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Abstract
This paper presents a framework for modelling the random variation in permeability in cement-admixed soil based on the

binder content variation and thereby relating the coefficient of permeability to the unconfined compressive strength of a

cement-admixed clay. The strength–permeability relationship was subsequently implemented in random finite element

method (RFEM). The effects of spatial variation in both strength and permeability of cement-admixed clays in RFEM is

illustrated using two examples concerning one-dimensional consolidation. Parametric studies considering different coef-

ficient of variation and scale of fluctuation configurations were performed. Results show that spatial variability of the

cement-admixed clay considering variable permeability can significantly influence the overall consolidation rate, especially

when the soil strength variability is high. However, the overall consolidation rates also depend largely on the prescribed

scales of fluctuation; in cases where the variation is horizontally layered, stagnation in pore pressure dissipation may occur

due to soft parts yielding.
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Abbreviations
x Soil-cement ratio of mix

y Water-cement ratio of mix

b Binder mass fraction

wi In-situ water content

a Water-cement ratio of cement slurry

Aw Cement content

ei As-mixed void ratio

Rwt Mass fraction of water in mix

Rs Mass fraction of soil solids in mix

Rc Mass fraction of cement solids in mix

Gs Specific gravity of soil solids

Gc Specific gravity of cement solids

mc Post-curing mass of cementitious solids

mcement Mass of cement solids before curing

ht Degree of hydration

b1 Mass ratio of hydrated water to dry cement solids

Vc Volume of cementitious solids

cw Unit weight of water

g Volume ratio of hydrated products

V1,d Volume of water after drained curing

ed Void ratio under drained curing conditions

eu Void ratio under undrained curing conditions

e0 Post-curing void ratio

k Coefficient of permeability

x1 Constant

x2 Constant

qu/

UCS

Unconfined compressive strength

r Strength ratio

q0 Fitting parameter

m Fitting parameter

n Fitting parameter

Cw Total water content of mix

Cm Cement amount
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D Model height

W Model width

COV Coefficient of variation

SOF Scale of fluctuation

mv Coefficient of volume compressibility

U Average degree of consolidation

cv,eq Equivalent coefficient of consolidation

Hd Drainage path length

t90 Duration corresponding to 90% ultimate consol-

idation settlement

t50 Duration corresponding to 50% ultimate consol-

idation settlement

j Modified swelling index

kr Compression index of remoulded cement-ad-

mixed clay

M Friction coefficient

a Isotropic degradation parameter

b Cohesion degradation parameter

m0 Effective Poisson’s ratio

V0 Initial specific volume

rt Tensile strength

p0py Primary yield stress

Ci Initial cohesion

t Time duration

ue Excess pore pressure

s Settlement

sult Ultimate settlement

1 Introduction

Cement admixture is commonly used for rapid improve-

ment of soft clayey soils (e.g.

[15, 18, 23, 36, 38, 49, 53, 56, 64]). An important issue

with cement-admixed ground is its spatial variability (e.g.

[2, 20, 21, 29]), which has been studied using random finite

element method (RFEM) (e.g. [27, 33, 37–39]).

Liu et al. [27] studied the lateral compression of a

spatially variable cement-admixed clay layer using three-

dimensional (3D) RFEM, by considering the treated soil as

a Tresca material. However, the total stress Tresca material

cannot model the volumetric yielding and tensile failure of

cement-admixed clays [59]. Pan et al. [37, 38] studied the

effects of spatial variation in strength on the behaviour of

axially loaded cement-admixed clay columns and laterally

loaded cement-admixed clay slab under drained and

undrained conditions using Xiao et al.’s [59] Cohesive

Cam Clay (C3) material. The C3 material can capture the

behaviour of cement-admixed clays over a large range of

cement content, including tensile failure. The time-depen-

dent behaviour of the cement-admixed clay was also

investigated by Pan et al. [38]. However, these studies did

not consider the spatial variation in permeability arising

from the variation in cement and water contents in the

treated soil, and its effect on the rate of pore pressure

dissipation.

The permeability of a cement-admixed clay depends on

its total water content, which is a proxy of its porosity [31].

However, for a fixed water content, the cement content is

also known to significantly influence the permeability of

the treated soil. Numerous studies have reported the

decrease in permeability of the cement-admixed soil with

increasing cement contents as well as curing duration (e.g.

[22, 47, 57, 61]). This is attributable to the relationship

between the treated clay permeability and its post-curing

void ratio (e.g. [4, 31, 35, 42]), which is known to be

affected by the amount of cementitious products (e.g.

[16, 30]). However, Zhang et al.’s [63] data showed that

higher strength and permeability are correlated with higher

cement contents. This suggests that the relationship

between strength and permeability for cement-admixed

clays may not be monotonic, and a more thorough inves-

tigation is necessary.

