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Abstract
In order to understand howWuhan curbed the COVID-19 outbreak in 2020, we build a
network transmissionmodel of 123 dimensions incorporating the impact of quarantine
and medical resources as well as household transmission. Using our new model, the
final infection size of Wuhan is predicted to be 50,662 (95%CI: 46,234, 55,493),
and the epidemic would last until April 25 (95%CI: April 23, April 29), which are
consistent with the actual situation. It is shown that quarantining close contacts greatly
reduces the final size and shorten the epidemic duration. The opening of Fangcang
shelter hospitals reduces the final size by about 17,000. Had the number of hospital
beds been sufficient when the lockdown started, the number of deaths would have
been reduced by at least 54.26%. We also investigate the distribution of infectious
individuals in unquarantined households of different sizes. The high-risk households
are those with size from two to four before the peak time, while the households with
only one member have the highest risk after the peak time. Our findings provide a
reference for the prevention, mitigation and control of COVID-19 in other cities of
the world.
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1 Introduction

In early December 2019, an outbreak of the coronavirus disease 2019 (COVID-19)
was reported in Wuhan, China. In Wuhan, which is an important transportation hub in
China, tens of thousands of passengers were transported every day during the Spring
Festival travel rush, which rapidly made COVID-19 an epidemic in the megacity.
Also, as of January 22, 2020, 28 provinces, municipalities and autonomous regions of
mainland China had reported confirmed cases.1 In order to prevent further spread of
the virus, Wuhan government decided a lockdown of the city on January 23, 2020,2

and strictly controlled personnel entering into and leaving from the city. Then, a series
of measures were taken for mitigating and stopping the transmission of COVID-19.
All public transportation, including buses, subways, ships and passenger traffic, were
suspended, and public places like entertainment venues and restaurants were closed.
Community, villages and streets were also closed to minimize and stop the mobility
of population.

At the same time, one-household one-pass card system was implemented in the
city, and all entry and exit personnel were strictly registered. Moreover, the reopening
of work places and schools was postponed. As of April 26, 2020, the number of new
confirmed local cases in Wuhan had dropped to zero.3

Though the COVID-19 epidemic inWuhan City was curbed in last April, the global
COVID-19 epidemic remains critical, with a total of more than 279 million confirmed
cases and 5,399,598 deaths.4 Therefore, it is of great importance to understand how
Wuhan stopped the endemic, which will provide a valuable reference for mitigating
and controlling the COVID-19 in the world.

TheCOVID-19 is transmittedmainly through close contact and respiratory droplets,
with possible airborne transmission if aerosols are present (Chan et al. 2020; Huang
et al. 2020). Symptoms include cough, fever and difficulty breathing, as with SARS
(severe acute respiratory syndrome coronavirus) and MERS (Middle East respiratory
syndrome coronavirus) (Wu et al. 2020a). The incubation period for COVID-19 is on
average of 5–6days, although it can take up to 14days.5 During this “pre-symptomatic”
period, some infected individuals can be contagious; therefore, transmission from pre-
symptomatic cases can occur before symptom onset.

During COVID-19 inWuhan, the spreading epidemics were complicated. The lock-
down of Wuhan effectively blocked the spatial spread of the COVID-19 and bought

1 National Health Commission of the People’s Republic of China. http://www.nhc.gov.cn/.
2 Wuhan Novel Coronavirus Pneumoinfection Prevention and Control Headquarters Notification (No.1).
http://www.gov.cn/xinwen/2020-01/23/content_5471751.htm.
3 Wuhan Municipal Health Commission. http://wjw.wuhan.gov.cn.
4 Johns Hopkins University Coronavirus resource center. https://coronavirus.jhu.edu/map.html.
5 Report of the WHO-China Joint Mission on Coronavirus Disease 2019 (COVID-19). https://www.who.
int/docs/default-source/coronaviruse/who-china-joint-mission-on-covid-19-final-report.pdf.
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time for the prevention and control of the epidemic in China and other countries around
the world (Chinazzi et al. 2020; Wells et al. 2020). However, for Wuhan, because
the COVID-19 was an emerging infectious disease, human had little knowledge of
COVID-19 and medical resources were not well ready yet. The lack of outpatient
medical resources, such as test kits and medical personnel, makes it impossible for all
infectious individuals to be timely tested and confirmed, which leads to a longer diag-
nosis time. The limited number of hospital beds makes it impossible to timely admit
and cure all symptomatic infectious individuals, which leads to the prolonged trans-
mission time of the infectious individuals. The lack of centrally quarantined points
prevents close contacts from being quarantined in a timely and effectivemanner, which
also leads to the increase in the risk of transmission. In order to overcome the short-
age of medical personnel and materials in Wuhan, all other provinces successively
sent essential healthcare personnel and medical resources to support Wuhan City in
batches.

As an important medical resource, the number of hospital beds is directly related
to the isolation and treatment of symptomatic infectious individuals. The more suffi-
cient the number of hospital beds is, the more infectious individuals will be effectively
isolated, and the transmission between people will be correspondingly reduced. There-
fore, it is of great significance to study the emerging infectious diseases incorporated
by the number of hospital beds. For the shortage of hospital beds, Wuhan had been
increasing the number of designated hospitals (DHs) and began to build the Huoshen-
shan Hospital and Leishenshan Hospital on January 23, 2020, and January 25, 2020,
respectively, immediately after the lockdown. Moreover, Fangcang Shelter Hospitals
(FSHs) have been rapidly established and put into use since February 5, 2020, to treat
patients with mild illnesses (Chen et al. 2020).6

These measures have provided the most important material basis for the epidemic
control in Wuhan. On the other hand, in the absence of an effective vaccine, quar-
antining close contacts is the most effective method in the prevention and control
of emerging infectious diseases. To this end, while building hospitals, Wuhan had
been increasing the number of centrally quarantined points. On the premise that there
are vacant beds, every confirmed infectious individual is immediately hospitalized for
massive isolation. At the same time, their close contacts are checked according to their
social networks and are quarantined at home, centrally, or not quarantined. In addition,
due to the fact that the COVID-19 occurred during the Spring Festival in China and the
strict prevention and control measures implemented, the epidemic showed significant
family clustered (see Footnote 5).

