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Abstract
We prove K -stability of smooth Fano 3-folds of Picard rank 3 and degree 20 that
satisfy very explicit generality condition.
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1 Introduction

Let S = P! x P!, let C be a smooth curve in S of degree (5, 1), andlete: C — P!
be the morphism induced by the projection S — P! to the first factor. Then € is a
finite morphism of degree five, and we may assume that the points ([1 : 0], [0 : 1])
and ([0 : 1], [1 : O]) are among its ramifications points. This assumption implies that
the curve C is given by

u(xs + a1x4y + a2x3y2 + a3x2y3) = v(y5 + blxy4 + b2x2y3 + b3x3y2)

Throughout this paper, all varieties are assumed to be projective and defined over C.
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for some ay, a, as, by, by, b3, where ([u : v], [x : y]) are coordinates on S. Note that
the ramification index of the point ([1 : 0], [0 : 1]) can be computed as follows:

2ifaz # 0,

3ifaz =0and ay # 0,
4ifaz =ap =0anda; #0,
Sifaz =ap =a; =0.

Likewise, we can compute the ramification index of the point ([0 : 1], [1 : 0]). We
may assume that

e ([1:0], [0 : 1]) has the largest ramification index among all ramifications points
of €
e the ramification index of the point ([0 : 1], [1 : 0]) is the second largest index.

If both these indices are 5, then aj = ap = a3 = by = by = b3 = 0, the morphism €
does not have other ramification points, and the equation of the curve C simplifies as

ux> = vy,

In this case, we have Aut(S, C) = C* x Z/27Z. In all other cases, this group is finite
[5, Corollary 2.7].
Now, we consider embedding § < P! x P? given by

(vl [x:y]) = (vl [ 2 xy 2 y20),

and identify S and C with their images in P! x P?. Let 7: X — P! x P2 be the blow
up of the curve C. Then X is a smooth Fano threefold in the deformation family Ne 3.5
in the Mori—-Mukai list and every smooth member of this family can be obtained in
this way. We know from [2, Section 5.14], that

e X is K-stable if the numbers ay, az, a3, b1, ba, bz are general enough,
e X is K-polystableifaj = ay = a3 =by = by =b3 =0.

However, for some a1, az, as, by, ba, b3, the threefold X is not K -polystable.

Example 1 If (a;, a2, a3z) = (0,0,0) # (b1, by, b3), then X is not K-polystable [2,
Lemma 7.6].

Note also that it follows from the proof of [5, Lemma 8.7] that Aut(X) =
Aut(S, C). In particular, we conclude the group Aut(X) is finite if and only if
(ay, az,as, by, ba, b3) #(0,0,0,0,0, 0). Inthis case, the threefold X is K -polystable
if and only if it is K-stable. Moreover, we have

Conjecture 1 ([2]) The Fano threefold X is K-stable if and only if (aj, a2, a3) #
(0,0,0).

Geometrically, this conjecture says that the following two conditions are equivalent:
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(1) the threefold X is K -stable,
(2) the morphism €: C — P! does not have ramification points of ramification
index five.

The goal of this paper is to prove the following (slightly weaker) result:

Main Theorem If all ramification points of € have ramification index two, then X is
K -stable.

Let pr; : P! x P> — P! be the projection to the first factor and ¢; = pr; o 7. Then
¢1 is a fibration into del Pezzo surfaces of degree four, and every singular fiber of
this fibration has Du Val singular points of types A, Ay, Az or A4, and we have the
following possibilities for the singularities of a given singular fiber

(1) one singular point of type A1,

(2) two singular points of type A,

(3) one singular point of type A,

(4) one singular point of type A and one singular point of type A;,
(5) one singular point of type Az,

(6) one singular point of type Ay4.

Note that ¢; has at most two singular fibers that have singular points of type A4.
Moreover, if ¢ has two singular fibers with singular points of type A4 then all numbers
a; and b vanish, so that X is K-polystable. Vice versa, if ¢ has exactly one singular
fiber with a point type A, then the authors of [2] proved that X is not K-polystable.
Moreover, they conjectured that X is K-stable in all remaining cases. Now Main
Theorem and Conjecture 1 can be restated as follows:

Main Theorem If every singular fiber of ¢| has only singular points of type A1, then
X is K-stable.

Conjecture 2 The Fano threefold X is K-stable if and only if every singular fiber of
¢1 has only singular points of type A, Ay or As.

2 The Proof

To prove Main Theorem, we suppose that each singular fiber of the fibration ¢ has
one or two singular points of type A;. Note that this fiber is a del Pezzo surface of
degree 4 with Du Val singularities. We know ( [7, 9]) that the Fano threefold X is
K -stable if and only if for every prime divisor F over X we have

pEF) = Ax(F) — Sx(F) >0

where Ax (F) is the log discrepancy of the divisor F, and

1 o
Sx(F) = m / VO]( — KX — MF)du
0
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To show this, we fix a prime divisor F over X. Then we set Z = Cx(F). If Z is an
irreducible surface, then it follows from [8] that 8(F) > 0, see also [2, Theorem 3.17].
Therefore, we may assume that

e cither Z is an irreducible curve in X,
e or Z isapointin X.

I_n both cases, we fix a point O € Z. Let T be the fiber of ¢1 which contains O. Then
T is a del Pezzo surface with at most Du Val singularities. Set

(T) = sup{u € R>0| the divisor — Kx — uT is pseudo-effective}

Foru € [0, T LT)] let P (u) be the positive part of the Zariski~ decomposition of the divi-
sor —Ky —uT,andlet N (1) be its negative part. We denote S to be the proper transform
on X of the surface S. Then we have

— Ky —uT ifu €0, 1],
Pu) = { X and

—Kx —uT —(u— 1S ifue[1,2],

{0 ifuelo,1],
N(u) = -
(u—1DS ifue[l,2],

which gives

2

_ 1 69
Sx(T) = %/ Pu)’du = 20 < 1
0

Now, for every prime divisor F over the surface 7', we set

T

sS(wl,;F)= fordF(N(u)|7)(P(u)|7)2du

(—Kx)?

X 3//vol P(u)|7 — vF)dvdu.
( x) J

Then, following [1, 2], we let

30(7, W‘T.) = inf AT—(F)
: F/T S(W.T., F)
0eCy(F)
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where the infimum is taken by all prime divisors over the surface T whose center on
T contains O. Then it follows from [1, 2] that

w;min{ 1_,50( ,W.T,)}.
Sx (F) Sx(T) '

Therefore, if S(F) < 0, then 80/(T, W[,) < 1.

Let’s prove that 8o(T, W.T ) > 1. To estimate §o (T, WT ), We set D= P(u)|7. We
have

_ — KT ifue [0, 1]»
_ —(M—1)62 1fu€[1,2],

where Ez = §|7. Then D is ample for u € [0, 2), and

- 4 ifu e[0,1],
Sl s—utifuelt,?].

By [2, Lemma 5.68] and [2, Lemma 5.69] we have
Lemma1 If O € S then 80 (X) > 1.

