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Abstract
This paper presents a study of the hydraulic response of an infinite unsaturated slope exposed to a perturbation of the

ordinary seasonal climatic cycle. The ground flow is modelled via a simplified one-dimensional finite difference scheme by

decomposing the two-dimensional slope seepage into antisymmetric and symmetric parts. The numerical scheme incor-

porates two distinct hysteretic and non-hysteretic soil water retention laws, whose parameters have been selected after a

preliminary sensitivity analysis. Results indicate that, in the hysteretic case, the ‘‘memory’’ of the perturbation takes a long

time to fade, and the ordinary soil saturation cycle is only restored after several years of normal weather. Instead, in the

non-hysteretic case, the recovery of the ordinary saturation regime is almost immediate after the perturbation. In contrast

with the markedly different predictions of degree of saturation, both hysteretic and non-hysteretic slope models predict

virtually identical evolutions of negative pore water pressures, with an almost immediate restoration of the ordinary cycle

after the perturbation.

Keywords Environmental engineering � Hydraulic hysteresis � Numerical methods � Partial saturation � Slopes �
Water retention

List of symbols
a Permeability law parameter

b Slope angle

bd Scanning drying shape parameter

bw Scanning wetting shape parameter

e Void ratio

f Nodal retention flag

cw Water specific weight

cwx� Antisymmetric water specific weight

cwy� Symmetric water specific weight

Gs Soil specific gravity

h Piezometric head

hasym Antisymmetric piezometric head

hsym Symmetric piezometric head

j Node number

K Permeability

j Intrinsic permeability

jr Relative permeability

k Iteration number

Ksat Saturated permeability

Kasym Antisymmetric permeability

Ksym Symmetric permeability

ks Asymptotic slope of main drying/wetting

curves

L Slope thickness

l Water dynamic viscosity

md Main drying deviation from asymptote

mw Main wetting deviation from asymptote

n Porosity

O; x�; y�ð Þ Rotated reference system

O; x; yð Þ Standard reference system

qt Top infiltration rate

q
asym
x� Antisymmetric flux parallel to the slope

qasymy� Antisymmetric flux perpendicular to the

slope

qsymx� Symmetric flux parallel to the slope

qsymy� Symmetric flux perpendicular to the slope

qx� Actual flux parallel to the slope

qy� Actual flux perpendicular to the slope

t Time

Sr Degree of saturation
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s Suction

s Scaled suction

u Pore water pressure

ua Pore air pressure

ub Bottom pore water pressure

ut Top pore water pressure

uasym Antisymmetric pore water pressure

usym Symmetric pore water pressure

w Gravimetric water content

xd Intercept of drying asymptote with Sr ¼ 1

axis

xw Intercept of wetting asymptote with Sr ¼ 1

axis

1 Introduction

The degree of water saturation inside unsaturated soil

slopes increases significantly during wet climatic spells

especially at shallow depths [15, 19, 38] resulting in a

decrease in pore suction. The pore suction is the difference

between pore air and water pressures and, in most engi-

neering applications, it coincides with the pore water

pressure changed of sign because the pore air pressure is

equal to the atmospheric value of zero. A decrease in pore

suction inside an unsaturated slope produces a reduction of

the cohesive component of strength (i.e. a reduction of the

apparent cohesion) and an augmentation of water perme-

ability [1, 4, 28, 32, 33]. This explains the higher frequency

of landslides during intense meteoric spells [9, 16, 34, 42]

such as, for example, in Alpine regions where slope

instabilities present distinct seasonal trends [40] with an

increase in failures during late winter and early spring

when the ground is wettest.

Some authors have also highlighted the importance of

considering the soil hydraulic hysteresis for the accurate

calculation of the groundwater regime [2, 8, 30, 43, 44],

though most models still adopt non-hysteretic (i.e. rever-

sible) water retention laws to simplify the analysis. The

few published investigations of hysteretic seepage refer to

horizontal ground [3, 14, 41, 45], with only a handful of

studies about sloping ground [24, 31].

The present paper analyses the hysteretic hydraulic

response of an infinite unsaturated slope to seasonal cli-

matic cycles by combining the seepage decomposition

method of Bianchi et al. [5, 6] with the hysteretic retention

law of Gallipoli et al. [21]. Bianchi et al. [5] demonstrated

that the two-dimensional seepage across an infinite slope

can be solved by using the one-dimensional Richards’

equation for horizontal ground, provided that the soil per-

meability and water specific weight are both scaled by the

cosine of the slope angle. Gallipoli et al. [21] formulated a

hysteretic retention law accounting for irreversible changes

of degree of saturation during cycles of both suction and

void ratio. The hysteretic retention law of Gallipoli et al.

[21] is chosen because it consists of two closed form

expressions for drying and wetting paths, respectively,

which can be directly implemented into computa-

tional routines without the need of numerical integration,

thus increasing accuracy of predictions. Nevertheless, the

proposed algorithm is general and can be adapted, with

relative ease, to accommodate other types of hysteretic

retention models [e.g. 26, 36].

