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Abstract We examine the cut-off resolvent Ry (A) = x(—Ap —A%) 'y, where
Ap is the Laplacian with Dirichlet boundary condition and y € C5(R") equal
to 1 in a neighborhood of the obstacle K. We show that if Ry (1) has no poles for
ImA > —6,8 >0, then |[Ry(1)|;2_,,2 < C|A|"2, 2 € R,|A| > Cp. This estimate
implies a local energy decay. We study the spectrum of the Lax-Phillips semigroup
Z(¢) for trapping obstacles having at least one trapped ray.
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resolvent
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1 Introduction

Let K C R", n > 2, be a bounded domain with C* boundary dK and connected
complement 2 = R"\ K. Such K is called an obstacle in R". We consider the

J.F. Bony

Département de Mathématiques Appliquées, Université Bordeaux I, 351, Cours de la Libération,
33405 Talence, France

E-mail: bony @math.u-bordeaux1.fr

V. Petkov

Département de Mathématiques Appliquées, Université Bordeaux I, 351, Cours de la Libération,
33405 Talence, France

E-mail: petkov@math.u-bordeaux1.fr

! This is a “Springer Open Choice” article. Unrestricted non-commercial use, distri-
bution, and reproduction in any medium is permitted, provided the original author and
source are credited.



234 J-F. Bony, V. Petkov

Dirichlet problem for the wave equation

(2 —AJu=0inR x Q,
u=0onR xJK, (1.1)
u(0,x) = fo(x), du(0,x) = fi(x).

Let K C B, ={x e R": |x| <a} and for m > 0 set

Vi + || dru
pm(t):sup[ IVstdlzz .0 ¥ l1904ll2 )

IVifollmBane) + 1 fillams,ne)’

(0,0)  (fo, f1) € C(2) x C3 (), supp fi C Bay i = 1,2}}.

For ImA > 0 consider the cut-off resolvent R, (1) = yR(A)y : L*(2) — L*(Q),
where R(1) = (—Ap —A%)!, x € C3(Bat1), x = 1 on B, and Ap is the Dirichlet
Laplacian with domain D(Ap) = H3(Q).

The following result of Vodev generalized the classical one of Morawetz for
n >3 odd.

Theorem 1.1 ([20]) The following conditions are equivalents:

(a) limy— 1o po(t) =0,
(b) There exist Cy > 0, Cy > 0 so that

[ARy (M) <C1, A €R, [A] = Co,

(¢) There exist constants C > 0, ¥ > 0 so that

Ce™ nodd
t < 9 )
po(t) < {Ct”,neven.

It is known that () holds if the obstacle K is non-trapping, that is the singularities
of the solution of the Dirichlet problem with initial data with compact support
leave any compact @ C R” for t > #(w) (see for instance [4] for more details).
For trapping obstacles without any condition on the geometry of K we have the
following

Theorem 1.2 ([3]) We have the estimate
IRy (M| < CeT* A eR, 1] > Co
and for every integer m > 1 we have

Cn
(logt)m’

pm(t) < r>1. (1.2)
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The cut-off resolvent Ry (4) has a meromorphic continuation in C for n odd and in
C'={z€C:z+# —iu, u € R*} for neven ([10], [19]). There are many examples
when we have a domain

{zeC: -6 <Imz<0},6 >0

without poles (resonances) of Ry(4) (cf. for example [7]). In this talk we obtain
some results showing that in this case we have a polynomial bound of the cut-off
resolvent Ry (4) on R and a better local energy decay than (1.2). Our main result
is the following

Theorem 1.3 Assume that the cut-off resolvent Ry (A) has no poles for InA >
—6,06 >0. Then

IRy (M)l2 (2)=r2(0) < CIAI" 2, A € R, [A] > Co. (1.3)
Remark 1.1 Notice that if for some M > 0 we have the estimate
IR, (M)l12(@)12(02) < C1AM, ImA > =8, [ReA| > Co,
then a result of N. Burq [5] says that

log(2+ |4 |
Ry 2() < G BT A e R, a2 0

In particular, a such estimate holds for two strictly convex disjoint obstacles and
under some conditions for several strictly convex disjoint obstacles ([7]).