Lemma2 If T is smooth then §o(X) > 1.

Thus, to prove Main Theorem, we may assume that O ¢ Sand T is singular. Recall
that

80(7, D)= inf Ar(F)
F/T  Sp(F)
OECT(F)

where the infimum is taken by all prime divisors over T whose center on T contain
o

0,and S;(F) = # J vol(D —vF)dv. Usually §o (T, — K7) is denoted by 8o (T).
0

Note that since O ¢ S then for any divisor F over T then we get
T . 3 i 2 7
S(WT,; F) = m(/ (P)?-T)-ordo (N(u)|7)du

/ / V01 P(u)|T — vF)dvdu)

/ Vol(P(u)}T — vF)dvdu

o
<// vol K*—UF)dvdu

3

20
3

20
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2 00 _
+/ vol(—KT—(u— 1)C2—vF)dvdu>
1 0

3 o0
= %</0 vol( — K7 — vF)dv

+ /oo vol(— Ky — (u— 1)Cs — vF)dv>
0

= 23_0</000 vol( — Kz — vF)dv + /OOO vol( — K7 — vF)dv)
= 13_0</000 vol( — K7 — vF)dv)
= g(% /Ooovol(— K7 vF)dv)

57025 500

Thus, if 80(T) > 6/5, then 8o (T, W.T’.) > 1. To estimate 8¢ (7, W?.) in the case
when § 0(7) < 6/5, we define the following positive continuous function on [1, 2]:

15 — 3u?
16 + 3u — 9u? 4+ 2u3
15 — 3u?
11 —ud

ifue[l,al,

f) =
ifuela,?]

where a is aroot of 3u® —9u%+3u+5on[l, 2]. More precisely, a € [1.355, 1.356]. In
the appendix we prove that for each O suchthatp (T) < g wehavedo (T, D) > f(u)
for every u € [1, 2]. So we obtain

2 oo
S(WI,;F)= (—Iix)3 f/vol(P(u)|T—vF)dudu
10

1 oo
+ (—;X)S O/O/VOI(P(M)|T—UF)dvdu

2
3 (5 —u? 3 4A(F)
: ( ao(T,D)d”> TF % S

I
)
o

IA

2
3 5-—u? 3
1
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3 e 16 + 3u — 9u? + 2u3
5—(/(5—u2) —i—u—u—i—udu

0 15 — 3u?

1
2
+ / 5 —ut) L= “ A(F) + 2 A=(F) < 2 A~(F)
15 — 3u? r 57T =100 T
1.355

A=(F
Thus .S(V;—T(;) > 19090 for every prime divisor F over T whose support on F contains

0, so that SO(WT, F) > %, which implies B(F) > 0 and X is K-stable.

Remark 1 1If O were a singular point of type A in T, this approach would not work,
15-3u?
u3—6u Zbirl9
prime divisor F' over T such that A7(F) = 1 and S(WT F) = 80, which implies

that 8 (T, W[I,) < &0.

because as is shown in Appendix A.3 we have 8o (T, D) = and there is

Appendix A. Polarized §-invariant via Kento Fujita’s formulas

Let us use notations from Section 2. Recall that 7 is a Du Val del Pezzo surface, and

the blow up 7 induces a birational morphism v : 7 — P2 We assume that T is
singular. We have the following commutative diagram

Suppose that u € [1, 2]. Recall that D = —K7— (1 — u)C5. Observe that C; is
contained in the smooth locus of the surface 7. Let C, be the strict transform of the
curve C» on the surface T, set D = —K7 — (1 — u)Cs. Note that D = o*(D) so the
divisor D is big and nef for u € [1, 2]. Recall

_ _ Ag(F)
80(T. D)= inf
F/T  Sp(F)
0eCH(F)

where the infimum is run over all prime divisor F over T such that O € C7(F). For
every point P € T, we also define

Ar(E)
Sp(E)

§p(T,D) = inf
E/T
PeCr(E)
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where the_inﬁmum is run over all prime divisor E over T such that P € Cr(E). Since
D =o*(D) and K7 = o*(K7), we have

8o(T, D)= inf &p(T,D)
PeT
O=0c(P)

So, to estimate 8¢ (T, D) it is enough to estimate §p (7', D) for P all points P such
that o (P) = O.
Let C be a smooth curve on 7 containing P. Set

(C) = sup{v € Rxo | the divisor — K7 — vC is pseudo-effective}.

For v € [0, 7], let P(v) be the positive part of the Zariski decomposition of the divisor
—K7 —C, and let N (v) be its negative part. Then we set

)= [
S(Wq s = —/ hp()dv,
, D2 0

where

P@)-C)*
hp() = (P()-C) x (N(v)-C), + w
It follows from [1, 2] that:
ép(T, D) >min{ ! ! }
PETE T s sawe.. Py |

We will estimate §p (T, D) in the following using the notations above for a suitable
choice of the curve C, t(C), P(v) and N (v) later in special cases.
A similar approach was taken in [3] and [4].

A.1 Polarized d-invariant on Del Pezzo surface of degree 4 with A, singularity.
Suppose that T has one singular point and this point is a singular point of type Aj.

Then 7 is a blow up of P? at points P;, P>, P3 and P4 in general position and a point
Ps which belongs to the exceptional divisor corresponding to P4 and no other negative
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curve. Suppose E := L4 U Log U Ly4 U E5. By [6, Section 6.2] we have:

§p(T) =

1if P € Ey4,

6/5if P € E\Ey,

4/3 if P belongs to two curves in {E, E2, E3, L12, L13, L23, Las, Ca},
18/13 if P belongs to exactly one curve in {E, E>, E3, L12, L13, L3,
Ly4s, C21\E,

3/2, otherwise

where E1, E», E3, E4, E5 are exceptional divisors corresponding to Py, P>, P3, P4,
Ps respectively, C; is a strict transform of a (—1)-curve coming from the conic on
P?, L;j are strict transforms of the lines passing through P; and P; for (i, j) €
{(1,2),(1,3),(1,4), (2,3),(2,4), (3,4)} and L4s a strict transform of a (—1)-curve
coming from a line on P?. The dual graph of (—1) and (—2)-curves is given in the
following picture:

Dual Graph

L,
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Lemma A.1 Suppose P is a pointon T and D = —K1 — (u — 1)Cs with D*> = 5 — u?
then

15 — 3u?
16 + 3u — 9u2 + 2u3 for P € E4\Es andu € [1,2]
15 — 3u?
$p(T, D) = 11—3f0rP € Es\Ejand u € [1,2]
—u
15 — 3u?
3 2 eu 13 1P e LB UESUE) andu €1, 2]

and
15 — 3u?
3 5 for P=EsNEsandu € [1,a]
5p(T.D) > 3u” — 12u* + 6u + 13
T 1532
“—lgfoerE4ﬂE5andu€[a,2]
—Uu
and
15 — 3u?
P=Li4NE); and 1,b
T 14N Epandu €1, 0]
2(15 — 3u?
8p(T, D) > % for P =LiaNE andu € [b,3/2]
— ZU
15 — 3u?
P=Li4NE; and 3/2,2
T e R 14N Erandu € 13/2.2]

where a is a root of 3u® — 9u® 4 3u 45 on [1, 2], b is a root of Su® — 24u” + 12u +7
on [1,3/2]. Note that a € [1.355,1.356], b € [1.261, 1.262].

