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Abstract
Although dengue and Zika cocirculation has increased within the past 5 years, very
little is known about its epidemiological consequences. To investigate the effect of
dengue and Zika cocirculation on the spread of both pathogens, we create a determin-
istic dengue and Zika coinfection model, the first to incorporate altered infectivity of
mosquitoes (due to coinfection). The model also addresses increased infectivity due to
antibody-dependent enhancement (ADE) within the human population. Central to our
analysis is the derivation and interpretation of the basic reproductive number and inva-
sion reproductive number of both pathogens. In addition, we investigate how model
parameters impact the persistence of each disease. Our results identify threshold con-
ditions under which one disease facilitates the spread of the other and show that ADE
has a greater impact on disease persistence than altered vector infectivity. This work
highlights the importance of ADE and illustrates that while the endemic presence of
dengue facilitates the spread of Zika, it is possible for high Zika prevalence to prevent
the establishment of dengue.

Keywords Invasion reproductive number · Copersistence · Zika · Dengue

1 Introduction

With approximately 50–100million cases annually, dengue is one of themost prevalent
mosquito-borne diseases in the world (World Health Organization 2012). Over 40%
of the world’s population live in areas with high risk of dengue transmission and over
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100 countries are endemic for the disease (Kumar et al. 2010). Dengue is transmitted
to humans mainly through the bite of infected female Aedes aegyptimosquitoes and is
caused by one or more viral serotypes of the Flaviviridae family [DENV-1 through 4
are known to infect humans; identification of a fifth, sylvatic serotype termed DENV-5
has been claimed (Mustafa et al. 2015)]. Although this illness is typically self-limiting,
with infection by one serotype resulting in lifelong immunity to that specific serotype,
severe forms of the disease can cause dengue hemorrhagic fever and dengue shock
syndrome (Kumar et al. 2010). Currently, no treatment exists for dengue and only one
controversial vaccine (Dengvaxia®) has been licenced. As a result, mosquito control
strategies remain the primary method of preventing dengue transmission.

Closely related to dengue is Zika, another disease of international concern. Zikawas
first discovered inUganda in 1947 andhas since spread across the globe,with outbreaks
in Yap Island (2007), French Polynesia (2013), andmore recently the Americas (2015)
(Gao et al. 2016). The Zika virus (ZIKV) is of the same family as the dengue serotypes
and is also transmitted to humans primarily by A. aegypti mosquitoes (although it can
also be sexually and vertically transmitted within the human population). While some
clinical symptoms of Zika, such as acute fever, nausea, rash, joint pain, and myalgia,
are similar to dengue, Zika is unique in that it can cause serious complications in the
form of Guillain–Barré syndrome and congenital Zika syndrome (Gao et al. 2016).

Due to having a shared vector, cocirculation of dengue and Zika is common inmany
geographical regions and increases the likelihood of dengue–Zika coinfections within
human and mosquito populations. To date, clinical studies have reported human coin-
fections in countries such asColombia,NewCaledonia,Nicaragua, andHaiti (Carrillo-
Hernández et al. 2018; Dupont-Rouzeyrol et al. 2015; Lovine et al. 2017; Waggoner
et al. 2016). However, because of the rapid introduction of Zika into countries that are
endemic with dengue, similarities in symptoms between the two diseases, underre-
porting, and the lack of proper serotesting in developing countries, it is believed that
the prevalence of coinfections is higher than currently perceived (Rückert et al. 2017).

In A. aegypti mosquitoes, infection with multiple arboviruses has been shown to
affect viral dissemination, transmission, and replication (Abrao and da Fonseca 2016;
Magalhaes et al. 2018; Rückert et al. 2017). Researchers in Chaves et al. (2018) reveal
that for dengue and Zika specifically, coinfection can impact mosquito infectivity.
The results of Chaves et al. (2018) indicate that while the number of dengue virus
cDNA copies in coinfected mosquitoes is higher than in monoinfected mosquitoes
(up to 12 times higher), Zika cDNA copies are lower in coinfected mosquitoes than in
their monoinfected counterparts (6–9 times lower). This suggests that coinfection may
cause mosquitoes to be more likely to transmit dengue and less likely to transmit Zika.

Within humans, dengue and Zika can display complex viral interactions in the
form of antibody-dependent enhancement (ADE). ADE occurs when antibodies from
a previous infection bind to a pathogen in a subsequent infection and, instead of neu-
tralizing the pathogen, increase viral uptake and replication (Whitehead et al. 2007).
Many in vitro studies (e.g., Charles and Christofferson 2016; Dejnirattisai et al. 2016;
Durbin 2016; Paul et al. 2016) have shown that dengue antibodies cross-react with
the ZIKV, increasing Zika infection of cells and production of viral progeny by over
100-fold. The reciprocal effect of ZIKV antibodies increasing dengue virus titers has
also been reported (Kawiecki and Christofferson 2016; Stettler et al. 2016). Although
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these cross-reactive ADE effects have not been confirmed in vivo in humans by field
data, they have been observed in vivo in mice (Bardina et al. 2017) and macaques
(George et al. 2017). Thus, given the well-known ADE across DENV serotypes and
the consistent in vitro results, the potential is clear for immunity to one of the two
viruses to enhance transmission of the other virus within the human population.

