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Abstract In this paper, we derive some threshold conditions for permanence and extinc-
tion of diseases that can be described by a nonautonomous SEIRS epidemic model. Under
the quite weak assumptions, we establish some sufficient conditions to prove the perma-
nence and extinction of disease. Some new threshold values are determined.
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1. Introduction

To understand how to control and eradicate infectious disease is one of the main goals
of mathematical epidemiology. From the study of autonomous models (Thieme, 2003;
Anderson and May, 1978, 1979, 1992; Kermark and Mckendrick, 1927; Diekmann and
Heesterbeek, 2000), we know that a disease can cause an epidemic when and only when
the basic reproduction number R0 is greater than 1. Thus to eradicate a disease, we need
to reduce R0 to less than 1. However, as we well know, the nonautonomous phenomenon
often occurs in many realistic epidemic systems. Many diseases show seasonal behavior
(London and Yorke, 1973; Dowell, 2001; Earn et al., 2002). Seasonality may come from
various sources, e.g., varying transmission rates, fluctuations in birth rates, etc. Particu-
larly, when we consider the long-term dynamical behaviors of an epidemic system, the
parameters of the system usually will arise change with time.

In recent years, epidemiological models of ordinary differential equations have been
studied by a number of authors (see, for example, Thieme, 2003; Anderson and May,
1992; Kermark and Mckendrick, 1927; Diekmann and Heesterbeek, 2000; Capasso, 1993;
Ma et al., 2004; Brauer and Castillo-Chavez, 2001; Mena-Lorca and Hethcote, 1992). The
basic and important research subjects for these systems are the existence of the threshold
value which distinguishes whether the infectious disease will die out, the local and global
stability of the disease-free equilibrium and the endemic equilibrium, the existence of
periodic solutions, the persistence and extinction of the disease, etc. But most of them are
concerned with local stability of equilibria. Stability, persistence and permanence have
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been researched in a lot of papers in population biology (Cull, 1981; Takeuchi et al.,

2006a, 2006b; Teng and Li, 2000; Teng and Yu, 1999; Teng and Chen, 2003). Hence,

as the part of the population biology, permanence of disease plays an important role in

epidemiology.

Recently, we see that there have been some research works on the nonautonomous

epidemic dynamical systems, for example (Thieme, 1999, 2000; Zhang et al., 2005;

Herzog and Redheffer, 2004; Li et al., 1999). Thieme (1999, 2000) studied the persis-

tence and extinction for the following nonautonomous SIRS epidemic dynamical system

⎧
⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎩

N = S + I + R,

dI

dt
= α(t)SI − (

μ(t) + γ (t)
)
I,

dR

dt
= γ (t)I − μ(t)R − ξ(t)R,

where N = N(t) is a given known continuous, bounded and nonnegative function defined

on R+ = [0,+∞) and expresses the size of the total population at time t . N is divided in

three parts: susceptible S, infective I and recovered R. By applying the theory of the per-

sistence and permanence for nonautonomous semiflows in the population biology which

is developed in the same paper (Thieme, 1999, 2000), the authors obtained the sufficient

conditions for the persistence and extinction of the disease.

In 2003, SARS began in the Guangdong province of China, however, it broke out at

last in almost all parts of China. Zhang proposes a compartmental model (Zhang et al.,

2005) that mimics the SARS control strategies implemented by the Chinese government

after the middle of April 2003. In this paper, they obtain the following nonautonomous

subsystem (Zhang et al., 2005, Eq. (3.2))

⎧
⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎩

E′ = λf (t)(δf E + I ) − (ε + dep)E,

I ′ = εE − diqI − αI,

P ′ = depE + dspD − bspP − dpqP,

D′ = λq(t)(δqP + D) + dpqP + dipI − (α + γ )D.

This subsystem is obviously of fundamental importance for the prevention and control

of SARS outbreak. Therefore, the research on the nonautonomous epidemic dynamical

systems also is very important and significant like on the autonomous epidemic dynamical

systems.
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The autonomous case is well studied (Liu et al., 1987; Hethcote, 2000) and in particular
the references in (Liu et al., 1987). Liu and Hethcote (1987) studied the following SEIRS
equations

⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

dS

dt
= μ − λSpI q − μS + δR,

dE

dt
= λSpI q − (μ + ε)E,

dI

dt
= εE − (μ + γ )I,

dR

dt
= γ I − (μ + δ)R.

(1)

Traditionally p and q are constants with p > 0 and q > 0 and μ, λ, ε, γ , δ are nonnegative
constants. When μ, λ, ε, γ , δ in system (1) are replaced by nonnegative continuous func-
tions of t and p = q = 1, we get a nonautonomous equation. For this equation, Herzog
and Redheffer (2004) did some researches on positivity of solutions and the extinction of
disease.

In (Li et al., 1999) a partially nonautonomous system is considered allowing varying
total population size. From the ideas of these literatures (Thieme, 1999, 2000; Zhang
et al., 2005; Liu et al., 1987; Herzog and Redheffer, 2004), we refer to the following
nonautonomous SEIRS system

⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

dS

dt
= Λ(t) − β(t)SI − μ(t)S + δ(t)R,

dE

dt
= β(t)SI − (

μ(t) + ε(t)
)
E,

dI

dt
= ε(t)E − (

μ(t) + γ (t)
)
I,

dR

dt
= γ (t)I − (

μ(t) + δ(t)
)
R,

N(t) = S(t) + E(t) + I (t) + R(t).

(2)

The letters S, E, I , R stand, respectively, for susceptible, exposed, infectious and recov-
ered. Λ(t) is the growth rate of population, function μ(t) is the instantaneous per capita
mortality rate, function β(t) is the daily contact rate, that is, the average number of con-
tacts per day, functions ε(t), γ (t) and δ(t) are the instantaneous per capita rates of leaving
the latent stage, infected stage and recovered stage, respectively.

In this paper, our main purpose is to look for permanence conditions for diseases mod-
eled by SEIRS (susceptible-exposed-infectious-recovered-susceptible). The paper is orga-
nized as follows. Section 2 contains some basic preliminaries including initial conditions,
some hypotheses, the definition of permanence, extinction of disease. Section 3 deals with
the global existence and positivity of solutions of system (2). Permanence of solutions of
system (2) is settled in Section 4. In Section 5, we will establish some sufficient conditions
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on the extinction of the disease. We will give some corollaries in Section 6. Section 7 will
give some examples to illustrate these theorems.

2. Notation and preliminaries

For any solution (S(t),E(t), I (t),R(t)) of system (2) with initial value

S(0) > 0, E(0) ≥ 0, I (0) > 0, R(0) ≥ 0. (3)

On the persistence and extinction for the infectives I in system (2) we have the following
definitions.

If lim inft→∞ I (t) > 0, then we say that the infectives I are strongly persistent.
If there are positive constants v1, v2 such that

v1 ≤ lim inf
t→∞ I (t) ≤ lim sup

t→∞
I (t) ≤ v2,

then we say that the infectives I are permanent.
If limt→∞ I (t) = 0, then we say that the infectives I go extinct.
For system (2), we introduce the following assumptions.