Proof Step 1. Suppose P € Ejy. In this case we set C = E4. Then 7(C) = 3 — u. The
Zariski Decomposition of the divisor D — vE4 is given by:

—K7r —(u—1)Cy, —vEsforv € [0,2 — u]
P(v) = —Kr—(wu—1)Cy —vEs— (u+v—2)Esforve[2—u,l]
| -Kr — = 1)Cr — vEs — (u+v—2)Es — (v —1)(L1a + Loa + L34)

forv e [1,3 — u]
and

0forv e [0,2 — u]
N@w)={(u+v—2)Esforvel2—u,l]
u+v—2)Es+ (v—1)(L1a+ Loa + L3g) forv € [1,3 — u]
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Moreover,
5—u?—2v%forvel0,2—ul
P> =19+2uv—4u—4v—v2forvel2—u,l]
22 —-v)(3—u —v) forve[l,3—u]
and
2v forv € [0, 2 — u]
Pw)-C=32—-u+vforve[2—u,l]
5—u—2vforvell,3—uj
Thus,

1 2—u 1
SD(C):—< 5—u? —2v%dv + 9+ 2uv — 4u — 4v — v2dv
5—u2 0 2—

u

16 + 3u — 9u? + 243
15 — 3u2

3—u
+/ 2(2—v)(3—u—v)dv) -
1

15—3u? .
Thus, §p(T, D) < 630 —ou 23 for P € E4. Note that we have:

e if Pe E4\(E5UL14U Ly U L3y)

2v? forv € [0,2 — u]
hp@) = § Z=4E fory e [2 —u, 1]
Bu20” fory e [1,3 — u]

o if P=FE4;NEs5

2v% forv € [0,2 — u]
hp() = w forve[2—u,l]
WtDOZU=20) for v € [1,3 — u]

o if Pe E4N(Lig ULy U L3y)

2v2 forv € [0,2 — u]
hpv) = Wforv €2—u,l]
GG for y e [1,3 — u]

So we have
o if P € E4\(E5U L4 U Lyg U L3yg) then

2 2—u )
.,P)—S_uz(/o 2v-dv

Sp(WE
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1 2 3—u 2
2—-—u+v) / 5 —u-—2v)
—d —d
+/2_u 2 T )

_ 9+6u—9u’ +2u’ 16+ 3u — 9u +2u’
- 15 — 3u? - 15 — 3u?

e if P=FE4N Es then

2w b e- 3v—2
Sp(WE,: P) = (/ 2v2dv+/ @outvw+dv-2),,
’ 5—ur\Jy 2—u 2
3—u 3
(u+1)(5 — u — 2v) 11 —u
dv) = ———
+/1 2 ”) 15 — 3u2

o if Pe E4N (L4 U Ly U L3y) then

2 2—u 1 2 2
SpWE,; P) = (/ 202dv +f Gutv,,
0 2

5—u? —u 2
U3 —u)(5—u—2
+[ B-—u)S—u U)dv)
. 2
B 13 4+ 3u3 — 1242 + 6u
o 15 — 3u?
<16+3u—9u2—|—2u3
- 15 — 3u?
We obtain that
85p(T, D) 15— 3u° for P € E4\Esand u € [1,2]
9 = u 9
P 16 + 3u — 9u? + 2u3 4AES
and
15 - 3u” for P = E4 N Es and u € [1,a]
or = an s
16 + 31 — 92 + 2u3 471 Es andu a
sp(T. D)z 2
D7 for P = EyN Esand u € [a.2]
11 —ul

where a is a root of 3u® — 9u? + 3u + 5 on [1, 2]. Note that a € [1.355, 1.356].
Step 2. Suppose P € Es. In this case we set C = E5. Then 7(C) = 2. The Zariski
Decomposition of the divisor D — vEj5 is given by:

—Kr —(u—1)Cy —vEs5 — %E4 for v € [0, 1]
Pv)=1—-Kr—(u—1)C, —vEs — %E4 — (v —1)Lygs forv € [1, u]
—Kr—(u—1)Cy —vEs — %E4 — (v —1)L4g5 — (v —u)Cy for v € [u, 2]
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and
%E4 forv € [0, 1]
N@) = 5E4+ (v —1)Lys forv € [1, u]
SEs+ (—1)Lsgs+ (v —u)Cs forv € [u, 2]
Moreover,
5—4v+2uv—u2—%forve [0, 1]
P(v)? = 6—6v+”72+2uv—u2forve [1, u]
3 for v € [u, 2]
and
2—u+v/2forvel0,1]
Pw)-C=43—u—v/2forve[l,u]
3 —3v/2forv € [u,2]
Thus,

2

1 ! 5 U
SD(C)ZS_MZ( 5 —4v+ 200 - Sav

u U2
+/ 6—6v+7+2uv—u2dv
1

232 —v)? 11—
=~ )= —
+/M 3 ”) 15— 3u2

Thus, §p(T, D) < 1151__3:32 for P € Es. Note that we have:

e if P € Es\(E4U Cy U Lys) then

Qo2 fory € [0, 1
2
hp(v) = % forv e [1, u]

%forve [u, 2]
e if P = E5N C; then
Mforve [0, 1]

2
hp(v) = { B2 for y e [1, u]
3RV for y ¢ [y, 2]
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e if P = E5N Lys then

2
Gttv 2 for v € [0, 1]
hD(U): Mw)gﬂforve[]’u]
Wforv € [u, 2]

So we have
e if P € Es\(E4 U Cy U Lys) then

2 L2 —u+v/2)? (3 —u—uv/2)>?
WE.. P) = d = = 7y
Sp(Wge: P) 5—142(/0 > v+/1 3 v

2 (3 —3v/2)? 21 4 6u — 18u® +5u® 11 —u?
+ dv) = <
u 2 2(15 — 3u?) 15 — 3u2

e if P = E5N C, then

2 Y2 —u+v/2)? “(3—u—v/2)?
Sp(WE.; P) = d = = 74
p Wi Py = = ([ [T O

+/‘23(2—v)(6—4u+v) )_45—30u+2u3 11—u
u

<
8 2(15—3u?) ~ 15—3u?

e if P = E5N Lys then

2 L2 —u+v/2)7?
Sp(We,; P) = 2(/0 _ dv

o 5—u
Y (6—-2u—v)2-2 3
+/ ( u—v)( u+ v)dv
1 8
_ _ 2 3 _ .3
+3(2 v)(v+2)d>=26 12u” + 3u - 11 —u
8 2(15 — 3u?) 15 — 3u?
We obtain that
15 — 3u?
Sp(T,D) = - for P € Es\E4and u € [1, 2].