In this paper, a detailed sensitivity analysis of the

adopted retention law is first presented to define a set of

model parameter values allowing a realistic exploration of

the effect of hydraulic hysteresis on ground behaviour. The

retention law is then implemented within a one-dimen-

sional finite difference scheme [7, 13, 18, 29, 35, 39],

which exploits the above decomposition methodology to

calculate the seepage regime inside an unsaturated infinite

slope exposed to seasonal variations of pore suction at the

ground surface. The finite difference scheme is finally used

to analyse the response of the slope to two extraordinary

dry and wet spells perturbing the ‘‘equilibrium’’ seepage

cycle, which is attained after a prolonged sequence of

ordinary climatic seasons. Due to the hysteretic nature of

the soil, the ‘‘memory’’ of this perturbation takes a long

time to fade, and the equilibrium seepage cycle is only

restored after several years of ordinary weather. Con-

versely, in the case of non-hysteretic seepage, the recovery

of the ordinary seepage regime is almost immediate after

the perturbation has ended.

The above results highlight the importance of incorpo-

rating hydraulic hysteresis for the accurate prediction of

pore water pressure and degree of saturation in slopes

exposed to varying climatic conditions and, hence, for the

development of robust landslide early-warning systems.

Yet, the conclusions of this work should be treated as

preliminary and need corroboration by future studies using

alternative constitutive laws to model groundwater

hysteresis.

2 Hysteretic soil water retention model

The main aspects of the hysteretic retention law of Gal-

lipoli et al. [21] are here briefly recalled with a specific

focus on the equations used in the following part of the

paper. This retention law relates the degree of saturation Sr
to a scaled suction variable s via an approach that is

coherent with the tenets of bounding surface plasticity. To
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incorporate the dependency of degree of saturation on both

suction s and void ratio e, the scaled suction s is defined as:

s ¼ se
1
ks ð1Þ

where ks is a model parameter. For simplicity, in this work,

the soil is assumed rigid and the void ratio is fixed at one,

which implies that the scaled suction s of Eq. (1) coincides

with the suction s (it also means that the degree of satu-

ration Sr coincides with the product of the gravimetric

water content w and the constant specific gravity Gs, i.e.

Sr ¼ wGs).

Based on this assumption, the model of Gallipoli et al.

[21] postulates the existence of two bounding curves, i.e. a

main drying and a main wetting curve, which delimit the

region of admissible soil states in the Sr � s plane. Both

main curves have the following mathematical form:

Sr ¼ 1þ s

xi

� �ks=mi

" #�mi

ð2Þ

where the subscript ‘i’ coincides with ‘d’ or ‘w’ depending

on whether Eq. (2) refers to a main drying or wetting

curve. Therefore, in addition to ks, four extra parameters

are required to define the main hysteretic loop, namely two

parameters for the main drying curve, i.e. xd and md, and

two parameters for the main wetting curve, i.e. xw and mw.

Inside this admissible region, the retention behaviour is

described by two families of scanning drying and wetting

curves, which tend asymptotically to the respective main

curves. This asymptotic scanning behaviour is modelled by

assuming a specific mathematical expression for the drying

and wetting derivatives, which are then integrated in a

closed form into the following two equations:

Table 1 Reference parameter ranges and base values for main drying

and wetting curves

Parameters Reference range Base value

ks (–) 0.1–1 1

xw (kPa) 50–500 50

xd (kPa) 100–1000 1000

md (–) 0.1–1 0:1

mw (–) 0.1–1 1

Fig. 1 Influence of parameter ks on main drying curves (red) and main wetting curves (blue): a natural scale and b logarithmic scale (color

figure online)
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Srd ¼ 1þ sbd þ Cd

xbd
d

 !ks= bdmdð Þ
2
4

3
5
�md

ð3Þ

Srw ¼ 1þ sbw

xbw
w 1þ Cwsbwð Þ

 !ks= bwmwð Þ
2
4

3
5
�mw

ð4Þ

where bd and bw are two additional parameters defining the

shape of the scanning drying and wetting curves while Cd

and Cw are the two non-negative constants of integration.

Note that, if the two constants of integration are zero,

Eqs. (3) and (4) reduce to the respective main curves.