Up to now, a large number of mathematical models have been contributed to study
the transmission of COVID-19 and the evaluation of prevention and control measures.
These models can be divided into two categories: well-mixed compartment models
and heterogeneous mixing networkmodels. Amongwell-mixed compartment models,
the simplest model is to divide individuals into the susceptible, the infectious and the
recovered (Roda et al. 2020). Taking into account the quarantine of close contacts,
Tang et al. added compartments for quarantined susceptible and latent individuals

6 Central People’s Government of the People’s Republic of China. http://www.gov.cn/xinwen/2020-02/
06/content_5475062.htm.
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to the well-mixed model (Tang et al. 2020). Li et al. used a simulation model to
investigate the role of two types of hospital beds in controlling the epidemic inWuhan
and concluded that FSHs played a key role in bringing the epidemic to an end (Li et al.
2020a).

Network models consider the contact pattern of human, in which people are
regarded as nodes and contacts between people are regarded as links. Xue et al. estab-
lished a mean-field network model based on node degree to study the spread of the
COVID-19 in Wuhan, Toronto and Italy (Xue et al. 2020). Luo et al. used a network
pairwise approximation model to study the transmission of COVID-19 in the Chinese
mainland (except Hubei) and Hubei provinces, respectively (Luo et al. 2021). This
model takes into account both the family cluster and the measure of quarantining close
contacts, so as to better reproduce the epidemic prevention and control scene during
the COVID-19 in China. None of these models takes into account the effect of medical
resources. Although Li et al. studied the effect of FSHs on the COVID-19 epidemic
in Wuhan and found that FSHs helped slow and eventually stop the COVID-19 in
Wuhan (Li et al. 2020a), they ignored the family cluster and household transmission.
In view of the complexity of the COVID-19 prevention and control in Wuhan, none
of these models considered the household structure of families of the city due to the
complexity.

Considering the significant family cluster transmission of COVID-19, the med-
ical resources in Wuhan and the massive quarantine of close contacts, we build a
household model with 123 dimensional to mimic the spread of COVID-19 in Wuhan
and to evaluate the impact of medical resources and group quarantine on the spread
of COVID-19. The final size of Wuhan is predicted to be 50,662 (95%CI: 46,234,
55,493), and the epidemic will last until April 25 (95%CI: April 23, April 29). It is
worth noticing that the final size in this manuscript means that of reported cases. All
simulation results show that the key to a successful control of COVID-19 is firstly to
track, test and quarantine close contacts and secondly to increase the number of beds
to hospitalize and isolate all the confirmed cases. The two complement to each other
and are indispensable.

2 Materials andMethods

2.1 Data Collection and Description

Wecollect all the daily reported data onCOVID-19 infections, including the confirmed
cases (see Fig. 1a), the recovered cases and death caused by COVID-19 inWuhan (see
Footnote 3). The data are from January 23, 2020, to March 8, 2020. There is a sudden
increase in confirmed cases on February 12. This is due to a change in the definition

123



The Impact of Quarantine and Medical Resources on the Control of… Page 5 of 23 47

(a)

Jan.22 Feb.03 Feb.15 Feb.27 Mar.10
0

1

2

3

4

5

6
104

Date

Th
e 

cu
m

ul
at

iv
e 

co
nf

irm
ed

 c
as

es

Feb.12

(b)

Jan.23 Jan.30 Feb.06 Feb.13 Feb.20 Feb.27

Date

0

0.5

1

1.5

2

2.5

3

3.5

4

Th
e 

nu
m

be
r o

f b
ed

s

104

DHs
FSHs

Fig. 1 a The cumulative confirmed cases; b the number of DHs and FSHs beds in Wuhan

of confirmed cases in Wuhan, which includes clinically confirmed cases.7,8,9 We also
collect the number of beds in DHs and FSHs (see Footnote 3) (see Fig. 1b). As shown
in Fig. 1b), since the first three FSHs were put into use on February 5, the number of
beds increased gradually. Until February 27, the number of beds in DHs and FSHs
in Wuhan was sufficient,10 and there was no need to build new FSHs. As a result,
the cumulative number of hospital beds has not changed since February 26. Although
FSHs had been shutting down11,12 since March 1, this does not affect the prediction
of the transmission in Wuhan. According to Statistical Yearbook of Wuhan,13 the
population of Wuhan is 10,892,900 and the number of households is 3,108,800. But
there are no data on the number of different household sizes in Wuhan. We collect
the data of the number of different household sizes in Hubei Province, China, from
China Statistical Yearbook.14 Figure 2 shows the distribution of household size in
Hubei Province, China. The household size ranges from one to ten, mostly two and
three, and the number of households with seven or more is relatively very small. We
will then use the household size distribution of Hubei Province to approximate the
distribution of Wuhan.

7 Data of COVID-19 in Wuhan on February 12, 2020. http://wjw.wuhan.gov.cn/ztzl_28/fk/yqtb/202004/
t20200430_1197352.shtml.
8 Diagnosis and treatment plan for covid-19 (trial version 4). http://www.nhc.gov.cn/yzygj/s7653p/202001/
4294563ed35b43209b31739bd0785e67.shtml.
9 Diagnosis and treatment plan for covid-19 (trial version 5). http://www.nhc.gov.cn/yzygj/s7653p/202002/
d4b895337e19445f8d728fcaf1e3e13a.shtml.
10 The number of beds is adequate. http://news.cri.cn/20200301/5aa1713e-712e-4ed5-d5af-
b77b3cf3595d.html.
11 Thefirst Fangcang shelter hospital is closed. https://baijiahao.baidu.com/s?id=1660105374181532222&
wfr=spider&for=pc.
12 The last Fangcang shelter hospital is closed. https://m.chinanews.com/wap/detail/zw/sh/2020/03-11/
9121442.shtml.
13 Wuhan Statistical Yearbook. http://tjj.hubei.gov.cn/tjsj/sjkscx/tjnj/gsztj/whs/.
14 China Statistical Yearbook. http://www.stats.gov.cn/tjsj/ndsj/2019/indexch.htm.
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Fig. 2 The distribution of
household sizes in Hubei
Province, China
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2.2 The NetworkModel for COVID-19 inWuhanwith Household Transmission