11 —u

Step 3.1. Suppose P € L14U Lys U L3g and u € [1, 3/2]. Without loss of generality,
we can assume that P € Liy4. In this case we set C = Li4. Then 7(C) = 3 — u. The
Zariski Decomposition of the divisor D — vL4 is given by:

D —vLy— 5E4forve[0,2 —u]
D—vliy—5E4— (w+v—2)E forve[2—u,l]

P) = D—UL14—%E4—(u—|—v—2)E1—(v—l)ngforve[1,4—2u]
D—vLig—w+v—2)(E1+E4) —(v—1)L23 — Qu+v—4)Es
forv e [4 —2u,3 —u]
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and
SE4forv e [0,2 —u]
SEs+ (u+v—2)E  forve[2—u,l]
N@Ww) = %E4+(u+v—2)E1+(v—1)L23f0rve[1,4—2u]
u+v—2)E1+Ey)+@w—1)Ls+ Qu—+v—4)Es
forv e [4 —2u,3 — u]
Moreover
5—2v—Y% —u?forvel0,2—ul
Pv)? — 9—4u—6v+”2—2+2uvf0rve[Z—u,l]
W= =Gl for v € [1,4 — 2u]
2w+v—3)2forve[4—2u,3—ul
and
v/2+41forv e[0,2 —u]
P(v)-C = 3—u—v/2forvel2—u,l]
4 —u —3v/2forv e [l,4 —2u]
23 —u —v) forv e [4 —2u,3 —u]
Thus,

1 2—u U2 1 l)2
SD(C)=m</(; 5—2v—?—u2dv+/2 9—4u—6v+?+2uvdv
—Uu

=2 (y —2)Bu +4u — 10
+/ (v—2)GBv +4u )dv
1 2
3u — 12u? + 6u + 13
15 — 3u?

3—u
+/ 2+ v — 3)dv) =
4—2u

Thus, §p(T, D) < % for P € Lj4. Note that we have:
e if P € L14\(E4VU E1 U L3 U Ej5) then

QDY fory € 0,2 — u]
B2 fory e 2 —u, 1]
G302 fory € [1,4 — 2u]

23 —u—v)* forv e [4—2u,3 —u]

hp() =
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e if P=Li4N E; then

wforve[(),z—“]

O Qui3v=2) for gy ¢ [2 -y, 1]
B2u=30)Qut) for y ¢ [1,4 — 2u]
(3—u—v)forveld—2u,3—ul

hp(v) =

e if P = L4 N L3 then

Mferv €[0,2 —u]

wforv e2—ul]
(8—2u—3v§(4—2u+v) forv e [1 4 — 2u]

22 —u)3—u—v)forv e [4—2u,3—ul

hp(v) =

So we have

e if P € Li4s\(E4VU E{ U L3 U E5) then

2 27U (p)2 + 1)2 L 3 —u—-v/2)7?
Sp(WE i P) = —— e 1
p(Wee: P) 5—u2(/0 5 v+/27u 5 v

4—2u 2 3—u
4—u—3v/2
+ / Gu=3v27 +/ 23 —u— v)zdv>
1 2 4—2u
_ 20w’ —6u 3w’ —12u® +6u + 13
2015 =3u?) — 15 — 3u?

e if P=Li4N E; then

2—u 2
Sp(WE,: Py = — (/ w2,
0

5 —u? 2
N /1 (6 —2u —v)Q2u + 3v — 2)dv
2—u 8
N /4—2" (8 — 2u — 3v)2u + v)dv
1 8
3-u 19 — 243
3—u—v)dv) = ———
+L2u( u—v) ”) 2(15 — 3u2)

e if P = L4 N Ly3then

2 27U (p/2 + 1)? I 3 —u—v/2)?
Sp(WE.: P) = = = = 7y
p(WE,: P) S_MZ(fO . ”+f2_u _ v

N /Hu (8 —2u — 312(4 —2u+ v)dv
1
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3—u
+/ 2(2—u)(3—u—v)dv)
4

—2u
_ 261207 +3u’ 3w’ — 12u% + 6u + 13
T 25312 15 — 3u?
We obtain that
8p(T, D) 15 — 3u for P € Lis\(E4+U EsUEj)andu € [1,3/2]
s = u s
P 33 — 12u2 + 6u + 13 At
and
15 — 3u?
" for P =Ly NE andu € [1,b]
3ud — 12u? + 6u + 13
Sp(T, D)= 0
2US =3 e P = Ly N Ey and u € [b. 3/2]
19 — 2u3

where b is a root of 8u> — 24u” 4 12u + 7 on [1, 3/2]. Note that b € [1.261, 1.262].
Step 3.2. Suppose P € L14U Lyg U L3g and u € [3/2, 2]. Without loss of generality,
we can assume that P € Liy4. In this case we set C = Li4. Then 7(C) = 3 — u. The
Zariski Decomposition of the divisor D — vL4 is given by:

D —vLyy— 5E4forve (0,2 —u]
D—vliyy—5E4— (u+v—2)E  forve[2—u,4—2u]

Pw)=1D—vliy— (u+v—2)(E|+E4) — Qu-+v—4)Es forv € [4 —2u, 1]
D—vLliyy—w+v—2)(E1+E4) —(v—1)Lo3 — Qu+v—4)Es
forv e [1,3 — u]

and
5E4forve0,2 —u]
N@) = 5E4+w+v—2)E| forve[2—u,4—2u]
Clu+v—2)(Ei+Ep)+ Qu+v—4)Esforv e [4—2u, 1]
w+v—=2)(Ey+Ey)+@w—1DLy+ Qu+v—4)Esforv e [l,3 —u]
Moreover

5-2v— Y% —u?forvel0,2—ul
9—4u—6v+”72+2uvforve[2—u,4—2u]

2u? + 4uv 4+ v2 — 12u — 10v + 17 forv € [4 — 2u, 1]
2w +v—3)2forvell,3—ul

P(v)? =
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and
14+wv/2forv e (0,2 — ul
P(v)-C = 3—u—v/2forvel2—u,4—"2u]
5—2u—vforvel[d4—2u,l]
23—u—v)forve[l,3—ul
Thus,
2—u U2 4—2u U2
Sp(C) = (/ 5—2v———u2dv+/ 9 —4u — 6v+ — + 2uvdv
5—u2 0 2 2—u 2

1 3—u
+/ 2u% + duv + v2 — 12u — 100 + 17dv+/ 2+ v —3)2dv)
4—2u 1

3P —12u* +6u+13
15 — 3u?

