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Abstract

In this paper, we develop a new disease-resistant mathematical model with a frac-
tion of the susceptible class under imperfect vaccine and treatment of both the
symptomatic and quarantine classes. With standard incidence when the associated
reproduction threshold is less than unity, the model exhibits the phenomenon of
backward bifurcation, where a stable disease-free equilibrium co-exists with a sta-
ble endemic equilibrium. It is then proved that this phenomenon vanishes either when
the vaccine is assumed to be 100% potent and perfect or the Standard Incidence
is replaced with a Mass Action Incidence in the model development. Furthermore,
the model has a unique endemic and disease-free equilibria. Using a suitable Lya-
punov function, the endemic equilibrium and disease free equilibrium are proved to
be globally-asymptotically stable depending on whether the control reproduction num-
ber is less or greater than unity. Some numerical simulations are presented to validate
the analytic results.
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1 Introduction

Infectious diseases have been a major health hazard claiming lives of countless number
of people around the globe. It is therefore imperative and expedient to research more
in these global epidemics. The new contribution of this work is to provide a better and
comprehensive understanding of some category of diseases such as influenza virus,
HIV/AIDS etc where disease resistance plays an important role.

Disease resistance is the phenomenon where some exposed individuals appear unin-
fected after being exposed to diseases. In this case, they become susceptible and take
no part in the disease transmission. In a more general term, it is the phenomenon
whereby a person in the exposed or infected class returns back to the susceptible class
without treatment. This phenomenon has been studied by just few researchers.

Quarantine as a preventive measure has also play important role in disease control
mechanism. It simply means the isolation of infected and exposed individuals in a
safe place to reduce disease transmission. This phenomenon has also been studied by
some researchers like [1,2] in recent years.

Since vaccination is one of the preventive measure against infectious disease, mass
vaccination has been identified as one of the major ways of disease prevention. Lately, it
was discovered that despite mass vaccination of susceptible individuals and millions of
dollars spent, infectious diseases are still prevalent and endemic in almost everywhere
in the world. Vaccines, biologically, are expected to elicit an immune response similar
to what would be triggered by a natural infection without causing the actual infectious
disease [3]. This type of vaccine that partially prevent disease spread by allowing some
pathogen or disease or virus transmission is referred to as leaky or imperfect vaccine.

According to the study in [3], researchers therein opined that imperfect vaccines
are of three types. The first is called leaky vaccine whereby vaccination reduces but
does not eliminate the chances of infection after exposure to an infectious disease. The
second is all-or-nothing vaccine which offers lifetime immunity for some people but
no protection for others. And the third one is waning vaccine which works only for a
short period of time. This is for us to grasp the effect of imperfect vaccine in literature
which ensures its inclusion in this model and mostly because it has been studied only
by few researchers [1,4,5] in mathematical modeling.

The stability analysis of a disease resistant SE IR model was studied by Jia and
Xiao [6]. They used nonlinear incidence rate and later applied the model to influenza
virus. But they only studied the basic SEI R which doesn’t give better insight on the
dynamics of the disease.

In the work of [7], they also studied the basic S E I R model and transcritical bifur-
cation which is very much similar to the one studied by Jia and Xiao [6]. They also
mentioned that very few work has been done on disease-resistant models.

Several researchers like [6,8—12] and references therein have published commend-
able research output about transmission dynamics of infectious diseases. They have
also studied control and prevention strategies of these notorious epidemic. In order to
further extend, complement and contribute to the work of [6,7], a new comprehensive
model has been designed. We also picked insights in [2,4] to improve the quality of
this work. The model we present here is suitable for infectious diseases like influenza
virus, severe acute respiratory syndrome (SARS) and others.
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We hope this research helps policymakers and public health workers in the epidemic
control.
The objectives of this current study are to

1. Incorporate the treatment class by administering a therapeutic vaccine which was
not included in [9].

2. Include a separate compartment (E) for individuals that fail the therapeutic treat-
ment. This wasn’t considered by Okosun et al. [8], Hussaini et al. [9] and Mastahun
and Abdurahman [10]. To the best of our knowledge, it has not been considered
before.

. Include the influence of resistance to disease.

4. Examine the effect of disease-induced death rate, in the bifurcation analysis, of
the individuals that fail treatment which wasn’t considered by Okosun et al. [8],
Hussaini et al. [9] and Mastahun and Abdurahman [10].

5. Discuss the impact of imperfect vaccine in the susceptible class and in the bifur-
cation analysis.

6. Assess the impact of resistance in disease transmission.

W

The paper is organized as follows. Section 2 entails model formulation and
assumptions. Basic model analysis, and local asymptotic stability of the disease-free
equilibrium (DFE) of the model are discussed in Sect. 3. Bifurcation analysis of the
model with both standard and mass action incidence rate is completely established
with their respective condition of existence in Sect. 4. Section 5 discusses the global
asymptotic stability of both the endemic equilibrium (EE) and disease-free equilibrium
points. And finally, Sect. 6 contains the assessment of the resistance impact followed
by conclusion in Sect. 7.

2 Model formulation and model assumptions

The model analyses the transmission dynamics of an infectious disease with fraction of
susceptible vaccinated and treated individuals. It also qualitatively and quantitatively
examined the combined effect of both vaccination and treatment. It is consequently
designed by, first of all, incorporating standard-incidence rate by splitting the total
human population at time ¢, denoted by N (z), into seven mutually-exclusive com-
partments of susceptible individuals on vaccination S(¢), vaccinated class P(¢),
asymptomatic class 71 (¢), symptomatic class I>(¢), quarantine class A(t), treatment
class T'(¢), and individuals that fail treatment E (¢) such that

NO)=SO+PO)+ L)+ L) +A@®)+T) + E(@).

