Sobolev inequalities for Carnot-
Carath¢odory space G, have been systematically studied in the literature (see e.g.
[7,12,16,17,19]).

The result of Theorem 1.1 is a particular case of that contained in [12, Corollary
3.4] with v(x) replaced by K (x) and w(x) replaced by K ~1(x). In [12] the authors
show the following more general weighted Sobolev inequality

1 1/t
(m/ lul0() dx)
Bg R

1/p
1
. P
<CR <fBR w0 dx /;?R [ Xu| w(x)dx) , (1.3)

where | < p <t < 0o, C > 0is a constant, and (w, v) is a p-admissible pair in
Q2. Herein, we prove inequality (1.2) by using different techniques which rely upon
a combination of an estimate for fractional integral of first order with other some
properties of A>(G) and G, (G) classes. Moreover, in contrast with the result in [12,
Corollary 3.4], we give the explicit value of constant C in our inequality (1.2).

Our paper is organized as follows. In Sect. 2 we give some preliminary results.
Actually, in Sect. 2.1 we recall definition and basic properties of Hérmander vector
fields, including Carnot-Caratheéodory spaces; in Sect. 2.2 we discuss the theory of
Muckenhoupt’s and Gehring’s weights. In Sect. 3 we present the machinery we need
to work with the inequality we are interested in. Finally, we prove our main theorem.
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496 A. Alberico et al.

2 Preliminary results
2.1 Carnot Carathéodory spaces

Let 2 be an open (Euclidean) bounded and connected subset in R”, with n > 2. Let

X ={X1,..., Xy} be a system of C* vector fields on R”.
We denote by Lie[Xq, ..., X;;] the Lie algebra generated by X, ..., X;, and by
their commutators of any order. We say that a field Z belongs to Lie [X1, ..., X,,] if

and only if Z is a finite linear combination of terms of this type
[Xi1 [Xiza s [Xik,I s Xlk]]]

forkeN,1<i,<m,1<h<k.
We define, for any fixed x € R", the Lie rank as

rank Lie[X1, ..., X;;] = dim V (x),

where V(x) = {Z(x) : Z € Lie[X{, ..., X;;]} is a subspace of R". Henceforth, we
assume that X satisfies the following Hormander’s finite rank condition in Q

rank Lie [ X1, ..., Xl =n, 2.1)

namely there exist a neighborhood Qy of Q and m € N such that the family of
commutators of the vector fields in X up to length m span R" at every point of 2.

Let Cx be the family of absolutely continuous curves y : [a, b] — R”" such that
there exist measurable functions c; : [a, b] — R, with j =1, ..., m, fulfilling

Zc.,(t)2§1 and y/(t):ZCj(t)Xj(y(t)) forae. t € [a, b].
j=1 j=1

We define Carnot-Carathéodory distance d as
dix,y)=inf{T >0:3y €Cx,y0)=x,y(T)=y} for x,ye Q. (2.2)

Note that, owing to Hormander’s finite rank condition (2.1), d is a metric. This fact is
not true in general. The Carnot-Carathéodory space G is the pair (€2, d) associated
to a system of C* vector fields X = {X1, --- , X} on R” fulfilling (2.1).

For x € R" and R > 0, set B(x,R) = {y € R" : d(x,y) < R}. The basic
properties of these balls have been obtained by Nagel, Stein and Wainger in [25]. In
particular, in the following proposition, the authors prove that the metric d is locally
Holder continuous with respect to the Euclidean metric.

Proposition 2.1 ([25, Proposition 1.1]) Let X1, --- X, be as above. Then, for any
compact set E CC S, there are positive constants c1, ca and A € (0, 1] such that

cilx —yl <d(x,y) < calx — yI*

@ Springer



A two-weight Sobolev inequality for Carnot-Carathéodory spaces 497

foreveryx,y € E.

Thanks to Proposition 2.1, the topology of Carnot-Carathéodory induced by d on 2
coincides with the Euclidean ones. In the sequel, all the distances will be understood
in the sense of the Carnot-Carathéodory metric d. In particular, all the balls will be
defined with respect to d.

We denote by | - | the Lebesgue measure in (R”, d) and, by fB f(x)dx, the average
of a function f on the ball B, i.e.

1
dx = — dx.
][Bf(X) x |B|/Bf(x) x

Note that the Lebesgue measure locally satisfies the following doubling condition
(see e.g. [25]).