15—3u? .
Thus, §p(T, D) < Wit for P € Li4. Note that we have:

e if P € L14s\(E4VU E1U L3 U Es) then

U027 fory € 0,2 — u]
B2 fory € [2 — u, 4 — 2u]
G220 for y ¢ [4 —2u, 1]

23 —u—v)? forv e [l,3—u]

hp(v) =

e if P=Li4N E| then

%forv €[0,2 —ul
w&)rv c [2—M 4—21,{]
(u+1)(5272u7v) forv e [4 — 2u, 1]

23 —u—v)forve[l,3—u]

hpv) =

e if P = L4 N L3 then

U027 fory € 0,2 — u]
B2 fory € [2— u, 4 — 2u]
WforveM—Zu,l]
2Q2—u)(3—u—v) forve[l,3— ul

hp(v) =

e if P e L14s\(E4VU E1 U L3 U E5) then

2 27U (p)2 4 1)? A2 (3 —y —p)2)?
Sp(WE,: P) = ————d s d
ot o ) 5_’42(/‘0 2 v+/27u 2 0
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1 5—2u— 2 3—u
+/ G-u-v", +/ 23 —u— v)2dv)
4 2 1

—2u
_ Tu —36u? +48u —6 _ 3u’ —12u’ +6u+13
B 2(15 — 3u?) - 15 — 3u?

e if P=Li4N E; then

2 2—u 241 2
$oWEi P = = ([

—u 2
4—2u
6 —2u —v)12 3v—-2
+/‘ ( u—v)2u+3v )dv
2—u 8
1 3—u
DG —2u —
+f (v+ 1)( u v)dv+/ 2(3—u—v)dv>
4—2u 2 1
3P —18u +27u — 4
15 — 3u?

e if P = L4 N L)z then

2 2—u 2 1 2 4—2u 3y — 2 2
SD(W.C.;P):—2</ L2+ 17 dv+f Bou— v,
’ 5—u 0 2

2 » 2
1 2 3—u
5—2u—
+/ udv—i—/ 2(2—u)(3—u—v)dv>
4—2u 2 1
_ 3w — 1202 426 3w’ — 12u® + 6u + 13
215 -3u?)  — 15 — 3u?
We obtain that
8p(T, D) 15— 3u” for P € L14\(E1 UE4UEs) and u € [3/2,2]
9 = u ’
P 3u3 — 12u% + 6u + 13 MR RS
and
5p(T, D) > 15— 3u” for P = L14 N Ej and u € [3/2, 2]
9 p— = u b
d 3ud — 18u2 +27u — 4 e

m}

Corollary A.1 Let P be a point in T that is contained in L1y U Lyg U L3g U Eq4 U Es
then

15 — 3u?
16 + 3u — 9u? + 2u
15 — 3u?

mforu (S [a, 2]

3foru e[1,al,
dp(T, D) >

@ Springer



ANNALI DELL'UNIVERSITA’ DI FERRARA

Corollary A.2 Suppose O is a point on a del Pezzo surface T with Ay singularity and
80(T) < £ then

15 — 3u? 7 € [l.a]
or u a
- = 16 + 3u — 9u? + 2u3 Y
So(T, D) >
e BT

1= foru € la, 2]

A.2 Polarized §-invariant on Del Pezzo surface of degree 4 with two A,
singularities.

Suppose that 7 has two singular points and these points are singular point of type A;.
Then 7 is a blow up of P? at points P, P>, and Py in general position and after that
blowing up a point P3 which belongs to the exceptional divisor corresponding to P,
and a point Ps which belongs to the exceptional divisor corresponding to P4 and no
other negative curve. By [6, Section 6.2] we have:

1if P € (Eo U E4U Loyg),

6/5if P € (E3UE5U Lo UL1a)\(EyU Ey),

4/3if P € (Co N E1) U (Laz N Lys),

18/13if P € (Co UE{ U Ly3 U L45)\((C2 N E1) U (L3N Lys)
U(E3UEsULjpU L)),

3/2, otherwise

5p(T) =

where E1, E, E3, E4, E5 are exceptional divisors corresponding to Py, P>, P3, P4, Ps
respectively, C; is a strict transform of a (—1)-curve coming from the conic on P?, L; i
are strict transforms of the lines passing through P; and P; for (i, j) € {(1, 2), (1, 4)}
and Ly4s and Lj3 are strict transforms of a (—1)-curve coming from lines passing
through P> and Py respectively on P2. The dual graph of (—1) and (—2)-curves is
given in the following picture:
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Dual Graph

L12 El L14

LemmaA.2 Suppose P isa pointon T and D = —Kp — (u — 1)Cs with D*> = 5 — u?

then

6p(T, D) =

15 — 3u?
16 + 3u — 9u? + 2u3 Jor P& (E2 U E)\(E3 U Es) and u € [1, 2],
15 — 3u?
T3 for P e (BsUES)\(E2U Ey) and u € [1, 2],
15 — 3u?
B 62t 6ut SfOV P € Ly\(E2 U Eg) and u € [1,2],
15 — 3u?

and

sp(T, D) =

3 — 102 + 60+ 13 for P € Lia\(E4U Es U E1)andu € [1,2],

15 — 3u?
16+3u_9;2+2143forp €{E2NE3, E4N Esyandu € [1,al],
15 — 3u?

T 3 for P e {E; N E3, E4NEs}andu € [a, 2]
—u
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and
15 — 3u?
30— 12 6t 13for P=LiyuNE;andu €|1,b],
2(15 — 3u?)

Sp(T, D)= { 22720 ¢ p LN E andu € [b, 32,
19 — 2u3

15 — 3u?
3u3 — 18u? 4+ 27u —

4f0rP =LuuNE;andu € [3/2,2],

where a is a root 0f3u3 — 9% 4+3u+50n [1,2], bis aroot 0f8u3 —24u* + 12u+7
on [1,3/2]. Note that a € [1.355, 1.356], b € [1.261, 1.262].

Proof Step 1. Suppose P € E> U E4. Without loss of generality we can assume that
P € Ej4. In this case we set C = E4. Then 7(C) = 3 — u. The Zariski Decomposition
of the divisor D — vEjy is given by:

—K7r —(u—1)Cy —vE4forv € [0,2 — u]
P(v) = —Kr—(wu—1)Cy —vEs— (u+v—2)Esforve[2—u,l]
—Kr —(w—1)Co—vEs— (u+v—2)Es — (v—1)(L14 + 2Ly + E>)

forv e [1,3 — u]
and

O0forv e [0,2 — u]
Nw)=3w+v—2)Esforvel2—u,l]
(u+v—2)Es+ (v —1)(L1s4+ 2L+ E>) forv e [1,3 — u]

Moreover,
5 —u?—2v*forv e [0,2—u]
P(U)2= 9+ 2uv—4du —4v —v2forve[2—u,l]
22 —-v)(3—u—v) forv e [l,3 — u]
and
2v forv € [0, 2 — u]
Pw)-C={2—u+vforve[2—u,l]
5—u—2vforvell,3—u]
Thus,

1 2—u 1
SD(C)=—2<f 5—u2—2v2dv+/ 9 + 2uv — 4u — 4v — v3dv
5—u 0 2—

u
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16 + 3u — 9u? + 243
15 — 3u?