Remark 1.2 For the semiclassical Schrodinger operators —h2A +V (x) in the case
of dimension 1 a polynomial bound &'(h=") of the cut-off resolvent in

W={zeC:0<ay<Rez<ay,Imz>—ayh,a;>0,i=0,1,2}

has been obtained in [2], provided that we have no resonances in a neighborhood
of W. It is natural to conjecture that under the condition of Theorem 1.3, the cut-off
resolvent Ry (4 ) is bounded uniformly on R for any dimension n > 3.

2 Estimates of R, (1)

It is useful to transform the problem to a semi-classical one. Setting A = %, 0<
h <1, we have

(_AD _ 12)71 — hZ(_hZAD _Z)fl
and we will study the operator y (P(h) —z)~'x with P(h) = —h?Ap, h > 0, in the
domain

De, ={z€C:0<ap<|Rez| <aj, —cih<Imz<cp,a; >0,¢;>0,i=0,1}.

We will work in the “black box” setup ([15], [17]). For this purpose define .7, =
LZ(Q NB,) and set
L=, @LZ(R" \ By).



236 J-F. Bony, V. Petkov

We consider P(h) as an operator P(h) : £ — £ with domain Z(P) C .£ and the
hypothesis in [15], [17] for a “black box” framework are satisfied. In particular,
setting

HE = Ay LTS\ B), T = R/ (aZ"),
we introduce P(h) by replacing —h*>Ap by _hZATZ' The operator P#(/) has a
discrete spectrum and we denote by N(P?(h),A) the number of eigenvalues of
Pi(h) in [~2,A]. Then we we have

A
2
This follows from the Weyl asymptotic for the counting function for eigenvalues
of P¥(h). In the following for simplicity we will write P instead of P(h).

NP ), 2) = o ( )"/2), forA > 1.

We will examine the resolvent of the complex dilated operator Py(h) defined as
follows. Introduce a function fy(¢) : RT — C having the properties:

fo(t)=tfort <a+1,

fo(t) =€, 1> 1,
0<argfp(r) <0, 0dfo(r) #0,
arg fo(1) < argd; fo (1) < arg fo(r) + €

with small € > 0. Let pg(to) = fo(t)w,t = |x| € R*, @ € §"! and set Iy =
Uo(R™). Let ¥ € C5 (Ba+1) be equal to 1 near B,. As in [15], [16], we introduce
the dilated operator Py

Pou = P(Yu) — A, (1 —¥)u
with domain
Do ={ucL?*(Iy):Yuec D(P), (1-¥)ucH* ()},

D(P) being the domain of P. Here —Ar; is the dilated Laplacian corresponding
to the change R" 5 x — fy(t)w € C" and we refer to [15], [16], [17] for more
details. Next set O = ¢4 so that in the domain

Qo={z€C:|z—0|<0,-0<Imz< a0} C D, ,ar>1

there are no eigenvalues of Py. Note that the eigenvalues of Py coincide with their
multiplicities with the resonances of P ([15], [16], [17]). From [8], [11] the count-
ing function of the eigenvalues of P¥(h) satisfies

N(P*,[A—h,A+h)=OMR™),

for A € [ag,a;]. Then, following a construction, given by one of the authors [1],
we may find a finite rank operator L so that

(Po+0L—2)"' =0(67"), Vz € Q, 2.1)

(Po—2) ' =0(07"),2€ Qf =QgN{Imz>¢0},0< e <ar, (2.2)
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Ll p(py)12(ry) = O(1), rank L = i = Coh™"*"!

with a constant Cp > 0 independent on A. This construction generalises that of
Sjostrand [16] with a finite rank operator Ko, rank Ko = Ch~". Now consider the
Grushin problem

Py — R_ _ =

(Py —2)u+R_(2u_ =, 2.3)

Ry(2)u=vy,
where u € D(Py),v € L*(I), while u_,v, € C*. Given an orthonormal basis
(e1,...,ex) in Image L*, the operators Ry have the form

Riu=(u,ej)j=1,..x;
K
R u_= Z u_j(Pog+060L—2)ej,u_= (u_1,....u_x),

j=1

where (,) is the scalar product in L?(Ip).