Proposition 2.2 For any compact set E CC K, if xo € E, there exist a constant
Cq > 1, called doubling constant, and Ry > 0 such that

|B(x0, 2R)| = CalB(xo, R)|

for0 < R < Ry.

Let Y1, ..., Y; be the collection of the X ;’s and of those commutators which are
needed to generate R". To each Y; it is associated a formal “degree” deg(Y;) > 1,
namely the corresponding order of the commutator. Set I = (iy, ..., i,), with 1 <
i; <[, an n-tuple of integers. We define (see also [25]) the degree of I as

d(I) =) deg(¥;)).
j=1

For a given compact set E C R", we define Q by

0 =supld(I) : |a;(x)| # 0, x € E},

the local homogeneous dimension of E with respect to system X, where a;(x) =
det(Y;,..., Y:).

n

We define by y
Q(x) =inf{d(I) : |as(x)| # 0}

the homogeneous dimension at x € R" with respect to X. It is obvious that 3 < n <
Q) = Q.

Just to give an idea, we consider in R? the system (see [13])

d 3].

0
X ={X1, X2, X3} = {8_x1’ E’XIE
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498 A. Alberico et al.

It is easy to see that / = 4 and
{Y1, Y2, Y3, Ya} = {X1, X2, X3, [ X1, X3]}.

Moreover, Q(x) = 3 for all x # 0, whereas for any compact set E containing the
origin, Q(0) = Q =4.

Let Y be a metric space and u a Borel measure in Y. Assume pu finite on bounded
sets and satisfying the doubling condition on every open, bounded subset 2 in Y. We
say that Q is a homogeneous dimension relative to €2, if there exists a positive constant

C such that 0
wB ( R )
wu(Bo) Ro

for any ball By having center in €2 and radius Ry < diam, and any ball B centered in
xo € By and having radius R < Ry.

It is well known that the doubling condition implies the existence of the homoge-
neous dimension Q. However, Q is not unique and it may change with 2. Obviously,
any Q' > Q itis also a homogeneous dimension.

For abounded open set €2 containing a family of vector fields satisfying the Hérman-
der’s finite rank condition, the homogeneous dimension of the Carnot-Carathéodory
space G, defined with the Lebesgue measure, is given by Q = log, Cy4, where Cy is
the doubling constant.

2.2 Some properties of A, and G, classes
In this section, we recall a few properties of Muckenhoupt’s and Gehring’s classes

(see [22,24,27,28]).
We recall that a weight is a positive function in L 110 (R""). We say that a weight w

is doubling in € if
/ wx)dx < C/ w(x)dx,
2B B

where the constant C is independent by the ball B C 2. B
We say that w is locally doubling in €2 if for each compact set V C Q2 and R > 0
there exists Cy, j such that

/ wx)dx < CV’I@/ w(x)dx,
2B B

where the ball B has center in V and radius R < R and 2B is the ball concentric with
B and having radius 2-times that of B.
We say that a weight w belongs to the class A ,(G) (briefly, w € A,(G)) for some

p € (,+4o0)if
’ p=1
[wla, = sup (][ w(x) dx) (][ w(x)' =P dx) (2.3)
B \UB B
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A two-weight Sobolev inequality for Carnot-Carathéodory spaces 499

is finite, where the supremum is taken over all balls B C 2. Here, p’ denotes the
Holder conjugate of p. The quantity [w]a, is called the A, constant of w.

When p = 1, we say that w € A1 (G) if there exists a constant ¢ > 1 such that, for
every ball B C €,

/ w(x)dx < cessinf w.
B B

If a weight belongs to a class A, it is called a Muckenhoupt weight.
A weight w is said to belong to the class G4 (G) (briefly, w € G4(G)) for some

g € (1, +00) if
1
(][ wx)? dx)q
~NB

[wlg, = sup
B ][ w(x)dx
B

is finite. The quantity [w]g p is called the G, constant of w.

If a weight belongs to a class G, it is called a Gehring weight.

Here, we recall some properties of A, classes with respect to dyadic cubes which
we will be used to prove Theorem 1.1.

We use a grid Dy, of dyadic cubes Q, which are “almost balls”, where 4 is a large
negative integer which indexes the edgelengths /(Q) of the smallest cubes Q € Dy,.
In other words, the smallest edgelengths are A" for an appropriate geometric constant
A > 1 and each cube in the grid has edgelength A for some k > .