3—u
+/ 22— v)3—u— v)dv) -
1

a2
Thus, §p(T, D) < m for P € E4. Note that we have:

e if P e E4\(E5UL14U Ly U L3y)

202 forv € [0,2 — u]
hp(@) = § E=40 fory e [2 - u, 1]
Bu20” fory € [1,3 — u]

o if P=FE;NEs

202 forv € [0, 2 — u]
hD(‘U): wt‘orve[z_u’ 1]
—(“+1)(52_”_2”) forvel[l,3—u]

o if Pe E4N(Lig VU Lyy)

2v% forv € [0,2 — u]
hp(v) < § E450 fory e [2 — u, 1]
(57u72v)2(]7u+2v) forv e [1,3 — u]

So we have
o if P € E4\(E5U L4 U Lyg U L3y) then

2 2—u 1 2 2
SD(W,C.; P) = —2(/ 2v%dv +/ ﬂdu
’ 5—u 0 2

u 2
3—u 2
5—u—2
PO,
| 2
_ 946u—9u’ +2u’ 16+ 3u — 9u +2u’
- 15 — 3u? - 15 — 3u?

e if P = E4N Es then

2—u 1 2 3p—2
Sp(WE,: P) = (/ 202dv +f @outwu+v-2),,
’ 5—u*\Jo 2-u 2
3—u 3
(u+1)5—u—2v) 11 —u
dv) = ——
+/1 2 ”) 15 — 3u2

o if P e E4N (L4 U Lyy) then

2 2—u 1 2 2
Sp(WE,: P) = —2(/ 202dv +f Qoutv’,,
’ 5—u\Jo 2-u 2
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3—u o _
n / S—u-2v)(01—-—u+ Zv)dv)
1

2
_ 20 —6u+8 16+ 3u —9u® + 2
15 =3u2  ~ 15 — 3u?
‘We obtain that
85p(T, D) 15— 3u° for P € E4\Esand u € [1,2]
9 = u 9
P 16 + 3u — 9u? + 2u3 4NES
and
15 - 3u” for P = E4 N Es and u € [1,a]
or P = an s
16 + 3u — 9u? + 2u3 4riEsandielhd
5p(T, D) = ,
15 — 3u

ﬁfoerEA,ﬂEsandue[a,Z]
—u

where a is a root of 3u3 — 9u? + 3u + 5 on [1, 2]. Note that @ € [1.355, 1.356].
Step 2. Suppose P € E3U E5. Without loss of generality we can assume that P € Es.
In this case we set C = Es. Then 7(C) = 2. The Zariski Decomposition of the divisor
D — vEs is given by:

—Kr—(wu—1)Cy —vEs — %E4 for v € [0, 1]
P(v)={—-Kr—(u—1)Cy, —vE5 — §E4 — (v —1)Lygs forv € [1, u]
—Kr—(u—1)Cy —vEs — §E4 —(v—=1)L4s — (v —u)C, forv € [u, 2]

and
3E4 forv e [0, 1]
N@) = %E4 + (v — 1)Lys5 forv € [1, u]
SE4+ (v —1)Lgs + (v —u)Ca for v € [u, 2]
Moreover,
5—4v+2uv—u2—§forv e [0, 1]
P)? = 6—6v+”72+2uv—u2forv e [1,u]
M for v € [u, 2]
and

2—u+v/2forvel0,1]
Pw)-C=43—u—v/2forve[l,u]
3 —3v/2forv € [u, 2]
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Thus,

1 ! 5 v?
SD(C)ZS—MZ( A 5—4v+42uv —u —?dv

u U2
+/ 6—6v+?+2uv—u2dv
1

232 —v)? 11 —u?
2T gy =
+/M 3 ”) 15— 3u2

Thus, §p(T, D) < 1151__3u"32 for P € Es. Note that we have:
e if P € Es\(E4 U Cy U Lys) then

Qv oy € 10, 1]
hp(v) = § 8= fory e (1, u)

%forve [u, 2]
e if P = E5N C; then

2
w for v € [0, 1]
hp(v) = w forv e [1, u]
w forv € [u, 2]

e if P = E5N Lys then

2
Gttv 2 for y € [0, 1]
hp(v) = H”‘”éﬂﬁ)rv e, ul
Wforv € [u, 2]

So we have
e if P € Es\(E4 U Cy U Lys) then

C.py_ 2 12— u+4v/2)? (3 —y —p/2)?
Sp(WE,: P) = 2(/0 ; dv—i—/l Ty

oo 5—u
+/2 (3—3u/2)2d ) _ 21+ 6u— 18u® + 5u3 5 11—’
; 2 2(15 — 3u?) 15 — 3u2

e if P = E5sN C, then

2 Y2 —u+v/2)? “(3—u—v/2)?
Sp(WE,: P) = d = =4
p(Wg e P) S—uZ(/O 3 v+/1 5 v

+/23(2—v)(6—4u+v) )_45—30u+2u3 _ -
" 8 2015 =3u?) T 15 —3u?
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e if P = E5N Lys then

1y 2
oWl Py = —> (/ Coutviar,,
0 2

.,.’ 5 _ u2
(6 —2u— —
+/‘ ( u—v)2 2u+3v)dv
1 8
N 32-v+2) ): 26 — 12u? + 3u° - 11 —u?
8 2(15 — 3u?) 15 — 3u?
We obtain that
15 — 3u?
Sp(T,D) = ST for P € (E3U Es)\(E2 U Eg) and u € [1, 2].
— U3

Step 3. Suppose P € Ly4. In this case we set C = Los4. Then t(C) = 3 — u. The
Zariski Decomposition of the divisor D — vLyq4 is given by:

D —vlyy — 5(E> + Ey) forv € [0, 4 — 2u]
Pw)=1D —vly—(u+v—2)(Er+ E4) — Qu-+v—4)(Ez + Es)
forv e [4—2u,3 — u]

and

N ) = 5(Ey + Ey) for v € [0, 4 — 2u]
B (u+v—2)(Ey+ Es)+ Qu+v—4)(E3z+ Es) forv e [4 —2u,3 — u]

Moreover,

P(o)? = —u? —2v+5forv € [0,4 — 2u]
T lu+v=3)@Bu+v—7) forveld—2u3—v]

and

1 forv € [0,4 — 2u]

P)-C=
5—2u—vforvel[d—2u,3—ul

Thus,

3—uu

1 4—-2u
SD(C):—Z( —u® — 20+ 5dv + (u+v—3)(3u+v—7)dv)
S5—u=\Jy 4—2u

4w — 150 + 6u 417
B 15 — 3u?
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2.2
Thus, §p(T, D) < % for P € Log. If P € Loy\(E2 U Ey) then

3 forv € [0,4 — 2u]
Wforve[4—2u,3—u]

hp(v) = {

So for P € Ly4\(E2 U E4) we have

2 4—2u1 3—u —Ju — 2
Sp(Wie: P) = (/ —dv—i—/ B2z,
0 4

5—u? 2 Y 2
_ W —6u 4 6ut5 4w’ —15u® +6u+17
15 — 3u? - 15 — 3u?
We obtain that
15 — 3u?
8p(T, D) = for P € Loa\(E, U E4) and u € [1, 2].