Following the results in Section 6, [16], the problem (2.3) is invertible and the
inverse operator is given by

( E(z) Ei(z
E_(2) E-+(2)

)

To estimate the operators E(z), E_(z), E1(z), E— +(z), consider an orthonormal
basis

(€K+1,...,€m, )

i
n (ImageL*) =KerL. Let

u—ZuJeJ—l— Z ujej—u +u.
j=1 Jj=x+1

From (2.3) we get

K
(Pg—2)( +u")+ (Pg+OL—2) Zu,7jej

(wyej)=uj=vyj,j=1,...,K

This implies

K
(Po+6L—2z)(u" + Z u_jej) =v—(Pg—z)u
j=1

K
=v—(Py—2) Zujej,
j=1
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hence

(u"—l— iu,7jej) = (P9+9L—z)7lv

j=1
1 K
—(P9+9L—Z) (PO_Z)ZV+7J‘€J‘:A+B.
j=1
The estimate (2.1) leads to A = ¢(8~")||v||. Using once more (2.1), we get
K
B = (—I+ (Pg =+ (-)L—z)’lGL) Z Vi jej = ﬁ(l)”\ur”(ck.
j=1
Thus .
[ [| +llu—llcx = €O ) vl + O (1)Iv4 I
and ||¢/||cx = O(1)||v4||cx. Consequently,
| + llullcx = €6~ |[vll + @(1)[[v+ [l
and we get the estimates
IE@ =661, IE-(2)l = (67",

1E+ @)l = 0(1), |[E-+(2)l| = €(1),
where E_  (z) : C¥ — C¥. Moreover, the resolvent (Pg —z) ! and (E— ;(z))"!
are related by the equality (see for instance, [16])
(Po—2) ' =E(2) —E+ (1) ((E-+ (1)) 'E-(2)

and the above estimates yield

1(Po = 2) ' | SIE@)I|+IE+ @I E-+ () IE- ()]
=0(07)(1+[[(E-+ () "II)-
Obviously, .
_y fcomatrix(E_ )  O(e"¥)
E) = —aE ) deE )

and the problem is reduced to obtain a lower bound of D(z) = det(E_ ).
Since ||E— +(z)||cxscx = O(1), we have |D(z)| < €€%, z € Q. On the other
hand, in Q7 we get

(E—+ () 'ur = —Ry(2)(Po —2) ' R_(2Jus

— R.(2) (1+ (Pg—2)"! eL) i u_je; = 0(1)
j=1

and the estimate (2.2) for z € Q/ yields

1

D@ =14+ ) =| gz @ 2

KzeQy.
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Recall that Py has no eigenvalues in Qg, hence D(z) has no zeros in Qg. This
makes  possible to introduce the positive  harmonic  function
G(z) = Ck —log|D(z)| > 0, z € Q¢. We have in ] the estimate log|D(z)| >
—C K, so we can apply the Harnack inequality for positive harmonic functions. In
fact, for every M CC ¢y we have

supG(z) <Cy inf G(z) <Cy inf G(2).
€M €M EMNQY

Making a small decrease of £2g, which means to replace ¢ by a constant 0 < ¢y <
c1, we deduce

G(z) <Gk, log|D(z)| > —C3K, z € Qg, 0 = c2h.

Next suppose that €2g is defined by ¢, instead of ¢;. Combining the above esti-
mates with the fact that k = Coh~"!, we conclude that

_ —n+1
[(Po—2)7"|| < Cse“" ", z € Q.