In particular, we will make use of a grid of dyadic cubes in the ball B in the same
spirit of [29], where it is proved that there exists a constant A > 1 such that, for every
h € Z, there are points x’; € Bpr and a family of cubes D), = {Q’;} for j € N and
k=nh,h+1,...such that

i) B, 25 C Qf c B, AM.
ii) Foreach k = h,h +1,..., the family{Q];}is pairwise disjoint in j and Bg =
U, 0.
iii) Ifh <k <I, then eitherQ]; N Qlj = for Q’;. c Qlj.

We call the family D = | J,,.5, D, a dyadic cube decomposition of B and we refer
to its sets as dyadic cubes which will be denoted by Q. We observe explicitly that
being D a decomposition of Bg, then any dyadic cube Q € D is contained in the ball
Bg.

By [29], making use of (2.3), one can deduce the following lemma.

Lemma 2.3 Letw € Ay(G) and let @ and Qg dyadic cubes in R" such that Q C Q.

If B > 1, then
8 1 8
3 </ wdx) < (e(Q, mwla,)"” (/ wdx) : (2.4)
Q Qo

QCcQo

Another important property of A ,(G) classes is given by the following proposition
(see [20], [30, Chapter 5, p. 195]).
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500 A. Alberico et al.

Proposition 2.4 If w € A,(G), then, for any nonnegative f,

1 P 1
(@ /Q e dx) = [wla, W/glf(x)l”w(x) dx  YQcCG.
(2.5)

2.3 Some preliminary estimates

In order to prove our main theorem, let us prove some preliminary results.

The first lemma yields an estimate of the fractional integral of order 1 (see e.g. [5]).
In general, the fractional integral of order @ € (0, Q) of a locally integrable function
g in R" is defined as

_ g(y) n
I,g(x) = /]R” —d(x, )0 dy for x € R". (2.6)

Lemma2.5 Let g € L} (G) and assume that g > 0. Then

loc

1_
Lg)<co Y <IQ|Q ! / g(y) dy) xok) vVreQ, @7
QeD 3Q
where cq is an absolute constant.

Proof Thanks to a dyadic cube decomposition, we discretize the operator /;

_ 8(y)
higto) = Z </2k1<d(x,y)§2k d(x, Y)Q_ldy)

keZ

1
—_— d
oY T [(Z(Q)QI f O y) xgm]

keZ QeD
1(Q)=2F

<0 [<|Q|"QQ /wg(y)dy) m(x)]

QeD
where the last inequality follows by |Q] = [ (Q)Q and, moreover, by B(x, [(Q)) C 3Q
if x € Q. Hence, inequality (2.7) is proved. O
Let us consider a Dirichlet problem in this form
Agy = f(x) in Bg

2.8)
=0 on dBg,

where Ag denotes the canonical sub-Laplacian operator defined as Ag = ZT:I X ?,

with {X1, ..., X,,} the family of smooth vector fields on R” satisfying the Hormander’s
finite rank condition.
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Let 7, (BRr) be the anisotropic Holder space, with o € (0, 1), defined by

Fu(Br) = {f :Bp —> R: sup M < oo} 2.9)

x,yeBR d(x7 )’)a
XFEY

where d is the Carnot-Carathéodory distance given by (2.2).

In [21, Theorem 3.2], the authoiproved that, if f € F4(BR), then there exists a
unique solution ¢ € C%(Bg) NC'(Bg) to problem (2.8), represented by the formula

p(x) :/3 Ac ¢ Tx(y) dy. (2.10)

Here, ', (y) is the fundamental solution of the sub-Laplacian. Thanks to [21, The-
orem 2.2], there exists a positive constant ¢ such that

Ty (y) = cd(x, y)*~ 2. (2.11)

Consequently, combining (2.10) and (2.11) yields

The next lemma gives an estimate of the gradient of the solution to problem (2.8)
through the fractional integral of order 1.

Lemma 2.6 Let f € F,(Bg) and let ¢ be the solution to problem (2.8). Then, there
exists a positive constant ¢ such that

| Xe(x)| = cli f(x), (2.13)

where I1(f) denotes the fractional integral of order 1 of f.

Proof Owing to (2.12), it follows that

o)
Xjpx) = C/BR WXj(d(x, y)dy. (2.14)

Thus,

n 1
Xew)| = (X 1XjeP)’

j=1
:(Z‘C/B %Xj(d(x,y))dyr)z. (2.15)
=1 B ALY
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502 A. Alberico et al.