After the lockdown ofWuhan City, familymembers became themain close contacts of
the confirmed cases, and the outbreak is characterized by family cluster transmission.
In this scenario, we take households with different sizes as the basic variables and then
subdivided these basic variables according to the number of susceptible and infectious
within households. There are two ways of transmission: One is within the household,
and the other is between the household which is caused by a member of the family
going to public places. In view of complex network, Wuhan formed a metapopulation
network (as shown in Fig. 3). Nodes in this metapopulation network fall into two
categories, one representing a household with size from one to ten and the other
representing a public place. All public places are regards as a node here. Members in
the unquarantined households can move between their homes and the public place.
Individuals in the same household are well mixed and are also well mixed in the
public place. In addition, households are divided into quarantined households and
unquarantined households based on the presence or absence of a confirmed case in
the household. The difference between these two households lies in the following:
Individuals in a quarantined household cannot move to the public place and can only
contact individuals within the household, while for a unquarantined household, one
member each day moves to the public place for a period of time every day and then
goes home. Individuals’ movement between different unquarantined households is
ignored in view of strict prevention and control measures.

For individuals in Wuhan, this paper divides them into six compartments: suscep-
tible individuals (S) in households, centrally quarantined susceptible (S0), infectious
individuals (I ) in households, centrally quarantined infectious individuals (I0), con-
firmed cases (C) and the removed (recovery or death) (R). Here, an infectious
individual is an individual infected with COVID-19 virus and capable of transmitting
the virus. I include those infected during the incubation period and those symptomatic
infected beyond the incubation period without being confirmed. Although a confirmed
individual is also infected with COVID-19 virus, he cannot transmit the virus because
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susceptible individual infectious individual

Public place

Unquarantined 
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Quarantined 
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Fig. 3 The metapopulation network of Wuhan. Nodes in this metapopulation network fall into two cat-
egories, one representing a household and the other representing a public place. Households are further
divided into two types: quarantined households and unquarantined households based on whether the pres-
ence or absence of a confirmed case

of being isolated. S in a unquarantined householdmay be infected by I within the same
household at rate βh and may randomly move to the public place and be infected by I
from other unquarantined households at rate βg . I in a unquarantined household may
become confirmed, then hospitalized and isolated after 1/μ(t) days. Meanwhile, their
family members are quarantined at home with probability h, centrally quarantined
with probability c, or not quarantined with probability (1 − h − c). For quarantined
households, S may only be infected by I within the same households at rate βh ; I
may become confirmed, then hospitalized and isolated after 1/μ(t) days, while their
family members are still quarantined at home. In centrally quarantined points, there
is no contact between individuals, so S0 will not be infected; I0 may be confirmed,
hospitalized and isolated after 1/μ(t) days. C will be removed after treatment at rate
γ . In view of strict prevention and control measures inWuhan City, all confirmed cases
and their close contacts are strictly tracked and recorded even after they are released
from isolation or quarantine. So we consider that individuals who are released from
isolation or quarantine are no longer involved in transmission. Figure 4 provides a
detailed flowchart, and the variables and parameters in the flowchart are explained in
Table 1.

According to Fig. 4, the following household model is established:

[Sp Iq ]′ = −[Sp Iq ]
(
pqβh + p

p + q
βg

∑10
k=1

∑k
j=1[Sk− j I j ]∑10

i+ j=1[Si I j ]

)
− μ(t)q[Sp Iq ]

+ [Sp+1 Iq−1]
(

(p + 1)(q − 1)βh + p + 1

p + q
βg

∑10
k=1

∑k
j=1

j
k [Sk− j I j ]∑10

i+ j=1 [Si I j ]

)

+ (1 − h − c)μ(t)(q + 1)[Sp Iq+1], p, q ∈ [0, 10], p + q ∈ [1, 10], (1)

123



47 Page 8 of 23 S. Feng et al.

Centrally quarantined 
individuals

Isolated confirmed 
individuals

0S

Quarantined
household

Unquarantined
household

C

0I
[ ]p qS I

[ ]p q QS I

[ ]p qS I

[ ]p q QS I

+1 -3[ ]p q QS I -2[ ]p q QS I -1 -1[ ]p q QS I

-1[ ]p q QS I

-1 +1[ ]p q QS I

-1[ ]p q QS I

+1 -1[ ]p q QS I

+1 -2[ ]p q QS I

+1 -2[ ]p qS I

+1 -1[ ]p qS I

+1[ ]p qS I +1[ ]p qS I

-1[ ]p qS I -1[ ]p qS I

-1 +1[ ]p qS I

-1 +2[ ]p qS I

( ) [
]p q Q

t q S I

( )
[

]
p

q

t q
S
I

( )
[

]p
q

c
t pq S I

( ) ( 1)[ ]
p q

c t q q S I

]
[

)
(

q
p

h
t

I
S

q

Fig. 4 Theflowchart of householdmodel. The dotted arrows indicate the change in the number of households
due to the confirmation of I ; the solid arrows indicate the change in the number of households due to the
infection of S

Table 1 Definition of variables and parameters

Variables/Parameters Definition

[Sp Iq ](t) The number of unquarantined households in which the number of S and I
is p and q at time t , p + q ∈ [1, 10], p, q ∈ [0, 10]

[Sp Iq ]Q(t) The number of quarantined households in which the number of susceptible
individuals and infectious individuals is p and q at time t , p + q ∈ [1, 9],
p, q ∈ [0, 9]

S0(t) The number of centrally quarantined susceptible individuals at time t

I0(t) The number of centrally quarantined infectious individuals at time t

C(t) The number of confirmed cases at time t

h Household quarantined rate (probability of the family members in a
unquarantined household being quarantined at home when I become C),
h ∈ [0, 1]

c Centrally quarantined rate (probability of the family members in a
unquarantined household being centrally quarantined when I become
C), c ∈ [0, 1], h + c ≤ 1

βh Transmission rate within household

βg Transmission rate in the public place

1/μ(t) The average time from infection to hospitalization (referred to as diagnosis
time) of an infectious individual, which depends on medical resources
(the number of beds, etc.)