(H1) Functions Λ(t), β(t), μ(t), ε(t), γ (t) and δ(t) are nonnegative, continuous and
bounded on R+ = [0,+∞) and β(0) > 0.

(H2) There exist positive constants ωi > 0 (i = 1,2,3) such that

lim inf
t→∞

∫ t+ω1

t

β(s) ds > 0, lim inf
t→∞

∫ t+ω2

t

μ(s) ds > 0

and

lim inf
t→∞

∫ t+ω3

t

Λ(s) ds > 0.

Remark 2.1. It is easy to prove that assumption (H2) is equivalent to

lim inf
t,s→∞

1

t

∫ t

0
β(r + s) ds > 0, lim inf

t,s→∞
1

t

∫ t

0
μ(r + s) ds > 0

and

lim inf
t,s→∞

1

t

∫ t

0
Λ(r + s) ds > 0.

In particularly, when system (2) degenerates into ω-periodic system, that is, Λ(t),
β(t), μ(t), ε(t), γ (t) and δ(t) are all nonnegative continuous periodic functions with
period ω > 0, then assumptions (H2) is equivalent to the following cases

β > 0, μ > 0 and Λ > 0,
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where for any continuous periodic function f with period ω > 0, we denote by f the
average value of f (t), i.e. f = 1

ω

∫ ω

0 f (t)dt .
When system (2) degenerates into almost periodic system, that is Λ(t), β(t), μ(t),

ε(t), γ (t) and δ(t) are all nonnegative continuous almost periodic functions, then as-
sumption (H2) is equivalent to the following cases

m(β) > 0, m(μ) > 0 and m(Λ) > 0,

where for any continuous almost periodic function f , we denote by m(f ) the average
value of f (t), i.e. m(f ) = limt→∞ 1

t

∫ t

0 f (t)dt .
Consider the following nonautonomous linear equation

dz

dt
= Λ(t) − μ(t)z. (4)

We have the following result.

Lemma 2.1. Suppose that assumptions (H1) and (H2) hold. Then

(a) Each fixed solution z∗(t) of Eq. (4) with initial value z∗(0) > 0 is bounded and glob-
ally uniformly attractive on R+.

(b) Let z(t) be a solution of Eq. (4) and z̄(t) be a solution obtained in Eq. (4) when
Λ(t) is replaced by another continuous function Λ̄(t) and z(0) = z̄(0), then there is
a constant L > 0 only depending on μ(t) such that

sup
t≥0

∣
∣z(t) − z̄(t)

∣
∣ ≤ L sup

t≥0

∣
∣Λ(t) − Λ̄(t)

∣
∣.

(c) There exist m, M > 0, such that

m < lim inf
t→∞ z(t) ≤ lim sup

t→∞
z(t) < M.

(d) When Eq. (4) is ω-periodic, then Eq. (4) has a unique nonnegative ω-periodic solution
z∗(t) which is globally uniformly attractive.

(e) When Eq. (4) is almost periodic, then Eq. (4) has a unique nonnegative almost peri-
odic solution z∗(t) which is globally uniformly attractive.

(f) If μ(t) > 0 for all t ≥ 0 and 0 < lim inft→∞ Λ(t)

μ(t)
≤ lim supt→∞

Λ(t)

μ(t)
< ∞, then for any

solution z(t) of Eq. (4) with the initial value z(0) > 0, we have

(
Λ

μ

)m

≤ lim inf
t→∞ z(t) ≤ lim sup

t→∞
z(t) ≤

(
Λ

μ

)M

,

where

(
Λ

μ

)m

= lim inf
t→∞

Λ(t)

μ(t)
,

(
Λ

μ

)M

= lim sup
t→∞

Λ(t)

μ(t)
.

Using the variation of constants formula and comparison theorem and the method of
Liapunov function, we can prove this lemma very easily. Here, we omit it.
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For convenience, we denote

a = sup
t≥0

β(t), b = sup
t≥0

γ (t), c = sup
t≥0

μ(t)

and

d = sup
t≥0

ε(t), f = sup
t≥0

δ(t)

3. Positivity

In this section, we will give conditions under which the solutions exist on [0,+∞) and
are positive. The main result is as follows.

Theorem 3.1. Suppose that assumptions (H1) and (H2) hold. The solution
(S(t),E(t), I (t),R(t)) with initial condition (3) of system (2) is nonnegative and uni-
formly bounded on [0,+∞).

Using (Thieme, 2003, Theorem A.4), we can easily proof this theorem. So, we omit it.

Remark 3.2. For any nonnegative initial value (3), we can show that the following (i), (ii),
(iii) and (iv) are true.

(i) The solution (S(t),E(t), I (t),R(t)) of (2) exists on R+ and S(t) > 0(t ≥ 0), E(t) >

0(t > 0), I (t) > 0(t ≥ 0) and R(t) ≥ 0(t ≥ 0).
(ii) If E(0) > 0 and R(0) > 0, then the solution (S(t),E(t), I (t),R(t)) of (2) exists on

R+ and S(t) > 0(t ≥ 0), E(t) > 0(t ≥ 0), I (t) > 0(t ≥ 0) and R(t) > 0(t ≥ 0).
(iii) If E(0) = 0, I (0) = 0 and R(0) = 0, then the solution (S(t),E(t), I (t),R(t)) of

(2) exists on R+ and S(t) > 0(t ≥ 0), E(t) = 0(t ≥ 0), I (t) = 0(t ≥ 0) and R(t) =
0(t ≥ 0).

(iv) If E(0) > 0 and β(0) = 0, then the solution (S(t),E(t), I (t),R(t)) of (2) exists on
R+ and S(t) > 0(t ≥ 0), E(t) > 0(t ≥ 0), I (t) > 0(t ≥ 0) and R(t) ≥ 0(t ≥ 0).

4. Permanence

In this section, we wish to discuss the permanence of the disease in system (2), demon-
strate how the disease in system (2) will be permanent under what conditions. Let the
function

b(t, u) = 2
√

β(t)ε(t)u(t) − [(
μ(t) + ε(t)

) + (
μ(t) + γ (t)

)]

and z∗(t) be some fixed solution of Eq. (4) with initial value z∗(0) > 0. We have the
following theorem.
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Theorem 4.1. Suppose that assumptions (H1), (H2) hold and there is a constant λ > 0
such that

R∗
0 = lim inf

t→∞

∫ t+λ

t

b
(
s, z∗(s)

)
ds > 0. (5)

Then the infective I is permanent.

Proof: Let N∗(t) = S(t) + E(t) + I (t) + R(t) with the initial value N∗(0) = S(0) +
E(0) + I (0) + R(0), then N∗(t) is a solution of Eq. (4). The system (2) is equivalent to
the following system

⎧
⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎩

dE(t)

dt
= β(t)

(
N∗(t) − E(t) − I (t) − R(t)

)
I (t) − (

μ(t) + ε(t)
)
E(t),

dI (t)

dt
= ε(t)E(t) − (

μ(t) + γ (t)
)
I (t),

dR(t)

dt
= γ (t)I (t) − (

μ(t) + δ(t)
)
R(t).