Since ‘X j(d(x, y))‘ — 1 (see [23]), by (2.15) and (2.6) one can deduce that

n
J 2
xewi = (2o [ L2 a
j; Br d(xa y)Q_l
VASY)
<nc ————dy =cli f(x), (2.16)
/BR d(x, y)2-!
where the second inequality is due to the fact that a® + b* < (a + b)>. O

3 Proof of main result

The following preliminary lemma will be use in the proof of Theorem 1.1.

Lemma3.1 If K € A2(G) and u € C}(BR), then

1
= 2

q q |4
. 7 1 t—1
Si=|> <fQK(x) dx) (—fQK(x) - /3Q|u| K (x) dx)

QeD
1
7

C <f lu|' K (x) dx>’, (3.1)
Br

q

IA

1_
where2 < q <tand C =c(Q,n,t, q)[K];xz

Proof For each h € Z, we set

1

c" = 1 Q dyadic cube : 2" < ————
Q dyadic cube <fQK(x) P

/Q|u|f—11<(x)dx52h+1 . (32

Note that, if Q is any dyadic cube such that |u|’ Ly ¢ (x) is not identically zero on Q,
then Q belongs to only one collection C”.

For each i € 7Z, let us build the collection {Qﬁf} j of pairwise disjoint maximal
dyadic cubes (maximal with respect to inclusion) in Ch.1f Q € Ch, then there exists
j € Nsuch that Q C Q’}. Note also that for each fixed &, the cubes Qi; are disjoint
with respect to j. Nevertheless, they may not be disjoint for different values of 4.
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A two-weight Sobolev inequality for Carnot-Carathéodory spaces 503

By (3.2),
Rt
7\ 7
S| < Zz<h+1>q Z(/ K (x) dx>
heZ QeCh
N7
< ZN“M >y </ K (x) dx) ) (3.3)
heZ jENQCQh

I
By Lemma 2.3, since {f—/ > 1, we have

’

Fa -
> (/Q K (x) dx> < (C(Q,n)[K]Az)' 1 (/Qh

Qco!

~]R

K(x) dx) . (3.4)

By (3.3) and (3.4), we deduce

~Je
K

S = (C(Q,n)[K]A2> 22““)4 Z(/ K(x)dx) . (35

heZ jeN

Since Q" € C", by (3.2)

1

— | qu"'K(x) dx > 2"
fQ’]’. K(x) dx /Q%/I

Thus,
1

t—1 h
Jor K() dx K(x)dx = €, 2", 36
Jon K(x) dx /Q%{XEBR:|M|>2/1_IO}|MI (x) dx = C (3.6)

where C1 = C1(Q, n) is a constant. Consequently,

/ K(x)dx < C; 2—h/ lul' 'K (x) dx. (3.7)
ij Qf;m{xeBR:|u\>2h—10}

Owing to (3.5) and (3.7),

! -7

S| <C 2+’ 2—h/ lul'~'K (x) dx ,
Z Z Qﬁn{xeBR; |u|>2—10}

heZ jeN

=
<

(3.8)
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_ L
7

where C> = C1(Q, n) (c(Q,m)[Kla,)" 7.
By (3.8), we have

h
S1=C ZZ(H])_? Z/ lul" 'K (x) dx
heZ jEN Q};m{XGBR; ‘u|>2h_]0}
1
; h
= 27C n -
2 22’ Z/th{ T lul " K (x) dx
heZ jeN MY EDbR: |u|> }
1
I )
<27y Zz”/ W K () dx
hel (xeBg: |u|>2h—10}
1
] r
e / K () 2tax| (3.9)
Br Z

(heZ:2h <2101y}

/
q
Iy

v 4
where the first inequality is a consequence of the fact that Y, a; <[>, an]". the
third one holds because, fixed h € Z, Q? are disjoint in j, the fourth one is due to
Fubini’s type Theorem. To conclude the proof, we have to evaluate the quantity

> 2k, (3.10)

(heZ:2h <210|y |}
Set H = log, (2'°|u|). Thus, (3.10) yields

B LW -E07 050"

h=—00 h=—H =—H h=—H

NN Ay log, 2101u]) "
= —_ —_ = —_ 2:20g2 u 222 . 11
(2> Z(z) <2) el G0

m=0

Then, by (3.9) and (3.11), we obtain

S <Gy (/ ul' K (x) dx)’ ,
Br

1
¢ and inequality (3.1) is proved. O

1
——

with C3 = 27711 Cy(Q. n) (c(Q. m)[K14,)"