γ Removed rate
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Q′ = −pqβh[Sp Iq ]Q − μ(t)q[Sp Iq ]Q + (p + 1)(q − 1)βh[Sp+1 Iq−1]Q
+ hμ(t)(q + 1)[Sp Iq+1] + μ(t)(q + 1)[Sp Iq+1]Q,

p, q ∈ [0, 9], p + q ∈ [1, 10], (2)

S0(t)
′ =

10∑
k=2

k−1∑
j=1

cμ(t)(k − j) j[Sk− j I j ], (3)

I0(t)
′ =

10∑
k=2

k∑
j=2

cμ(t)( j − 1) j[Sk− j I j ] − μ(t)I0(t), (4)

C(t)′ =
10∑
k=1

k∑
j=1

μ(t) j[Sk− j I j ] +
9∑

k=1

k∑
j=1

μ(t) j[Sk− j I j ]Q + μ(t)I0(t) − γC(t).

(5)

In model (1)–(5), if p + q /∈ [1, 10], p /∈ [0, 10], or q /∈ [0, 10], then [Sp Iq ] = 0;
similarly, if p+q /∈ [1, 9], p /∈ [0, 9], or q /∈ [0, 9], then [Sp Iq ]Q = 0. Since [Sp Iq ]Q
is formedwhen at least one infectious individual in [Sp Iq ] is confirmed, p+q ∈ [1, 9].
The dimension of this model is 123 with 65 [Sp Iq ] and 55 [Sp Iq ]Q .

The model (1)–(5) is explained in detail below. For unquarantined households
[Sp Iq ] [see Eq. (1)], the first and the third terms represent that S are infected by I ,
includingwithin-household transmission and transmission by I in the public place; the
second term represents that I are confirmed and hospitalized; the last term represents
that family members are not quarantined when an I of household [Sp Iq+1] is con-
firmed. For quarantined households [Sp Iq ]Q [see Eq. (2)], the first and the third terms
represent that S are infected by I in the same household; the second term represents
that I are confirmed and hospitalized; the fourth term represents that family mem-
bers are quarantined at home when an infectious individual of household [Sp Iq+1]
is confirmed; the last term represents that family members are quarantined at home
when an infectious individual of household [Sp Iq+1]Q is confirmed. The only term
in Eq. (3) represents that S in unquarantined households are centrally quarantined
when an infectious individual is confirmed. In Eq. (4), the first term represents that I
in unquarantined households are centrally quarantined when an infectious individual
is confirmed; the second term represents that I are confirmed. In Eq. (5), the first
three terms represent that I are confirmed, and the fourth term represents that C are
removed.

The parameter 1/μ(t) represents the average time from infection to hospitalization
(referred to as diagnosis time) of an infectious individual,whichdepends on the number
of beds, newly symptomatic infectious individuals and confirmed cases, as shown in
the following equation:

μ(t) =

⎧⎪⎪⎨
⎪⎪⎩

μmax, if B(t) ≥ C(t) + Cn(t),

max
{
μmax

B(t)−C(t)
Cn(t)

, μmin

}
, if C(t) < B(t) < C(t) + Cn(t),

μmin, if B(t) ≤ C(t),
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where B(t) is the number of beds at time t ; Cn(t) represents the number of newly
symptomatic infectious individuals and

Cn(t) =
10∑
k=1

k∑
j=1

μmax j[Sk− j I j ]

+
9∑

k=1

k∑
j=1

μmax j[Sk− j I j ]Q + μmax I0(t);

1/μmax is the shortest diagnosis time, and it is approximate to the incubation period;
1/μmin is the longest diagnosis time.

When B(t) ≥ C(t) + Cn(t), that is, the number of beds is sufficient, I will be
confirmed and hospitalized as soon as they become symptomatic, so the diagnosis
time is approximately equal to the average incubation period (recorded as the short-
est diagnosis time). When B(t) ≤ C(t), that is, the number of beds is extremely
short, newly symptomatic infectious individuals have to wait a long time before
being confirmed and hospitalized (recorded as the longest diagnosis time). When
C(t) < B(t) < C(t) + Cn(t), only a fraction of newly symptomatic infectious indi-
viduals can be confirmed and hospitalized. In this case, the diagnosis time is between
the shortest diagnosis time and the longest diagnosis time.

2.3 The Household basic Reproduction Number

The basic reproduction number R0, which is defined as the average number of sec-
ondary cases that one case produces during the course of its infectious period in a
totally susceptible population, determines the growing rate of an emerging infectious
disease. This definition is for individuals, but the main variables of model (1)–(5)
are households. So it is necessary to define the household basic reproduction number.
Similar to the definition ofR0, the household basic reproduction numberR∗ is defined
as the average number of secondary households infected by a household with initially
one infectiousmember during the course of its infectious period in a totally susceptible
population. The basic reproduction number is defined for the transmission of infection
from individual to individual, while the household basic reproduction number for the
transmission of infection from household to household. When all households are of
size 1, the household basic reproduction number is the same with the basic repro-
duction number, that is, R∗ = R0. R0 is usually calculated by the next-generation
matrix method (Van den Driessche and Watmough 2002), so we use the same method
to calculate R∗.

In the early stages of the spread of COVID-19, medical resources are adequate, so
μ(t) = μmax. Moreover, there are only unquarantined households [Sp Iq ] (p + q ∈
[1, 10], p, q ∈ [0, 10]), so the variables are

([S10 I0], [S9 I1], [S9 I2], . . . . . . , [S1 I0], [S0 I1])︸ ︷︷ ︸
65×1

,
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the infectious compartments are

([S9 I1], [S8 I1], [S7 I1], . . . . . . , [S0 I1], [S8 I2], . . . . . . [S0 I2], . . . . . . , [S0 I10])︸ ︷︷ ︸
55×1

,

and the disease-free equilibrium point is

([S10 I0], 0, . . . . . . , [S2 I0], 0, 0, [S1 I0], 0)︸ ︷︷ ︸
65×1

.

Adopting the next-generation matrix method (Van den Driessche and Watmough
2002), we have

F55×55 =

⎛
⎜⎜⎜⎝

F10×10 F10×9 · · · F10×2 F10×1

F9×10 F9×9 · · · 0 0
...

...
. . .

...
...

0 0 · · · F1×2 F1×1

⎞
⎟⎟⎟⎠

and

V 55×55 =

⎛
⎜⎜⎜⎜⎜⎝

V 10×10 V 10×9 · · · 0
0 V 9×9 · · · 0
...

...
. . .

...

0 0 · · · V 2×1

0 0 · · · V 1×1

⎞
⎟⎟⎟⎟⎟⎠ .