(6)

Firstly, we prove that the number R∗
0 is independent of the choice of z∗(t). In fact,

Lemma 2.1 implies that for any sufficiently small ε > 0 and any solution z(t) of Eq. (4)
with initial value z(0) > 0, there exists T > 0 such that as t ≥ T ,

z∗(t) − ε ≤ z(t) ≤ z∗(t) + ε, z∗(t) ≥ m.

Hence,

b
(
t, z∗(t) − ε

) ≤ b
(
t, z(t)

) ≤ b
(
t, z∗(t) + ε

)
.

For t ≥ T , we obtain

lim inf
t→∞

∫ t+λ

t

b
(
s, z∗(s) + ε

)
ds ≤ R∗

0 + 2λ
√

ε sup
t≥0

√
ε(t)β(t)

and

lim inf
t→∞

∫ t+λ

t

b
(
s, z∗(s) − ε

)
ds ≥ R∗

0 − 2√
m

λε sup
t≥0

√
ε(t)β(t).

By the arbitrariness of ε, we finally obtain

lim inf
t→∞

∫ t+λ

t

b
(
s, z(s)

)
ds = R∗

0 .

This shows that R∗
0 is independent of the choice of z∗(t). Therefore,

lim inf
t→∞

∫ t+λ

t

b
(
s,N∗(s)

)
ds > 0. (7)
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Thus, by assumptions (H1), (H2) and (7), we can choose small enough positive constants
ε1, ε2, ε3, then there exist T1 > 0 and η1 > 0 satisfying

∫ t+ω2

t

β(θ)Mε2 − (
μ(θ) + ε(θ)

)
ε1 dθ < −η1, (8)

∫ t+ω2

t

γ (θ)ε2 − (
μ(θ) + γ (θ)

)
ε3 dθ < −η1, (9)

∫ t+λ

t

b
(
s,N∗(s) − ε1 − kε2 − ε3

)
ds > η1, (10)

and

N∗(t) − ε1 − kε2 − ε3 ≥ m, N∗(t) ≤ M (11)

for all t ≥ T1, where k = 1 + (aM + b)ω2.
Firstly, we will prove

lim sup
t→∞

I (t) > ε2. (12)

for any solution of (6). Suppose that (12) is not true, then there exists a solution
(E(t), I (t),R(t)) of (6) and T2 > T1 such that I (t) ≤ ε2 for all t ≥ T2.

If E(t) ≥ ε1 for all t ≥ T2, then from the first equation of system (6), we have

E(t) − E(T2) =
∫ t

T2

β(θ)
(
N∗(θ) − E(θ) − I (θ) − R(θ)

)
I (θ)

− (
μ(θ) + ε(θ)

)
E(θ)dθ

≤
∫ t

T2

β(θ)Mε2 − (
μ(θ) + ε(θ)

)
ε1 dθ

for all t ≥ T2. Then E(t) → −∞ as t → ∞ by (8). This is a contradiction. Hence, there
is a τ1 ≥ T2 such that E(τ1) < ε1. Next, we will prove

E(t) ≤ ε1 + aMω2ε2. (13)

for all t ≥ τ1. Otherwise, there is a τ2 > τ1 such that E(τ2) > ε1 + aMω2ε2. Hence, there
must be a τ3 ∈ (τ1, τ2) such that E(τ3) = ε1 and E(t) > ε1 for all t ∈ (τ3, τ2). Choose an
integer p ≥ 0 such that τ2 ∈ [τ3 + pω2, τ3 + (p + 1)ω2). Integrating the first equation of
system (6) from τ3 to τ2, we obtain

ε1 + aMω2ε2 < E(τ2)

= E(τ3) +
∫ τ2

τ3

β(θ)
(
N∗(θ) − E(θ) − I (θ) − R(θ)

)
I (θ)

− (
μ(θ) + ε(θ)

)
E(θ)dθ

≤ ε1 +
∫ τ2

τ3

β(θ)Mε2 − (
μ(θ) + ε(θ)

)
ε1 dθ

≤ ε1 +
∫ τ2

τ3+pω2

β(θ)Mε2 − (
μ(θ) + ε(θ)

)
ε1 dθ ≤ ε1 + aMω2ε2.
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This is a contradiction. Hence, (13) is valid.
If R(t) ≥ ε3 for all t ≥ T2, then from the third equation of system (6), we have

R(t) − R(T2) =
∫ t

T2

γ (θ)I (θ) − (
μ(θ) + δ(θ)

)
R(θ)dθ

≤
∫ t

T2

γ (θ)ε2 − (
μ(θ) + δ(θ)

)
ε3 dθ

for all t ≥ T2. By (9), if follows that R(t) → −∞ as t → ∞. This is a contradiction.
Hence, there is a τ1 ≥ T2 such that R(τ1) < ε3. In the following, we prove

R(t) ≤ ε3 + bω2ε2 (14)

for all t ≥ τ1. If it is not true, then there is a τ2 > τ1 satisfying R(τ2) > ε3 +bω2ε2. Hence,
there must be a τ3 ∈ (τ1, τ2) such that R(τ3) = ε3 and R(t) > ε3 for all t ∈ (τ3, τ2). Choose
an integer p ≥ 0 such that τ2 ∈ [τ3 + pω2, τ3 + (p + 1)ω2). Integrating the third equation
of system (6) from τ3 to τ2, we obtain

ε3 + bω2ε2 < R(τ2)

= R(τ3) +
∫ τ2

τ3

γ (θ)I (θ) − (
μ(θ) + δ(θ)

)
R(θ)dθ

≤ ε3 +
∫ τ2

τ3

γ (θ)ε2 − (
μ(θ) + δ(θ)

)
ε3 dθ

≤ ε3 +
∫ τ2

τ3+pω2

γ (θ)ε2 − (
μ(θ) + δ(θ)

)
ε3 dθ ≤ ε3 + bω2ε2.

This is a contradiction. Hence, (14) is valid. From this, we conclude that there exists
T0 > T2 such that (13) and (14) are both true for all t ≥ T0.

For t ≥ 0, we define a differentiable function V (t) = E(t)I (t). When t ≥ T0,

V̇ |(6)(t) = β(t)
(
N∗(t) − E(t) − I (t) − R(t)

)
I (t)2 + ε(t)E(t)2

− [(
μ(t) + ε(t)

) + (
μ(t) + γ (t)

)]
E(t)I (t)

≥ b
(
t,N∗(t) − E(t) − I (t) − R(t)

)
V (t)

≥ b
(
t,N∗(t) − ε1 − kε2 − ε3

)
V (t).

Integrating the above inequality from T0 to t , we have

V (t) ≥ V (T0) exp

(∫ t

T0

b
(
s,N∗(s) − ε1 − kε2 − ε3

)
ds

)

.