Within the two families of scanning curves defined by

Eqs. (3) and (4), each individual curve is identified by a

different value of the constant of integration, which is

calculated by imposing a boundary condition. For example,

if the initial soil state lies on a drying path (i.e. a path with

increasing suction), Eq. (3) is used and the constant of

integration Cd is evaluated by imposing the passage of the

curve through a point of known coordinates (Sr0; s0) as:

Cd ¼ xbd
d S�1=md

r0
� 1

� �bdmd=ks
�s

bd
0 ð5Þ

If the soil subsequently switches to a wetting path (i.e. a

path with decreasing suction), Eq. (4) is employed and the

constant of integration Cw is evaluated by imposing the

passage of the curve through the reversal point (the point

marking the end of previous drying and the start of the

subsequent wetting) of coordinates (Sr rev; srev) as:

Cw ¼ 1

xbw
w

S�1=mw

rrev
� 1

� ��bwmw=ks
� 1

s
bw
rev

ð6Þ

Further details about this hysteretic law and the corre-

sponding parameter calibration are found in [20-22]

3 Parametric analysis of hysteretic soil
water retention law

This section explores the effect of each parameter in the

hysteretic retention law of Gallipoli et al. [21] on the

predicted soil response. First, the five parameters

Fig. 2 Influence of parameter xd on main drying curves (red): a natural scale and b logarithmic scale (in blue the main wetting curve

corresponding to the base value of xw) (color figure online)
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ks;xw;xd;md and mw defining the two main curves, and

hence the region of admissible soil states in the Sr � s

plane, are considered. As shown in Gallipoli et al. [21],

these parameters must satisfy the following restrictions to

ensure realistic predictions of the two main curves:

ks [ 0
xd �xw [ 0
mw �md [ 0

8<
: ð7Þ

Table 1 presents the reference parameter ranges

according to published data for clay and silty soils [11, 21],

together with the corresponding base values used in the

following sensitivity analysis.

Figure 1 shows the predicted main drying and wetting

curves corresponding to distinct values of ks in the refer-

ence range while the remaining parameters are fixed at

their base values (Table 1). The parameter ks coincides

with the slope of the linear asymptotes of the main drying

and wetting curves in the logSr � logs plane (Fig. 1b).

Inspection of Fig. 1 indicates that larger values of ks cor-
respond to steeper curves and, hence, an increasingly sub-

vertical admissible region enforcing greater changes of

degree saturation over smaller suction intervals.

Figures 2 and 3 show the predicted main drying and

wetting curves corresponding to distinct values of xd and

xw in their respective reference ranges while the remaining

parameters are fixed at their base values (Table 1). The

parameters xd and xw represent the intercepts of the linear

asymptotes of the corresponding main curve with the

horizontal axis at full saturation in the logSr � logs plane

(Figs. 2b and 3b). These two parameters are therefore

directly related to the air entry and expulsion values of the

soil, which explains why xd cannot be smaller than xw

according to Eq. (7). Inspection of Figs. 2 and 3 indicates

that larger values of xd and xw cause a shift of the cor-

responding main curve towards the higher suction range,

while larger differences between these two values result in

a wider admissible region.

Figure 4 shows the predicted main drying and wetting

curves corresponding to distinct values of md and mw in

their respective reference ranges while the remaining

parameters are fixed at their base values (Table 1).

Inspection of Fig. 4a indicates that bigger differences

between md and mw result in a larger horizontal distance

between the two main curves in the Sr � s plane. Similarly,

inspection of Fig. 4b indicates that greater values of md and

mw produce a larger deviation of the main curves from their

Fig. 3 Influence of parameter xw on main wetting curves (blue): a natural scale and b logarithmic scale (in red the main drying curve

corresponding to the base value of xd) (color figure online)
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respective linear asymptotes in the logSr � logs plane. The

values of md and mw must be both positive, as prescribed

by Eq. (7), to ensure that the predicted degree of saturation

is bounded between zero and one. Moreover, mw cannot be

smaller than md to prevent that the two curves cross each

other close to full saturation.

Next, the behaviour inside the admissible region is

explored by varying the parameters bd and bw, which

govern the shape of the scanning drying and wetting

curves, respectively. As demonstrated by Gallipoli et al.

[21] (see also corrigendum to this reference), the values of

bd and bw must comply with the following two restrictions

to ensure the prediction of realistic scanning curves:

bd [ 1

bw [ 0

�
ð8Þ

In the following, the values of bd and bw are varied

inside their respective reference ranges of Table 2 while

the parameters of the two main curves are fixed at their

base values of Table 1.

Figure 5 shows three groups of scanning drying curves

and three groups of scanning wetting curves inside the

admissible region, with each group starting from the same

soil state. The different curves of each group correspond to

varying values of either bd or bw depending on whether a

scanning drying or wetting curve is considered. Inspection

of Fig. 5 indicates that scanning paths become increasingly

flatter as the values of bd or bw grow large and the initial

state is farther away from the respective target main curve.

As expected, all scanning paths tend asymptotically

towards their respective target main curve when suction

increases or decreases.

The model of Gallipoli et al. [21] predicts that an

unsaturated soil subjected to repeated suction cycles over a

fixed interval will progressively tend towards a ‘‘steady

Fig. 4 Influence of parameters md and mw on the main drying curves (red) and main wetting curves (blue): a natural scale and b logarithmic scale

(color figure online)

Table 2 Reference parameter ranges for scanning drying and wetting

curves

Parameters Reference range

bd (–) 1.5–3.5

bw (–) 0.5–2.5
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hysteretic loop’’ defined by a pair of scanning drying and

wetting curves inside the admissible Sr � s region. The

steady hysteretic loop is independent of the starting soil

state and is only governed by the chosen suction interval,

though the initial values of saturation and suction will

influence the number of cycles that are necessary to attain

the steady hysteretic loop.