The treatment compartment 7 consists of infected individuals under treatment and are
assumed not to participate in disease transmission.

Individuals are recruited into the susceptible population at a rate B. A fraction
q, of the newly recruited individuals, are vaccinated. The susceptible individuals are
vaccinated at the rate 1, €] is the vaccine potency while €, denotes the vaccine waning
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rate. The susceptible individuals that are not vaccinated acquire the disease through
effective contact with an infectious individuals at the rate A given by

_ By +c1lh +c2A+ c3E)

= N ,
where f in (1) denotes the effective contact rate that is capable of leading to infection,
0 < ¢1 < 1 denotes the modification parameter that account for the assumed reduc-
tion in the transmission of disease by the symptomatic class /> in comparison to the
asymptomatic individuals in /1, 0 < ¢, c3 < 1 are the modification parameters for
the A and E class respectively. We also need to understand that the compartment /;
has the highest rate of transmission. This is because the asymptomatic individuals are
those that doesn’t experience any symptom and assumed not to know their status. For
this reason, they are not cautious of themselves and transmit the infection rapidly. This
is followed by the symptomatic /5 that are expected to be cautious of their actions.
For this reason, we assume that ¢c3 < ¢» < ¢; < 1. We assumed that the vaccine is
imperfect, so that individuals on vaccination acquire less infection at a reduced rate
(1 —€1)Xx, where 0 < €1 < 1 denotes the potency or efficacy of the vaccine. Accord-
ing to the research in [6,7], a fraction of both asymptomatic and symptomatic infected
individuals who develop disease-resistant blood cells and immunity capable enough
of protecting them against infections go back to the susceptible class at the rate ojm
and oomy respectively. Those without the resistance are quarantined respectively at
the rate (1 —m1)oq and (1 —m2)o, while natural death occur to anybody at the given
rate z. Therefore, the rate of change of the total population of the susceptible and
vaccinated classes is respectively given by

A

ey

S(t)=(1—¢q)B — 1S — (a1 + 2)S + oym1 I} + cymalp + P,
P(t)=qB — (1 —e)AP — (2 +2)P + | S,

where ~ represents derivative with respect to time.

The asymptomatic infected population is generated by the break-through infection
of vaccinated individuals at the rate (1 — €)X and the infection of susceptible individ-
uals at the rate A and it’s decreased by the natural death rate z, symptom appearance
rate o and progression rate leading to resistance o so that we have

L) =[S+ (1 —e)PIr— (o1 + 2+ ).

Similarly, we compose the symptomatic infected population by the symptom
appearance rate o and it’s being decreased by the natural death rate z, progression
rate leading to resistance oy, treatment rate 6; and the disease-induced death rate 7|
so that we have

L) =] — (2 +z+ 11 +0)D.

Those that don’t have the resistance are quarantined at the rate (1 — m)o; and
(1 — my)o, and this population is decreased by treatment rate 65, disease-induced
death rate 7 and natural death rate z so that we have
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Ay =1 —mpor 1 + (1 —ma)orlr — (02 + 72 + ) A.

In the treatment class, treatment are given to both the symptomatic and quarantined
classes at the rate 6] and 0, respectively and are decreased by natural death z, disease-
induced death rate 73 and treatment-failure y. Thus

T(t) =61 +6:A—(z+1+y)T.

We didn’t bother to administer the treatment to the /; class because they are asymp-
tomatic and assumed unaware of their status. And lastly, after the failure of treatment
at the rate y, we express the treatment-failure class by

E(t)=yT — (u+2)E,

where 14 is disease-induced death rate. The following are the model equations and the
flowchart (Fig. 1):

as
e =0 —-qg)B—=AS— (a1 +2)S +o1mily +oomalr + P, (2)
dP
ar =gqB—(1—-€)AP —(e2+2)P + a1, 3)
dl
E=[S—‘l_(l_el)P])\._(01+Z+a2)]1, 4)
dl,
T arly — (oo + 7+ 11 +01) 1o, )
dA
i (I =mporli + (1 —ma)oalr — (02 +z + 1) A, (6)
dT
T =0hL+6hA—-(z+13+ )T, @)
dE

Table 1 contains the value of the parameters that will be used in numerical simula-
tions.

3 Model analysis
3.1 Basic properties

Epidemiological meaningfulness of the model (2)—(8) is one of the paramount analysis
in this section since it describes human population. We establish as follows.
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o1my (1 -my)o

(1-9)B

Fig. 1 Flowchart of the model

Table 1 Hypothetical value of

parameters Parameter Value (per year) Source

B 50,500 Assumed
q [0.1] Variable
p 1.129 Assumed
14 05 Assumed
o1 0.95 Assumed
2 0.99 Assumed
mi 0.35 [7]

m2 0.4 Assumed
€l [0.1] Variable
2z 0.015 71

€2 0.8 Assumed
a 0.21 Assumed
B 0.22 Assumed
i 0.24 Assumed
™ 0.25 Assumed
€1 .1 Variable
2 0.8 2]

c3 0.16 [4]

a1 0.1 2]
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3.1.1 Positivity of solution
Theorem 3.1 Let the initial conditions
S(0) >0, P0)>0,1;(0) >0,1,0) >0,A0) >0, T0) >0,E0) >0 (9

exist in the interval t € [0, 00) then the solutions S(t), P(t), I1(t), I>(t), A(),
T (), E(t) of the model (2)—(8) are positive for all t > 0.