By (10), we obtain lim supt→∞ V (t) = ∞. This contradicts with the boundedness of E(t)

and I (t). From this contradiction, we finally conclude lim supt→∞ I (t) > ε2.
Secondly, we will prove that there is a constant v1 > 0 such that

lim inf
t→∞ I (t) ≥ v1. (15)
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From (8–11) and (H2), we have that there exist T ≥ T1, P > 0 and η > 0 such that
∫ t+α

t

β(θ)Mε2 − (
μ(θ) + ε(θ)

)
ε1 dθ < −M, (16)

∫ t+α

t

γ (θ)ε2 − (
μ(θ) + γ (θ)

)
ε3 dθ < −M, (17)

∫ t+α

t

b
(
s,N∗(s) − ε1 − kε2 − ε3

)
ds > η, (18)

and
∫ t+α

t

β(θ) dθ > η (19)

for every α ≥ P , t ≥ T . Choose an integer K0 > 0 such that

e−(c+d)P mv2ηeK0η > ε1 + aMω2ε2, (20)

where v2 = ε2e
−(b+c)2P . By (12), for any t0 ≥ 0, we claim that it is impossible that

I (t) ≤ ε2 for all t ≥ t0. From this claim, we will discuss the following two possibilities.

(i) I (t) ≥ ε2 for all large t .
(ii) I (t) oscillates about ε2 for all large t .

Finally, we will show that I (t) ≥ ε2e
−(b+c)(K0+2)P � v1 as t is large sufficiently. Evi-

dently, we only need consider the case (ii). Let t1 and t2 be large sufficiently times satis-
fying

I (t1) = I (t2) = ε2,

I (t) < ε2 for all t ∈ (t1, t2).

If t2 − t1 ≤ (K0 + 2)P , then

İ (t) = ε(t)E(t) − (
μ(t) + γ (t)

)
I (t) ≥ −(b + c)I (t) and I (t1) = ε2,

which implies I (t) ≥ ε2e
−(b+c)(K0+2)P for all t ∈ [t1, t2].

If t2 − t1 > (K0 + 2)P , then it is clear that I (t) ≥ ε2e
−(b+c)(K0+2)P for all t ∈ [t1, t1 +

(K0 + 2)P ].
If E(t) ≥ ε1 for all t ∈ [t1, t1 + P ], then

E(t1 + P ) = E(t1) +
∫ t1+P

t1

β(θ)S(θ)I (θ) − (
μ(θ) + ε(θ)

)
E(θ)dθ

≤ M +
∫ t1+P

t1

β(θ)Mε2 − (
μ(θ) + ε(θ)

)
ε1 dθ < 0.

This is a contradiction. Hence, there is a t̄ ∈ [t1, t1 + P ] such that E(t̄ ) < ε1. From (13),
we can obtain

E(t) ≤ ε1 + aMω2ε2 for all t ∈ [t̄ , t2]. (21)
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Similarly, there is a t̃ ∈ [t1, t1 + P ] such that R(t̃) < ε3 and

R(t) ≤ ε3 + bω2ε2 for all t ∈ [t̃ , t2]. (22)

Obviously, as t ∈ [t1, t1 + 2P ],
I (t) ≥ ε2e

−(b+c)2P � v2 > v1. (23)

Therefore, from the first equation of system (6), (11), (21) and (22), we have

Ė(t) = β(t)
(
N∗(t) − E(t) − I (t) − R(t)

)
I (t) − (

μ(t) + ε(t)
)
E(t)

≥ β(t)
(
N∗(t) − ε1 − kε2 − ε3

)
I (t) − (

μ(t) + ε(t)
)
E(t)

≥ mv2β(t) − (c + d)E(t)

for all t ∈ [t1 + P, t1 + 2P ]. Integrating the above inequality from t1 + P to t1 + 2P , by
(19) we have

E(t1 + 2P ) ≥ e−(c+d)(t1+2P)

[

E(t1 + P )e−(c+d)(t1+P) +
∫ t1+2P

t1+P

mv2β(u)e(c+d)u du

]

≥ e−(c+d)(t1+2P)

∫ t1+2P

t1+P

mv2β(u)e(c+d)u du

≥ e−(c+d)P mv2

∫ t1+2P

t1+P

β(u)du > e−(c+d)P mv2η > 0.

We claim that I (t) ≥ v1 for all t ∈ [t1 + (K0 + 2)P, t2]. If it is not true, then there is a
T0 ≥ 0 such that I (t1 + (K0 + 2)P + T0) = v1 and I (t) ≥ v1 on [t1, t1 + (K0 + 2)P + T0].
Let V (t) = E(t)I (t) and t0 = t1 + (K0 +2)P +T0. The derivative of V (t) along solutions
of (6) satisfies

V̇ |(6)(t) = β(t)
(
N∗(t) − E(t) − I (t) − R(t)

)
I (t)2 + ε(t)E(t)2

− [(
μ(t) + ε(t)

) + (
μ(t) + γ (t)

)]
E(t)I (t)

≥ b
(
t,N∗(t) − E(t) − I (t) − R(t)

)
V (t)

≥ b
(
t,N∗(t) − ε1 − kε2 − ε3

)
V (t)

for all t ∈ [t1 + 2P, t2]. Integrating the above inequality from t1 + 2P to t0, we further
have

E(t0)v1 ≥ E(t1 + 2P)I (t1 + 2P ) exp

(∫ t0

t1+2P

b
(
t,N∗(t) − ε1 − kε2 − ε3

)
dt

)

≥ e−(c+d)P mv2ηv1e
K0η > (ε1 + aMω2ε2)v1.

Thus, E(t0) > ε1 + aMω2ε2 which contradicts with (21). So I (t) ≥ v1 is valid for any
t ∈ [t1, t2]. Hence, we have

lim inf
t→+∞ I (t) ≥ v1 > 0.
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According to Theorem 3.1, we have that the infective I is permanent. The proof is com-
pleted. �

Remark 4.1. In system (2), Λ(t), β(t), μ(t), δ(t), ε(t) and γ (t) are replaced by non-
negative constants, i.e., system (2) becomes an autonomous SEIRS system. The basic
reproduction number of the resulting system is given by

R0 = βΛε

μ(μ + ε)(μ + γ )
.

When R0 > 1, the corresponding autonomous system of system (2) is uniformly persistent
(Liu et al., 1987).

On the other hand, the condition R∗
0 > 0 is equivalent to

R̃0 =
(
2
√

βε Λ
μ

)

((μ + ε) + (μ + γ ))
> 1.

Evidently, R̃0 > 1 implies R0 > 1.

Remark 4.2. From Remark 4.1, we have the following problem, when the condition R∗
0 >

0 is replaced by

R∗∗
0 = lim inf

t→∞

∫ t+λ

t

[
β(u)ε(u)z∗(u) − (

μ(u) + ε(u)
)(

μ(u) + γ (u)
)]

du > 0, (24)

whether we can obtain the permanent of disease of system (2) or not.