The following section explores the effect of different

combinations of parameters bd and bw on the response of a

soil element subjected to repeated suction cycles between

100 and 1000 kPa. This interval has been chosen because it

may represent the condition of a slope surface during a

sequence of ordinary wet and dry seasons (i.e. the ordinary

suction cycle) in a relatively arid climate. Four distinct

combinations of bd and bw (Table 3) are analysed and the

respective steady hysteretic loops are shown in Fig. 6. The

two reversal points of each loop may be interpreted as the

state of the slope surface at the end of summer/start of

winter and end of winter/start of summer, respectively,

during ordinary suction cycles.

In Table 3, case 1 corresponds to the largest value of bd
and the smallest value of bw in their respective reference

ranges, while case 2 corresponds to the smallest value of bd
and the largest value of bw. Case 3 corresponds instead to

the smallest values of both bd and bw while case 4 corre-

sponds to the largest values of both bd and bw. Inspection
of Fig. 6 indicates that the chosen combination of bd and

bw has a strong influence on the position and amplitude of

the steady hysteretic loop inside the admissible region.

A perturbation of the steady hysteretic loop is next

produced by an extraordinary decrease or increase in suc-

tion which may, for example, occur at the slope surface

during an extremely wet or dry season. Here, the wetting

perturbation is modelled by a reduction of suction down to

0 kPa, bringing the soil to full saturation, while the drying

perturbation is modelled by an increase in suction up to

2000 kPa. In both cases, the perturbation is followed by a

Fig. 5 Influence of parameters bd and bw on the a scanning drying curves and b scanning wetting curves (main drying curve in red and main

wetting curve in blue) (color figure online)

Table 3 Combinations of parameters bd and bw

Case 1 Case 2 Case 3 Case 4

bd ¼ 3:5 bd ¼ 1:5 bd ¼ 1:5 bd ¼ 3:5

bw ¼ 0:5 bw ¼ 2:5 bw ¼ 0:5 bw ¼ 2:5
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sequence of three ordinary suction cycles between 100 and

1000 kPa pushing the soil gradually back towards the

steady hysteretic loop. Figures 7 and 8 show the corre-

sponding predictions for the four different combinations of

bd and bw in Table 3, which demonstrate a strong influence

of both parameters on the number of ordinary cycles nec-

essary to regain equilibrium. Inspection of Figs. 7 and 8

indicates that a sequence of three ordinary cycles after the

Fig. 6 Influence of different combinations of parameters bd and bw on the steady hysteretic loop: a case 1, b case 2, c case 3 and d case 4 (main

drying curve in red and main wetting curve in blue) (color figure online)
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Fig. 7 Influence of different combinations of parameters bd and bw on the recovery of steady conditions after a wetting perturbation of the

ordinary suction cycle: a case 1, b case 2, c case 3 and d case 4 (main drying curve in red and main wetting curve in blue) (color figure online)
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Fig. 8 Influence of different combinations of parameters bd and bw on the recovery of steady conditions after a drying perturbation of the

ordinary suction cycle: a case 1, b case 2, c case 3 and d case 4 (main drying curve in red and main wetting curve in blue) (color figure online)
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perturbation is not enough to regain steady conditions,

especially for case 4 which exhibits a narrow steady hys-

teretic loop. To further explore this behaviour in field

conditions, the next section studies the response of an

infinite slope, at different ground depths, to a perturbation

of the ordinary suction cycle at the surface.

4 Model of hysteretic seepage
across an infinite unsaturated slope

Bianchi et al. [5] have demonstrated that the two-dimen-

sional seepage across an infinite unsaturated slope (Fig. 9a)

can be treated as a one-dimensional infiltration problem by

factoring the soil permeability and the water specific

weight with the cosine of the slope angle (see Appendix).

In this work, the slope seepage is therefore calculated via

the following ‘‘scaled’’ version of the one-dimensional

Richards’ water balance [37], which incorporates the fac-

tored soil permeability Kcosb and water specific weight

cwcosb:

n
oSr
ot

¼ o

oy�
K cos b 1þ 1

cw cos b
ou

oy�

� �� �
ð9Þ

where y� is the coordinate perpendicular to the slope

(Fig. 9a), t is the time, n ¼ e
1þe is the soil porosity (here

assumed constant) and u is the pore water pressure, which

in unsaturated soils is tensile and therefore negative. The

present work assumes that the pore air pressure is constant

and fixed to the atmospheric value of zero, which implies

that the pore water pressure coincides with the suction

changed of sign, i.e. u ¼ �s.