Proof Obviously, since the right-hand side of (2)—(8) is locally Liptschitzian, dif-
ferentiable and continuous on the space of continuous function C', the solution of
S@), P(t), 1(t), (1), A(t), T(t), E(t) with respect to (9) uniquely exist on [0, 1),
where 0 < 1 < oo. Suppose that the solution components of the model equation are
not positive, then 3 a first time 7 > 0 defined as follows

f=inf{{|S¢)=0o0r P(t) =0or I;(t) =0o0r L(t) =0o0r A(t) =0
orT(t) =0or E(t) =0}.

Now if S(r) = 0, S(t) > O,.P(t) >0,1i1(t) >0,L#) >0,T@k > 0,A@) >
0, E(t) > 0fort € (0, t) then S(¢) < 0. In Contradiction, from (2)

ds()
dt

=(1—q)B >0,

which clearly shows that S(#) > 0. Following the same format, we establish that all
the solutions S(¢), P(t), I1(¢), [r(t), T(¢), A(t), E(¢) are positive forallt > 0. O

3.1.2 Feasible region

Lemma 3.2 The biological feasible region
7 B
=1, P, I1,L,A\T,E)eR,: S+ P+ L +L+T+A+E<—
Z

is positively attracting and invariant for the model (2)—(8).
Proof Adding up all equations of (2)—(8), we have

dN
W=B—zN—(t112+12A+13T~|—t4E)§B—zN. (10)

From the provision of (10) and the Gronwall Inequality, we have that N(z) <
N(Q)e ¥ + g [1 —e*].Basically, N(1) < g with respect to the condition N (0) <
% Therefore, we have ¢ to be positively invariant and attracting which suffices that
system (2)—(8) can be considered in ¢. Hence, the system is considered to be well-
posed mathematically and epidemiologically. O
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3.2 Reproduction number and local stability of DFE
The disease-free equilibrium (DFE) of the model (2)—(8) is given by

Oiey + Qof3’ 01/ +011Qo’0’ 0.0.0.0
fifi—aiea fifs—aie
(11)

The local stability of &, will be established using the next generation operator
method [13,14]. The new infection term denoted by non-negative matrix F and the
transition term denoted by the non-negative matrix V' of the model (2)—(8) are given
respectively by the M-matrices

& = (S*, P*, I}, I3, A", T*, E") = <

Bz(S*+/oP") ferz(S*+/oP") Pez(S*+/oPY) () feaz(S™+ o P)
B B

B B
0 0 0 0 0
F = 0 0 0 0 0 ,
0 0 0 0 0
0 0 0 0 0

and
fa 0 0 0 O

“ar fs 0 0 0
V=|—-g -8 fe¢ 00
0 —6; -6, f7 0
0 0 0 —yfs

Hence, taking p as the spectral radius, the control reproduction number denoted by
Ro = p(FV~1)is given by

_ Bz(e2Q1 + Qo ) fe f1f3(fs + craa) + cay Ha + 2 f7 fs Hi

Ro = g
B[] fi(fifzs —aie2)
i=4
Jrﬁzfz(om Qo+ Q1D fef1/3(f5s + cran) + c3y Hy + 2 f7 fs Hi
8 9
B[] fi(fifzs —aie2)
i=4
(12)
where
Qo=0-q@B, fi=a1+z, o=1—e, fi=e+z fa=01+z2+ay,
fs =1 +2z,81 =01my, g =o0amz, 83 = (1 —my)oyr, g4 = (1 —my)oz, Q1 =¢B,
Hy = axg4 + g3 f5, Hy = aa f601 + @28402 + g3 f502 = a2 f601 + 02 Hy,

Hy = €01+ Qof3+ f2l1 Qo + Q1 f1), Hs = f1f3(eati fo + T2 H1) + Ha (3 fs + v ),
Ho = fo(fafs — f581 — g2), Qo =1—¢q. fo=bb+z+n, fr=z+w+Y,

Qs =ztarte, fs=o0+z+1+601, Hy = fof1/3(fs +croa) + c3y Hy + c2 f7 fs Hi,
Hy = f(fifafs — fsg100 — g2o102) + f3f5(fa — g1) — f38202. (13)
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Using (12), we establish the following result.

Lemma 3.3 The DFE of the model (2)—(8), given by (11), is locally asymptotically
stable (LAS) if R, < 1, and unstable if R, > 1.

The threshold quantity R, signifies the average number of new disease infection
generated by a single infection introduced in to a community of totally susceptible
individuals where a fraction of them are vaccinated. The result in Lemma 3.3 shows
that the disease can be eliminated in the community when the control reproduction
number R, < 1 if the initial size of the population is under the basin of attraction
of the DFE &,. The proof of Lemma 3.3 is elementary and can be established using
Theorem 2 of [14].

4 Backward bifurcation analysis

In the following lines, we establish the endemic equilibria (EE) of the model (2)—(8).
These are the equilibria where at least one of the disease-infected compartments is
nonzero. Let

E* — (S**, P**, Il**, I**, A**, T**, E**)
represents the endemic equilibrium points EEP of the model (2)—(8). We further define
the force of infection as

BU 4+ 1 I} 4 coA™ 4 c3 E™)

Solving (2)—(8) at steady states, we obtain the following expressions
§¥ 4 pfy = fafsV* f2(Qo + Q1) + Hal o _ ST P
Heh™2 + H7 % + fa fs(fi f5 —a1e2) ! f4 '
fafsfefr ' fafsfef113
e M (S*F 4 fr P*) N Bf4 f5fof1/8 — HsA™ (8™ + fr P*™)
2 f1fs ’ fafstef1f3 ’
*k [ @Rk *%
AR — Hia (s +f2P ) (15)
415 f6

Substituting all the equations in (15) into (14), it can be shown that the non-zero
equibria of the model satisfy the below quadratic equation in terms of A**:

a2 + A +ap =0, (16)
a, = Bfsf1fsHe — Hs [2(Q0 + O1),
ay = Bfe f7fsH7 — zBH3 2(Qo + Q1) — HyHs,

8
ay = B[] fithfs —ere)ll = Ryl. (17)

i=4
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The proof of positiveness of a, can be established as follows: g; + g3 = 01, g2 +
g4 = 07. Substituting these into expressions in (13) and the results are substituted in
to a,, the full expansion is positive but cumbersome and thus omitted.