Whilemanymathematical models have been developed to understand the dynamics
of Zika and dengue individually (e.g., Andraud et al. 2012;Braselton andBakach 2015;
Wiratsudakul et al. 2018), only a few have considered both viruses simultaneously.
The first two studies to do so also included chikungunya, an arbovirus transmitted by
the infamous A. aegypti (Isea and Lonngren 2016; Okuneye et al. 2017), but largely
excluded the possibility of coinfection. Isea and Lonngren (2016) focused on analyz-
ing the stability of a nontrivial equilibrium in a system which considers only single
transmission of the three viruses. They also introduce a second model that incorpo-
rates coinfections within the human population, but its analysis was limited to finding
a nontrivial equilibrium. Both models exclude sexual transmission of Zika between
humans, coinfection within themosquito population, and altered infectivity of humans
(due to possible ADE) or mosquitoes (due to coinfection). Meanwhile, the model in
Okuneye et al. (2017) investigates the impact of a dengue–chikungunya–Zika super-
infection hierarchy within humans, where (based on relative incidence data) infection
with dengue completely replaces infection with chikungunya or Zika, and infection
with chikungunya replaces Zika. Furthermore, the authors include sexual transmission
of Zika, assume that dengue vaccination can reduce Zika susceptibility, and consider
the possibility of ADE of dengue over Zika (but not ADE of Zika over dengue) by
altering the susceptibility of hosts and vectors to Zika, rather than altering Zika infec-
tivity of these populations. Okuneye et al. (2017) found that under this superinfection
hierarchy, dengue-induced ADE and dengue vaccination had only minor impacts on
Zika transmission.

Another mathematical study considered dengue and Zika coinfection in order to
examine the impact of dengue vaccination on a Zika outbreak (Tang et al. 2016). The
model captures vaccination indirectly through initial conditions. Every combination
of susceptible and infectious populations is given a different infection rate, so in prin-
ciple the model could accommodate both ADE in humans and altered infectivity of
coinfected vectors, but qualitative analysis was limited to computation of the basic
reproductive number (the number of secondary infections that a single infected indi-
vidual canmake in a completely susceptible population), and numerical analysis set all
the infection rates equal to each other (without units) except the rate atwhich coinfected
mosquitoes infect naive humans (with either virus) and the rate at which Zika-
monoinfectedmosquitoes infect dengue-recovered humans.Comparisonof twographs
verified thatwhen these latter two rateswere increased by a factor of 3.6, Zika incidence
increased. The study’s main conclusion was that a high mosquito birth rate together
with dengue vaccination could increase Zika incidence and cause a Zika outbreak to
occur earlier and have a higher peak than observed with low mosquito birth rates.

More recently, Wang and Zhao (2019) published a similar study, with dengue and
Zika spreading in a population where the dengue vaccine is available. They assumed
perfect vaccine efficacy and found a monotone increase in Zika’s basic reproduc-
tive number with increases in vaccination. However, the authors also assumed that
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mosquitoes cannot be coinfected with Zika and dengue, thus precluding any possibil-
ity of considering altered infectivity for coinfected vectors.

We therefore propose a study which simultaneously explores the three facets of
what we call the dengue–Zika interplay: coinfection of humans and vectors, altered
vector infectivity, andADEof dengue andZika. In this article, we develop the first Zika
and dengue transmissionmodel that includes coinfection (in humans andmosquitoes),
altered vector infectivity, and ADE for both viruses (i.e., viral enhancement of Zika
given dengue antibodies and enhancement of dengue given Zika antibodies). The goal
of the present study is to better understand the epidemiological consequences of the
dengue–Zika interplay. In particular, through a deterministic mathematical model that
utilizes a system of nonlinear ordinary differential equations, we seek to answer the
following research questions:

1. How does the endemic presence of dengue affect Zika’s ability to spread in a
region?

2. How does invasion of Zika affect the endemic presence of dengue?

With Zika rapidly spreading across the globe to regions endemic with dengue, exam-
ining the complex interactions between the two pathogens is vital to clarifying the
public health impact of the cocirculation of both diseases and potentially informing
future vaccine development and control strategies.

2 Model Development

The current study is placed in the context of dengue and Zika cocirculation in El
Salvador. The total human population (given in Table 2) represents the calculated at-
risk population for Zika in El Salvador during the 2015/2016 outbreak, as described
in Shutt et al. (2017). Since Zika and dengue are spread by the same vector and are in
similar geographic regions, we assume that this number also represents the population
at risk for dengue during that time.

A visual representation of the deterministic dengue and Zika coinfectionmodel that
we consider is shown in Fig. 1, with the state variables and parameters described in
Tables 1 and 2, respectively. In this model, we make the following assumptions:

1. Human and mosquito populations remain constant.
2. Only one dengue serotype is cocirculating in the study region [an assumption also

made in Isea and Lonngren (2016) and Okuneye et al. (2017)].
3. There is no disease-induced death in the human population as the case-fatality rate

for each disease is low (Moraes et al. 2013; PAHO 2016).
4. ADE occurs after a person has recovered from a primary infection and is subse-

quently infected with the other virus. ADE produces an increased viral load.
5. All humans are equally susceptible to infection by a given virus (and the same for

mosquitoes), but humans who have recovered from a primary infection and then
become infected with the other virus exhibit altered (increased) infectivity due to
ADE.