In Eq. (9), the unsaturated permeability K ¼ jrKsat is

the product of the constant saturated permeability Ksat and

the relative unsaturated permeability function jr ranging

between zero (in fully dry conditions) and one (in fully

saturated conditions). The relative unsaturated permeability

function is here assumed to coincide with the following

exponential function of the negative pore water pressure u:

jr ¼ eau ð10Þ

where a is a soil parameter. The choice of Eq. (10) is

consistent with previous infiltration models

[23, 25, 27, 46], though alternative forms (e.g. incorpo-

rating a dependency on degree of saturation instead of pore

water pressure) are also possible. The effect of the specific

form of the relative unsaturated permeability function on

the predicted slope response is outside the scope of the

present investigation and constitutes matter for future

research.

Given that s ¼ �u, the storage term on the left-hand

side of Eq. (9) can be expanded as:

n
oSr
ot

¼ n
oSr
os

os

ou

ou

ot
¼ �n

oSr
os

ou

ot
ð11Þ

where the derivative oSr
os is evaluated from Eqs. (3) or (4)

depending on whether the soil is moving along a drying or

Fig. 9 Model of hysteretic seepage across an infinite unsaturated slope: a flow decomposition (Bianchi et al. [5]) and b discretised slope section
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Fig. 10 Implementation of the hysteretic retention law of Gallipoli et al. [21] inside Richards’ water balance equation: algorithm flow chart
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wetting path. The combination of Eqs. (9), (10) and (11)

yields the following non-liner differential equation of the

pore water pressure u:

�n
oSr
os

ou

ot
¼ Ksat cos b

o

oy�
eau 1þ 1

cw cos b
ou

oy�

� �� �
ð12Þ

which is here solved via a one-dimensional finite difference

scheme with implicit time discretisation [13, 17, 35, 39].

The scheme is applied to a perpendicular section of the

infinite slope of Fig. 9a having thickness L, which is dis-

cretized by M equally spaced nodes, as shown in Fig. 9b.

The hysteretic law of Gallipoli et al. [21] is implemented

by introducing a nodal retention flag f , which is either �1

or 1 depending on whether the negative pore water pressure

u at the node is decreasing (drying) or increasing (wetting).

The retention behaviour is therefore calculated by Eq. (3),

if f ¼ �1, or Eq. (4), if f ¼ 1, while the corresponding

constant of integration is evaluated by either Eqs. (5) or

(6).

Figure 10 shows the flow chart of the proposed iterative

algorithm where ukðt; jÞ and f kðt; jÞ are the pore water

pressure and retention flag, respectively, at node j during

the iteration k of the current time t. The algorithm begins

by fixing the time boundary condition (i.e. at t ¼ 0) at each

node for both pore water pressure u 0; jð Þ ¼ u0 and retention

flag f 0; jð Þ ¼ f 0. The time is then incremented to t ¼
0þ Dt and the nodal variables of iteration k ¼ 0 are

initialised to the values at the end of the previous timestep,

i.e. u0 t; jð Þ ¼ u t � Dt; jð Þ and f 0 t; jð Þ ¼ f t � Dt; jð Þ. In each

iteration k of time t, the nodal pore water pressures uk t; jð Þ
are calculated by solving the algebraic system of the dis-

cretised Richards’ equation, whose nonlinear coefficients

are a function of the pore water pressures of the previous

iteration k � 1, i.e. uk t; jð Þ ¼ U uk�1 t; jð Þ
	 


. The retention

flag f kðt; jÞ is also updated in each iteration k to either �1

(drying) or 1 (wetting) depending on whether the corre-

sponding pore water pressure ukðt; jÞ is smaller or greater

than the value at the end of the previous timestep

u t � Dt; jð Þ. This iterative procedure continues until the

following two conditions are simultaneously satisfied at

each node: (a) the difference between the pore water

pressures calculated in the last two iterations, relative to the

increment of the current timestep, is smaller than a given

tolerance tol, i.e.
uk t;jð Þ�uk�1 t;jð Þj j
uk t;jð Þ�u t�Dt;jð Þj j\tol and (b) the retention

flag remains unchanged during the last two iterations, i.e.

f k t; jð Þ ¼ f k�1ðt; jÞ. The latter condition must be satisfied

because the pore water pressure at a given node may switch

between drying and wetting paths as the algorithm itera-

tively converges towards the solution of the current time.

Fig. 11 Pore water pressure cycles at the slope surface (ordinary season cycle in black, extraordinary wet season in blue and extraordinary dry

season in red) (color figure online)
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Fig. 12 Effect of the extraordinary wet season on the evolution of degree of saturation at the two section coordinates y�=L ¼ 0:3 and y�=L ¼ 0:6:
a hysteretic model of case 3, b hysteretic model of case 4 and c non-hysteretic model
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Fig. 13 Effect of the extraordinary dry season on the evolution of degree of saturation at the two section coordinates y�=L ¼ 0:3 and y�=L ¼ 0:6:
a hysteretic model of case 3, b hysteretic model of case 4 and c non-hysteretic model
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5 Slope memory of extraordinary climatic
seasons