Clearly, a, is positive and a; > 0 if and only if R, < 1. To obtain the endemic
equilibria of model (2)—(8), we solve for A** in (16) and substitute its positive values
in to expressions in (15). We then obtain endemic equilibria when R, > 1. Hence,
the unique endemic equilibria can be analyzed in the following theorem.

Theorem 4.1 The model (2)—(8) has

1 a unique endemic equilibrium ifay <0 < R, > I,

il a unique endemic equilibrium if ay < 0 and a; = 0 or a% —4a,ap; = 0;
iii two endemic equilibria if a, > 0, a; < 0 and a% —4ay,ap; > 0;
iv no endemic equilibrium otherwise.

In the above theorem, case i shows that 3 a unique endemic equilibrium & * whenever
R, > 1. Particularly, case iii shows the possibility of backward bifurcation. This is
the phenomenon where an asymptotically stable DFE coexists with an asymptotically
stable endemic equilibrium whenever R, < 1 [2,4]. To prove this fact, a critical value
of R, denoted by R, can be obtained by solving the discriminant af —4ayay; =0to
obtain

2
a
a%_4aoa2=0 == 4 a%=4a0a2 — 4da,ar (1— 1 ):0

da,a;
aj ] a;
4a,a; 8
da, | B[] fi(f1f3 —a1e2)(1 = Ry)
i=4

Thus, possibility of backward bifurcation would occur for values of R, < R, < 1.
This can be illustrated by the bifurcation diagram presented in Fig. 2.

Brief explanation of the figure

In the bifurcation curve, we plotted the force of infection A** (this is because the
equation in (16) was expressed in terms of A**) against the reproduction number
using the values in Table 1. For values of R, less than unity, the DFE is locally
asymptotically stable but unstable for values of R, greater than unity which supports
the provision of Lemma 3.3. On the other-hand, for values of R, less than unity, the
EE becomes unstable but stable for values of R, greater than unity. Since equation
(16) was expressed in terms of A** whose expression in (14) can only be positive
if R, > 1 (since I}, I;*, A**, T**, E** only exist for values of R, > 1) and
coefficients of equation (17) which shows the existence of EE can only be positive for
values of R, < 1, this shows the coexistence of both DFE and EE whenever R <
R, < 1 confirming that the model equation undergoes the phenomenon of backward
bifurcation as depicted in the bifurcation curve. We also have R, = 0.9458 < 1 and
R = 0.8683 < 1sothat (RS < R, < 1). This vividly shows that there is coexistence
of two equilibria when R{ < R, < 1, and it consequently confirms the existence of
backward bifurcation [2,4,5].
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Fig.2 Bifurcation diagram

The epidemiological implication of this is that the classical condition of R, < 1
is only necessary but not sufficient enough to ensure complete eradication of the
infectious disease.

4.1 Non-existence of Backward Bifurcation

Since bifurcation is an unfortunate phenomenon that hinder the elimination of infection
in the community and our aim is to facilitate the effective elimination or reduction of
the disease spread, it is therefore imperative to examine scenarios that will ensure the
removal of the bifurcation property of the model.

In this section, we shall examine two scenarios listed and proved below.

Case 1: Use of Perfect Vaccine.

A perfect vaccine is a vaccine with 100% efficacy and potency. We shall consider
the model equation (2)—(8) with a perfect vaccine (i.e. when €; = 1). This will make
the endemic equilibrium to be non-existing whenever R, < 1. It is worth noting that
bifurcation only occur when there is multiple endemic equilibria whenever R, < 1.

Firstly, when €; = 1 the control reproduction number in (12) reduces to

Bz(e201 + Qo ) fo f113(fs + cro2) + c3y Hy + 2 f7 fs Hil

8
B '1:[4fi(f1f3 —a1€2)

Rp = R(1|e1=1 =

(18)
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We state and prove the following theorem.

Theorem 4.2 The disease-resistant model (2)—(8) with perfect vaccine has no endemic
equilibrium whenever R, < 1 and has a unique endemic equlibrium otherwise.

Proof Lete; = li.e. fo = 0 in the model (2)—(8) thereby reducing (16) to

A +dy =0 (19)
where
ay = Bfs [1 133 fs(fa — g1) — f38202] — (€201 + Qb f3)
x [f7fs(aaty fo + T2 H1) + Ha(T3 fs + v T4)]
8
a = B[ fitfifs —are)(1 = Ry).
i=4
Clearly, a; > 0 and ap > 0 whenever R, < 1 so that A** = —ZQ <0.

Therefore, for this case, the linear equation in (19) has no poéitive solution and as
such, has no positive endemic equilibrium whenever R, < 1. Hence, Theorem 4.2 is
proved.

The proof of the positiveness of a; can be carried out using method similar to the
one presented earlier. O

In this case, possibility of backward bifurcation is consequently ruled out. This is
because bifurcation only occur when at least two positive endemic equilibria exist
whenever R, < 1 [2,4].