Moreover, the same estimate is uniform with respect to choice of @ in g, pro-
vided @ runs over a compact interval in R™ so that Py has no eigenvalues in £2g.
Thus we obtain

_ —n+1
[(Pe—2) | <C5eS" "z € 2y,

The complex scaling was chosen so that fg(¢) = 1 for t < a—+ 1. Since suppy C
B,+1, it is easy to see that

x(P—2)'x=xPs—2)""x,

hence
_ —n+1
I (=F°A =2 2l 20)—2(0) < Ce™" " 2€ Dy

Vi

Taking into account the scaling A = TZ, for z € I, we get
Rez = hz(Rezk — Imz)L) > ag, Imz =2k Re AImA > —coh

which imply
Re)LZ%OZao>O,Im)LZ— 2 __ _a.

2 /a0

Consequently, we obtain

IR, (M) < Ce“"" ReA > ag, ImA > —a,. 2.4)

In the same way we treat the domain ReA < —ag, ImA > —ay and we get (2.4)
for [ReA| > ap > 0.
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3 Estimates on the real axis and decay of local energy
Proposition 3.1 Let f(z) be a holomorphic function in
Upy={z€C:Imz>—a},a>0,

such that
1f(2)] < CoeH" 2 e Uy, m>1,

@) < o

< ,Imz > 0.
|z|]Imz

Then we have |f(z)| < Co(1+z])" 1, z € R.

Proof Introduce the function g(z) = e i f(z), where A > 0 is sufficiently
large. Consider the domain bounded by the curves:

1
¥+ ={z€C:Imz=—,Rez > 1},

2™’
y-={z€C:Imz=—a,Rez> 1},

1
1={z€C: —a<Imz< —,Rez=1}.

|z|™

For z € Y~ and Rez > 1 we have
o’ m 1
12(2)] < Coe€ Red" exp (A@(Re )" Imz) <GC;
taking 2C" —A(m+ 1)a < 0. On the curve ¥4 we obtain

8(2)| < Calz"~"exp((m+ DA(Re)" Imz[ 1+ & (R%Z)D

_ B(Rez)™

< eyt exp( 2R

To obtain the estimate, we apply the Pragmen-Lindelof theorem for the function
g(z) and deduce

(m+1)) < Cslz" .

18(2)] < Celz™!
for

1
Rez> 1, —a<Imz< —.
|z

In particular, for z € R, z > 1 we get
£ (2)] < Celz™".

In a similar way we treat the case z < —1. a
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To apply Proposition 3.1, notice that the operator —Ap with Dirichlet boundary
condition on dQ is a self-adjoint positive operator and it is easy to see that

C
IR lr2(@)»12(0) < mg’ 2> 0

Combining the estimate (2.4) and Proposition 3.1 with m = n — 1, we obtain (1.3)
and the proof of Theorem 1.3 is complete.

Theorem 1.3 makes possible to apply a result of G.Popov and G. Vodev (see
Proposition 1.4 in [13]) in order to obtain the following

Theorem 3.1 Under the hypothesis of Theorem 1.3 for every m > 0 and t > 1 we
have for n odd the estimate

pm(t) <C(t oge)™ (1),
while for n even and t > 1 we have

(1) < C(r"1oge)™ "=V for0 < m < n(n—1),
Pmit) = Ct"form >n(n—1).

The factor m/(n — 1) comes from the estimate of the resolvent of the generator G

of the unitary group U () = €€ related to the problem (1.1). More precisely, we
have
(0 Id
6==i(a,0)

with domain
D(G) = {(u,v) : u € H3(Q),v € Hp(Q)} C A,

where 57 = {(u,v) : u € Hp(2), v € L*(2)} and Hp () is the closure of CJ’ ()
with respect to the norm

ol = [ 1VoPax
Q
For the resolvent (G — A)~! we have the representation

) AR(A) —iR(A
(G-2)" = (—iAD(R())L) )LR(()L)))'

(3.1)
Therefore (1.3) implies the estimates (see [20], [5])
AR, (M)l rp—mp < CIA"!, X ADR(A) X NIy, p2 < CIA["
IRy (W)lp2 —opry < CIAI"Y A € R, |A] > Co

and we obtain

12(G=2) " Xllrsr < CIAI" T, A €R, [A] 2 Co.
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4 Spectre of the Lax-Phillips semigroup Z(¢)

In this section we assume n > 3, n, odd and we examine the spectrum of the
Lax-Phillips semigroup Z(t) = P2U (¢)P?, t > 0, where U (¢) is the unitary group
introduced in Section 3 and P are the orthogonal projections on the orthogonal
complements of the spaces

D ={f €A :Up(t)f =0, |x| <+t +b},b>a.