The above algorithm is next applied to the simulation of

seepage across an infinite slope subjected to a cyclic

variation of pore water pressure at the ground surface. The

slope has inclination b ¼ 30� and is modelled by a one-

dimensional mesh of 100 equally spaced nodes (Fig. 9b)

representing a section perpendicular to the ground (i.e. a

section parallel to the y� axis of Fig. 9a). Results are pre-

sented in terms of the non-dimensional coordinate y�=L,
which allows a normalisation of the seepage profiles for

different slope thicknesses L. The saturated permeability is

fixed at Ksat ¼ 10�8 m/s, while a value of a ¼ 10�3 kPa-1

is introduced in the relative unsaturated permeability

function jr of Eq. (10). The groundwater table is fixed at

the base of the slope by imposing a constant zero pore

water pressure ub at the bottom boundary (i.e. at y�

L ¼ 0),

while the top boundary corresponding to the ground surface

(i.e. at y�

L ¼ 1) is subjected to seasonal cycles of pore water

pressure ut.

Figure 11 shows the ordinary seasonal cycle of pore

water pressure imposed at the ground surface, which varies

linearly between - 100 kPa in March and - 1000 kPa in

September, together with two perturbations corresponding

to an extraordinary wet season and an extraordinary dry

season. The extraordinary wet season produces a linear

increase in pore water pressure from the ordinary value

of - 1000 kPa in September to the exceptional value of

0 kPa in March, before dropping again to - 1000 kPa in

the following September. Similarly, the extraordinary dry

season produces a linear decrease in the pore water pres-

sure from the ordinary value of - 100 kPa in March to the

exceptional value of - 2000 kPa in September, before

increasing again to - 100 kPa in the following March.

These pore water pressure cycles are based on true field

conditions, as recorded during long-term monitoring of

slopes [8] but, for modelling purposes, they are schema-

tised as simple linear trends between peak and troughs.

Both perturbations occur after a sequence of several ordi-

nary pore water pressure cycles at the ground surface

which have caused the attainment of dynamic equilibrium

conditions where each slope depth moves along the cor-

responding steady hysteretic loop.

After the perturbation, four ordinary pore water pressure

cycles are imposed at the ground surface to evaluate the

delay in regaining steady conditions. For the sake of

brevity, simulations are only presented for two combina-

tions of bd and bw, corresponding to case 3 and 4 in

Table 3, while the parameters of the main curves are fixed

at their respective base values in Table 1. Note that a

constant timestep Dt ¼ 1 h has been adopted in the finite

difference algorithm of Fig. 10.

Figure 12 shows the effect of the extraordinary wet

season on the evolution of degree of saturation at the two

section coordinates y�

L ¼ 0:6 and y�

L ¼ 0:3, where the dashed

and solid lines describe the ordinary and perturbed regimes,

respectively. Figure 12a and b show the predictions of the

two hysteretic models corresponding to cases 3 and 4,

respectively, while Fig. 12c shows the prediction of the

non-hysteretic model incorporating a reversible retention

law given by Eq. (2) with parameter values equal to the

average base values of the two main curves in Table 1.

Inspection of Fig. 12 indicates that the amplitude of the

ordinary saturation cycle is larger for the non-hysteretic

model than for the two hysteretic ones. This amplitude is

also larger at the shallower depth (i.e. at y�

L ¼ 0:6) due to

greater proximity to the surface where the cyclic boundary

condition is applied. During the extraordinary wet season,

the degree of saturation increases above the ordinary cycle

by a significant amount for both hysteretic models while

the increment is barely visible for the non-hysteretic

model. Most importantly, after the perturbation, the two

hysteretic models exhibit a slow descent towards ordinary

conditions lasting several years, while the non-hysteretic

model quickly regains the steady cycle after only one year.

This is because, in the hysteretic case, each ground depth

moves back gradually, year after year, towards the corre-

sponding steady hysteretic loop as discussed in Sect. 3.

Conversely, in the non-hysteretic case, the recovery of the

steady retention path is virtually immediate after the

ordinary suction cycle is reinstated. Inspection of Fig. 12a

and b indicates that, in the hysteretic models, the number of

years required to regain steady conditions increases with

depth and strongly depends on the values of parameters bd
and bw. When bd and bw are smallest as in case 3, a period

between three and four ordinary years is enough to regain

steady conditions (Fig. 12a) whereas, when bd and bw are

largest as in case 4, a similar period of time is insufficient

(Fig. 12b). The hysteretic models also exhibit some inertia

in responding to the changing boundary condition at the

ground surface as demonstrated by the increase in degree

of saturation for some time after the perturbation is past its

peak. This means that, at any given time, the retention

trend may not be unique along the slope section and dif-

ferent depths may simultaneously move along a drying or

wetting path.

Despite increased complexity, the hysteretic algorithm

is very efficient, and the corresponding solution requires

only a negligible increase in computational effort com-

pared to the non-hysteretic one.