Furthermore, we assumed that the perfect vaccine has a negligible waning rate i.e.
(e2 = 0). This means f3 = z and the new control reproduction number becomes

7@,, = Roleimtrmo = BzQol fo f1f3(f5 + cra2) + c3v Hy + C2f7f8H1]. 20)

BATT_s fi

Using the reproduction number in (20), the disease-resistant model (2)—(8) with
perfect vaccine and negligible waning rate has no endemic equilibrium whenever
‘Rp < 1and has a unique endemic equlibrium otherwise. The proof can be established
using similar method as in the proof of Theorem 4.2.

Case II The Mass-Action Model.

According to the work of [2], it was reported that some mathematical models for
infectious disease undergo the phenomenon of backward bifurcation whenever the
associated reproduction number is less than unity which usually hinder the reduction
and elimination of the disease in the community. This phenomenon can be removed
by replacing the standard incidence function with mass action function. In particular,
[4] applied the technique to measles model while [5] applied the technique to dengue
fever model. Here, we shall use the same technique to analyze the removal of backward
bifurcation in a disease-resistant mathematical model. This shows that they have a
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negligible disease-induced mortality rate. We will now consider model (2)—(8) with
negligible disease-induced mortality rate i.e. 71 = 1o = 13 = 74 = 0 as follows.
Substituting 71 = 70 = 13 = 74 = 0 into (10), we have

dN B
— =B—-—zZN — N — —ast — oo.
dt b4

Therefore, g is an upper bound for N(¢) provided that N(0) < % Using N = g in
(1), we have

Amas = BU1 + 1l + 2 A + 3 E) 1)

as the force of infection for the mass-action model where ,8 = %.
The mass-action model equation is given below

ds

T Qo — (Amas + S+ 8111 + g2 + &P, (22)
dP

E =0 - P(f3 + fZ)Lmus) +a1S, (23)
dl

E =[S+ fQP])\mas - f411a (24)
dl .

—Z =l — f5D, 25
5, =l fsh (25)
dA ,

o g3l + galr — f6A, (26)
daT ,

ar =01 +6,A— f1T, 27
E _ - f3E (28)
dt - y 8 k]

where
fs=o+z2+01, fe=bh+z, fri=z+y, =2z

The DFE of (22)—(28) is the same with the one presented in (11).

Using the same approach as in (12), we calculate the reproduction number of the
mass-action model as follows:

B(S* + f2P*) Be1(S* + f2P*) Bea(S* + fLP*) 0 Bes(S* + frPY)
0 0 0 0 0

0
0
0

(=R es]

0
0
0

o O O

0
0
0
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and
s 0 0 0 0
—ay fs 0 0 0
V=|-8-8 fc 00

0 -6, -6, f 0
0 0 0 —yfs

Hence, taking p as the spectral radius, the control reproduction number of the
mass-action model denoted by R,nqs = p(FV 1) is given by

_ B€01 + Qo) fofr1fs(fs +cro0) + c3y Ha + 2 f7 fs Hil

Rmas 8 7

fallizs fi(fifs — ar€2)
n B f2(@1 Qo + Q1 D fo frfs(fs + cr00) + cay Hao + e f1 fs Hi 29)
Ja ]_[?:5 fi(fifs —aie)
where

Hy = o fob) + a28462 + g3 560 = a2 fob1 + 62 Hi,

Hi = ags+ g3fs, Hi = €201 + Qo f3 + (@10, + Q1 f1),

H7; = fo(fifafs — fsgron — g2a1a2) + f3f5(fa — g1) — f382002,

Hy = fof1/s(fs + cio0) + c3sy Ha + e2 f7 fsHi, He = fo(fafs — fsg1 — g22).
(30)

We establish the local asymptotic stability of the mass-action model using the
following lemma.

Lemma 4.3 The DFE of the mass-action model (22)—(28), given by (11), is locally-
asymptotically stable (LAS) if Rias < 1, and unstable if Ryqs > 1.

The proof of this lemma is elementary and thus omitted.

4.1.1 Nonexistence of endemic equilibrium when R s < 1

Here, we will establish that the mass-action model does not have any positive endemic
equilibrium when R,,4s < 1. We claim and prove the Theorem below.

Theorem 4.4 The mass-action model (22)—(28) has no positive endemic equilibrium
whenever Ryqs < 1 and has a unique positive endemic equilibrium otherwise.

Proof Let
Lk _ Rk kek kek kek kek Rk kek
‘f - (S ) P ’ [l ) [ ’ A ) T ) E )

represents the endemic equilibrium points EEP of the model (22)—(22). Solving (22)-
(28) at steady states, we obtain the following expressions

55 g gy =SSV 6 Qo QU HAl e D (S 4 P
Hehiids + Hydjas + faf5(f1f3 — a1€2) fa
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OtZ)‘;ans(S** + f2P*) AT — gl)‘;‘;z*as S* 4 fo P*)

I = ~ s —
2 fals fafsfo
Ty Kk Kk *k Ty %k Hok - Dk
T — HZKmas(S’ /+,f2P )7 E* — VHZ)‘maSSS, /_’_;hP ) 31
fafsfef7 fafsf6f113

Substituting all the equations in (31) into (21), it can be shown that the non-zero
equibria of the model satisfy the following quadratic equation in terms of A"

a3k + sk +as =0 (32)
az = fsﬁfsﬁe >0
as = fe f1fsH7 — BH3 f2(Q0 + Q1)

8
as = fu| [ fi(f1.fs — 1)l = Ronas]- (33)

i=5

Hence, a4 > 0 whenever R,,,s < 1. Explicitly, all the coefficients a3, a4, as are
positive whenever R, < 1 (the proof of their positiveness can be found under the
Appendix). Therefore, under the condition R,,4s < 1, the quadratic equation (32) has
no positive root. Hence, the model equation (22)—(28) has no positive endemic equilib-
rium whenever R,,,s < 1. This consequently removes the bifurcation phenomenon.