Random finite element study on consolidation problems

for soil with variable permeability and coefficient of vol-

ume change has been reported widely (e.g. [1, 3, 14]).

However, the soil is assumed to behave in a linear elastic

manner and does not undergo yielding. Moreover, Bari and

Shahin’s [1] study utilises only uncoupled flow deforma-

tion analyses. For settlement-sensitive infrastructures such

as airport runways constructed over cement-admixed soil

layers in the Hong Kong International Airport Expansion

Project, the residual settlement is limited to 200 mm fol-

lowing surcharge removal [49]. An important parameter for

predicting the time-dependent ground settlement is the

consolidation settlement rate, which may be affected by

spatial variability. However, to date, analytical and

numerical studies involving realistic constitutive models

with spatially variable permeability remain scarce.

This paper presents a framework for incorporating spa-

tially variable permeability into RFEM of cement-admixed

clays. The starting point is Chen et al.’s [2] study which

relates the unconfined compressive strength of a cement-

admixed clay to its cement slurry concentration and in-situ

water content. Using Tyagi et al.’s [50] approach, the post-

curing void ratio of the treated soil mass is deduced from

the soil–cement–water mix proportion. The permeability is

then deduced using previously published void ratio–per-

meability relationships [5, 31, 35, 42]. This allows the

permeability to be related to the unconfined compressive

strength. The strength–permeability relationship is then

coded into the finite element software GeoFEA 9 (https://
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www.geosoft.sg), where the variation in permeability can

be specified as a random variable that is dependent upon

the unconfined compressive strength. The methodology is

illustrated using two examples to show the effect of ran-

dom permeability on consolidation behaviour. In the sec-

ond example, estimating the overall consolidation rate of

the cement-admixed clay subgrade underlying airport

runways [18, 49, 54] considering random permeability may

be more representative of field conditions.

2 Method for evaluating spatially variable
permeability

The approach adopted herein for evaluating spatially

variable permeability consists of three steps. The post-

curing void ratio of the cement-admixed clay is first related

to its mix ratio, that is, the soil–cement and water–cement

ratios at the point of mixing, using phase relationships.

Using empirical relationships between the post-curing void

ratio and permeability [5, 31, 35, 42], the latter is then

related to the mix ratio. Finally, combining the results from

parts (a) and (b) with Chen et al.’s [2] empirical relation-

ship between unconfined compressive strength and mix

ratio allows a relationship between permeability and

unconfined compressive strength to be established. The

flow chart for establishing the strength–permeability rela-

tionship is shown in Fig. 1. The governing equations for

this approach are summarised below.

2.1 Void ratio of cement-admixed clay

Chen et al. [2] showed that the soil-cement ratio x and

water-cement ratio y in the cement-admixed soil can be

expressed as functions of the binder mass fraction b, in-situ

water content wi, and water-cement ratio of the binder a, by

x ¼ 1þ a

1þ wi

� �
1

b
� 1

� �
ð1Þ

y ¼ wixþ a ð2Þ

An alternative definition is the cement content Aw,

which is defined as the mass ratio of the cement solids to

soil solids, i.e. Aw = 1/x [30]. The void ratio of the cement-

admixed soil at the point of mixing, termed hereafter as the

as-mixed void ratio ei, is given by Tyagi et al. [50]

ei ¼
Rwt

Rs

Gs
þ Rc

Gc

� � ð3Þ

where Gs and Gc are the specific gravities of the soil and

cement solids, respectively, and Rwt, Rs, and Rc are the

mass fractions of water, soil solids, and cement solids in

the cement-admixed soil, respectively. Based on the

changes in constituents during cement hydration [34],

Tyagi et al. [50] postulated that the post-curing mass of

cementitious solids mc can be expressed as

mc ¼ mcement xþ 1þ htb1ð Þ ð4Þ

where mcement is the mass of the cement solids before

curing, ht the degree of hydration, and b1 the mass ratio of

the hydrated water to the anhydrous cement solids. The

value of ht is 1 for the complete hydration of cement, and

b1 * 0.23, based on Neville’s [34] observation that the net

mass of water absorbed during the complete hydration

reaction is about 0.23 times the mass of the anhydrous

cement solids. Since the hydrated products occupy a vol-

ume smaller than the combined volumes of the anhydrous

cement and the hydrated water by approximately 0.254

times the volume of the hydrated water [34], Tyagi et al.

[50] proposed that the volume of cementitious solids pro-

duced during the hydration reaction Vc can be expressed as

Vc ¼
mcement

cw

x

Gs

þ 1

Gc

þ 1� gð Þhtb1
� �

ð5Þ

Water-
cement ratio 
of binder a
(constant)

Water 
content of 

in-situ soil wi
(constant)

Binder mass 
fraction b
(variable)

Post-curing 
void ratio e0
(Eq. 11, Fig.