Figure 13 shows instead the effect of the extraordinary

dry season on the evolution of degree of saturation as
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predicted by the same models at the two section coordi-

nates y�

L ¼ 0:6 and y�

L ¼ 0:3. The dashed lines of the ordi-

nary cycles are identical to those of Fig. 12 and any visual

difference is simply due to the dissimilar scale of the

vertical axis. The two hysteretic models predict a drop in

degree of saturation that is slightly smaller than the

Fig. 14 Effect of the extraordinary dry season on the evolution of pore water pressure at the two section coordinates y�=L ¼ 0:3 and y�=L ¼ 0:6:
a hysteretic model of case 3, b hysteretic model of case 4 and c non-hysteretic model
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increase predicted during the extraordinary wet season.

Instead, the non-hysteretic model predicts a decrease of

degree of saturation that is markedly bigger than the

increase predicted during the extraordinary wet season.

Aside from these differences, the predictions of Fig. 13 are

qualitatively similar to those of Fig. 12 and similar

observations can be made about the evolution of degree of

saturation over time. In particular, if the hysteretic nature

of the soil is considered, several years of ordinary climate

are required to erase the memory of the extraordinary dry

season.

Finally, Fig. 14 shows the predicted pore water pres-

sures at the two slope section coordinates y�

L ¼ 0:6 and y�

L ¼
0:3 for the case of an extraordinary dry season. The pre-

dictions for the case of an extraordinary wet season are not

presented in the sake of brevity, but they are qualitatively

similar. Interestingly, Fig. 14 indicates that all three mod-

els calculate virtually identical pore water pressure cycles.

This is in contrast with the predicted cycles of degree of

saturation in Fig. 13, which are not only very different

between hysteretic and non-hysteretic models, but also

strongly dependant on the parameters of the hysteretic

model. In particular, Fig. 14 shows that both hysteretic

models regain the ordinary pore water pressure cycle

immediately after the end of the perturbation whereas

Fig. 13 shows a considerable time lag for the degree of

saturation. This means that, at each ground depth, the post-

perturbation recovery paths resemble those of Fig. 8,

where the degree of saturation gradually grows towards the

steady hysteretic loop while the pore water pressure is

cycled over a virtually constant interval. The relatively

little sensitivity of the pore water pressure cycles to the

imposed perturbation may be a consequence of the chosen

form of the relative permeability function which depends

only on pore water pressure according to Eq. (10). To

explore the sensitivity of the slope behaviour to the chosen

conductivity model, future studies will introduce a depen-

dency of the relative permeability function on degree of

saturation.

6 Conclusions

This paper has presented a study of the long-term effects of

an extraordinary climatic season on the hysteretic seepage

across an infinite unsaturated soil slope, which has been

modelled as a problem of one-dimensional infiltration

normal to the slope by using the decomposition method of

Bianchi et al. [5]. The hysteretic soil water retention law of

Gallipoli et al. [21] has been implemented into the model

and the resulting one-dimensional Richards’ equation has

been solved via a finite difference discretisation of the

slope cross section. A preliminary sensitivity analysis of

the chosen retention law has allowed the selection of a

realistic set of parameter values enabling a meaningful

exploration of the effects of hydraulic hysteresis on the

seepage regime.

The prolonged application of a stationary seasonal pore

water pressure cycle at the ground surface generates a

steady fluctuation of degree of saturation and pore water

pressure inside the slope (i.e. the ordinary cycle), whose

amplitude reduces as depth increases due to attenuated

effect of the imposed boundary condition. In the case of

degree of saturation, the amplitude of these fluctuations is

also markedly different between hysteretic and non-hys-

teretic models.

The ordinary cycle has then been perturbed by an

extremely wet or dry season, which produces a deviation of

the seepage regime from steady conditions. In the hys-

teretic case, the steady cycle of degree of saturation is

recovered after several years of ordinary climate whereas

less than one year is needed in the non-hysteretic case.

Therefore, if the hysteretic nature of the soil is considered,

the ‘‘memory’’ of an extraordinary wet or dry season will

only fade after a relatively long time of ordinary weather.

Unlike degree of saturation, the steady cycle of pore water

pressure is quickly regained after the perturbation,

regardless of whether a hysteretic or non-hysteretic reten-

tion law is considered.

Finally, to increase confidence in the proposed mod-

elling approach, the validity of the above predictions

should be assessed against simultaneous measurements of

both soil suction and water content from long-term field

monitoring campaigns. Unfortunately, however, currently

published data include measurements of either soil suction

or water content, which is evidently not enough to calibrate

and validate the present model. To remedy this shortcom-

ing, a long-term field programme is currently under way to

collect water content data [10, 12] and should be next

complemented by measurements of soil suction to create a

suitable modelling benchmark. Future work will also

explore the influence of different relative permeability

functions on model predictions and the evolution of the

factor of safety during hysteretic seepage in both infinite

and finite slopes.