The first row, diagonal and next diagonal of the block matrix F55×55 are nonzero
matrices; the rest are zero matrices. The diagonal and last diagonal of the block matrix
V 55×55 are nonzero matrices, and the rest are zero matrices. In detail,

F10×10 =

⎛
⎜⎜⎜⎜⎝

βg
10

[S10 I0]
N − 9βh

βg
9

[S10 I0]
N · · · βg

[S10 I0]
N

βg
10

[S9 I0]
N

βg
9

[S9 I0]
N − 8βh · · · βg

[S9 I0]
N

...
...

. . .
...

βg
10

[S1 I0]
N

βg
9

[S1 I0]
N · · · βg

[S1 I0]
N

⎞
⎟⎟⎟⎟⎠ ;

F10× j =

⎛
⎜⎜⎜⎜⎝

(11− j)βg
10

[S10 I0]
N

(11− j)βg
9

[S10 I0]
N · · · βg

[S10 I0]
N

(11− j)βg
10

[S9 I0]
N

(11− j)βg
9

[S9 I0]
N · · · βg

[S9 I0]
N

...
...

. . .
...

(11− j)βg
10

[S1 I0]
N

(11− j)βg
9

[S1 I0]
N · · · βg

[S1 I0]
N

⎞
⎟⎟⎟⎟⎠ , j = 9, 8, . . . , 1;

Fi×i =

⎛
⎜⎜⎜⎝

−(i − 1)(11 − i)βh 0 · · · 0
0 −(i − 2)(11 − i)βh · · · 0
...

...
. . .

...

0 0 · · · 0

⎞
⎟⎟⎟⎠ , i = 9, . . . , 2,
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F1×1 = (0);

Fi×(i+1) =

⎛
⎜⎜⎜⎝
i(10 − i)βh 0 · · · 0 0

0 (i − 1)(10 − i)βh · · · 0 0
...

...
. . .

...
...

0 0 · · · (10 − i)βh 0

⎞
⎟⎟⎟⎠ , i = 9, . . . , 1;

V i×i =

⎛
⎜⎜⎜⎝

μmax(11 − i) 0 · · · 0
0 μmax(11 − i) · · · 0
...

...
. . .

...

0 0 · · · μmax(11 − i)

⎞
⎟⎟⎟⎠ , i = 10, 9, . . . , 2,

V 1×1 = (10μmax);

V i×(i−1) =

⎛
⎜⎜⎜⎝

0 0 · · · 0
−(12 − i)μmax(1 − h − c) 0 · · · 0

...
...

. . .
...

0 0 · · · −(12 − i)μmax(1 − h − c)

⎞
⎟⎟⎟⎠ ,

i = 10, 9, . . . , 3,

V 2×1 =
(

0
−10μmax(1 − h − c)

)
.

So R∗ = ρ(F55×55(V 55×55)−1), where N = ∑10
p=1 [Sp I0] and ρ(A) is the spectral

radius of the matrix A. It is difficult to find the explicit expression ofR∗, but it can be
calculated by numerical methods.

3 Parameters Estimation and Numerical Simulations

Based on the collected data and the MCMC (Markov chain Monte Carlo) method
(Gamerman and Lopes 2006), this section will estimate the parameters of household
model, predict the prevalence trend of COVID-19 in Wuhan City and evaluate the
effectiveness of prevention and control measures, including quarantine and medical
resources.

3.1 Parameters and Initial Conditions

A total of 152 parameters and initial values of variables are involved in the household
model, among which five parameters are derived from the literature, four parameters
need to be estimated, and the remaining 143 parameters and initial values need to be
pre-calculated.

The five parameters derived from the literature are the shortest diagnosis time
(see Footnote 5), the longest diagnosis time (see Footnote 5), the removed rate (Luo
et al. 2021), and the population and the total number of households in Wuhan (see
Footnote 13) (see Table 2).
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The four parameters need to be estimated are the within-household transmission
rate βh , the transmission rate in the public place βg , household quarantined rate h
and centrally quarantined rate c. Based on the cumulative number of confirmed cases
and beds collected from January 23 to March 8 in Wuhan, we adopt the MCMC
method (Gamerman and Lopes 2006) for 20,000 iterations with a burn-in of 10,000
iterations to fit the model (1)–(5) to estimate these four parameters. A change in the
definition of confirmed cases in Wuhan City on February 12 resulted in a sudden
increase in 12,000 confirmed cases (as shown in Fig. 1a). Under the new definition of
confirmed cases, the cumulative number of confirmed cases reported from January 23
to February 11 underestimated the actual number of confirmed cases. Therefore, in
the parameter estimation, different weights are applied to the log-likelihood function
around February 12 (the weight after February 12 is greater than before February 12)
to obtain more realistic results.

Now, the parameter values and initial values that need to be calculated are given
in the following. Firstly, the number of households Hk with a household size of k in
Wuhan is calculated according to the probability distribution P(k)(k ∈ [1, 10]) with
a household size of k. Considering that the distribution of household sizes in Wuhan
is consistent with that in Hubei Province, according to China Statistical Yearbook,
the probability distribution of P(k) with a household size of k in Wuhan is shown in
Fig. 2. According to Wuhan Statistical Yearbook, the total number of households in
Wuhan is H = 3,108,800, so Hk can be calculated by the following equation:

Hk = H × P(k), k ∈ [1, 10]. (6)

Secondly, the initial values of confirmed cases C(0), I in unquarantined household
I (0) and the number of individuals quarantined Q (including quarantined infectious
individuals and susceptible individuals) are obtained by simple calculations. C(0)
equals the difference between the cumulative number of confirmed cases and the
cumulative number of removed individuals (the sum of the number of recovered indi-
viduals and deaths) at the initial time. The number of newly confirmed cases in one
incubation period can be used to approximate I (0). Although the Wuhan Municipal
Health Commission has not announced the number of individuals quarantined, the
Hubei Provincial Health Commission announced daily data that individuals are quar-
antined.15 According to the ratio of cumulative confirmed cases in Wuhan and Hubei
Province, Q can be estimated. Next, we calculate the number of unquarantined house-
holds with size k > 0 and I being q > 0. Considering that the larger the population
of households with size k is, the greater the number of I is, and letting H I

k be the total
number of I in all households with size k at the initial time, we have