6. Anydengue/Zika coinfection in humans andmosquitoes is sequential (i.e., requires
two infection events) rather than simultaneous.
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Fig. 1 Zika and Dengue Coinfection model schematic: arrows represent changes in infection status (move-
ment between different state variables) among humans (at left) and vectors (at right). Shading indicates
infective classes; heavy shading denotes classes with altered infectivity. Note that demographic renewal is
not depicted in this diagram

Table 1 Epidemiological classes State variable Description

Sh Dengue and Zika-susceptible humans

Id Dengue-infected humans

Iz Zika-infected humans

Ic Dengue and Zika-coinfected humans

Rd Dengue-recovered humans

Rz Zika-recovered humans

Jd Dengue-infected humans immune to Zika due to
previous exposure

Jz Zika-infected humans immune to Dengue due to
previous exposure

Rc Dengue and Zika-recovered humans due to previous
exposure to both pathogens

Sv Susceptible female mosquitoes

Idv Dengue-infected female mosquitoes

Izv Zika-infected female mosquitoes

Icv Dengue and Zika-coinfected female mosquitoes

7. Coinfection alters the rate at which mosquitoes transmit dengue/Zika.

Humans are born fully susceptible to dengue andZika at a rate ofμNh,whereμ is the
natural birth/death rate for humans and Nh is the total human population. Susceptible
individuals can become infected with dengue from either a dengue-infected (Idv) or
coinfected female mosquito (Icv). The mosquito-to-human dengue infection rate is
given by βhd. This rate is modified by a factor of νd to indicate the altered infectivity
of coinfected mosquitoes. Once infected with dengue, humans can recover or become
coinfected with Zika (by a Zika-infected (Izv) or coinfected female mosquito (Icv),
or by sexual transmission from a Zika-infected (Iz) or coinfected (Ic) human) and
transition into the Rd or Ic class, respectively. In a similar manner, fully susceptible
humans become infected with Zika from a mosquito in the Izv or Icv compartment,
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Table 2 Model parameters

Symbol Description (units) Value References

βhd Mosquito-to-human dengue infection
rate (humans/(mosquito*day))

0.25 Braselton and Bakach (2015)

βhz Mosquito-to-human Zika infection
rate (humans/(mosquito*day))

0.15 Manore et al. (2014)

βvd Human-to-mosquito dengue
infection rate (days−1)

0.25 Braselton and Bakach (2015)

βvz Human-to-mosquito Zika infection
rate (days−1)

0.15 Manore et al. (2014)

βs Zika human sexual transmission rate
(days−1)

0.05 Olawoyin and Kribs (2018)

γd Dengue recovery rate (days−1) 0.14 Braselton and Bakach (2015)

γz Zika recovery rate (days−1) 0.14 Shutt et al. (2017)

μ Human birth/death rate (days−1) 4.47 × 10−5 Braselton and Bakach (2015)

μv Mosquito birth/death rate (days−1) 0.07 Yang et al. (2009)

νd Modification factor for dengue
transmission by coinfected
mosquitoes

12 Chaves et al. (2018)

kd Relative likelihood of dengue
transmission given prior Zika
infection

> 1 Inferred from Kawiecki and
Christofferson (2016) and Stettler
et al. (2016)

kz Relative likelihood of Zika
transmission given prior dengue
infection

> 1 Inferred from Charles and
Christofferson (2016), Dejnirattisai
et al. (2016), Durbin (2016) and
Paul et al. (2016)

νz Modification factor for Zika
transmission by coinfected
mosquitoes

0.11 Chaves et al. (2018)

Nv Total number of female mosquitoes 457,092 Olawoyin and Kribs (2018)

Nh Total number of humans 76,182 Olawoyin and Kribs (2018)

or by a human in the Iz or Ic compartment. The mosquito-to-human Zika infection
rate is given by βhz and is modified by a factor of νz for coinfected mosquitoes. Once
infected with Zika, humans either recover (with the Zika recovery rate given by γz) or
become coinfected with dengue through a mosquito in Idv or Icv.

When a coinfected human recovers from dengue, he or she becomes dengue-
immune and enters the Jz class. Meanwhile, singly infected humans who recover
from dengue join the Rd compartment where they are susceptible to further infection
with the ZIKV. For individuals in the Jz class, the rate of ZIKV infection is modified
by a factor of kz which represents the relative Zika infectivity given the effect of ADE.
Furthermore, coinfected humans who recover from Zika transition into the Jd class
and are immune to ZIKV infection. Once in Jd, an individual’s dengue infectivity
is modified by a factor of kd due to the higher viral load induced by ADE. On the
other hand, individuals who recover from a single infection with Zika enter Rz and
are susceptible to further infection with dengue. Lastly, individuals immune to dengue
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or Zika (i.e., those in Jd or Jz) that undergo subsequent infection with the secondary
virus recover and become immune to both diseases (Rc).

In the vector population, mosquitoes are born into the susceptible class (Sv) at a rate
of μvNv, where μv is the natural birth/death rate for mosquitoes and Nv is the total
mosquito population. Susceptible mosquitoes are infected with dengue after feeding
on a dengue-infected or coinfected human. In this case, the human-to-mosquito dengue
infection rate is given by βvd. Likewise, susceptible mosquitoes can become infected
with Zika after feeding on a Zika-infected or coinfected human, with a human-to-
mosquitoZika infection rate ofβvz. These singly infectedmosquitoes canbe coinfected
with both pathogens after feeding on a human infected with the second virus.

2.1 Model Equations

The system of nonlinear differential equations corresponding to the dengue and Zika
coinfection model described above is given by (1).

