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Abstract

In this paper, we introduce a modified Halpern inertial method for approximating
solutions of split feasibility problem and fixed point problem of Bregman strongly non-
expansive mappings in the framework of p-uniformly convex and uniformly smooth
real Banach spaces. We establish a strong convergence result for the sequence gener-
ated by our iterative scheme under some mild conditions without the computation of
the operator norm. We state some consequences and present some examples to show
the efficiency and implementation of our proposed method. The result discussed in
this paper extends and generalizes many recent results in this direction. Our result
extends and complements some related results in literature.
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1 Introduction

Let X1 and X5 be p-uniformly convex and uniformly smooth real Banach spaces, C
and Q are nonempty, closed and convex subsets of X and X, respectively. The Split
Feasibility Problem (SFP) is to find

x € Csuchthaty = Fx € Q, (1.1)

where F : X; — X is a bounded linear operator. We denote by Q := C N F~1(Q)
the solution set of SFP, then we have that 2 is a closed and convex.

One of the most attractive problem in optimization is the SFP due to its numerous
applications to real life problems such as signal processing, image reconstruction
and medical care, (see [9, 10, 20]). Many interesting optimization problems such
as equilibrium, variational inequality, variational inclusion and convex minimization
problems have been defined in terms of SFP, (see [1, 5, 14, 20-22]). Many well known
iterative algorithms have been proposed to solve the SFP (see [3, 4, 6, 17, 20]). In 1994,
Censor and Elving [10] used the idea of multi-distance to obtain iterative methods for
solving SFP. Their iterative methods, as well as others later, involve matrix inverses at
each iteration. Bryne [8] introduced a projection method known as the CQ algorithm
for approximating the SFP that does not involve matrix inverses, but assumed that the
metric projections onto C and Q are easily calculated. However in most cases, it is
impossible or needs too much work to compute the metric projections. Therefore if
such appears, the efficiency of the projection-type methods including the CQ algorithm
will be affected. In 2004, Yang [31] introduced a relaxed CQ for solving the SFP, where
he employed two half spaces Cy and Qy to replace C and Q respectively, at the kth
iteration and the metric projections onto Cy and Qy are easily computed. Recently
Lopez etal. [15] introduced a self-adaptive step size to improve the CQ and the relaxed
CQ iterative methods. It was noted that all these aforementioned iterative methods only
use the current point to get the next iteration, which does not use the previous iteration
xk=1 xk=2 and affect the flexibility. It is known that using some information of
previous iterates will increase the flexibility of the algorithm. The study of SFP has
been extended to the framework of 2-uniformly convex and uniformly smooth real
Banach spaces. For instance, Ma et al. [17] proposed a shrinking iterative method for
SFP and fixed point problem of quasi-¢-nonexpansive mappings in Banach spaces.
They proved a strong convergence result without imposing any compactness conditions
and display a numerical example to show the behavior of their result.

In 2007, Schopfer [25] introduced the following algorithm: x| € X and

X1 = Hedx: [Ix, ) = v F*Jx, (Fxy — Po(Fxp))], n =1, (1.2)

where I1¢ denotes the Bregman projection and J is the duality mapping. It is clear that
(1.2) contains the CQ algorithm as a special case. In addition, Schopfer [25] obtained
a weak convergence result for solving SFP provided the duality mapping J is weak-

1
to-weak continuous and y, € (0, (ﬁ) q-1 ), where % + é = 1 and C is the
q
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uniform smoothness coefficient of X. Readers should consult [3, 4, 6, 10, 20, 22, 24,
31] for more results on SFP and its generalization.

In optimization theory, one of the best ways to fasten up the rate of convergence
of iterative method is to combine the iterative method with an inertial term. This
term which is represented in its originality as 6, (x, — x,—1) is a remarkable tool for
improving the performance of iterative methods and it is known to have some nice
convergence properties. Polyak [23] was the first to proposed the inertial extrapolation
method for solving convex minimization problem. The inertial method is a two-step
iterative method, using the first two iterations to define the next iteration. Nestrov [19]
proposed a modified method to improve the convergence rate as follows:

Un = Xp + On(Xn — Xp—1), (1.3)

Xpp1 =Vy — AV f(vp), n > 1, .
where 6, € [0, 1) is an extrapolation factor, and {A,} is a positive sequence. Inspired
by the inertial extrapolation method, many authors have proposed different inertial
iterative methods to solve a number of optimization problems, see [1, 2, 4, 23, 24,
28]. It is worth mentioning that most results involving inertial extrapolation method
in Banach spaces requires the modification or relaxation of the inertial term (most
especially when Halpern method is employed, see (1.4) below) due to the geometry
of the space and convexity problem. To retain its originality (i.e. 6, (x, — x,—1)) in the
aforementioned space, the shrinking or Hybrid iterative methods need to be employed.
For instance, Godwin et al. [14] introduced the following inertial Halpern method for
solving common solution of split minimization and fixed point problems with finite
family of Bregman relatively nonexpansive mappings in the framework of p-uniformly
convex and uniformly smooth Banach spaces. Given iterates x,,_1, x,, compute {x,}
as follows:

Wn = T[T () + 00 (T3 (1) — T ()],
u X i
Yn = J;*[ > Bin(Jg (wy) — Ti,nT,'*J)l;l. 1+ — proxk;)Ti(wn))]
i =0
(1.4)
m
in = ‘];* |:¢"»OJ}I(’(yn) + Z ¢n,j]£(sjyn)j|
j=l1

Xn+1 = J;*(Oan;I(’(M) +1 - Oln)J;I(’(Zn)),

where

. 1
gl T (wa) — (prox) )Ty (wy)|?
Tin €| €, - 2 7 —€
Call T J%, (X0 = prox[)Tiwy)|le

V n € 2, where the index set Q2 := {n € N : Tj(w,) — (prox{fT,-(w,,) # 0)},
otherwise, 7; , = 7; is any nonnegative real number foreachi =0, 1, ..., N.(Readers
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should consult [14] for definition of terms used in (1.4)). Also see [1, 2, 22] for results
on modified inertial methods in Banach spaces.

Very recently, Shehu et al. [24] introduced the following self adaptive projection
method with an inertial technique for split feasibility problems in Banach spaces: set
X0, X1 € C, define a sequence {x,} by the following manner:

Wy = ng |:J§1 (xn) + an(-];;l (xn) — J;()l (xn—l))i|

Yn = HCJ;? |: ,(wn) — anVf(wn)]

Cp={ueXi:Ap0nu) < Ap(wy, u)}
On = {u € X1 : (xa —u, Jg, (x0) — Jy, (x)) = 0}
X1 = I¢c,ng, (x0),

(1.5)

foralln > O where f(w,) := %H(I—PQ)Aw,,HI’, {pn} C (0, 0), and lim inf p, (p —
n—oo

Cy p;{q : ) > 0.In(1.5), X;,i = 1, 2 is a p-uniformly convex real Banach space which
is also uniformly smooth, C and Q are nonempty, closed and convex subsets of X
and X».

It cab be seen from (1.4) where the Halpern method is employed that the inertial
term is being modified. Also, in (1.5), the inertial term retain its originality as defined
by Polyak [23] due to the nature of the algorithm.

Question Can we approximate solution of SFP and fixed point problem in p-uniformly
Banach spaces which are also uniformly smooth with an inertial-Halpern method
without modifying the inertial term, (see [2])?

In this article, we give an affirmative answer to the above question. We also state our
contributions in this article as follows:

Remark 1.1 (i) We consider SFP in p-uniformly convex and uniformly smooth
Banach space which generalizes the results of [17].

(ii) The step size p, employed in our main result is generated at each iteration by some
computation. Thus our algorithm is easily implemented without prior knowledge
of operator norm.

(iii) The inertial term employed in our main result retain its originality as defined by
Polyak [23]. It is worth-mentioning that the results on inertial Halpern method in
Banach spaces requires the modification or relaxation of the inertial term (see [2,
14, 22]) due to the geometry of the spaces (convexity to be precise). Thus, in our
result, we proved a strong convergence result without modifying the inertial term.

(iv) Our algorithm does not require at each step of the iteration process, the computation
of subsets of C;;, O, and D,, (or Cp,+1) as in the case in [24] and the computation
of the projection of the initial point onto their intersection, which leads to a high
computational cost of iteration processes.

The removal of all these restrictions makes our work applicable to more real world
problems.
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(v) The inertial technique employed in our article is easily implemented since the
value of || /£ (x,) — J£ (x,—1)]| is a prior known before choosing 6.

Motivated by the works of [20, 22, 24] and other related results in literature, we
proposed a modified Halpern inertial method for approximating solution of split fea-
sibility problem of Bregman strongly nonexpansive mappings in p-uniformly Banach
spaces which are also uniformly smooth. We establish a strong convergence result for
solving the solution of the aforementioned problems. It is worth-mentioning that the
iterative algorithm employed in this article is designed in such a way that it does not
require the computation of operator norm. The result discussed in this article extends
and complements many related results in the literature.

2 Preliminaries

We state some known and useful results which will be needed in the proof of our main
theorem. In the sequel, we denote strong and weak convergence by "—" and "—",
respectively.

Let X be are al Banach space with norm ||.|| and X* be the dual space of E. Let
K(X) :={x € X : ||x|| = 1} denote the unit sphere of X. The modulus of convexity
is the function 8y : (0, 2] — [0, 1] defined by

8x(€) = inf {1

lx + vl
- 1x,y € K(X), llx =yl 26}-

The space X is said to be uniformly convex, if §x(¢) > Oforalle € (0,2].Let p > 1,
then X is said to be p-uniformly convex (or to have a modulus of convexity of power
type p) if there exists ¢, > 0 such that §x(€) > c,e” for all € € (0, 2]. Note that
every p-uniformly convex space is uniformly convex. The modulus of smoothness of
X is the function py : RT := [0, c0) — R defined by

lx+ 7y +llx — oyl
2

px(r)zsup{ I:x,yeK(X)}.