Theorem 4.2. Suppose that assumptions (H1), (H2) hold and there exist two positive con-
stants r1 and r2 such that

lim inft→∞
[
r1β(t)N∗(t) − r2

(
μ(t) + γ (t)

)]
> 0,

lim inft→∞
[
r2ε(t) − r1

(
μ(t) + ε(t)

)]
> 0.

(25)

Then the infective I is permanent.

Proof: By (H1), (H2) and (25), we can choose ε1 > 0, ε2 > 0, ε3 > 0 which are small
enough, then there exist η > 0 and T1 > 0 such that

∫ t+ω2

t

β(θ)Mε2 − (
μ(θ) + ε(θ)

)
ε1 dθ < −η, (26)

∫ t+ω2

t

γ (θ)ε2 − (
μ(θ) + γ (θ)

)
ε3 dθ < −η, (27)

r1β(t)
(
N∗(t) − ε1 − kε2 − ε3

) − r2
(
μ(t) + γ (t)

) ≥ η, (28)

r2ε(t) − r1

(
μ(t) + ε(t)

) ≥ η (29)

for all t ≥ T1, where k = 1 + (aM + b)ω2.
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Firstly, we claim that it is impossible that I (t) ≤ ε2 for all t ≥ T1. Suppose the contrary,
being similar to the proof in Theorem 4.1, we know that there exists a T2 ≥ T1 satisfying

E(t) ≤ ε1 + aMω2ε2,

R(t) ≤ ε3 + bω2ε2,

for all t ≥ T2. Construct a continuous differential function V (t) = r1E(t) + r2I (t). When
t ≥ T2, we have

V̇ |(6)(t) = [
r1β(t)

(
N∗(t) − E(t) − I (t) − R(t)

) − r2
(
μ(t) + γ (t)

)]
I (t)

+ [
r2ε(t) − r1

(
μ(t) + ε(t)

)]
E(t)

≥ [
r1β(t)

(
N∗(t) − ε1 − kε2 − ε3

) − r2

(
μ(t) + γ (t)

)]
I (t)

+ [
r2ε(t) − r1

(
μ(t) + ε(t)

)]
E(t) ≥ ρV (t).

Here ρ = min{ η

r1
,

η

r2
} > 0. Hence,

V (t) ≥ V (T2)e
ρ(t−T2) → +∞(t → ∞).

This is contrary to the boundedness of V (t). Hence, the claim is proved. From this claim,
we will discuss the following two possibilities.

(i) I (t) ≥ ε2 for all large t .
(ii) I (t) oscillates about ε2 for all large t .

By (26) and (27), there exist P > 0 and T ≥ T1 such that

∫ t+α

t

β(θ)Mε2 − (
μ(θ) + ε(θ)

)
ε1 dθ < −M, (30)

∫ t+α

t

γ (θ)ε2 − (
μ(θ) + γ (θ)

)
ε3 dθ < −M, (31)

and N∗(t) ≤ M for any α ≥ P , t ≥ T . Choose a positive integer K0 such that

1

r1

[
r1ε2e

−(b+c)P eρK0P − r2ε2e
−(b+c)(K0+1)P

]
> ε1 + aMω2ε2.

where ρ = min{ η

r1
,

η

r1
}. In the following, we will prove I (t) ≥ ε2e

−(b+c)(K0+1)P � v1 for
large sufficiently t . Evidently, we only need consider the case (ii). Let t1 and t2 be large
sufficiently times satisfying

I (t1) = I (t2) = ε2,

I (t) < ε2 for all t ∈ (t1, t2).

If t2 − t1 ≤ (K0 + 1)P , then

İ (t) = ε(t)E(t) − (
μ(t) + γ (t)

)
I (t) ≥ −(b + c)I (t),

which implies I (t) ≥ v1 for all t ∈ [t1, t2].
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If t2 − t1 > (K0 + 1)P , then it is clear that I (t) ≥ v1 for all t ∈ [t1, t1 + (K0 + 1)P ]. It
is easy to prove that

E(t) ≤ ε1 + aMω2ε2, R(t) ≤ ε3 + bω2ε2 (32)

for all t ∈ [t1 +P, t2] and I (t1 +P ) ≥ ε2e
−(b+c)P . We claim that I (t) ≥ v1 on [t1 + (K0 +

1)P, t2]. If it is not true, then there is a T0 ≥ 0 such that I (t1 + (K0 + 1)P + T0) = v1

and I (t) ≥ v1 for all t ∈ [t1, t1 + (K0 + 1)P + T0]. Set V (t) = r1E(t) + r2I (t) and t0 =
t1 + (K0 + 1)P + T0. Hence, as t ∈ [t1 + P, t2], one has

V̇ |(6)(t) = [
r1β(t)

(
N∗(t) − E(t) − I (t) − R(t)

) − r2
(
μ(t) + γ (t)

)]
I (t)

+ [
r2ε(t) − r1

(
μ(t) + ε(t)

)]
E(t)

≥ [
r1β(t)

(
N∗(t) − ε1 − kε2 − ε3

) − r2

(
μ(t) + γ (t)

)]
I (t)

+ [
r2ε(t) − r1

(
μ(t) + ε(t)

)]
E(t) ≥ ρV (t).

Integrating the above inequality from t1 + P to t0, we obtain

r1E(t0) + r2I (t0) ≥ r2I (t1 + P )eρK0P .

This implies that

E(t0) ≥ 1

r1

[
r1ε2e

−(b+c)P eρK0P − r2ε2e
−(b+c)(K0+1)P

]
> ε1 + aMω2ε2.

This is a contradiction with (32). Therefore, I (t) ≥ v1 for all t ∈ [t1, t2]. Thus, we have

lim inf
t→+∞ I (t) ≥ v1 > 0.

The proof is completed. �

Remark 4.3. When system (2) transform into the autonomous system, the condition (25)
is as follows

r1β
Λ

μ
− r2(μ + γ ) > 0,

r2ε − r1(μ + ε) > 0,

which is equivalent to R0 > 1.

Remark 4.4. In Theorem 4.2, if we are replaced the condition (25) by

lim inf
t→∞

β(t)N∗(t)
μ(t) + γ (t)

· lim inf
t→∞

ε(t)

μ(t) + ε(t)
> 1 (33)

then the infective I is still permanent. In fact, the condition (33) can derive the condition
(25).
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5. Extinction

On the extinction of infective I in system (6), we have the following results.

Theorem 5.1. Suppose that assumptions (H1), (H2) hold. If there is a constant λ > 0 such
that

R∗
1 = lim sup

t→∞

∫ t+λ

t

[
β(θ)N∗(θ) − μ(θ)

]
dθ ≤ 0 (34)

or

R∗
2 = lim sup

t→∞
1

t

∫ t

0

[
β(θ)N∗(θ) − μ(θ)

]
dθ < 0 (35)

then infective I in system (6) is extinct i.e. limt→∞ I (t) = 0.