Ṡh = μNh − βhd
Sh
Nh

(Idv + νd Icv) − βhz
Sh
Nh

(Izv + νz Icv)

−βs
Sh
Nh

(Iz + Ic + kz Jz) − μSh
İd = βhd

Sh
Nh

(Idv + νd Icv) − βhz
Id
Nh

(Izv + νz Icv)

−βs
Id
Nh

(Iz + Ic + kz Jz) − γd Id − μId
İz = βhz

Sh
Nh

(Izv + νz Icv) + βs
Sh
Nh

(Iz + Ic + kz Jz)

−βhd
Iz
Nh

(Idv + νd Icv) − γz Iz − μIz
İc = βhz

Id
Nh

(Izv + νz Icv) + βs
Id
Nh

(Iz + Ic + kz Jz) + βhd
Iz
Nh

(Idv + νd Icv)
−γd Ic − γz Ic − μIc

Ṙd = γd Id − βhz
Rd
Nh

(Izv + νz Icv) − βs
Rd
Nh

(Iz + Ic + kz Jz) − μRd

Ṙz = γz Iz − βhd
Rz
Nh

(Idv + νd Icv) − μRz

J̇d = βhd
Rz
Nh

(Idv + νd Icv) + γz Ic − γd Jd − μJd
J̇z = βhz

Rd
Nh

(Izv + νz Icv) + βs
Rd
Nh

(Iz + Ic + kz Jz) + γd Ic − γz Jz − μJz
Ṙc = γd Jd + γz Jz − μRc

Ṡv = μvNv − βvd
Sv
Nh

(Id + Ic + kd Jd) − βvz
Sv
Nh

(Iz + Ic + kz Jz) − μvSv
İdv = βvd

Sv
Nh

(Id + Ic + kd Jd) − βvz
Idv
Nh

(Iz + Ic + kz Jz) − μv Idv
İzv = βvz

Sv
Nh

(Iz + Ic + kz Jz) − βvd
Izv
Nh

(Id + Ic + kd Jd) − μv Izv
İcv = βvz

Idv
Nh

(Iz + Ic + kz Jz) + βvd
Izv
Nh

(Id + Ic + kd Jd) − μv Icv.

(1)

A majority of the baseline parameter values used for this model were obtained
from previously published literary sources as indicated in Table 2. To obtain the Zika
and dengue transmission modification factors, we observed the difference in viral
cDNA copies between monoinfected and coinfected mosquitoes described in Chaves
et al. (2018). Based on this study, the number of dengue virus cDNA copies in coin-
fected mosquitoes was 1.25–12 times higher than in monoinfected mosquitoes, while
ZIKV cDNA copies were 6–9 times lower in coinfected mosquitoes than monoin-
fected mosquitoes. Assuming that these ranges correspond to the disease transmission
capability of coinfected vectors, we use values within the ranges for νd and νz. Since
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the only studies on the effect of ADE on Zika and dengue have been conducted at the
cellular level (i.e., comparing viral titers and replication), the direct effect of ADE on
dengue or Zika transmission is unknown. However, due to the large rise (up to two
orders of magnitude) in viral load caused by ADE, we assume that ADE increases the
likelihood of disease transmission and take kd and kz to be greater than one.

Under the assumption that human infection with the ZIKV is completely indepen-
dent of DENV immunity (i.e., kz = 1) and that the ability of vectors to transmit Zika
is independent of their coinfection with dengue (i.e., νz = 1), system (1) simplifies to

˙̃Sh = μNh − βhz
S̃h
Nh

Ĩzv − βs
S̃h
Nh

Ĩz − μS̃h
˙̃Iz = βhz

S̃h
Nh

Ĩzv + βs
S̃h
Nh

Ĩz − γz Ĩz − μ Ĩz
˙̃Rz = γz Ĩz − μR̃z˙̃Sdv = μvNv − βvz

S̃dv
Nh

Ĩz − μv S̃dv
˙̃Izv = βvz

S̃dv
Nh

Ĩz − μv Ĩzv,

(2)

where S̃h = Sh + Rd + Id, Ĩz = Iz + Ic + Jz, R̃z = Rz + Jd + Rc, S̃dv = Sv + Idv, and
Ĩzv = Izv+ Icv. Since the total human and vector populations, Nh and Nv, respectively,
are constant, (2) can be rewritten as

˙̃Sh = μNh − βhz
S̃h
Nh

(Nv − S̃dv) − βs
S̃h
Nh

Ĩz − μS̃h
˙̃Iz = βhz

S̃h
Nh

(Nv − S̃dv) + βs
S̃h
Nh

Ĩz − γz Ĩz − μ Ĩz
˙̃Sdv = μvNv − βvz

S̃v
Nh

Ĩz − μv S̃v

(3)

A similar reduction of (1) can be obtained when kd = 1 and νd = 1. In this case, the
model simplifies to (3), with the exception that there is no sexual transmission term,
and the z’s in the subscripts of (3) are replaced with d’s.

3 Equilibrium Points

To find equilibrium values of (1), we set all of the differential equations to zero. Some
of the equilibria are detailed in Table 3 and describe scenarios when no disease is
present within the population (disease-free equilibrium), or when only one disease is
present (dengue-only or Zika-only equilibrium). Although we were unable to find an
analytic expression for a copersistence equilibrium, numerical explorations suggest
the existence of a stable copersistence equilibrium when both the dengue and Zika
invasion reproductive numbers (IRNs) exceed 1. These IRNs are detailed in Sect. 5.
Existence criteria for the unique single pathogen equilibria are described in Lemma 1
and Theorem 1.

Lemma 1 For (1), a unique dengue-only equilibrium exists iff

Rd =
√

Nv

Nh

βvd

μv

βhd

μ + γd
> 1.

123



Coinfection, Altered Vector Infectivity, and… Page 9 of 20 13

Table 3 Equilibrium points

Equilibrium type S∗
h I∗d I∗z R∗

d R∗
z S∗

v I∗dv I∗zv

Disease-free Nh 0 0 0 0 Nv 0 0

Dengue-only
μN2

h
βhd I

∗
dv+μNh

I∗d 0 γd
μ I∗d 0 μvNvNh

βvd I
∗
d +μvNh

βvd I
∗
d Nv

βvd I
∗
d +μvNh

0

Zika-only
μN2

h
βhz I

∗
zv+βs I∗z +μNh

0 I∗z 0 γz
μ I∗z μvNvNh

βvz I∗z +μvNh
0 βvz I∗z Nv

βvz I∗z +μvNh

In this table, I∗d = μNh(βhdβvdNv−μvNh(γd+μ))
βvd(γd+μ)(μNh+βhdNv)

and I∗z = −b+
√
b2−4ac
2a , where a, b, and c are as described

in Sect. 3. In addition, I∗c = J∗
d = J∗

z = R∗
c = I∗cv = 0 for each equilibrium type

The proof of Lemma 1 is in “Appendix.”