The space X is said to be uniformly smooth, if pXT(T) — 0ast — 0.Letg > 1, then
a Banach space X is said to be g-uniformly smooth if there exists k, > 0 such that
px (1) < k477 for all T > 0. Moreover, a Banach space X is p-uniformly convex if

and only if X* is g-uniformly smooth, where p and ¢ satisfy % + qi =1, (see [12]).
Let p > 1 be areal number, the generalized duality mapping J )1(7 : X — 2X" is defined

by

JR() =% € X*: (x, %) = |x||”, 2] = [Ix[I”~"},

where (-, -) denotes the duality pairing between elements of X and X*. In particular,
J )‘? =J }2( is called the normalized duality mapping.
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If X is p-uniformly convex and uniformly smooth, then X* is g-uniformly smooth
and uniformly convex. In this case, the generalized duality mapping J)’; is one-to-
one, single-valued and satisfies J§ = (J{.)~!, where J{. is the generalized duality
mapping of X*. Furthermore, if X is uniformly smooth then the duality mapping J )’;
is norm-to-norm uniformly continuous on bounded subsets of X, (see [13] for more
details).

Let f : X — (—o0, +00] be a proper, lower semicontinuous and convex function,
then the Frenchel conjugate of f denoted as f* : X* — (—o0, +00] is define as

™) = sup{(x*, x) — f(x) :x € X}, x" € X*".

Let the domain of f be denoted as (domf) = {x € X : f(x) < +oo}, hence for
any x € int(domf) and y € X, we define the right-hand derivative of f at x in the
direction y by

fx+1y) — fx)
p .

fO%x.y) = lim
t—0t

Definition 2.1 [7] Let f : X — (—00, +00] be a convex and Gateaux differentiable
function. The function Ay : X x X — [0, +00) defined by

Ap(x,y)i=f() = fx) = (Vfx),y —x)
is called the Bregman distance with respect of f.

It is well-known that Bregman distance A ¢ does not satisfy the properties of a metric
because A ; fail to satisfy the symmetric and triangular inequality property. Moreover,
it is well known that the duality mapping J )’; is the sub-differential of the functional

Q) = %||.||p for p > 1, see [11]. Then, the Bregman distance A, is defined with
respect to f), as follows:

1 1
Ap(x,y) = —IyI” = =lIxll” = (Jgx,y —x)
p p
Lo LI
= —[xlI” = (Jxx, y) + —II¥ll
q p
1 1
=C—I(IIXIIP—gllyllp)—(l;’;x—f;'(’y,y)- 2.1

The Bregman distance is not symmetric therefore is not a symmetric but it possess the
following important properties:

Ap(x, }’) = Ap(xv Z) +AP(Z7 }’) + <Z _y, J)?X - J;()y)? Vx’ yaZ € X’ (22)
and

Ap(e,y) + Ap(y.x) = (x =y, I — J{). Vx.y € X. @3)
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Let Fix(T) denotes the set of fixed points of a mapping 7 from C into itself. That
is Fix(T) = {x € C : Tx = x}. A point p € C is said to be an asymptotic
fixed point of 7', if C contains a sequence {x,},2 ; which converges weakly to p and

lim |x, — Tx,| = 0. We denote by F ix(T), the set of asymptotic fixed points of
n— o0
T. Moreso, a mapping T : C — int(domf) is said to be

(i) Bregman relatively nonexpansive, if
Fix(T) = Fix(T) and A,(p, Tx) < Ap(p,x), Yx € C, p € Fix(T).
(ii) Bregman quasi-nonexpansive, if
Fix(T) #0and Ap(p, Tx) < Ap(p,x), Vx €C, p e Fix(T).
(iii) Bregman firmly nonexpansive mapping (BFNE) if
(I (Tx) = T)X(Ty), Tx = Ty) < (J; (x) = ) (y), Tx = Ty), Vx,y € C,
(iv) Bregman strongly nonexpansive mapping (BSNE) [27] with F ix(T) #0@if
Ap(y, Tx) < Ap(y,x), Yy € Fix(T)
and for any bounded sequence {x,},>1 C C,
Tim (Ap (v %) = Ap(, Tx) =0
implies
nll)ngo Ap(Txp, x,) =0.

Recall that a metric projection Pc from X onto C satisfies the following property:

lx — Pcx|| < inf |lx — y|l, Vx € X.
yeC

It is well known that Pcx is the unique minimizer of the norm distance. Moreover,
Pcx is characterized by the following properties:

(Jg(x — Pcx),y — Pcx) <0, Yy e C. (2.4)
The Bregman projection from X onto C denoted by I1¢ also satisfies the property

Ap(x, e (x)) = ing Ap(x,y), Vx € X. 2.5)
ye

Also, if C is a nonempty, closed and convex subset of a p-uniformly convex and
uniformly smooth Banach space X and x € X. Then the following assertions holds:
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(1) z = I¢x if and only if
(JRex)—JE(@), y—2) <0, VyeC; (2.6)
(i1)
Ap(Tlcx,y) + Ap(x, Mex) < Ap(x,y), Yy eC. 2.7

When considering the p-uniformly convex space, the Bregman distance and the metric
distance have the following relation, (see [24]).