Proof: From assumption (H2), we can choose η > 0 small enough and T1 > 0 big enough
satisfying

∫ t+ω2

t

β(θ) dθ ≥ η

for all t ≥ T1.
For any constant 0 < ε < 1, we set ε0 = min{ ληε

2ω2
, 1

2 ηε} > 0. If (34) holds, then there
exists T2 ≥ T1 such that

∫ t+λ

t

β(θ)N∗(θ) − μ(θ)dθ ≤ ε0

for all t ≥ T2. Choose an integer n0 satisfying 2ω2
λ

≤ n0 <
2ω2
λ

+ 1. Set λ0 = n0λ, then

∫ t+λ0

t

β(θ)N∗(θ) − μ(θ) − β(θ)ε dθ

≤
∫ t+n0λ

t

β(θ)N∗(θ) − μ(θ)dθ −
∫ t+2ω2

t

β(θ)ε dθ

≤ n0ε0 − 2ηε ≤ −1

2
ηε � −η0 < 0. (36)

Construct a continuous function V (t) = E(t) + I (t), differentiate V along a solution of
(6) obtaining

V ′(t) = β(t)
(
N∗(t) − E(t) − I (t) − R(t)

)
I (t) − μ(t)V (t) − γ (t)I (t)

≤ β(t)
(
N∗(t) − E(t) − I (t) − R(t)

)
V (t) − μ(t)V (t)

≤ (
β(t)N∗(t) − μ(t) − β(t)V (t)

)
V (t). (37)

If V (t) ≥ ε for all t ≥ T2, then from (5) we obtain
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V (t) ≤ V (T2) exp
∫ t

T2

[
β(s)N∗(s) − μ(s) − β(s)ε

]
ds. (38)

By (5), it follows that V (t) → 0 as t → ∞. This is a contradiction with V (t) ≥ ε. Hence,
there must be a t1 ≥ T2 such that V (t1) < ε. Let N(ε) = supt≥T2

{|β(t)N∗(t) − μ(t)| +
β(t)ε}, N(ε) is bounded for each ε ∈ (0,1). Finally, we will prove

V (t) ≤ ε exp
(
N(ε)λ0

)
(39)

for all t ≥ t1. If it is not true, then there exists a t2 > t1, such that V (t2) > ε exp(N(ε)λ0).
Hence, there exists a t3 ∈ (t1, t2) such that V (t3) = ε and V (t) > ε for all t ∈ (t3, t2). Let
p be a nonnegative integer such that t2 ∈ (t3 + pλ0, t3 + (p + 1)λ0], then from (5) and (5)
we have

ε exp
(
N(ε)λ0

)
< V (t2) ≤ V (t3) exp

∫ t2

t3

β(t)N∗(t) − μ(t) − β(t)ε dt

≤ ε exp
(
N(ε)λ0

)
.

This leads to a contradiction. Hence, inequality (39) holds. Furthermore, since ε can be
arbitrarily small and 0 ≤ I (t) ≤ V (t), we conclude that I (t) → 0 as t → ∞. Suppose that
(35) holds. There exist δ > 0 and T0 > 0 such that

1

t

∫ t

0
β(θ)N∗(θ) − μ(θ)dθ < −δ (40)

for all t ≥ T0. From (38) we directly obtain

V (t) ≤ V (T0) exp
∫ t

T2

[
β(s)N∗(s) − μ(s)

]
ds

for all t ≥ T0. By (40), V (t) → 0 as t → ∞. Therefore, we finally also have I (t) → 0 as
t → ∞. This completes the proof of Theorem 5.1. �

Remark 5.1. For the corresponding autonomous system of system (2), the conditions (34)
and (35) come into

β
Λ

μ

1

μ
≤ 1 and β

Λ

μ

1

μ
< 1,

which implies R0 < 1. From (Liu et al., 1987), the disease will go to extinct when R0 < 1.
It is similar to Remark 4.2 that we put forward the problem: If the conditions (34) and
(35) are replaced by

R∗∗
1 = lim sup

t→∞

∫ t+λ

t

[
β(θ)N∗(θ)ε(θ) − (

μ(θ) + ε(θ)
)(

μ(θ) + γ (θ)
)]

dθ ≤ 0 (41)

and

R∗∗
2 = lim sup

t→∞
1

t

∫ t

0

[
β(θ)N∗(θ)ε(θ) − (

μ(θ) + ε(θ)
)(

μ(θ) + γ (θ)
)]

dθ < 0 (42)

respectively, will the disease of system (2) go to extinct?
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Theorem 5.2. Suppose that assumptions (H1), (H2) hold. If there exist two positive con-
stants r1 and r2 such that

lim supt→∞
[
r1β(t)N∗(t) − r2

(
μ(t) + γ (t)

)]
< 0,

lim supt→∞
[
r2ε(t) − r1

(
μ(t) + ε(t)

)]
< 0

(43)

then infective I in system (6) is extinct i.e. limt→∞ I (t) = 0.

Proof: From (43), choose η > 0 small enough, then there exists T > 0 such that

r1β(t)N∗(t) − r2
(
μ(t) + γ (t)

) ≤ −η,

r2ε(t) − r1

(
μ(t) + ε(t)

) ≤ −η

(44)

for all t ≥ T . Define V (t) = r1E(t) + r2I (t) and obtain

V̇ |(6)(t) = [
r1β(t)

(
N∗(t) − E(t) − I (t) − R(t)

) − r2

(
μ(t) + γ (t)

)]
I (t)

+ [
r2ε(t) − r1

(
μ(t) + ε(t)

)]
E(t)

≤ [
r1β(t)N∗(t) − r2

(
μ(t) + γ (t)

)]
I (t)

+ [
r2ε(t) − r1

(
μ(t) + ε(t)

)]
E(t) ≤ −ρV (t).

where ρ = min{ η

r1
,

η

r2
}. This implies that V (t) → 0 as t → ∞. Hence limt→∞ I (t) = 0. �

Remark 5.2. When system (2) transform into the autonomous system, the condition (43)
is as follows

r1β
Λ

μ
− r2(μ + γ ) < 0,

r2ε − r1(μ + ε) < 0,

which is equivalent to R0 < 1.

Remark 5.3. In Theorem 5.2, if we are replaced the condition (43) by

lim sup
t→∞

β(t)N∗(t)
μ(t) + γ (t)

· lim inf
t→∞

ε(t)

μ(t) + ε(t)
< 1, (45)

then the infective I is still extinct. In fact, the condition (45) can derive the condition (43).

6. Some corollaries

As consequences of Theorems 4.1 and 5.1, we have the following a series of corollaries.

Corollary 6.1. Suppose that assumptions (H1), (H2) hold and μ(t) > 0 for all t ≥ 0 and
0 < lim inft→∞ Λ(t)

μ(t)
≤ lim supt→∞

Λ(t)

μ(t)
< ∞. If there is a constant λ > 0 such that

lim inf
t→∞

∫ t+λ

t

b

(

s,

(
Λ

μ

)m)

ds > 0,

then the infective I of system (2) is permanent.
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Corollary 6.2. Suppose that assumptions (H1), (H2) hold and μ(t) > 0 for all t ≥ 0 and
0 < lim inft→∞ Λ(t)

μ(t)
≤ lim supt→∞

Λ(t)

μ(t)
< ∞. If there is a constant λ > 0 such that

lim sup
t→∞

∫ t+λ

t

β(θ)

(
Λ

μ

)M

− μ(θ)dθ ≤ 0

or

lim sup
t→∞

1

t

∫ t

0
β(θ)

(
Λ

μ

)M

− μ(θ)dθ < 0

then infective I in system (2) is extinct i.e. limt→∞ I (t) = 0.