Theorem 1 For (1), a unique Zika-only equilibrium exists iff

Rz = 1

2

⎡
⎣ βs

γz + μ
+

√(
βs

γz + μ

)2

+ 4
βvzβhzNv

(γz + μ)μvNh
)

⎤
⎦ > 1.

Proof. As seen in Table 3, all of the nonzero points of the Zika-only equilibrium are
expressed in terms of I ∗

z , where I ∗
z is the solution to the quadratic equation aI ∗

z
2 +

bI ∗
z + c = 0. In this equation,

a = βsβvz(γz + μ)Nh,

b = Nh[(γz + μ)(βvzβhzNv + Nhβsμv + βvzμ) − βsβvzμNh], and
c = N 2

h [μμv(γz + μ)Nh − βsμμvNh − βhzβvzμNv].

Using the quadratic formula, we have I ∗
z = −b±√

b2−4ac
2a . Since a > 0, when c > 0,

I ∗
z takes the sign of −b. When c < 0, one positive (−b+√

b2−4ac
2a ) and one negative

(−b−√
b2−4ac
2a ) solution are obtained.

Notice that

c > 0 ⇐⇒
μμv(γz + μ)Nh − βsμμvNh − βhzβvzμNv > 0 ⇐⇒

(γz + μ) >
βsμvNh+βvzβhzNv

μvNh
⇐⇒

(γz + μ)(βvzβhzNv + (βsμv + βvzμ)Nh) >
(

βsμvNh+βvzβhzNv
μvNh

)
(βvzβhzNv

+ (βsμv + βvzμ)Nh)

> βsβvzμNh.

By this last inequality, we have (γz+μ)(βvzβhzNv+(βsμv+βvzμ)Nh) > βsβvzμNh.
Finally, multiplying by Nh and subtracting βsβvzμNh on both sides of the inequality,
we obtain b > 0. This implies that for c > 0, I ∗

z < 0. Thus, the only biologically

feasible solution for I ∗
z occurs iff c < 0 and is given by I ∗

z = −b+√
b2−4ac
2a .
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Since

c < 0 ⇐⇒
μμv(γz + μ)Nh − βsμμvNh − βhzβvzμNv < 0 ⇐⇒

1 − βs
γz+μ

− βvzβhzNv
(γz+μ)μvNh

< 0 ⇐⇒
4

(
1 − βs

γz+μ
− βvzβhzNv

(γz+μ)μvNh

)
< 0 ⇐⇒

4 − 4 βs
γz+μ

+
(

βs
γz+μ

)2
< 4 βvzβhzNv

(γz+μ)μvNh
) +

(
βs

γz+μ

)2 ⇐⇒(
2 − βs

γz+μ

)2
< 4 βvzβhzNv

(γz+μ)μvNh
) +

(
βs

γz+μ

)2 ⇐⇒
1 < 1

2

[
βs

γz+μ

+
√(

βs
γz+μ

)2 + 4 βvzβhzNv
(γz+μ)μvNh

) +
(

βs
γz+μ

)2]
,

this unique Zika-only equilibrium exists iff Rz > 1.

4 Basic Reproductive Number

To derive the BRN of the ZIKV and DENV coinfection model, we use the next-
generation operator method proposed by van den Driessche and Watmough (2002).
Evaluating the F and V matrices obtained from this method at the disease-free equi-
librium, we have

F =

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

0 0 0 0 0 βhd 0 βhdνd
0 βs βs 0 βs 0 βhz βhzνz
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0

βvdNv
Nh

0 βvdNv
Nh

βvdNv
Nh

0 0 0 0

0 βvzNv
Nh

βvzNv
Nh

0 βvzNv
Nh

0 0 0
0 0 0 0 0 0 0 0

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

and

V =

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

γd + μ 0 0 0 0 0 0 0
0 γz + μ 0 0 0 0 0 0
0 0 γd + γz + μ 0 0 0 0 0
0 0 −γz γd + μ 0 0 0 0
0 0 −γd 0 γz + μ 0 0 0
0 0 0 0 0 μv 0 0
0 0 0 0 0 0 μv 0
0 0 0 0 0 0 0 μv

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

.

The BRN is the spectral radius of FV−1 and is given by max{
√

Nv
Nh

βvd
μv

βhd
μ+γd

,

1
2

[
βs

μ+γz
+

√
(

βs
μ+γz

)2 + 4 Nv
Nh

βvz
μv

βhz
μ+γz

]
} = max{Rd, Rz}.
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The fractions βvd
μv

and βhd
μ+γd

in Rd are the product of the DENV infection rates

and the average time a human or vector remains infected with dengue ( 1
μv

days for

vectors and 1
μ+γd

days for humans). The second term under the radical in Rz is similar
to Rd and represents vector transmission of Zika. However, Rz also includes sexual
transmission of Zika within the human population in the form βs

μ+γz
, where βs is the

sexual transmission rate and 1
μ+γz

is the average duration of infection in humans.
The next-generation operator method ensures the local asymptotic stability of the

disease-free state when R0 = max{Rd, Rz} < 1.