Tyl = yIIP < Ap(x, y) < (x =y, J{(x) = Jg(), (2.8)

where 7, > 0 is some fixed number. If % + 5 = 1, by Young’s inequality, we have

A

1 1
(Jx (), ) < g @Iyl < gllf;?(X)llq + ;Ilyll”

1 _ 1
—(xIP=H7 + —llyl1”
q p

1 1
—llxlI” 4+ =yl (2.9)
q p

Lemma 2.2 []]] Let X be a Banach space and x,y € X. If X is q-uniformly smooth,
then there exists Cy4 > 0 such that

lx =19 < 117 = q(J, (x), y) + Cqlly 9.
Lemma 2.3 [26] Let X be a real p-uniformly convex and uniformly smooth Banach
space. Let V, : X* x X — [0, +00) be defined by

1 1
Vp(x™, x) = = [lx* | = (x*, x) + = llx||”, Vx € X, x" € X.
q p

Then the following assertions hold.:

(i) Vp is nonnegative and convex in the first variable.
(i) Ap(JX (x*),x) = V,(x*,x), Vx € X, x* € X.
(iii) V,(x*, x) + (y*, JqX*(x*) —x) < V(x* +y*,x),Vxe X, x*,y e X.

Lemma24 [I2] Let X be a real p-uniformly convex and uniformly smooth
Banach space. Suppose that {x,} and {y,} are bounded sequences in X. Then
lim Ap,(xp, yo) = 0implies lim |x, — y,|l = 0.

n— oo n— oo

Lemma 2.5 [30] Assume {ay} is a sequence of nonnegative real sequence such that

any1 < (1 —oy)ay +0,8,, n >0,
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where {0y} is a sequence in (0, 1) and {8,} is a real sequence such that
o0

(i) Z Oop = 00,
n=1

(0.¢]

(ii) limsupd, <0or > [0,8,| < 0.

n— 00 n=1

Then lim a, = 0.
n—oQ

Lemma 2.6 [I8] Let T';, be a sequence of real numbers that does not decrease at
infinity, in the sense that there exists a subsequence {I'y;}j > 0 of {T'y; } which satisfies
[p; < Tpjqi1forall j = 0. Also consider a sequence of integers {t(n)}n > no defined
by

T(u) = max{k < n|Fnk = Fnk"r]}'

Then {t(n)}, > ng is a nondecreasing sequence satisfying lim t(n) = oo.
noo
Ifit holds that 't (n) < T't(u)+1

3 Main result

Theorem 3.1 Let X1 and X be p-uniformly convex and uniformly smooth real Banach
spaces and F : X1 — X5 be a bounded linear operator with its adjoint F* : X5 —
X7. Let C and Q be nonempty, closed and convex subsets of X1 and X, respectively,
and f : X2 — R be a non-negative lower semi-continous convex function. Suppose
S : X1 — X is a Bregman strongly nonexpansive mapping with T := QN Fix(S) is
T
nonempty. Let {A,} be a positive sequence in (0, 2’;—}1), where 1), is defined in (2.8),
A = o(ay), {an}, {Bn}, {vn} are sequences in (0, 1) and o), + By + Yn = 1 such that
o

lim o, = 0and ) «, = 00,8, € (a,b) C (0,1) and y, € (c,d) C (0, 1) for
n— o0 n=1

all n > 1. For fixed v, xo, x| € X1, choose 0y, such that 0 < 6, < 0,, then define a
sequence {x,} by the following manner:

= J g [J;;I () + O (IR, (xn) = I, (xn—l))]

fp_l (un)
"IV un)ll?

Xn+1 = HCJqT |:an])[(71(v) + ,Bn-])];l ) + Vn-])];l (Syn)i|7 n>1,

Yn = HCJqT |:J)I()l (tn) — p Vf(un):| (3.D

where

. An
min{6, 7 7
; 17E, () — JE G-l

}7 lf Xn # Xn—1,
3.2)

0, otherwise,
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fun) = lll(l - PQ)Fun”p Vfup) = F*Jg,(I = Pg)Fun, {ps} C (0, 00) and

Pn

hm 1nf on(p — Cy ) > 0, where Cg is the uniform smoothness coefficient of X;.