Here Uy(¢) is the unitary group related to the Cauchy problem for the wave equa-
tion in R; x R" (see [10]). We choose x € Ci (R") so that y =1 for [x| <a, y =0
for [x| > b. We fix b > a with this property and note that P{y = y = yP% and

for simplicity we will write Z(¢) instead of Z”(t). Let B be the generator of Z(t).
Therefore,
0(B) C {z€ C:Rez< 0}

and the eigenvalues z; of iB coincide with their multiplicities with the poles of
Ry (1) (see [10]). The condition

sup [|ARy (A) |2 ()2 (@) = o (4.1)
A€eR

implies
sup ||(B4id) || s = 4oo. 4.2)
AER

In fact, for ReA > 0 we have

2(G—A) "1y = —/we’l’xei’Gxdt
0

—— [ e Mazodi = 2(B-2)"x
and by analytic continuation for ReA > 0 we obtain
2 (G +iM) = x(B+id) 'y, VA €R

and we may exploit the representation (3.1). On the other hand, (4.1) means that
the condition (b) of Theorem 1.1 is not satisfied, so we have not an uniform decay
of the local energy. This holds for obstacles having at least one generalized non-
degenerate trapping ray (see [14] and [12] for more details).

In the following we assume the condition (4.1) satisfied. Suppose that there
are only finite number of resonances in the domain

{zeC:Imz>—-6},6>0.

Choose 0 < o < § so that we have no resonances on the line {z € C : Imz = —OC},
hence the resolvent (B4 o4 iA) ™! exists for every A € R. It is easy to see that

sup ||(B4 o +id) Y|y = +oo. (4.3)
AER
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Indeed, if the resolvent (B+ o +i4)~! is uniformly bounded with respect to A €
R, the cut-off resolvent ||AR,(—iot+ A)|[;2_,;2» will be also bounded uniformly
w1th respect to A € R. Consider the domain

{zeC:—a<Imz<cy,|Rez| >ci1,¢;>0,i=0,1}

with sufficiently large c. For all z in this domain we have an estimate (see for
example [18])
2Ry (D)2 12 < CceCll

and an application of the Pragmen-Lindelof theorem leads to a contradiction with
(4.1). Next, assume that

e P ¢ 5(P), VB eR.
Then [|(e=* " — ¢B)~!|| < Cq, VB € R and from the equality

1
I_eBJrochiﬁ — —(B—l—OC—l—iﬁ)/ et(BJrochiB)dt
0
we deduce
1
(B+oc+i[3)*‘ = _/ et(BJraJriﬁ)dt(I_eB+oc+iB)71
0

Consequently, the resolvent (B + o+ if3)~" is uniformly bounded with respect to
B € R and we obtain a contradiction with (4.3). This shows that there exists By € R
so that

efocfiﬁg c o.(eB)\eo(B)

Now we are in position to apply the result in [9] saying that there exists a set
Mo C R with Lebesgue measure zero so that for all  €]0, oo[\.#,, we have

o= h0) i@ ¢ 5 (Z(1)) : Voo € R,

hence _
e M c 5 (Z(1)), Vo €R.

Assume that for % €Q,0< % < 6 we have no resonances on the line

{zG(C:Imz_—p—"

qn

The above argument implies the existence of a set .#, C R with Lebesgue mea-
sure zero such that for 7 €]0, e[\, we have

e O ¢ o(Z(1)).

The rationals are dense in ]0,8[ and the spectrum o (Z(r)) is closed. Thus for
t €]0,00[\ (UneN%n) we get the relation

{z=e ™49 c 5(Z(1)): 0< y< 5, w €R}.