5 IRNs

Invasion reproductive numbers (Crawford andKribs 2009;Martcheva 2009; Porco and
Blower 1998) for autonomous systems can be derived by extending the next-generation
matrix method (van den Driessche and Watmough 2002) to consider any resident
(non-invading) infections as non-infectious classes (Mitchell and Kribs 2019). This
method establishes conditions for the local asymptotic stability (LAS) of the boundary
equilibria: the dengue-endemic equilibrium is LAS when dengue can spread alone but
Zika cannot invade it (Rd > 1, R̃z < 1), and the Zika-endemic equilibrium is LAS
when ZIKV can spread alone but dengue cannot invade it (Rz > 1, R̃d < 1). As
noted in Sect. 3, numerical explorations indicate that when both IRNs exceed 1, a
copersistence equilibrium is LAS.

5.1 Dengue IRN

The dengue IRN, which describes the ability of dengue to spread in a population
endemic with Zika, is calculated with Id, Ic, Jd, Idv, and Icv categorized as the infec-
tious classes. Evaluating the F and V matrices at the Zika-only endemic equilibrium,
we obtain

F =

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

0 0 0 βhd
S∗
h

Nh
νdβhd

S∗
h

Nh

0 0 0 βhd
I ∗
z
Nh

νdβhd
I ∗
z
Nh

0 0 0 kdβhd
R∗
z

Nh
kdνdβhd

R∗
z

Nh

βvd
S∗
v

Nh
βvd

S∗
v

Nh
βvd

S∗
v

Nh
0 0

βvd
I ∗
zv
Nh

βvd
I ∗
zv
Nh

βvd
I ∗
zv
Nh

0 0

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

and
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V =

⎛
⎜⎜⎜⎜⎜⎜⎝

βhz
I ∗
zv
Nh

+ βs
I ∗
z
Nh

+ γd + μ 0 0 0 0

−βhz
I ∗
zv
Nh

− βs
I ∗
z
Nh

γd + γz + μ 0 0 0
0 −γz γd + μ 0 0

0 0 0 βvz
I ∗
z
Nh

+ μv 0

0 0 0 −βvz
I ∗
z
Nh

μv

⎞
⎟⎟⎟⎟⎟⎟⎠

.

Dengue’s IRN is the spectral radius of FV−1 and is given by R̃d = Rd
√
KvdKhd,

where

Kvd = S∗
v

Nv

[
βvz I ∗

z

βvz I ∗
z + μvNh

νd + μvNh

βvz I ∗
z + μvNh

]
+ I ∗

zv

Nv
νd

and

Khd = S∗
h

Nh

(
βhz I ∗

zv + βs I ∗
z

(βhz I ∗
zv + βs I ∗

z ) + (μ + γd)Nh

[
μ + γd + kdγz
μ + γd + γz

]

+ (μ + γd)Nh

(βhz I ∗
zv + βs I ∗

z ) + (μ + γd)Nh

)

+ I ∗
z

Nh

μ + γd + kdγz
μ + γd + γz

+ R∗
z

Nh
kd.

It is important to note that when kd = νd = 1, R̃d = Rd.
Epidemiologically, Kvd is the average relative dengue infectivity of mosquitoes in

a setting where Zika is resident and Khd is the average relative dengue infectivity of
humans within that setting. While the proportion of susceptible mosquitoes that get

Zika before dying (
S∗
v

Nv
[ βvz I ∗

z
βvz I ∗

z +μvNh
]) and the proportion of Zika infectious mosquitoes

(
I ∗
zv
Nv

) at the time that dengue arrives have relative dengue infectivity of νd, the rel-
ative dengue infectivity of the proportion of susceptible mosquitoes that die before

contracting Zika ( S
∗
v

Nv
[ μvNh
βvz I ∗

z +μvNh
]) is 1.

In the Khd expression, the proportion of susceptible humans who get Zika before

dying but recover from Zika prior to getting dengue (
S∗
h

Nh

βhz I ∗
zv+βs I ∗

z
(βhz I ∗

zv+βs I ∗
z )+(μ+γd)Nh

γz
μ+γd+γz

), the proportion of humans infected with Zika when dengue arrives who

recover before getting dengue (
I ∗
z
Nh

γz
μ+γd+γz

), and the proportion of humans already

recovered from Zika when dengue is introduced ( R
∗
z

Nh
) have a relative dengue infec-

tivity of kd. On the other hand, susceptibles who get Zika but die or get dengue

before recovering from Zika (
S∗
h

Nh

βhz I ∗
zv+βs I ∗

z
(βhz I ∗

zv+βs I ∗
z )+(μ+γd)Nh

μ+γd
μ+γd+γz

), susceptibles who

die or get infected with dengue prior to getting Zika (
S∗
h

Nh

(μ+γd)Nh
(βhz I ∗

zv+βs I ∗
z )+(μ+γd)Nh

), and
those currently infected with Zika who die or get dengue before recovering from Zika

( I
∗
z
Nh

μ+γd
μ+γd+γz

) all have a relative dengue infectivity of 1.
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5.2 Zika IRN

The Zika IRN describes the ability of Zika to spread in a population endemic with
dengue and is computed in a similar manner as the dengue IRN. However, in this case
Iz, Ic, Jz, Izv, and Icv are categorized as the infectious classes. Evaluating F and V
at the dengue-only endemic equilibrium, we obtain

F =

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

βs
S∗
h

Nh
βs

S∗
h

Nh
βs

S∗
h

Nh
βhz

S∗
h

Nh νdβhz
S∗
h

Nh

βs
I ∗
d
Nh

βs
I ∗
d
Nh

βs
I ∗
d
Nh

βhz
I ∗
d

Nh νzβhz
I ∗
d

Nh

kzβs
R∗
d

Nh
kzβs

R∗
d

Nh
kzβs

R∗
d

Nh
kzβhz

R∗
d

Nh kzνzβhz
R∗
d

Nh

βvz
S∗
v

Nh
βvz

S∗
v

Nh
βvz

S∗
v

Nh
0 0

βvz
I ∗
dv
Nh

βvz
I ∗
dv
Nh

βvz
I ∗
dv
Nh

0 0

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

and

V =

⎛
⎜⎜⎜⎜⎜⎜⎝

βhd
I ∗
dv
Nh

+ γz + μ 0 0 0 0

−βhd
I ∗
dv
Nh

γd + γz + μ 0 0 0
0 −γd γz + μ 0 0

0 0 0 βvd
I ∗
d
Nh

+ μv 0

0 0 0 −βvd
I ∗
d
Nh

μv

⎞
⎟⎟⎟⎟⎟⎟⎠

.