Corollary 6.3. Suppose that assumptions (H1), (H2) hold and there exists a constant
λ > 0 such that R01 > 1, where

R01 = (2
√

βεz∗ )0

((μ + ε) + (μ + γ ))0
.

Here,

(
2
√

βεz∗ )

0
= lim inf

t→∞

∫ t+λ

t

2
√

β(t)ε(t)z∗(t) dt,

(
(μ + ε) + (μ + γ )

)0 = lim sup
t→∞

∫ t+λ

t

(
μ(t) + ε(t)

) + (
μ(t) + γ (t)

)
dt.

z∗(t) be some fixed solution of Eq. (4) with initial value z∗(0) > 0. Then the infective I is
permanent.

Corollary 6.4. When system (2) is ω-periodic and assumptions (H1), (H2) hold, then the
infective I is permanent provided that

R02 = (2
√

βεz∗)
((μ + ε) + (μ + γ ))

> 1.

Here, z∗(t) is the globally uniformly attractive nonnegative ω-periodic solution of Eq. (4).

Corollary 6.5. When system (2) is almost periodic and assumptions (H1), (H2) hold, then
the infective I is permanent provided that

R03 = m(2
√

βεz∗)
m((μ + ε) + (μ + γ ))

> 1.

Here, z∗(t) is the globally uniformly attractive nonnegative almost periodic solution of
Eq. (4).

Corollary 6.6. Suppose that assumptions (H1), (H2) hold and there exists a constant
λ > 0 such that R̃01 ≤ 1, where

R̃01 = (βz∗)0

(μ)0
.
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Here,

(βz∗)0 = lim sup
t→∞

∫ t+λ

t

β(t)z∗(t) dt,

(μ)0 = lim inf
t→∞

∫ t+λ

t

μ(t) dt.

z∗(t) be some fixed solution of Eq. (4) with initial value z∗(0) > 0. Then the infective I is
extinct.

Corollary 6.7. When system (2) is ω-periodic and assumptions (H1), (H2) hold, then the
infective I is extinct provided that

R̃02 = (βz∗)
μ

≤ 1.

Here, z∗(t) is the globally uniformly attractive nonnegative ω-periodic solution of Eq. (4).

Corollary 6.8. When system (2) is almost periodic and assumptions (H1), (H2) hold, then
the infective I is extinct provided that

R̃03 = m(βz∗)
m(μ)

≤ 1.

Here, z∗(t) is the globally uniformly attractive nonnegative almost periodic solution of
Eq. (4).

7. Examples

In this paper, we investigate a class of nonautonomous SEIRS epidemic model. By using
analytic method, we give some sufficient conditions for the permanence, extinction of the
disease.

In order to testify the validity of our results, we consider the following nonautonomous
SEIRS epidemic model.

⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

dS

dt
= Λ(t) − β(t)SI − μS + δR,

dE

dt
= β(t)SI − (

μ + ε(t)
)
E,

dI

dt
= ε(t)E − (μ + γ )I,

dR

dt
= γ I − (μ + δ)R,

(46)
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Fig. 1 The left figure shows that movement paths of S, E, I and R as functions of time t . The graph of
the trajectory in (S,E, I)-Space is shown in the right figure. R∗

0 = 2.8696 > 0 and R∗∗
0 = 3.3419 > 0.

The disease is permanent.

Corresponding auxiliary system is

dz

dt
= Λ(t) − μz. (47)

In system (46), let Λ(t) = 1+sin(2πt), β(t) = 0.6+0.5 sin(πt), ε(t) = 0.5+0.3 sin(πt),
μ = 0.2, γ = 0.1 and δ = 0.2. We easily verify that assumptions (H1) and (H2) hold.
Therefore, from Lemma 2.1, system (47) has a globally asymptotically stable positive
periodic solution z∗(t) with period 1. Here

z∗(t) = e−μt

(

z0 +
∫ t

0
eμsΛ(s) ds

)

where z0 = 1
eμ−1

∫ 1
0 eμsΛ(s) ds. By (5) and (24), we can solve R∗

0 = 2.8696 > 0 and
R∗∗

0 = 3.3419 > 0. From Theorem 4.1 and Corollary 6.4, the disease of system (6) is
permanent and has a positive periodic solution. Numerical simulation of the above results
can seen in Fig. 1.

However, if in system (46), let Λ(t) = 0.5+ sin(2πt), β(t) = 0.6+0.4 sin(πt), ε(t) =
0.5 + 0.3 sin(πt), μ = 0.36, γ = 0.1 and δ = 0.2. We easily can solve R∗

0 = −0.0612 < 0
and R∗∗

0 = 0.2183 > 0, i.e., the condition (5) is invalid but the condition (24) is valid.
Computer observations (see Fig. 2) suggest that when (24) holds, system (46) is still
permanent.

Furthermore, if in system (46), let Λ(t) = 0.5+ sin(2πt), β(t) = 0.1+ sin(πt), ε(t) =
0.2 + sin(πt), μ = 0.5, γ = 0.4 and δ = 0.1. By (34) and (41), we can easily solve R∗

1 =
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Fig. 2 The left figure shows that movement paths of S, E, I and R as functions of time t . The graph of
the trajectory in (S,E, I)-Space is shown in the right figure. R∗

0 = −0.0612 < 0 and R∗∗
0 = 0.2183 > 0.

The disease is permanent.

Fig. 3 The left figure shows that movement paths of S, E, I and R as functions of time t . The graph of
the trajectory in (S,E, I)-Space is shown in the right figure. R∗

1 = −0.8784 < 0 and R∗∗
0 = −1.0000 < 0.

The disease is extinct.
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Fig. 4 The left figure shows that movement paths of S, E, I and R as functions of time t . The graph of
the trajectory in (S,E, I)-Space is shown in the right figure. R∗

1 = 0.2 > 0 and R∗∗
0 = −0.4381 < 0. The

disease is extinct.

−0.8784 < 0 and R∗∗
1 = −1.0000 < 0. From Fig. 3, we can obtain that the disease of

system (6) is extinct.
Finally, if in system (46), let Λ(t) = 0.5 + sin(2πt), β(t) = 0.6 + 0.5 sin(πt), ε(t) =

0.5 + 0.3 sin(πt), μ = 0.5, γ = 0.1 and δ = 0.2. By (34) and (40), we can easily solve
R∗

1 = 0.2 > 0 and R∗∗
1 = −0.4381 < 0. From Fig. 4, we can obtain that the disease of

system (6) is extinct.
Obviously, conditions (24), (41) and (42) are the improvement of the condition (5),

(34) and (35), respectively. Therefore, as an improvement of Theorems 4.1 and 5.1 we
have following interesting open problems.