Appendix

Bianchi et al. [5] proposed a methodology to solve the two-

dimensional transient and steady state seepage across an

unsaturated infinite slope via one-dimensional infiltration

models. The main aspects of this methodology are recalled

in the following, while further details are available in

[5, 6].
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Figure 9a provides a schematic representation of an

infinite homogeneous unsaturated slope of thickness L

(measured normal to the surface) and inclination b with

respect to the horizontal. A constant pore water pressure ub

is imposed at the bottom of the slope, while either a con-

stant pore water pressure ut or a constant infiltration rate,

normal to the ground, qt is applied at the top.

The unsaturated soil permeability K is defined as:

K ¼ jrK
sat ð13Þ

where jr is the relative unsaturated permeability function

while Ksat is the constant saturated permeability. The sat-

urated permeability can be further expressed as a function

of the intrinsic permeability j, the water specific weight cw
and the water dynamic viscosity l as:

Ksat ¼ jcw
l

ð14Þ

In Fig. 9a, the seepage field is separated into antisym-

metric and symmetric parts by decomposing the water

specific weight cw into the two projections parallel cwx� and

perpendicular cwy� to the slope. These two seepage parts

can be individually solved and subsequently combined to

calculate the actual flow regime.

The antisymmetric part of seepage is governed by the

component of the water specific weight parallel to the slope

cwx� (Fig. 9a). In this case, every section perpendicular to

the ground is an axis of antisymmetry and, hence, the

corresponding flow field is parallel to the slope while the

pore water pressure uasym is zero everywhere. This implies

that the antisymmetric piezometric head hasym is calculated

as:

hasym ¼ �x� þ uasym

cwx�
¼ �x� ð15Þ

where the minus sign is introduced because the water

specific weight component cwx� and the x� axis have the

same direction.

The antisymmetric permeability Kasym is evaluated from

Eq. (13) by introducing the component of the water

specific weight parallel to the slope cwx� :

Kasym ¼ jr
jcwx�
l

¼ jr
jcw
l

sin b ¼ K sin b ð16Þ

Based on Eqs. (15) and (16) and Darcy’s law, the two

flux components q
asym
x� and q

asym
y� are then calculated as:

qasymx� ¼ �Kasym ohasym

ox�
¼ �K sin b

ohasym

ox�
¼ K sin b ð17Þ

qasymy� ¼ �Kasym ohasym

oy�
¼ �K sin b

ohasym

oy�
¼ 0 ð18Þ

The symmetric part of seepage is governed by the

component of water specific weight normal to the slope

cwy� (Fig. 9a). In this case, every section perpendicular to

the ground constitutes an axis of symmetry and the flow

field is therefore perpendicular to the ground while the pore

water pressure usym depends only on the y� coordinate. This
implies that the symmetric piezometric head hsym is cal-

culated as:

hsym ¼ y� þ usym

cwy�
¼ y� þ usym

cw cos b
ð19Þ

The symmetric permeability Ksym is evaluated from

Eq. (13) by introducing the component of the water

specific weight perpendicular to the slope cwy� in Eq. (14):

Ksym ¼ jr
jcwy�

l
¼ jr

jcw
l

cos b ¼ K cos b ð20Þ

Based on Eqs. (19) and (20), the flux components qsymx�

and qsymy� are calculated as:

qsymx� ¼ �Ksym ohsym

ox�
¼ �K cos b

ohsym

ox�
¼ 0 ð21Þ

qsymy� ¼ �Ksym ohsym

oy�
¼ �K cos b

ohsym

oy�

¼ �K cos b 1þ 1

cw cos b
ousym

oy�

� �
ð22Þ

Note that the flux component parallel to the slope qx�

coincides with the antisymmetric part qasymx� of Eq. (17)

because the symmetric part qsymx� is zero everywhere

(Eq. 21):

qx� ¼ qasymx� ¼ K sin b ð23Þ

Similarly, the flux component perpendicular to the slope

qy� coincides with the symmetric part qsymy� (Eq. 22)

because the antisymmetric part qasymy� (Eq. 18) is zero

everywhere:

qy� ¼ qsymy� ¼ �K cos b 1þ 1

cw cos b
ousym

oy�

� �
ð24Þ

By comparing Eqs. (23) and (24) with the flux compo-

nents, qx� and qy� calculated according to Darcy’s law, the

components of the gradient of the piezometric head h in the

direction parallel and perpendicular to the slope are

obtained as:

oh

ox�
¼ � sinb ð25Þ

oh

oy�
¼ cos b 1þ 1

cw cos b
ousym

oy�

� �
ð26Þ

which can be integrated to obtain the actual piezometric

head h as:

h ¼ �x� sinbþ y� cos bþ usym

cw
ð27Þ
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Given the expression of the vertical coordinate

y ¼ �x�sinbþ y�cosb, Eq. (27) implies that the pore water

pressure field coincides with the symmetric one, i.e.

u ¼ usym. The two-dimensional seepage across an infinite

slope can therefore be treated as the problem of one-di-

mensional infiltration perpendicular to a ground layer with

permeability and water specific weight equal to Kcosb and

cwcosb, respectively.
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