5 Global asymptotic stability of the mass-action model

In this section, we shall establish the global asymptotic stability of both the DFE points
and EE points of the mass-action model (22)—(28). Using the approach of [15], we
re-express (22)—(28) in the following form.

X =L(X,Y) (34)
Y =M(X,Y),M(X,0)=0 (35)

where the vector X = (S, P) denote the uninfected compartment of the system and
Y=U,1L, A T,E) € Ri represents the infected compartments.

Using the provision of equation (11) to establish the stability analysis, the following
two conditions must be satisfied:
N; : For X(t) = L(X°,0), X° is globally asymptotically stable. N, : M(X,Y) =
JY —M(X,Y), M(X,Y) > 0for X, Y € Q, where J = 2 (x°,0).

From our model equation, we obtain the Jacobian matrix of only the infected com-
partment at DFE as follows:
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UsP — fa Usc1p Uscrp 0 Usfics I
o) —f5 0 0 0 I
JY = 83 g4 —fo6 0 0 A,
0 6 6 —f1 O T
0 0 0 y —f8 E
where Uy = (8* + foP*),Us = (S + foP),
MX,Y)=JY — M(X,Y)
By +c1lp+ A +,C3E)UI — falh By +c1lh +cA +/C3E)U4 — falq
aly = f5hh aly = fshy
= 8311 + 8412 — foA - 8§30 + 8412 — f6A .
O1lp +6hA— 7T o1 + 92A’— T
yT — RE yT — fRE
BUL+ 1 + A+ aE)S* + P (1- $52E:)
N 0
M(X,Y) = 0
0
0

S*+ fo P*
J is an M-matrix, thus X is globally asymptotically stable, hence, N is satisfied.
Also M(X, Y) > 0, for (X,Y) € Q,. Hence, N, is satisfied and &, is globally
asymptotically stable whenever R,,,s < 1.

This shows that all solution of the mass action model with equation (21) and the
initial conditions in ¢, approaches the DFE &, as ¢ tends to oo whenever R,;,45 < 1.
This resultis expressed numerically in Fig. 3 (time series plot) after simulating the mass
action model using parameter values in Table 1 (with ,8 = 0.0003) when R 45 < 1.

where M(X, Y) > 0if (M> < 1. It can be seen that lim; __, o, X(#) = X? and

100

INFECTED POPULATION

T T T T

0 25 50 75 100 125 150 175 200
TIME(t)

Fig.3 Time series plot of the mass action model for Rqs < 1
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Brief explanation of Fig. 3

Figure 3 above depicts the behavior of the infected population of the mass action model
for values of R,,4s < 1. The initial population used is $=300, P=200, I;=100, I,=70,
A=50, T=20, E=10 while other parameter values are in Table 1. When ﬂ = 0.0003,
Rmas = 0.00026 which is less than unity. It can be noticed that when the repro-
duction number for the mass action model is less than unity, the infected population
reduces significantly (but not equal to zero). This clearly shows that the DFE is stable
asymptotically.

5.1 Global Stability analysis of the EEP For special case

We consider the special case where the vaccine doesn’t wane (e, = 0), no vaccination
programme (7 = 0), both quarantined and treatment failure classes do not transmit
the disease ie. (c; = ¢3 = 0) and no resistance to the disease i.e. m; = my = 0 so
that the model reduces to

ds .

E =00 — Amas +2)8, (36)
dP .

E = Ql — P(z+ fZ)\mas)v (37)
dl, .

W = (S + fZP))\mas - f411, (38)
dl )

—Z =] — f5D, 39
5, —h fsh (39)
dA ,

T =o1l) + 0212 — feA, (40)
dT .

ar =011 +0,A— f7T, 41
dE =yT E 42)
a VT

where ima s = ﬂ (I1 + c1 1), = %. It can be established that the reproduction
number for the reduced model is given by

BL(Qo + f01) (et + f5)]
2fafs

Ronas = (43)

If 7émax > 1, the endemic equilibrium is given by

Hence, we claim the following result without proof.

Lemma 5.1 The reduced n/wdel (36)—(42) with (43) has a unique positive endemic
equilibrium £ whenever Ryqs > 1.
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We define the invariant region ¢» as follows:

Q:[(S,P,Il,lz,A,T,E)eRLIl=12:A=T=E=o} (44)

Theorem 5.2 The unique positive endemic equilibrium S;‘ of the reduced model (36)—
(42) with (43) is globally-asymptotically stable in é; if’lé,mas > 1.

Proof Since Lemma 5.1 I}as already been established for the reduced model (36)—
(42) with (43) whenever R,,,5 > 1, we construct the following non-linear Lyapunov
function for the subsystem consisting of the first four equations as follows:

. ¢ ) »
s Bs s s (S| E [ ()]
3 I , I

Ao n(2)]

The Lyapunov derivative with respect to ¢ is given by

j=E|:S— S;*S:|+E|:P— P**P]-I—ﬁ[Il—ﬁll]-}-ﬁz[lz—l—**b}

Z 4 P [0%) I I

Using (36)—(39), we have

j = é |:Qo —(z+ )/Lmas)S - S_ {Qo —(z +),\mas)S}i|
z S

ﬂ' .