H I
k = I (0)

kHk∑10
i=1 i Hi

. (7)

According to the principle of randomness of infection and clustering of families,
we believe that in an unquarantined household with a size of k with infectious indi-
viduals, the number of households with different numbers of infectious individuals

15 Health Commission of Hubei Province. http://wjw.hubei.gov.cn/.
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q(1 ≤ q ≤ k) is equal, which is represented by U (k). For example, when k = 2, the
number of unquarantined households with infectious individuals q = 1 is equal to that
with q = 2, and both equal to U (2). Then, the total number of infectious individuals
in the unquarantined household with size 2 is H I

2 = U (2) + 2U (2). In a similar way,
the total number of infectious individuals in the unquarantined household with size
k is HE

k = U (k)
∑k

q=1 q. Thus, when q > 0, the initial values of the unquarantined

households behave as [Sp Iq ](0) = U (p + q) = H I
p+q∑p+q
i=1 i

. The initial values of quaran-

tined households are calculated in a similar way to that of unquarantined households,
which will not be repeated here. All the values of parameters and the initial values are
summarized in Tables 2 and 3.

The formulas involved in Tables 2 and 3 are as follows:

NQ = h

c + h
Q; (8)

I Q = NQ

72
; (9)

HQ
k = NQ (k + 1)Hk+1∑10

i=2 i Hi

1

k
, k ∈ {1, 2, . . . , 9}; (10)

HQI
k = I Q × (k + 1)Hk+1∑10

i=2 i Hi
; (11)

[Sp Iq ](0) =
⎧⎨
⎩

H I
p+q∑p+q
i=1 i

, q > 0,

Hp − ∑p
i=1 [Sp−i Ii ](0), q = 0;

(12)

[Sp Iq ](0) =
⎧⎨
⎩

HQI
p+q∑p+q
i=1 i

, q > 0,

HQ
p+q − ∑p+q

i=1 [Sp+q−i Ii ]Q(0), q = 0;
(13)

I0(0) = Q
c/(c + h)

72
; (14)

S0(0) = Q
c

c + h
− I0(0). (15)

3.2 Parameter Estimation

Based on the cumulative number of confirmed cases and beds collected from January
23 toMarch 8 inWuhan,we adopt theMCMCmethod (Gamerman andLopes 2006) for
20,000 iterations with a burn-in of 10,000 iterations to fit the model (1)–(5) to estimate
four parameters (see Table 2). A good fitting between the model solution and real data
after February 12 is shown in Fig. 5. On February 12, the definition of confirmed
cases in Wuhan changed. Under the new definition of confirmed cases, the reported
data before February 12 were lower than the real data, so it is reasonable for the model
to overestimate the confirmed cases before February 12. According to Table 2, within-
household transmission rate is larger than the transmission rate in the public place.
This is due to more frequent within-household contact and individuals staying within
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Table 2 Definition and value of parameters

Parameter Definition Value Confidence interval Source

βh – 0.2590 [0.2589, 0.2591] MCMC

βg – 0.1581 [0.1580, 0.1582] MCMC

h – 0.5219 [0.5213, 0.5225] MCMC

c – 0.3919 [0.3915, 0.3924] MCMC

γ – 1/10 – Ref. Luo et al.
(2021)

1/μmax – 5 – See Footnote 5

1/μmin – [9, 21] – See Footnote 5

H – 3,108,800 – See Footnote 13

N – 10,892,900 – See Footnote 13

P(k) – – – Calculated by
Footnote 14

Hk – – – Eq. (6)

I (0) – 11,123 – Calculated by
Footnote 13

H I
k – – – Eq. (7)

Q – 2503 – Calculated by
Footnotes 3 and
15

NQ The number of
individuals who
are household
quarantined

– – Eq. (8)

I Q The number of I
who are
household
quarantined

– – Eq. (9)

HQ
k The number of

quarantined
household with
size k

– – Eq. (10)

HQI
k The number of I

in quarantined
household with
size k

– – Eq. (11)

Table 3 The initial values of
variables

Variable Initial value Source

[Sp Iq ](0) – Eq. (12)

[Sp Iq ]Q(0) – Eq. (13)

C(0) 441 Calculated by Footnote 3

I0(0) – Eq. (14)

S0(0) – Eq. (15)
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Fig. 5 Fitting model solution to
actual data. The solid blue line
shows the solution curve of the
household model. The red
five-pointed stars are the actual
data. The gray area is 95%CI
(Color figure online)
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household for longer time. The household quarantined rate h is 52.19% (95%CI:
52.13%, 52.25%), and the centrally quarantined rate c is 9.19% (95%CI: 39.15%,
39.24%), which means that on average about 9% of households with confirmed cases
are not effectively quarantined.

Based on the estimated parameters, under the current prevention and control mea-
sures, the household model predicts that the peak size of Wuhan is 17,356 (95%CI:
16,222, 18,571), that the peak time is on February 15 (95%CI: February 14, February
16), that the final size is 50,662 (95%CI: 46,234, 55,493) and that the time duration
is 94 days (95%CI: 92, 98 days) (counting from January 23, 2020). The household
basic reproduction number is 11.6540. Compared with the actual situation in Wuhan,
the household model does not predict the peak size well. However, the peak time and
duration time predicted by the model are only two days away from the actual, and
the relative error between the final size and the actual (50,340) is only 0.64%. This
indicates that the household model established in this paper is reasonable, and the
prediction is more accurate. It is noted that the actual final size of Wuhan did not take
into account the imported cases.