Now we are in position to prove our main result.
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Proof of Theorem 1.1. By Theorem 3.2 of [21], there exists a solution ¢ to the following
Dirichlet problem for sub-Laplacian

Agp =u'""'K(x)  inBg
=0 on 0Bg,
with u € C&(BR). By Lemma 2.6, we get

|Xe)| < ch(ul"'K(x))  Vx € Bg, (3.12)

where c is a positive constant.
Thanks to Lemma 2.5, it follows that

Li(ul " K)x) <co Y (|Q|»‘z—1/ eI K (y) dy) xQ(x)  Vx € B,
QeD 3Q
(3.13)

where c( is an absolute constant.
Combining (3.12) and (3.13) yields

/m(x)vK(x)dx

Br

=/ ) o K () dx:/ () Agy dx
Br Bpr

5/ |Xu||X<o|dx5c/ Xl I (™~ K)(x) dx
Br Bg

scﬁf IXu()| Yy (|Q|i—1/ I K () dy) Xo(x) dx
B QeD 30

=Co | Y1 1Xu@lxo@) ([ 'K dy) dx
3Q

B QeD
=10 [ pxuo) dx (/ I K ) dy)
QeD BRQQ 30

1 1
=C i — | 1Xuld =g d>, 3.14
619l <|Q| /Q| ul x) (/39|u(y)| () dy (3.14)

QeD

where C¢ = ccp. Note that the last inequality is the consequence of the fact that
BrNQ=09.
By (2.5),

L/ |xM|dx<[1<—1]% ! Xul? Y (3.15)
91 Jo =L\ ok ) '
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Coupling inequalities (3.14) and (3.15) tells us that

/ lu|' K (x) dxN
Bg

1

RE) 1 1 1xul2 \? _
Ce |k " d (/ =K (y) d )
<C (k'] Y@ </Q T o ke x) T K™ ay

QeD
(3.16)

By (3.16), the following chain of inequality holds
/ lu|' K (x) dx
Br

1/t
K(x)dx —1/t 172
§C7|BR|1/”(fBR >1/2 Z(/ K(x)dx) (/ 1 dx)
(g ) 850 Ve oK)

1463)

1/2
1 | Xu|? /
X ; dx
Jox@m dx /e K®

Ml sa)”
— C7|BR| : 1/2 Z </Q K(x) )
Br K@ dx) eD
| | Xul? 1/2 111 1
q dx X </ K(x) dx) / lu|'" " K (x) dx
Jo xi dx Jo K(X) Q 30
1/t
[5. K(x) dx 1 q/2
< C7|BR|1/"( = | >1/2 Z (/Q K (x) dx)
(fBR 14E) dx) QeD

) 1/q
| Xu? a/
X
IQ —K%x) dx Jo K(x)

i 1 —1 !
X Z (/QK(x)dx> (W/;Qm' K(x)dx)

QeD

1 1/q

1/q

1/t
[5. K(x) dx 2 q/2
- C7|BR|1/n( b ) Z( | Xul dx)

1/2
(fBR K}x) dx) QeD Q K(X)

q' ) 1 - 4 1/q
[Z(/QK(x)dx> —fQK(x)dx/39|u| K (x) dx }

QeD
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1/t
K(x) dx 2 1/2 an
Q

[ dx)l/z\ B K(0)
R

I4E3) QeD
1 q 1/q'
NGO /39 lul' 'K (x) dx }
Q
1/t
1/2
_ 1/n (fBR K@ dx) |X“|2 /
= (7| Bg| dx S1, (3.17)
Br K(x)

12
1
(fBR K@) dx)

where the first inequality follows by Chanillo-Wheeden condition (1.1), the second one
holds since 1/t = 1 — 1/¢’, the third one is due to Holder’s inequality, for 2 < ¢ < t,
and the fifty one comes from the fact that D is a decomposition of Br. Here, constant

_ 1
C7=Cs C [K~']},. The quantity S is introduced in Lemma 3.1 above.
Combining (3.17) and (3.1) shows that

1t
1/t ( K(x) dx) Xul? 12
(), 7 )
Br K(x)

(3.18)
_ 1 1
where Cg = ¢(Q,n,t,q)C [K_l]/";z[K]f42 . Then, inequality (1.2) follows. O
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