-i-;|:Ql_(Z‘i‘f2)L

Ji § I
+&;PS+thms faly = S { S 4+ oPVimas ~ ﬂh”

—@+ﬁMmPH

. . 1F* ,
+ Bz [05211 — fshh — ILg [Olzll - fsb]] . (45)

From (36)—(39), it can be shown that

Qo =28 + U + S, 01 = P+ PP AU + ailf) (46)
e SHBUF + 1 13%) + P (I + ) e Bar(IF* + e I*)(S** + frP*)
I fa
(47)
oUlf* + oa it = foA™, 015 + A" = fT*, yT* = RE™. (48)
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Substituting (46) and (47) in (45), we have

.8 . . S . .
i=f [zs** AR S KnasS — 28 — T [28™F 4 A% (S 4 28 4 A;;’;SS**}

z mas S

. . p** . .
+ é [P**z + [P 05 = Phmas) = Pz = —= {P**z + (P A — Phnas) f2 — Pz}}

mas

T , 5+ PVt I Shmas
+ L SBy +c1hh) + fLPBUL +c12) — w R
a I y
B [ IF*PBUL+c1h)  [(S** + HLP*™BUF + 13D |,
_F + = 1
a I 1
. Baz | o (PeaS™ + pPMIE\ @l (far(S*+ HPG
a | Sal3* : 5] Jaly* 2

After some simplification and factorization, we have

. . g S 3 ; 3 )’»** S**2 ;
J=ps** (2 -5 - W) + é [S**ﬂ(ll** +c1I3*) — hmasS — % + Amass**}

3 pkk P** P :3 3k 3 1%k Kk 3 K3k
AP (2= 5 = i )+ [ PURBUT £ a3 4 B+ i) (P - )|

i K PI, b I IZ**P IZ**PM<
I P** 3 — - = LPc(3— = — =—— —
+ I c1f2< s T e I + D Pcy 5F P P

+ P foLy 4_i_£_ﬁ_ﬂ
2 P L SMLIEE )

which gives

. s . p¥ P
*k *%
j<§s (2777W>+’3P (27 5 7P**>

L Bt ense {  (hi+ab)s S**]

z I+ s s

s PL I L I*P TP
I, P** 3— - = LP 3 = =
+ I C1f2< Sk P**Iz** 12**> + I Pcy ( 12** ]2P*>k LP
P I 111;* Sli"*lz
Pl (4— — - 5 - — = |-
+ PI, 2 1( prr I Iik*lz S**]llz**

Consequently, since the arithmetic mean exceeds the geometric mean, then we have

s s P* P L P P
2- - <0, (2-— - <0 (3- 2 -2 — <0,
s s P P I3 LP*  LP

/3'2(11**+c112**)s**[ (h +c1h)S S**]SO, <3_i_ P _Q)SO

Pt alHsT S
(4 P I 1112** Sll**lz ) <

P Y I SMLITE
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Since § >0,P >0,1; >0,I,b >0,A>0,T >0,E > 0 and Lemma 5.1
is satisfied, it follows that J < O since all other model parameters are non-negative.
Fprthermore, J = 0if and only if § = §**, P = P* I} = I*, I, = I}*. Thus,
J is a Lyapunov function of the subsystem (36)—(39) on ¢,. It therefore follow by
LaSalle’s Invariance Principle [16] that

lim St = S§*, lim P@t) = P*, lim L) =1, lim I,(¢) = I},
t—> 00 t—> 00 t—> 00 t—>00
lim; oo I2(t) = I;*. It also follows that

lim inf S(f) = lim supS(t) = §**, lim inf P(t) = lim sup P(t) = P**,
t—>00 t—>00 —>00 —>00

lim inf 7;(r) = lim sup /() = I{*, lim inf L(t) = lim sup () = I;™.
—>00 —>00 —> 00 —> 00
Therefore, for sufficiently small § > 0, 3 t* > 0 such that
lim supS(t) < 8§ 448, lim sup P(r) < P* + 3,
t—> 00 t—> 00
lim sup 7,(¢) < I{*+§, lim suphh(t) < I} + 4.
—> 00 —> 00

forall t > r*.
Now from (42), we have

dE _ T E:>dE< (T* 4+ 68) — zE
a VT TF ar =7 ¢

By comparison [17], we have

T** +§
lim E(@) < ya@~+9
—> 00

For sufficiently small §, we have

k%

yT

lim E() < (49)
Similarly, for sufficiently small §, we have
y T**
Jim E@) > (50)

It is concluded from (49) and (50) that
lim E(t) = E**
—>00

where

yT**
z .

E** —
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12000 -

10000 -

8000 A

6000

4000 -

INFECTED POPULATION

2000 A

000 025 050 075 100 125 150 175 200
TIME(t)

Fig.4 Time series plot of the reduced model for 7éma s > 1

The same approach can be used for T — T** and A — A™*. Therefore all solutions
of the model (36)-(42) with condition (9) approaches the endemic equilibrium £

ast — oo for 7éma5 > 1. Hence, the endemic equilibrium of the reduced model
(36)—(42) is globally asymptotically stable. O

) The numerical simulation of the reduced model (36)—(42) with (43) such that
Rmas > 1using parameter values on Table 1 is presented in Fig. 4 confirming Theorem
5.2.

Brief explanation of Fig. 4

Figure 4 above depicts the behavior of the infected population of the reduced model
for values of R,,,s > 1. The initial population used is S = 30,000, P = 20,000,
I = 10,000, I = 5000, A = 1000, T = 500, E = 20 while other parameter values
are in Table 1. When ,3 = 1.9000, R;4s = 1.5918 which is greater than unity. It can
be noticed that when the reproduction number for the mass action model is greater
than unity, the infected population grows significantly. This clearly shows that the EE
is stable asymptotically confirming the provision of Theorem 5.2.

6 Assesment of the resistance impact

In this section, we perform the numerical simulation of the system of the model to
validate the points highlighted in the analytical results and to understand the impact of
the resistance. The numerical simulation will help to understand the projected benefit
of virus resistance blood cells in disease transmission. All other parameters used are
properly referenced in Table 1.