Then {x,,} converges strongly to x* = Irv.
Proof Let z € T and by = J{.[J§, (un) — anfVI}(—u(:)"H),, fuy)] foralln > 1. We
obtain from Lemma 2.2 that
1bal%s = 195, Gun) = pn%Vﬂumqu
< Nual? - qm%(un, V()
(p—1)gq
+ Cypf {vﬂ—;”pZ Y f )9
= unll? — qm@%(un, V) + cquuvjj(%. (3.3)
By applying (2.7) and (3.3), we get
Ap(im.2) < Ap(Jy, (bn), 2)
_lar 1%, Ga)l? b
14 q
% + ~ball@DP — (2, )
_ 1||bn||("‘”ﬁ (e bn)
q
% + énbnuq — (2, J§, (un)) + pn”@;%m V f (un))
<l é(nunn” —apn 7”5;(1{(“)”)1, (an, ¥ f n)) + Cq 7”{;((:””))”,,)
— (e I () + pn”’;[;(%m V£ (un))
=Bl s qupg NI
-1
+pn”Q;7u($’hi,<z )
= Apltma qupg ||vf;<(:nn>)||fﬂ o ||j;,;_<L(L;||)I’ @ VL) O

But from (2.4) and that Fz € Q

(VI(up),z —uy) = (F*J;I()Z(I - PQ)FMn,Z — Uy)
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= (Jy,(I = Pg)Fu,, Fz — Fuy)

= (J§2(1 — Pg)Fuy, PoFu, — Fuy)
+ (Jx,I = Po)Fuy, Fz — PgFuy)

<=l — Po)Fuyll”

= —pf(un).

On substituting (3.5) into (3.4), it yields

Capn ») I (un)
"INV @l

Ap(Yns2) < Ap(up, 2) + (
Hence, we conclude that

Ap()’nv 7) < Ap(’/‘m 2).

Now, using (2.8), (2.9) and (3.1), we have

(Jx tn = g, Xnstn = 2) < |Tg, un = T, 2l Jun — 2|

= OnllJx, xn = I, Xn—1 1 llun — zl|

1 1
< OnllJg, X0 — J};lxn_ln[;nun —zl” + 5]

(3.5)

(3.6)

3.7

< O IE xn = IE 1 1| 227 Ulxn — unllP + llxn — zIIP)
X1 X1

[
+ ;n”];l;lxn — Jx, %ntl

- 2r=1y,
PTp

A
<Ap(xn1 up) + Ap(xm Z)) + ;n

Also using (2.3), we get

Ap(uny 7) = Ap(xna 7) — Ap(xn: up) + <J§lun - J)I()lxna Uy — ).

On substituting (3.8) into (3.9), we have

(3.8)

(3.9)
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P—l)\n

A
Ap(’/‘m 7) = Ap(xn’ 7) — Ap(xn» uy) + (Ap(xm u,) + Ap(xm Z)) + ;n

PTp

2015, 2P=1p, An
<1+ Ap(x,,,z)— 1 - Ap(xnaun)+_~
pT q

p Pty
(3.10)
From (3.1), (3.8) and (3.10), we obtain
Ap(xnt1,2) < A[,(ng [anJ)I(J] (v) + ,Bn-])l()] ) + VnJ)I(Jl (Syn)l, Z)

= OlnAp(Ua )+ IBnAp(ym )+ ynAp(Syna 2)

= anAp(vs 7) + ,BnAp(yna 2) + ¥Yu(Yn, 2)

= O[nAp(U, )+ 1 - an)Ap(yn, 2)

:anAp(Ua )+ (1 _an)Ap(un, 7). (3.11)

From the assumption that lim 3—" = 0, taking ¢ € (0, ;,,L_"l). Then there exists N € N
n—o0 %n

such that A, < «,, forall n > N.
Hence

2y 2P1 2r-1
< opp <
PTtp PTp

oy, Yn e N,

For some constant M > 0, it follows from (3.10) that
Ap(un,2) < (I +an@)Ap(xp, 2) — (1 — an@)Ap(xn, un) +anM. (3.12)
By substituting (3.12) into (3.11), we get

Ap(Xnt1,2) S anAp(v,2) + (1 — an)[(l + o) Ap(xy, 2) + OlnM]
<=1 =PNAp(xn, 2) + a0y Ap(v, 2) + oy M

A , 2 M
= (1= au(1 = DAyt D)+ an(1 —¢>%
< max{A  (xy, 2), 220D T M,

—¢
< max{A,(x1, 2), W}, Vn=>l.

This implies that {A ,(x;, z)} is bounded. Consequently, {A , (4, 2)} and {A , (yy, 2)}

are bounded. By applying Lemma 2.4, we obtain that {x, }, {u,} and {y,} are bounded.
From (3.1), (3.6) and (3.12), we obtain
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Ap(xp41,2) SonAp,2) + (1 —a)Ap(yn, 2)

Cypd P (uy
fallAp(U’Z)+(1_O‘n)Ap(Mn,z)—f—(l—an)( qP, _ np)”vj;(%
<anAp(,2) + (1 —and)Ap(xn, 2) — (1 — an@) Ap (X, un) + anM

q
— —Oln)(cq = — pnp) S ) (3.13)

"PRIN F P

Case 1: Suppose that there exists ng € N such that {A,(x,, )} is non-increasing
for all n > ng. Then {A,(x,, z)} converges and