ud —6u? +6u+S5

Step 4.1. Suppose P € L1 U L4 and u € [1, 3/2]. Without loss of generality, we can
assume that P € Li4. In this case we set C = Li4. Then 7(C) = 3 — u. The Zariski
Decomposition of the divisor D — vL4 is given by:

D —vlLiy— 5E4forve[0,2 —u]
D—vLiy—5Es—(u+v—2)E forve[2—u,l]

P) = D—vL14—%E4—(u+v—2)E1 — (v —1)Ly forv € [1,4 — 2u]
D—vLliyy—(u+v—2)(E1+Es) —(v—1)Lyzs— Qu+v—4)E;s
forv e [4—2u,3 — u]

and
5E4 forv e (0,2 —u]
SEs+(u+v—2)E | forve[2—u,l]
NW) = 15Es+ w+v—2)E; + (v —1)Laz forv € [1,4 — 2u]
w+v—=2)E1+E)+@w—-1DLos+ Qu+v—-4)Es
forv e [4 —2u,3 — u]
Moreover

5—20— Y% —u?forvel0,2—ul

9 —4u —6v+ % + 2uv forv € [2 —u, 1]
=2Cutdu10) for y € [1,4 — 2u]

2w +v—3)2forveld—2u,3—ul

P(v)? =
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and
v/2 4 1forv e[0,2 —u]
P(v)-C = 3—u—v/2forvel2—u,l]
|4 —u—3v/2forvel(l,4—2u
23 —u —v) forv e [4—2u,3 —u]
Thus,
2—u U2 1 v2
SD(C)ZS—u2<fO 5—2v—?—uzdv+/2_u9—4u—6v+7+2uvdv
+/““ (v—2)(3v+4u—10)dv+/3u 2(u+v_3)zdv>
1 2 4—2u
3w’ — 12u* + 6u+ 13

15 — 3u?
Thus, §p(T, D) < % for P € Li4. Note that we have:
o if P € L14\(E4U E1 U L3 U Ej5) then

Q2D for v € [0,2 — u]
%ferve[z—u,l]
G302 for y ¢ 1,4 — 2u]

23 —u—v)’forve[4—2u,3—ul

hp(v) =

e if P=Li4N E; then

Mforve[()ﬂ—“]

O==v)Qui3v=2) for gy ¢ [2 -y, 1]
B2u=30)Qut) for y ¢ [1,4 — 2u]
3—u—v)forveld—2u,3—ul

hp(v) =

e if P = L4 N Ly3then

wforv € [0,2 — u]

B v/ fory € [2—u, 1]
(8—2u—3v§(4—2u+v) forv e [1 4 _ 2u]

22 —u)3—u—v)forve[4—2u,3 —ul

hp(v) =

So we have
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e if P € L14\(E4U E1 U L3 U Ej5) then

2 27U (p)2 4+ 1)? U 3—u—-v/2)7?
Sp(WE,: Py = —— = 4 ~ =4
p(Wge: P) 5—u2(/0 5 v+/2_u 5 v

4—2u 4—y—13 22
+/ —( - v/2) dv
1 2

3—u

+/ 23 — u —v)zdv>
4—2u

_ 20— —6u 3w’ —12u” + 6u +13

T2(15 —3u?) — 15 — 3u?

e if P=Li4N E; then

'y

2—u 2
Sp(WE,; P) = 2 (/ @2+
0

5—u? 2

' 6—2u—v)Qu+3v-2

+/ ( u—v)2u+3v )dv
2—u 8

+/4—2u (8—2u—3v)(2u+v)dv+/3_”(3_M_U)dv>
1 8 4—2u

o 19-2°

T 2(15 = 3u?)

o if P = L4 N L3 then

270 (u/2 4 1)2 ' B—u—v/2)?
Sp(WE,; P) = (/ Mdv-l—/ wdv
! 5—u? 0 2 2—u 2
N /4—2” (8 —2u — 3v)(4 — 2u + U)dv
1 8
3—u
+/ 2(2—u)(3—u—v)dv)
4—2u
_ 26120 430’ _ 3w’ — 12u® + 6u + 13
o215 -3u?)  — 15 — 3u?
We obtain that
sp(T, D) 15— 3u? for P € Lig\(E4UEsUE)) and u € [1,3/2]
s = or and u s
d 3u3 — 12u2 + 6u + 13 AR B o
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and
15 — 3u?
" for P=Li4NE and u € [1, b]
3ud — 12u? + 6u + 13
op(1.D) = {3 1
2US = 3u0) e P = Ly Ey and u € [b. 3/2)
19 — 2u3

where b is a root of 8u> — 24u® 4+ 12u + 7 on [1,3/2]. Note that b € [1.261, 1.262].
Step 4.2. Suppose P € L1 U L4 and u € [3/2,2]. Without loss of generality, we can
assume that P € Li4. In this case we set C = Li4. Then 7(C) = 3 — u. The Zariski
Decomposition of the divisor D — vL4 is given by:

D—vL14—%E4f0rve[O,2—u]
D—vLliy—5E4— (u+v—2)E  forve[2—u,4—2u]

Pw)y={D—vLyy— u+v—2)(E|+E4) — Qu-+v—4)Esforv e [4—2u,l]
D—vLiyy—(u+v—2)(E 4+ Es) —(v—1)Ly3— Qu+v—4)Es
forv e [1,3 — u]

and
5E4forv e[0,2—u]
N ) = SEs+ w+v—2)E  forve[2—u,4—2u]
Sl w+v—2)E + Es)+ Qu+v—4)Es forv € [4 —2u, 1]
wu+v—2)(E1+Ey)+@w—1DLy+ Qu+v—4)Esforve[l,3—u]
Moreover
5—2v—“72—u2f0rv€[0,2—u]
P(U)z_ 9—4u—6v+"72+2uvforve[2—u,4—2u]
2u + 4uv 4+ v2 — 12u — 10v + 17 forv € [4 — 2u, 1]
2w +v—3)2forvel(l,3—ul
and
14+ wv/2forv e (0,2 —u]
P(v).C = 3—u—v/2forvel2—u,4—2u]
5—2u—vforve[4—2u,l]
23 —u—v)forve[l,3—ul
Thus,

1 2—u v2
SD(C)=5_u2(/O 5—2v—?—u2dv
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4-2y 2
+/ 9—4u—6v+7+2uvdv
2

—u
1
+/ 2u® + 4uv + v — 12u — 10v + 17dv
4—2u
3ud — 12u% + 6u + 13
15 — 3u?