Question 1. Suppose that assumptions (H1) and (H2) hold. Is the disease in system (6)
is still permanent when condition (24) holds?

Question 2. Suppose that assumptions (H1) and (H2) hold. Is the disease in system (6)
is extinct when condition (41) or (42) holds?

Acknowledgements

This work was supported by the National Natural Science Foundation of P.R. China
(10361004), the Major Project of The Ministry of Education of P.R. China and the
Funded by Scientific Research Program of the Higher Education Institution of Xinjiang
(XJEDU2004I12). We would like to thank Prof. Philip Maini and referees for their care-
ful reading of the original manuscript and their many valuable comments and suggestions
that greatly improved the presentation of this work.



On a Nonautonomous SEIRS Model in Epidemiology 2559

References

Anderson, R.M., May, R.M., 1978. Regulation and stability of host-parasite population interactions II:
destabilizing process. J. Anim. Ecol. 47, 219–267.

Anderson, R.M., May, R.M., 1979. Population biology of infectious diseases: Part I. Nature 280, 361–367.
Anderson, R.M., May, R.M., 1992. Infectious Disease of Humans, Dynamical and Control. Oxford Uni-

versity Press, Oxford.
Brauer, F., Castillo-Chavez, C., 2001. Mathematical Models in Population Biology and Epidemiology.

Tests in Applied Mathematics. Springer, Berlin.
Capasso, V., 1993. Mathematical Structures of Epidemic Systems. Lecture Notes in Biomathematics,

vol. 97. Springer, Berlin.
Cull, P., 1981. Global stability for population models. Bull. Math. Biol. 43, 47–58.
Diekmann, O., Heesterbeek, J.A.P., 2000. Mathematical Epidemiology of Infectious Diseases: Model

Building, Analysis and Interpretation. Wiley, Chichester.
Dowell, S.F., 2001. Seasonal variation in host susceptibility and cycles of certain infectious diseases.

Emerg. Infect. Dis. 7, 369–374.
Earn, D.J.D., Dushoff, J., Levin, S.A., 2002. Ecology and evolution of the flu. Trends Ecol. Evol. 17,

334–340.
Herzog, G., Redheffer, R., 2004. Nonautonomous SEIRS and Thron models for epidemiology and cell

biology. Nonlinear Anal. RWA 5, 33–44.
Hethcote, H.W., 2000. The mathematics of infectious diseases. SIAM Rev. 42, 599–653.
Kermark, M.D., Mckendrick, A.G., 1927. Contributions to the mathematical theory of epidemics: Part I.

Proc. Roy. Soc. 115, 700–721.
Li, M.Y., Graef, J.R., Wang, L., Karsai, J., 1999. Global dynamics of a SEIR model with varying total

population size. Math. Biosci. 160, 191–213.
Liu, W., Hethcote, H.W., Levin, S.A., 1987. Dynamical behavior of epidemiological models in epidemiol-

ogy. J. Math. Biol. 25, 359–380.
London, W., Yorke, J.A., 1973. Recurrent outbreaks of measles, chickenpox and mumps: I. seasonal vari-

ation in contact rates. Am. J. Epidemiol. 98, 453–468.
Ma, Z., Zhou, Y., Wang, W., Jin, Z., 2004. Mathematical Modelling and Research of Epidemic Dynamical

Systems. Science, Beijing.
Mena-Lorca, J., Hethcote, H.W., 1992. Dynamic models of infectious diseases as regulators of population

sizes. J. Math. Biol. 30, 693–716.
Takeuchi, Y., Cui, J., Rinko, M., Saito, Y., 2006a. Permanence of delayed population model with dispersal

loss. Math. Biosci. 201, 143–156.
Takeuchi, Y., Cui, J., Rinko, M., Saito, Y., 2006b. Permanence of dispersal population model with time

delays. J. Comp. Appl. Math. 192, 417–430.
Teng, Z., Chen, L., 2003. Permanence and extinction of periodic predator-prey systems in a patchy envi-

ronment with delay. Nonlinear Anal. RWA 4, 335–364.
Teng, Z., Li, Z., 2000. Permanence and asymptotic behavior of the N-species nonautonomous Lotka–

Volterra competitive systems. Comput. Math. Appl. 39, 107–116.
Teng, Z., Yu, Y., 1999. The extinction in nonautonomous prey-predator Lotka–Volterra systems. Acta

Math. Appl. Sin. 15, 401–408.
Thieme, H.R., 1999. Uniform weak implies uniform strong persistence also for non-autonomous semi-

flows. Proc. Am. Math. Soc. 127, 2395–2403.
Thieme, H.R., 2000. Uniform persistence and permanence for non-autonomous semiflows in population

biology. Math. Biosci. 166, 173–201.
Thieme, H.R., 2003. Mathematics in Population Biology. Princeton University Press, Princeton.
Zhang, J., Lou, J., Ma, Z., Wu, J., 2005. A compartmental model for the analysis of SARS transmission

patterns and outbreak control measures in China. Appl. Math. Comput. 162, 909–924.


	On a Nonautonomous SEIRS Model in Epidemiology
	Abstract
	Introduction
	Notation and preliminaries
	Positivity
	Permanence
	Extinction
	Some corollaries
	Examples
	Acknowledgements
	References



<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Gray Gamma 2.2)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (ISO Coated)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.3
  /CompressObjects /Off
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJDFFile false
  /CreateJobTicket false
  /DefaultRenderingIntent /Perceptual
  /DetectBlends true
  /DetectCurves 0.1000
  /ColorConversionStrategy /sRGB
  /DoThumbnails true
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams true
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts false
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 150
  /ColorImageMinResolutionPolicy /Warning
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 150
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /ColorImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 150
  /GrayImageMinResolutionPolicy /Warning
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 150
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /GrayImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 600
  /MonoImageMinResolutionPolicy /Warning
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 600
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /Description <<
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e55464e1a65876863768467e5770b548c62535370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc666e901a554652d965874ef6768467e5770b548c52175370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /DAN <>
    /DEU <>
    /ESP <>
    /FRA <>
    /ITA (Utilizzare queste impostazioni per creare documenti Adobe PDF adatti per visualizzare e stampare documenti aziendali in modo affidabile. I documenti PDF creati possono essere aperti con Acrobat e Adobe Reader 5.0 e versioni successive.)
    /JPN <>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020be44c988b2c8c2a40020bb38c11cb97c0020c548c815c801c73cb85c0020bcf4ace00020c778c1c4d558b2940020b3700020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken waarmee zakelijke documenten betrouwbaar kunnen worden weergegeven en afgedrukt. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /PTB <>
    /SUO <>
    /SVE <>
    /ENU (Use these settings to create Adobe PDF documents for journal articles and eBooks for online presentation. Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
  >>
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [595.276 841.890]
>> setpagedevice