Figure 6 illustrates the total number and the distribution of I in the unquarantined
household with different sizes. Figure 7 illustrates the number of quarantined infec-
tious individuals (including household quarantined infectious individuals and centrally
quarantined infectious individuals) and confirmed cases. It is shown that infectious
individuals in the unquarantined households are mainly distributed in household with
size from 1 to 6. In detail, the high-risk households are mainly with size from 2 to 4
before the peak time, while the households with size 1 become the most at risk after
the peak time. After February 3, the number of infectious individuals in the household
with size from 2 to 6 drops sharply. At the same time, the number of quarantined
infectious individuals and confirmed cases is still increasing. After February 7, the
number of quarantined infectious individuals begins to decrease. It is noticed that
Huoshenshan Hospital was put into use from February 4 and that FSHs were put into
use from February 5. The increase in the number of beds allowed infectious individu-
als to be confirmed and hospitalized timely. Meanwhile, their close contacts were also
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Fig. 6 The total number and the distribution of I in the unquarantined households [Sp Iq ] (p+q ∈ [1, 10])

Fig. 7 The number of
quarantined infectious
individuals (blue line) and
confirmed cases (red line) (Color
figure online)
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timely quarantined. Prompt confirmation of infectious individuals and prompt quar-
antine of close contacts led to a rapid reduction in the number of infectious individuals
in the unquarantined households. The number of infectious individuals in the unquar-
antined households with size 1 was slow to reduce after February 3. This is mainly
because the number of infectious individuals in such household can only be reduced
by confirmation. This also reflects the importance of quarantining close contacts.

3.3 The Effect of Quarantining Close Contacts

For emerging infectious diseases, isolating the infectious and quarantining the suscep-
tible can effectively control the spread of the disease from the source. Figure 8 shows
the evolution of the cumulative confirmed cases under different quarantine methods
for close contacts. Obviously, centralized quarantine of all close contacts is most con-
ducive to disease prevention and control. If close contacts are not quarantined, the
infectious disease will continue for 3 years, and eventually about 87% of Wuhan pop-
ulation will be infected. When quarantining close contacts, the centrally quarantined
rate and household quarantined rate can characterize the control of the spread of the
COVID-19. The greater the sum of these two rates, the more conducive to the control

123



47 Page 18 of 23 S. Feng et al.

(a)

Jan.22 Feb.01 Feb.11 Feb.21
0

1

2

3

4

5

6

7

8
104

h=0,c=1
h=1,c=0
h=0,c=0

Date

Th
e 

cu
m

ul
at

iv
e 

co
nf

irm
ed

 c
as

es

(b)

Jan.22 Feb.01 Feb.11 Feb.21 Mar.02 Mar.12
0

1

2

3

4

5

6

7

8
104

h=0.5,c=0.5
h=0.3,c=0.7
h=0.7,c=0.3
h=0.5,c=0.3
h=0.3,c=0.5

Date

Th
e 

cu
m

ul
at

iv
e 

co
nf

irm
ed

 c
as

es
Fig. 8 The effect of quarantining close contacts on the transmission of COVID-19. Subfigure a shows
three extreme cases: purple means no close contacts are quarantined; black means all close contacts are
quarantined at home; red means all close contacts are centrally quarantined. Subfigure b compares the case
where the centralized quarantine rate and the home quarantine rate are both greater than 0, and the sum of
the two is 1 and 0.8, respectively (Color figure online)

of the spread of the infectious disease is. If the sum of these two rates is a fixed value,
the higher the centrally quarantined rate, the more conducive to the control of the
spread of disease is. Therefore, in the prevention and control of infectious diseases,
the centralized quarantine of close contacts should be achieved to the greatest extent.
Even if centralized quarantine of all close contacts cannot be achieved, strict house-
hold quarantine for them is also conducive to the prevention and control of infectious
diseases.

Massive centralized quarantine of all close contacts is most conducive to disease
prevention and control. However, it will take some time to set up centralized quarantine
points. In the event of an emerging infectious disease, it will be difficult to put all close
contacts under centralized quarantine immediately. Let t0 indicate the start time of the
centralized quarantine for all close contacts (h = 0, c = 1). Figure 9 compares the
cumulative number of confirmed cases under five different t0. Before reaching peak
time, the sooner all close contacts are quarantined, the better the control of the spread of
the disease is. However, when t0 exceeds the peak time, achieving complete centralized
quarantine has only a slight impact on the final size and duration time.

3.4 The Role of FSHs

Since February 5, 2020, Wuhan has put FSHs with more than 13,000 beds into use. In
order to study the necessity of establishing FSHs, this section compares the cumulative
confirmed cases and the number of confirmed cases under three cases: whether FSHs
are put into use or not, and when the FSHs are established at the same time as city
lockdown (as shown in Fig. 10). It is shown that the final size with FSHs is reduced
by about 17,000. If the establishment time of FSHs was advanced to January 23, then
they could be put into use on January 25 under the assumption that it takes 2 days
from establishment to the opening of FSHs. This measure reduces the final size by
more than 20,000.
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Fig. 9 The impact of the
implementation time of
complete centralized quarantine
t0 on the spread of COVID-19
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Fig. 10 The necessity of FSHs

With the opening of the FSHs and the increase in designated hospitals (including
the Huoshenshan and Leishenshan hospitals), the number of beds is increasing. On
the one hand, the infectious individuals can be timely confirmed and hospitalized,
thus reducing the number of deaths due to disease. On the other hand, the prompt
confirmation of infectious individuals contributes to the prompt quarantine of close
contacts, thus reducing the number of confirmed cases. Based on the daily reported
data on infections, it is estimated that the mortality rate due to disease in Wuhan is
about 5% by the ratio of the number of cumulative deaths to the cumulative confirmed
cases. In order to study the impact of medical resources (number of hospital beds)
on the number of deaths, the final size is calculated with a fixed number of hospital
beds. The resulting final size is then multiplied by the mortality rate to give a rough
estimate of the number of deaths from disease. Figure 11 illustrates the relationship
between the number of beds and deaths. The number of deaths is 2512 according to
the final size predicted by the household model. As can be seen from Fig. 11, when
the number of beds is 8150, the number of deaths is approximate to the estimated
value. An increase of just 50 beds could prevent about 360 deaths. The more the beds,
the fewer the deaths. But when the number of beds exceeds 11,000, the number of
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Fig. 11 The effect of beds on deaths

deaths remains about the same, meaning that there are plenty of beds and adding more
would have little impact on the infectious disease. This also indicates that the number
of deaths would be reduced by about 54.26% if medical resources were adequate at
the time of the city lockdown.