Finally, we have the following
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Theorem 4.1 Suppose that we have a finite number of resonances z with Imz >
—68, 6 > 0. If the condition (4.1) holds, there exists a set # C R* with Lebesgue
measure zero so that for all t €]0,0[\Z we have

{zeC:e <z <1} C o(Z(r)).
Next we will examine the singularities of the cut-off resolvent y (U (t) —z) 'y
1

for z —z90 € S!, |z > 1. Let w € C5(R") be a function such that y(x) =
|x| <a+1, w(x) =0 for |x| > a+ 2. Introduce the operator

Ly(e,h) = (0,(V.y, Vig) + (Aw)s).

In particular, we define Ly, (U (¢) f) and Ly (U (t) f) and will write simply Ly U (1)
and LyUp(t). It is easy to see that we have the following equalities:

(I=y)U(t)=Uo(t)(1 —y)+ /Ot Uo(t)LyU (t — s)ds,

U@ (1— ) = (1—y)Up(t) + /0' U (t — 5)LyUo(s)ds.

Applying these equalities, we get
U = U0+ (1= w00+ [ W=y Un(s)ds
+ /0 "Uo(t —)(1 — )Ly Uo(s)ds + /O ' /0 T Un()LyU (= s — 1)Ly Uo(s)dsdt
= WU+ Uy (1 =)+ (= W)0o0) + [ WUl =)Ly Uols)ds
+ [ OoLyUa—wds+ [ Uo(e=5)(1 = W)Ly Lio(s)ds

t 1—s
4 / / Uo(t)LyU (i — s — T)Ly Uo (s)dsd.
0 JO

Now let z € C be such that |z| > 1. Let g € Ci’(Ba+2) be a cut-off function equal
to 1 on B,+1. We choose the projectors Pj’E = P4 so that

Pry=y=yP,, Prg=g=gP..

Next we fix b > 0 and the projectors P1 with these properties and note that gLy, =
Ly = Lyg. Let Ty > 0 be chosen so that P, Up(t)P- = 0 fort > Ty. Givenat >0,
we have

Z(t)—2) ' =~ 3 7 PLU ()P
j=0
=Py(U(t)—2) 'yP_— Z 2P (jt) (1 — w)P-

= > P (1= y)Us(jit) P

Jt<Ty
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- /oTO P Uo(s)Ly (U () = 2) ™' @U (—s)yP-ds
_/OTOPJrlI/(U(f)—Z)ilCDU(—s)LWUO(S)PidS
_ Z /OTO Z71*1P+U0(jl‘)‘1)U0(—s)(1 _ V/)LWUO(S)Pfds

- /OTO /OTO PrU(T)Ly (U (1) = 2) " @1U (=5 = T)LyUo(s)P-dsdT + G(2)

with a function G(z) holomorphic for z # 0. Here @ and @, are cut-off functions
with compact support determined by the finite speed of propagation so that

(1-@)Up(—s)g =0for 0 <s<Tp,

(1-@)U(—t)g=0for 0 <t <2T.

Finally, 77 > 0 is chosen so that P, U (t)® = 0 for t > Tj. The terms in the above
presentation of (Z(t) —z)~! given by finite sums are holomorphic functions with
respect to z. Consequently, if

lim  [PU()—2) P <o

7—20,[2[>1

for ¥ € Cy(x € R": |x| < c+1) and equal to 1 for [x| < ¢ for some suitably
large and fixed constant ¢ > 0, we conclude that (Z(¢) —z)~! is not singular at
70 € S'. Combining this argument with the fact under the condition (4.1) we have
S! € 6(Z(t)) for almost ¢ > 0, we obtain the following

Theorem 4.2 Assume the condition (4.1) fulfilled. Then for almost all t €]0,0|
and all zy € S' we have

lim ||PU(t) —z) " P| = +oo.

7—20,[2/>1

This result is important for the analysis of the analytic continuation of the cut-off
resolvent Uy (z) = x(U(T,0) —z)~'x of the monodromy operator U (T, 0) related
to the propagator U (¢, s) for time-periodic perturbations of the wave equation. In
particular,we conclude that for trapping periodically moving obstacles we have
not a meromorphic continuation of Uy(z) from {z € C: |z > A > 1} across the
unit circle S.
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