Ap(Xni1,2) = Ap(xn, 2) = 0, n — oo. (3.14)

From (3.13), we get

B ~ an oy S )
(I = an®) A p(xn, un) — (1 — ) (—— — pup) IV f (un) ||P
< (1= ) Ap(an. 2) — ,,(xn+1, 2
e (3.15)
Hence,
lim A —0=li Copi | fP ) 3.16
it Ap @) = 0= 10 pn(p = =) G S (310

Cq Pn

Since lim inf p, (p — ) > 0, we obtain that
n—oo

lim M =0, (3.17)
n=00 ||V f (un)|?
and hence
S (un) (3.18)

lim —— =
n=00 ||V f (un) |

Since {V f(u,)} is bounded, we obtain from (3.18) that

f(un)
0 n) = \% 70| rrme—
< flup) =V fun)ll v )|
<N ———— S un) — 0, n — oo, for some Nj > 0.
IV f (un)l

Hence,

Jim f (un) =0, (3.19)

@ Springer



320 ANNALI DELL'UNIVERSITA’ DI FERRARA (2024) 70:307-330

and thus
lim ||Fu, — PgFu,| =0.
n—oo
By applying Lemma 2.4 in (3.16), we obtain
lim ||x, —u,| = 0.
n—oo

From the definition of b,,, we obtain that

. . FP N uy)
lim|[JY, (b)) = T, ()| = lim pnmwf(un)u
P Nuy)

lim p,————
n=00 M|V f (up) 1P
Since J g* is norm-to-norm uniformly continuous subsets on X T then

1
lim ||b, — u,l| =0,
n—0oo
and in view of (2.8), we get
lim A,(by, u,) =0.
n—od
By applying (3.20), we have

IF*J%,(I = Po)Fuyll < |F| (I = Po)Fuy| = 0, n — oo,

Let , = J"T[1 B 78 () + 72 J%, (Syn)], then

1—ay

Bn

p Vn
I Jx, n) +

1—a,

Ap(Syn. 2)

Ap(hnv 7) = Ap(JpT[ (Syn)], 2)

B
ﬁAP()’n,Z)‘F

B Z
" Ap(yn, 2) + 1 ‘

I —oa —Op

= Ap(yn, 2)-

Vn
1 —a,

IA

IA

Ap(ns 2)

Hence from (3.12), we have

0<ApOn,2) —Aphn,2)
=Ap(n, 2) — Ap(Xns1,2) + Ap(Xng1,2) — Ap(hp, 2)

(3.20)

(3.21)

(3.22)

(3.23)

(3.24)

(3.25)

= Ap(una 7) — Ap(anr]’ 2) +05nAp(U’ )+ (11— an)Ap(hny 7) — Ap(hn, 2)
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S+ ond)Ap(xn, 2) — Ap(Xn+1,2) +anM + ayAp(v, 2) — anAp(hna 2)
= Ap(xn» 7) — Ap(xn+la ) +an(Ap(U’ 2) +¢Ap(xna 7) — Ap(hn» )+ M)

— 0, n > oo. (3.26)
Also
Al ) < —P A () + —Y— Ay (Sym. 2)
P I o 1 —a,
= (1= ) A (2 + L A (Syn. 2) (3.27)
oy, 1 —ay

Vn
1 —a,

< Ap(yn. 2) + Ap((Syn.2) = Ap(yn, 2)).

Thus,

L (80 D) = (S 2)
_—

Ap(Yn,2) — Ap(hp,2) — 0, n — oo. (3.28)

A

Ap()’n, 7) — Ap(SYny 7) <

IA

Hence, we conclude that
lim A, (yp, Sy.) =0, (3.29)
n— 00
which implies from Lemma 2.4 that
lim [y, — Syall = 0. (3.30)
n—o0
Using (2.7), we get

Ap()’n’ up) < Ap(bn’ Up) — Ap(ynv by)
< A[,(bn, u,) —> 0, n - oo. (3.31)

In view of Lemma 2.4, we obtain that

lim ||y, — unl = O. (3.32)
n—oo

Let k,, := Jq,{[an])’;l ) + B J§1 (yn) + )/nJ;;l (Syn)], then from (3.1), (3.29) and
Lemma 2.4, we obtain

Ap(kn’ Yn) = Ap(JqT[anJ)?l ) + lgn-])[()l () + Vn-])?l (SYn)]v Yn)
= Ap(v’ yu) + ,BnAp()’m yn) + VnAp(S}’na yu) = 0, n — oo. (3.33)

Hence,

lim [k, — ynll = 0. (3.34)
n—>00
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By applying (2.7), (3.33) and Lemma 2.4, we get

Ap(anrla Yn) < Ap(kna Yn) — Ap(anrly ky)

= Ap(knv yn) = 0, n — oo, (3.35)
and hence,
lim [|xp+1 — yull = 0. (3.36)
n—oQ
From (3.21)and (3.32), we obtain
lim ||y, — x| = 0. (3.37)
n—oo