3—u
+/ 2+ v —3)dv) =
1

15—3u? .
Thus, §p(T, D) < W i3 for P € Li4. Note that we have:

e if P € L14\(E4VU E{ U L3 U Es) then

U027 fory € [0,2 — u]

Bou v/ fory € [2— u, 4 — 2u]
Wforve[4—2u, 1]

23 —u—v)?forvell,3—ul

hp(v) =

e if P=Li4N E; then

44927 for v € [0,2 — u]
meve[z_u 4 —2u]
WEDCEZ20=) for y € [4 — 2u, 1]

23 —u—v)forve[l,3—u]

hp(v) =

e if P = L4 N L3 then

Q027 fory € 0,2 — u]
B2 fory € [2 — u, 4 — 2u]
G200 for y € [4 —2u, 1]
2Q2—u)(3—u—v) forve[l,3— ul

hp(v) =

e if P e Li4s\(E4VU E1U L3 U E5) then

2—u 2 4—2u 2
(v/2+1) (B —u—v/2)
Sp(WE,: P) = (f ———d —d
D o0 ) 5 u2 0 ) v+ - ) v
1 2 3—u
5—2u—
+/ udv—i—/ 2(3—u—v)2dv>
4—2u 2 1
_ 7w’ —36u’ +48u —6 _ 3u® —12u® 4 6u +13
2(15 — 3u?) - 15— 3u?

e if P=Li4N E; then

2 27U (p)2 4 1)?
WC . —
Sp( .’.’P)_S—u2<,/(\) D) dv
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N /4—2" (6 —2u —v)Qu +3v — Z)dv
2

u 8
! (5 —2u — 3w
+f v+ DG —2u v)dv+/ 2(3—u—v)dv)
4—2u 2 1
3 —18u +27u — 4
15 — 3u?

e if P = L4 N Ly3then

2—u 2 4—2u o 2
SD(WS.QP) __ 2 (/ Mdv—}—/ Mdv
0 2

T 5—u? 2 —u 2
b 5—2u—v)? 3w
+ RV e+ 22— )3 —u — v)dv)
4—2u 2 1
_ 3w — 1202 +26 3w’ — 12u® + 6u + 13
2015 — 3u?)  — 15 — 3u2
We obtain that
5p(T. D) 15— 3u” for P € Lia\(E1 U E4 U Es) and u € [3/2,2]
s = or an 5
P 3u3 — 122 + 6u + 13 LB B ES) Ana
and
5p(T. D) > 15 — 3u? for P = LisNEjandu € [3/2,2]
, > or P = and u ,
d 3ud — 18u2 +27u — 4 e

O

Corollary A.3 Let P be a point in T that is contained in L1p U L4 U Lys U E; U E3U
E4 U E4 then

15 — 3u? forue[Lal
oru a
16 + 3u — 9u? + 2u3 T
§p(T, D) >
#( 15 — 3u2

mforu € [(l, 2]

Corollary A.4 Suppose O is a point on a del Pezzo surface T with two Ay singularities
and nine lines such that §¢o (T) < g then

15 — 3u? foruellal
or u ,al,
80(75)> 16+3u—9u2+2u3
T 15— 3u?
11f;forue[a,Z]
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A.3 Polarized d-invariant on Del Pezzo surface of degree 4 with A; singularity

Now, let us use the notations and assumptions of Section 2 with a minor difference:
we assume that 7 has a singular point of type A,. Let us show that in the case when
O is the singular point of the surface 7 we have

(T, D) 15 — 3u?
’ ud —6u? + 19

which immediately implies that 8¢ (T, Wf ) = %. In this case, the morphism 7 is a
blow up of P? at points P;, P2, and P; in general position; after that blowing up a point
P, which belongs to the exceptional divisor corresponding to P3 and no other negative
curve and after that a point Ps5 which belongs to the exceptional divisor corresponding
to P4 and no other negative curve. By [6, Section 6.5] we have:

6/7if P € E3 U Ey,
8/7if P e (L13U L3 U L34 U E5)\(E3 U Ey),
Sp(T) = 1 4/3if P € (L12UCy) N (E1 U E»),
18/13if P € (L12 U Cr U E; U ED\((L12 U C2) N (Ey U Ea)),
3/2, otherwise

where E1, Ey, E3, Ea, Es5 are exceptional divisors corresponding to Py, P, P3, Pa,
Ps respectively, C» is a strict transform of a (—1)-curve coming from the conic on
P2, L;; are strict transforms of the lines passing through P; and P; for (i, j) €
{(1,2), (1, 3), (2, 3)} and L34 is a strict transform of a (—1)-curve coming from a line
passing through P3 on P2. The dual graph of (—1) and (—2)-curves is given in the
following picture:

Dual Graph
Lo E, L L3,
E3 E4
Ly E, Cs Es
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Now let’s prove that:

Lemma A.3 Suppose P is a pointon T and D = —Kp — (u — 1)Cs with D*> = 5 — u?
then

15 — 3u?
8p(T, D) = 1 for P € E4\(L34 U Es)

ud —6u? +

Proof Suppose P € E4\(L34 U Es). In this case we set C = E4. Then t(C) = 2. The
Zariski Decomposition of the divisor D — vE4 is given by:

~Kr — (u—1)C2 —vE4 — 5E;3 forv € [0,2 — u]
Pw)=1-Kr—u—-1Cr—vEy—5E3 — (u+v—2)Esforve[2—u,l]
—K7—(u—1)Ca—vE4—% E3 — (u+v — 2) Es—(v—1) L3y for v € [1, 2]

and
5E3 forv e [0,2 —u]
N@)={3E3+ (u+v—2)Esforve[2—u,l]
%E3 +@+v—2)Es+ (v—1)L3g forv e [1, 2]
Moreover,
5—u2 =3 forv e [0,2—ul
P()* = 39— 4y — 4v + 2uv — 1/2v* forv € [2 — u, 1]
—(“_2)(”;’4”_10) forv € [1,2]
and
3v/2forv € [0,2 — u]
Pw)-C=432—u+v/2forve[2—u,l]
3—u—v/2forvell,?2]
Thus,

1 2—u ) 302 1 )
Sp(C) = 2( 5—u"——dv+ 9 —4u —4v +2uv — 1/2v°dv
5—u=\Jo 2 2-u

2 3 2
-2 4u — 10 19 -6
+/ (v Y(v + 4u )d)= +u 2u
1 2 15 —3u
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Thus, §p (T, D) < @_1}—3412 for P € E4. Note that for P € E4\(E5U L34) we have:

% for v € [0,2 — u]
hp() = | E4UD for g e 2 —u, 1]
Mforve[l,ﬂ

So we have

2u9 1 2 22
([ [ ooy,
2—u

—u?
/ (3—u—u/2)2 )

_21+6u—18u +5u 19+ —6u?

Sp(WE i P) = 5

2(15 — 3u2) = 15— 3u2
So we obtain that
5p(T, D) = 15— 3u® for P € E4\(L3s U Es)
p(T, = P _el+19 a\(L34 5).
O
Corollary A.5 We have S(W, .., Ey) = 80’ which implies that 8o(T, j.) < %.
Proof
2 o
S(WI,; Es) = //Vol P(u)|=— vE4)dvdu
( ( KX)S ‘ )
10
3 1 oo
+ K2 //vol(P(u)|7—vE4)dvdu
0 0
3 ; 3
=— | 5=u>)Sp(Es)du + =
20/( M)D(4)M+5
19+u — 6u? 3 83
5—u?) =
/( Toaz “T5T 30
[}
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