4 Discussion

Considering of the prevention and control measures taken after the city lockdown on
January 23, 2020, we built a household model with medical sources and quarantining
of close contacts. It is found that about 9% of households with confirmed cases are not
effectively quarantined. The household model predicted that the final size of Wuhan
is 50,662 (95%CI: 46,234, 55,493) and that the outbreak will not end until April 25
(95%CI: April 23, April 29). The predicted peak time and duration time are only 2 days
away from the actual ones, and the relative error of the final scale is only 0.64%. The
household basic reproduction number was estimated to be 11.6540. It looks overesti-
mated, but it is actually reasonable. The value of household basic reproduction number
depends not only on household sizes but also on the value of the basic reproduction
number (Ball et al. 1997; Becker and Dietz 1995; Pellis et al. 2011). According to Ref.
Li et al. (2020b, c), Nishiura et al. (2020) andWu et al. (2020b), the basic reproduction
number of COVID-19 in Wuhan was estimated to be in the interval [2.23, 6.6037].
According to China Statistical Yearbook and Wuhan Statistical Yearbook, the aver-
age household size in Wuhan is 2.9373. For the initially infectious household with an
infectious member, which is with the average size 2.9373, the other members soon
become infectious since R0 ∈ [2.23, 6.6037]. This process takes a very short time.
It is equivalent to all members of the household being infectious at the beginning.
Then, each member of the infectious household will infect other households. Accord-
ing to the definition of the household basic reproduction number, a household with
the average size 2.9373 may infect 6.5502–19.3970 households. Hence, the estimated
household reproduction number was reasonable.
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By studying the effects of different times and degrees of quarantine of close contacts
on the cumulative confirmed cases, we found that not quarantining close contacts will
eventually result in about 87% of infections. Moreover, it is found that putting FSHs
into use reduced thefinal size by about 17,000. If the establishment timeofFSHs started
on January 23, 2020, immediately after the lockdown, the final size may be reduced
by 20,000. If the medical resources are adequate at the time of Wuhan lockdown, the
number of deaths may be reduced by nearly 54.26%. It is also shown that the high-risk
households aremainly with size from 2 to 4 before the peak time, while the households
with size 1 become the most at risk after the peak time. Based on the above analysis
results, the keys to the success of COVID-19 prevention and control in Wuhan are to
adopt tracking and quarantine measures for close contacts and to open the FSHs and
increase DHs for isolating and curing confirmed cases.

Compared with other mathematical models for COVID-19, the dimension of this
household model (123) is very high, but the advantages of the model are significant.
On the one hand, this model reflects the characteristics of family cluster of COVID-19
which is an extension of themodeling in Li et al. (2020a). On the other hand, thismodel
can depict the evolution of infectious individuals in household with different sizes and
indicate high-risk household type. Moreover, fine division of compartment allows this
model to well reproduce the process of COVID-19 transmission and control inWuhan.
The conclusions obtained are more credible. Our findings of the successful experience
in Wuhan can help the prevention and control of similar emerging infectious diseases
and also provide a good reference for COVID-19 prevention and control in other places
of the world.

This paper also has some limitations. Taking into account the strict implementation
of Wuhan’s epidemic prevention and control measures, this paper believes that peo-
ple who have been quarantined or isolated (whether susceptible people are released
from quarantine or confirmed cases are removed after hospitalization) will no longer
participate in transmission. This is a simplification of the household model. When
individuals in Wuhan are divided into susceptible S, infectious I , confirmed C , recov-
ered R and dead D, the flowchart is shown in Fig. 12. The household is divided into
quarantined household and unquarantined household based on the presence or absence
of quarantined individuals. [S0s I 0i CcRr Dd ] is defined as the number of unquarantined
households in which the number of S, I ,C, R, D is s, i, c, r , d, respectively. Here,
(s, i, c, r , d) ∈ {(s, i, c, r , d) ∈ N

5 | s + i + c + r + d ∈ [1, 10]}. [Ss0 I i0CcRr Dd ]
denotes the number of quarantined households inwhich the number of S, I ,C, R, D is
s, i, c, r , d, respectively. Here, (s, i, c, r , d) ∈ {(s, i, c, r , d) ∈ N

5 | s+i+c+r+d ∈
[2, 10], s+ i ≥ 1, c+ r +d ≥ 1}. For this household model with detailed division, its
dimension is more than 5600. It can also be used to study the transmission of COVID-
19. However, such a high dimension makes it more difficult to select the initial values
of the variables and makes the program run slower. Therefore, it is necessary to sim-
plify the model reasonably. The model (1)–(5) is one of the reasonable simplifications
of this model. According to China Statistical Yearbook, household sizes in China are
divided into 10 categories: 1, 2, 3, 4, 5, 6, 7, 8, 9, and 10 and above. The number of
households with size larger than 10 is counted together with those with size 10, and
it is small compared to that of other sizes. In addition, considering that gatherings of
more than 10 people were prohibited during COVID-19, we set the size of households
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0 0
1 1[ ]s i c r dS I C R D+ −

0 0[ ]s i c r dS I C R D

0 0
1 1[ ]s i c r dS I C R D+ −

0 0
1 1[ ]s i c r dS I C R D− +

0 0
1 1[ ]s i c r dS I C R D+ −

0 0
1 1[ ]s i c r dS I C R D+ −

0 0
1 1[ ]s i c r dS I C R D− +

0 0
1 1[ ]s i c r dS I C R D− +

0 0[ ]s i
c r dS I C R D

1
0 0 1[ ]s i

c r dS I C R D−
+

1
0 0 1[ ]s i

c r dS I C R D+
−

0 0 1 1[ ]s i
c r dS I C R D+ −

0 0 1 1[ ]s i
c r dS I C R D+ −

0 0 1 1[ ]s i
c r dS I C R D− +

0 0 1 1[ ]s i
c r dS I C R D− +

Fig. 12 The flowchart of household model with more detailed division. The black solid lines represent
infection; the black dashed lines are caused by the transformation of C ; the yellow lines mean that I is
confirmed and that his family members are quarantined; the gray line indicates the release of quarantine
(Color figure online)

with 10 and above to be 10. We will collect more detailed data and expand household
size in the future work.

Although the household model established in this paper is for the megacity of
Wuhan, it could be extended to study of COVID-19 in other countries and regions.
When applied to other provinces and cities in China, medical resources are adequate,
so μ(t) should be constant; there is no household quarantine, so h = 0, c = 1 and
[Sp Iq ]Q = 0. When analyzing other countries, the status of family members and the
household sizesmay vary. The detailed divisionwill result in highermodel dimensions
which is more complicated; we will keep it as future work.
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