Zika’s IRN is the spectral radius of FV−1 and is given by

R̃z = 1
2

(
βs

μ+γz
Khz +

√(
βs

μ+γz
Khz

)2 + 4KhzKvz
Nv
Nh

βhz
μ+γz

βvz
μv

)
, where

Kvz = S∗
v

Nv

[
βvd I ∗

d

βvd I ∗
d + μvNh

νz + μvNh

βvd I ∗
z + μvNh

]
+ I ∗

dv

Nv
νz

and

Khz = S∗
h

Nh

(
βhd I ∗

dv

(βhd I ∗
dv + (μ + γz)Nh

[
μ + kzγd + γz

μ + γd + γz

]
+ (μ + γz)Nh

(βhd I ∗
dv + (μ + γz)Nh

)

+ I ∗
d

Nh

μ + kzγd + γz

μ + γd + γz
+ R∗

d

Nh
kz.

Notice that when kz = νz = 1, R̃z = Rz. Furthermore, in a similar manner as Kvd
and Khd, the Kvz and Khz expressions describe the relative Zika infectivity of vectors
and humans, respectively.
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Fig. 2 Variations in IRN threshold curves with kd and kz. The kd and kz parameter values used to generate
the IRN threshold curves are as indicated, while other parameter values are kept at their baseline values

It is worth noting that the four parameters which describe the dengue–Zika interplay
do not appear in either virus’s BRN but do appear in the two IRNs, specifically human
ADE (kd, kz) through the terms Khd and Khz, and altered infectivity for coinfected
vectors (νd, νz) through the terms Kvd and Kvz.

6 BRN/IRN Threshold Curves

In order to visualize how various aspects of the dengue–Zika interplay impact the
persistence of each disease, we plot IRN threshold curves for R̃d = R̃z = 1 on the
Rd versus Rz axis. As seen in Figs. 2 and 3, this results in four distinct regions of
possible model outcomes (extinction of both diseases, E0, persistence of only dengue,
Ed, persistence of only Zika, Ez, and copersistence of both pathogens, Edz). In these
figures, the curve above the Rz = 1 line is R̃d = 1 and the curve to the right of the
Rd = 1 line is R̃z = 1.

Figure 2 illustrates that ADE (i.e., kd, kz > 1) causes Zika and dengue to benefit
from the presence of each other. In particular, due to ADE, the presence of dengue
makes it possible for Zika to persist in regions where it would not have been able to
persist on its own (i.e., in regions where Rz < 1). Similarly, this figure shows that
the reciprocal effect of Zika presence on dengue is also true with ADE. In fact, as the
likelihood of disease transmission by recovered individuals increases across various
orders of magnitude, the Edz region widens and makes it easier for dengue and Zika
to copersist.

To disentangle the effects of altered infectivity of hosts from that of vectors, we let
kd = kz = 1 (while keeping νd and νz at their baseline values) and obtain Fig. 3. Since
the R̃d = R̃z = 1 curves appear to be straight lines, it seems, at first glance, that altered
infectivity of vectors does not affect persistence of Zika and dengue. However, after
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d

d

d

d

o

Fig. 3 IRN threshold curves for kd = kz = 1. To generate this figure, we let kd = kz = 1 and keep other
parameters at their baseline values. The miniature figures represent enlarged sections of the R̃d = 1 (top
figure) and R̃z = 1 (bottom right figure) curves. This graph shows the relatively minimal effect of altered
vector infectivity on transmission of the viruses

enlarging the IRN threshold curves, it is clear that Zika slightly facilitates the spread of
dengue (as seen in the Edz region where dengue is able to invade even though Rd < 1)
while dengue hinders the spread of Zika (as evidenced by the narrow Ed region where
Zika is not able to establish itself even though Rz > 1). This minor impact of νd and
νz on the persistence of each pathogen can be attributed to the fact that coinfected
mosquitoes have a higher likelihood of transmitting dengue and a lower likelihood of
transmitting Zika than monoinfected mosquitoes.

Amore detailed exploration of how the altered infectivity parameters impact dengue
and Zika dynamics is conducted by plotting the R̃d = Rd and R̃z = Rz curves on the
ν versus k axis. As shown in Fig. 4, these curves divide the plane into two distinct
regions, one where the IRN is greater than the BRN and the other where the IRN is
less than the BRN. If Zika-recovered individuals are more than 5.2 times as likely
as their Zika-naive counterparts to transmit dengue, the dengue IRN will always be
greater than its BRN. On the other hand, any level of ADE (i.e., any kz > 1) causes
the Zika IRN to be greater than its BRN.

7 Discussion and Concluding Remarks

Although cocirculation of Zika and dengue is common due to the pathogens’ shared
vector, the impact of cocirculation on the presence of each pathogen has not received
great mathematical modeling attention. In this study, we develop and analyze the first
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(a) νd vs. kd

(b) νz vs. kz

Fig. 4 BRN and IRN comparisons on ν versus k axes

mathematical model of dengue and Zika that incorporates coinfection in humans and
vectors, altered infectivity of coinfected vectors, andADE. Through various analytical
and numerical results, we highlight possible epidemiological consequences inherent
in the cocirculation of both diseases.