Figure 5 represents the effect of resistance level (0-95%) for m and (0-98%) for
my on appearance of new infection. Using Python Programming Language, we present
the potential impact of disease resistance on the appearance of new infections in the
population. We vary the resistance 0% < mj < 95% and 0% < my < 98% with
reference to the initial condition. The simulation results are presented in Fig. 6. It can
be easily seen that as the resistance increases in the blood cells, the transmission of the
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1400000 | ~* ML =095m2=098
® ml=060m2=066
1200000 | ~* M1=0.45m2=050
= 4~ ml=030m2=10.25
© 1000000 { —#~ m1=0.00m2=0.00
o]
w.
Z 800000 -
=
w
Z 600000 -
400000 -
e
200000 SR,
0.0 02 0.4 06 038 10
TIME

Fig.5 Effect of resistance on the appearance of new infected population

1600000 { —e— ml =0.95m2=0.98
z ® ml=0.60m2=0.66
E 1400000 { —#%— ml1=045m2=0.50
3 4 ml=030m2=025
S 1200000 { &~ mM1=0.00m2=0.00
(=]
w
[
i 1000000 -
w
2
3

800000 -
=
|78
2

600000 -

0.0 0.2 0.4 06 0.8 10
TIME

Fig. 6 Effect of resistance on the appearance of new susceptible uninfected population

disease becomes reduced. This result emphasizes the potential benefit of resistance
when the cells developed it at higher level. We also note that the highest peak of the
new infection ie. 1.4 million is reached when the cells gain no resistance to infection
and the lowest level is reached i.e 200,000 when the resistance is as high as 95% and
98% respectively.

Figure 6 represents the effect of resistance on appearance of new susceptible unin-
fected population.

We can easily observe that an increase in resistance translates to increase in unin-
fected individuals. It’s not that the resistance is curing the infected population but only
increasing the uninfected susceptible population by reducing the rate at which the
disease is been contacted and transmitted. This result emphasizes the potential benefit
of resistance when the cells developed it at a higher level. We also note that the highest
peak of the new uninfected population ie. 1.6 million is reached when the cells gain
the highest resistance to infection and the lowest level is reached i.e 700,000 when the
resistance is at the lowest level.
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7 Conclusion

In this study, a new model representing the dynamics of disease resistance using an
autonomous nonlinear system of ordinary differential equations incorporating quaran-
tine, treatment and imperfect vaccine was developed and analyzed. The fundamental
properties of the model including positivity solution, feasible region, analysis of the
control reproduction number and its bifurcation analysis, equilibria points and its sta-
bility were thoroughly discussed. The model exhibits both disease-free and endemic
equilibrium points. The analysis shows that there is bifurcation which can be removed
either when the vaccine is perfect or when the standard incidence is replaced with
mass action incidence.

The global stability analysis of the DFE was carried out using the approach of [15]
while the global stability analysis of the endemic equilibrium points was carried out
using a suitable Lyapunov function.

The model analysis vividly shows that all effort should be made so that individuals
can develop resistance to the disease under suitable quarantine condition.

The model can be modified to include other dynamics that can influence the spread
of the disease. We can particularly relax some assumptions of the model or include
other measures so that the disease can be reduced or eradicated. Optimal control and
cost-effectiveness among others can also be carried out to gain more knowledge about
the dynamics of the model. The model can be modified and applied to HIV/AIDS
which is our future study.

Compliance with ethical standards

Conflict of interest The authors declare that there are no competing interests.

Appendix

Computation of the positiveness of a3, a4 and as

He = fr(fafs — fsg1 — g200) = fol(o1 + 2z + ax)Uy — Uyoymy — apoam]
= fol(1 —=m1)(o1U1 + a202) + aa(z + 61)]
+afsfa+ flosea(l —my)]
= fl(gz+ (g +g4++2+01) +aln] >0
0<m <1,0<myp <1.

where Uy =02 +z+ 601, Uz = g4 + 7+ 01.
Hence, a3 is positive.

Hy = fr(fifsfs — fsg1o1 — g20100) + f3f5(fs — g1) — f3g202
= fol—a10g — 12103 + fi(g1 + g3+ 2+ 2)Us]
+@+e)gt+gt+z+0)(g+z+a) — (z2+e)gar

where Uz = g» + g4 + z + 61, after some simplifications, we arrive at
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Hy = fi 2l + Hoz + Hgl + €2(z> + Hoz + Hg) + 2° + Hoz?
+ Hyz + zf2lg1(z + K) + a2g2] > 0

where

Hy =ax(gsa+61)+83(g2+84+61), Ho=ar+ g2+ 83+ g4+ 61, fi =a1 +2,
K=g1+g+6.

To show that a4 is positive, it is sufficient for us to show that BH B < 1 whenever

fofr faHy
Rmas < 1. Equation (29) can be re-expressed as
y= PO | PO oy = PO | RO
Jafsfefifs  fafsfef1/8 fafsfefifs  fafsfef1/8
o fafsfefrfs
H il 51
53SQ3+Q4J‘2 1

_ a0i1+0,f3 _ a10,+01fi
Wh:lre Q3 = Tifi—aies — 0, Q4= fifi—ares 0.
ence,

BHsf2B _ HBfafs
fofifsHr ~ (Q3 4 Qafo)Hy

It is also sufficient to show that

frBfafs —(Q3+ Qafo)Hy = BHLK Us[—a1€2 — (1 + 2)(€2 + 2)]
—le2gB + (1 —q)B(e2 +2) + faB(a1 + zq)]
[f2l(ar +2)K1Us — Usgia) — grajan]
+(e+2)(g+g+z+0DN@E+z+a2)] <0,

where K1 = g1 + g3 + 2 + a2, so that £BLE <
Je f1/8H7
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