By applying (3.34) and (3.37), we have
lim |k, — x,|| = 0. (3.38)
n— o0
Consequently, using (3.36) and (3.37), we get
lim |jx,4+1 —x,] = 0. (3.39)
n— oo

Since {x,} is bounded, there exists a subsequence {x,,} of {x,} which converges
weakly to z € C. Using (3.21) and (3.37), there exist susbsequences {unj} of {u,,} and
{yn;} of {yn} which converge weakly to z. Using (3.30), it follows that z € Fix(S) as

Fix(S) = FAix(S). Next, we show that Fz € Q. Now from (2.4), we obtain

I(I = Po)Fz||? = (J§,(Fz — PgFz), Fz — PoFz)
J% (Fz— PgFz), Fz — Fuy))
+ (J{,(Fz — PgFz), Fu,; — PoFuy,)
+(J§,(Fz — PgFz), PgFuy,, — PoFz)
< (J§,(Fz— PgFz), Fz — Fuy,)
+ (I3, (Fz = PoF2), Fuy, — PoFuy)).

(
(

By the continuity of F and (3.32), we obtain that Funj — Fzas j — oo. Hence, if we
let j — oo, we get

|Fz— PoFz| =0.
Therefore, Fz = PgFz, which implies that F'z € Q. Hence, we conclude that

z € Fix(S) N Q = T. Since x* = IIrv, then applying Lemma 2.3 (ii), (iii) and
(3.12), we have
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Ap(ing1, %) < Ap(Jge(en Ty, (0) + Bu g, () + vu§, (Syn)). %)
= Vp(anJy, (v) + BuJx, () + v Jx, (Syn), x¥)
< Vp(@ndg ) + Bud g, n) + vaJx, (Syn), x* — an(J§, (0) = J§, (x™))
- <_05n~])[()] (v) — J)'?l (x™), quk[anJ;l (™) + ﬁn1§1 (yn) + an)?l (Syn)] —x™)
= Vp(andg, O + BuJx, ) + vad§, (Sya)) + @ (I3, () = J§, (), Ky — x*)
= OlnAp(x*y x*) + ,BnAp(yna x*) + VnAp(Synv x*) + (xn<]§l (v) — ])I()l (x*), kp — x™)
< (1= ) Ap(n, ) + @ (I, (0) = Jf, (), ky — x¥)

An
< (1= (1 = ) A(x, x*) + an (1 = $)[(1 = ¢) ' (JF, (v) = T, (%), ko — x¥)) + o
(3.40)

Next, since Xn; —x* € T, then for any x* = Ilru we get from (2.6) that

lim sup(J;;l (v) — J;;l (x*), X, — x*) = lim <J;;1 (v) — J§l (™), xp; — x%)
n— 00 Jj—>00

= (Jyg, () = Jx_ (x*), 2 = x¥)

<0.
Hence, from (3.38), we get

limsup(J¢ (u) — J¢ (x%), ky — x*) = (J§, ) = J§, (x*), x5 — x¥)

n—oo

<0. (3.41)

Therefore, on substituting (3.41) into (3.40) and applying Lemma 2.5, we obtain that
Ap(xp, x*) = Oasn — 00.By (2.7), we know that 7, ||lx, —x*|| < A,(x,, x*) — 0.
Hence {x, } converges strongly to x* = Ipv.
Case 2: Suppose that there exists a subsequence {n;} of {n} such that A, (x;,, x*) <
Ap(xn; +»x%) for all j € N. Then by Lemma 2.6, there exists a nondecreasing
sequence {my} C N such that my — oo, and

Ap(-xmka-X*) S Ap(xmk+1’-x>k) and Ap(Xk,x*) S A[)(xk+17-x*)-

Following the same process as in Case 1, we obtain that

lim Jlup, — xn, [l =0,
k— 00

lim ||)’nk — Unpy ” - O,
k— 00

lim Ixp . = X [l =0,
k— 00

limsup(J§, (v) — J§ (%), kn, —x*) < 0.
k—o00 ! !
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Again from (3.40), we have

Ap(xmk+17'x>k) <{- amk(l - ¢))Ap(xmkv X*)

o
i (1= D[ = ) (IF, W) = TE (), ke — ¥ + 22

)],

Ay

that is,

(1— ¢)Ap(xmkax*) <{- ¢)05mkAp(ka1x*) - Ap(xmk+1;x*)

A
+ oty (1 — 4))[(1 —») 7 (IR, ) = TE (&), hom — ) a—h],
mi

which implies that

o
A p (s X*) < [(1 — ) NI, ) = L (), ke — %)+ T ]