The results of this work differ from those of the previous mathematical model-
ing studies to consider dengue and Zika cocirculation. Specifically, our derivation of
explicit expressions for the IRNs of the two viruses makes clear the role of each of
the two factors (ADE in humans and coinfection in mosquitoes) which we assume to
affect the infectivities of both viruses. While the complexity of the model in Isea and
Lonngren (2016) prevents the authors from deriving any reproductive numbers, Tang
et al. (2016) compute their model’s BRNonly, inwhich neither infectivity-altering fac-
tor appears, since the BRN is defined in terms of the disease-free state. The Rd and Rz
expressions in our BRN are structurally similar to those in Okuneye et al. (2017) and
Wang and Zhao (2019). However, unlike ours, the BRN expressions derived in these
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latter two papers include both vaccination and ADE parameters, because those studies
assume that ADE alters susceptibility, rather than infectivity, including of vaccinated
individuals. For them, ADE alters the viruses’ BRNs to the extent that vaccinated
individuals are present in the disease-free state. Since ADE increases the viral load
during a second infection, until field studies confirm the nature of its effects during
transmission, the question of whether the increased viral load increases susceptibility
or subsequent infectivity remains open.We consider an increased viral load throughout
the course of an infection to affect primarily infectivity.

Our calculation of the IRNs for both diseases therefore permits a more systematic
and interpretable study of how ADE and coinfected vectors create a complex and
asymmetric interplay between dengue and Zika viruses by changing their infectivi-
ties. The expressions for weighted-average infectivities in each IRN show how key
parameter values impact them. Through Fig. 4, we see that altered infectivity of hosts
has a greater impact on the IRNs than the altered infectivity of vectors. In addition,
the kd and kz parameters can be used to determine when the presence of one disease
makes it easier or harder for the other to spread (i.e., when each pathogen’s IRN will
be greater than or less than its BRN). Regardless of the level of ADE, we find that
Zika will always spread more easily in dengue-endemic regions than it would on its
own. However, this is not the case with dengue. For dengue, the effect of ADE has
to be high enough (i.e., kz > 5.2) in order for the presence of Zika to facilitate the
establishment of dengue. This allows for interesting scenarios where Zika and dengue
will have opposite effects on each other. For example, when kz > 1 and 1 < kd < 5.2,
high dengue propagates the spread of Zika (i.e., R̃z > Rz), but high Zika prevalence
impedes the invasion of dengue (i.e., R̃d < Rd).

In addition to Fig. 4, Figs. 2 and 3 provide valuable insight on how the Zika and
dengue viruses affect each other on the population level. With or without altered
infectivity of humans, the presence of Zika makes it possible for dengue to persist in
a population in which it would not be able to persist by itself. However, our results
show that ADE (i.e., kz > 1) is essential for Zika to benefit from the presence of
dengue. Without ADE, it is possible for Zika’s BRN to be greater than 1, but Zika not
be able to successfully invade a population because of the presence of dengue. Both of
these results are due to the baseline νd but νz values that allow coinfected mosquitoes
to be better at transmitting dengue than Zika. Furthermore, as altered host infectivity
parameters increase, the region of copersitence of both viruses widens, showing a
mutualistic relationship between Zika and dengue due to ADE.

From this research, it is clear that the impact of ADE on the infectivity of hosts
plays a crucial role in dengue–Zika dynamics. However, there are no experimental
studies that address the epidemiological consequences of ADE, specifically how it
affects dengue infectivity of Zika-immune individuals or Zika infectivity of dengue-
immune persons. Currently, the studies that address ADE do so on the cellular level,
describing its impact on viral titers. We argue that due to the effect of the kd and kz
parameters on IRN and BRN comparisons and the persistence of Zika and dengue,
there is a need for studies that focus on estimating these values. Using experimentally
validated kd and kz estimates would allow us to draw more concrete conclusions on
the population-wide impact of Zika and dengue, which can potentially inform vaccine
development efforts.
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In future, we plan to extend our study of this dengue–Zika interplay model to con-
sider vaccination and include more than one dengue serotype. Explicitly incorporating
potential Zika and dengue vaccines will give a clear picture of the possible impact of
vaccinations and whether or not the use of one vaccine can indirectly exacerbate the
burden of the other pathogen. In addition, since multiple dengue serotypes typically
cocirculate within particular regions (and have been shown to exhibit ADE with each
other), it would be beneficial to examine how the presence of more than one dengue
serotype with Zika affects the long-term persistence of the various pathogens.
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Appendix: Proof of Lemma 1

Proof. A brief inspection of the dengue-only equilibrium reveals that this equilibrium
point exists (i.e., consists of nonnegative terms) iff I ∗

d > 0. Notice that

I ∗
d > 0 ⇐⇒

μNh(βhdβvdNv−μvNh(γd+μ))
βvd(γd+μ)(μNh+βhdNv)

> 0 ⇐⇒
μNh(βhdβvdNv − μvNh(γd + μ)) > 0 ⇐⇒

μNhβhdβvdNv > μμvN 2
h (γd + μ) ⇐⇒

μNhβhdβvdNv

μμvN2
h (γd+μ)

> 1 ⇐⇒
Nv
Nh

βvd
μv

βhd
μ+γd

> 1 ⇐⇒√
Nv
Nh

βvd
μv

βhd
μ+γd

> 1.

Thus, a unique dengue-only equilibrium exists iff Rd > 1.
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