O,
Therefore, A, (X, x*) = 0 and since
Ap(xr, x*) < Ap(xp1,x")Vk €N,

we conclude that x; — x*, k — oo. O

Corollary 3.2 Let X1 and X, be p-uniformly convex and uniformly smooth Banach
spaces and F : X1 — X3 be a bounded linear operator with its adjoint F* : X5 —
X7. Let C and Q be nonempty, closed and convex subsets of X and X respectively,
and f : X1 — R be a non-negative lower semi- contmous convex function. Suppose
Q £ () and let {\,} be a positive sequence in (0, £ T 1) where ), is defined in (2.8),
An = o(atn), {an}, {Bu), {¥n} are sequences in (0, 1) and oy, + By + Y = 1 such that
o0
lim oy, = 0and Y oy = 00,y € (a,b) C (0,1) and v, € (c,d) C (0,1) for
n— oo n=1
all n > 1. For fixed v, xo, x1 € X1, choose 0y, such that 0 < 6, < 6,, then define a
sequence {x,} by the following manner:

tn = I [J;;I @) + 0 (T, Con) = I, (xn—l))]

Yn = HcJ"T[J}(’l () = P o)y f(u‘“)"lf,,vf (un)} (3.42)

Xn+1 = HC-I;T |:0‘n-,)[(71(v) + (1 —Oln)J)[(’l (yn)]s n>1,
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where

. A .
min{6, 1 , If X Xn—1,
_ O Ty G Gt 7 X

On = (3.43)

0, otherwise,

. . q71
Flun) = LI = PQ)FuslI?, {pa) € (0,00) and liminf p,(p — ;=) > 0,

where Cy is the uniform smoothness coefficient of X1. Then {x,} converges strongly
to x* = Iqu.

4 Numerical example

Example 4.1 Let X| = X» = L,([0, 1]) with the inner product given as

(f.8) = [y f(g0)dr.
Let
C:={x e Ly([0,1)) : (x,a) > b},

where a = 212 and b = 0. Then
b—(a,

a,x
llall?

Pcx =x+ )

a.
Also, let
Q:={x € Lx(0,1]) : (x,¢c) =d]},

where ¢ = £, d = —1. Then

_ _ d—(c,x)
Mp(x) = Po(x) = x + max {0, ”Cizx c}.
Let F : L>([0,1]) — L([0, 1]) be defined by Fx(t) = ’% with adjoint F*x(r) =
@. Then F is a bounded linear operator. We set Sx(#) = Pc(x(t)). Hence by taking
ap = #1 Bn = 2,:1?1%1 =1—ay,— By, 6h =2and p, = 1077, Vn>1 We
choose the stopping criterion as in Example 4.1, we make a comparison of Algorithm
3.1 with one in which the direction of the momentum x,, — x,— is altered. The report
of this experiment is reported in Fig. 2 for different initial values of x( and x.

Casei xo =t and x; = 2¢ + 1;

Caseii xg = 2 _ 2t and x1 = exp(21);
Case iii xp = 2t and x1 = log(2¢);
Case iv xq =t% +3andx; =2 427+ 1.

Example 4.2 We give a numerical example in (R>, ||.||») of the problem considered in
Theorem 3.1.
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C:={x = (x1,x2,x3) € R*: (a, x) = b},
where a = (3,5,7) and b = 2, then

I[Mc(x) = Pc(x) = max {O,

Po(x) = bia”%x)a + x.

(a,

b—{(a,x)
I

al3

}a+x.

Q :={x = (x1,x2,x3) € R?: (a,x) = b},
where a = (2, —1,5) and b = 1, then

250

200
Number of iterations
Fig.1 Example 4.1, Top left: Case (i); Top right: Case (ii); Bottom left: Case (iii); Bottom right: Case (iv)
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In addition, let S = P¢ and

5 —5-7
F=|-42 -4
—7-45

Hence, by taking &y = 747, Bu = 525 ¥a = 1 — 0ty — By po = 0.1 and 6, =
1V n > 1. By choosing |[x,41 — X,|| = 10™* as the stopping criterion, we make
a comparison of Algorithm 3.1 with one in which the direction of the momentum
Xpn — Xu—1 is altered. The report of this experiment is reported in Fig.2 for different
initial values of xo and x7.

Casei xp =[3,0,0] and x; = [2, 3, 2]’;
Caseii xo =1[1,1,1] and x; = [2, 1, 2];
Caseiii xo =1[2,2,2] and x; = [1,0, 2]’;
Caseiv xo =[5,5,3] and x; = [4, 4, 4]

Remark 4.3 Our proposed method has connections with some recent methods in liter-
ature. For instance, the inertial factor 8, in our iterative algorithm has similar property
with the recent papers of Shehu et al. [24] where the inertial factor is bounded. In
these articles, In this article, several choices of {6,} are considered in numerical
implementations and the authors showed that their proposed methods are efficient
and implementable.

5 Conclusion

It is well known that the inertial extrapolation method plays a crucial role in the
convergence rate of iterative methods in optimization problems. In our article, we
proposed an inertial extrapolation method (without modification) together with an
Halpern method to approximate solution of split feasibility problem and fixed point
problem of Bregman strongly nonexpansive mappings in p-uniformly convex and
uniformly smooth real Banach spaces. Some numerical examples were presented to
illustrate the performance of our method.

In our future research, we would like to extend this concept to nonlinear spaces due
to its numerous applications to real-life problems.
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