3b)

Coefficient of 
permeability k

(Eq. 12, Fig. 2)

Strength ratio r
(Eq. 14, Fig. 3a)

Mix ratios
Soil-cement ratio x (Eq. 1)

Water-cement ratio y (Eq. 2)

Strength-permeability relationship of cement-
admixed clays (Eq. 16, Figs. 4 and 5)

Field operating parameters

Fig. 1 Flow chart for establishing the relationship between strength

and permeability of cement-admixed clays
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where cw is the unit weight of water, and the parameter

g = 0.254.

Tyagi et al. [50] considered two extremes in curing

conditions, namely drained and undrained curing. The

drained curing condition assumes that the volume of the

cement-soil admixture remains constant throughout the

curing process, and changes in void ratio are accommo-

dated by water ingress or egress. The undrained curing

condition assumes that no water from the surrounding

ingresses or egresses into the cement-soil admixture during

the curing process, resulting in autogenous shrinkage of the

cement-admixed soil.

Following Tyagi et al.’s [50] approach for the drained

condition, the total volume of water post-curing V1,d and

the corresponding void ratio ed are given by

V1;d ¼
mcement

cw
y� 1� gð Þhtb1½ � ð6Þ

and

ed ¼
y� 1� gð Þhtb1½ �

x
Gs
þ 1

Gc
þ 1� gð Þhtb1

h i ð7Þ

Substituting g = 0.254 and b1 = 0.23 into Eq. 7 gives

ed ¼
y� 0:1716ht½ �

x
Gs
þ 1

Gc
þ 0:1716ht

h i ð8Þ

For undrained curing conditions, the corresponding void

ratio eu can be expressed as

eu ¼
y� 0:23ht½ �

x
Gs
þ 1

Gc
þ 0:1716ht

h i ð9Þ

Substituting Eqs. 1 and 2 into Eqs. 8 and 9 gives

ed ¼
wi

1þa
1þwi

� �
1
b � 1
� 	

þ a� 0:1716ht

1
Gs

� �
1þa
1þwi

� �
1
b � 1
� 	

þ 1
Gc

þ 0:1716ht
ð10Þ

eu ¼
wi

1þa
1þwi

� �
1
b � 1
� 	

þ a� 0:23ht

1
Gs

� �
1þa
1þwi

� �
1
b � 1
� 	

þ 1
Gc

þ 0:1716ht
ð11Þ

2.2 Void ratio–permeability relationship
of cement-admixed clays

Fig. 2 presents the coefficient of permeability k and the

post-curing void ratio e0 data of cement-admixed Ariake

clays [35], Singapore marine clays [5], Bangkok soft clay

[31], and Ariake clays and dredged muds [42]. The void

ratio-permeability data are bounded by upper and lower

limits, which can be approximated by the log-linear form

e0 ¼ x1 ln kð Þ þ x2 ð12Þ

where the constants x1 and x2 represent the slope and the

ordinate intercept of the permeability-void ratio plot,

respectively. For the upper and lower bounds, the fitted

values of x1 are 0.42 and 0.23, respectively, while

x2 = 10.60 and 5.50, respectively.

2.3 Unconfined compressive strength

The unconfined compressive strength qu can be related to

the mass ratios x and y by Chen et al.’s [2] modification of

Lee et al.’s [24] and Xiao et al.’s [58] empirical relation-

ship. This gives

r ¼ qu
qo

¼ 1þ mxþ mxð Þ2

yð Þn ð13Þ

where r is the strength ratio, and q0, m and n are fitted

parameters. By assuming that the in-situ water content of

the untreated soil wi and the water-cement ratio a of the

cement slurry to be spatially uniform, so that the only

random variable is the binder mass fraction of cement

slurry b, Chen et al. [2] showed that the strength ratio r can

be expressed as

r ¼
1þ m 1þa

1þwi

� �
1
b � 1
� 	

þ m 1þa
1þwi

� �
1
b � 1
� 	h i2

wi
1þa
1þwi

� �
1
b � 1
� 	

þ a
h in ð14Þ

where the binder mass fraction b is defined as the mass

ratio of the cement slurry to the cement-admixed clay.

Xiao et al.’s [58] values, that is q0 = 13 MPa (7-day

curing) and 20 MPa (28-day curing), m = 0.28 and n = 3,

0.1

1

10

1.0E-09 1.0E-08 1.0E-07 1.0E-06

Po
st
-c
ur
in
g
vo

id
ra
tio

,e
0

Coefficient of permeability, k (cm/sec)

Upper bound
e0 = 0.42ln(k) + 10.60

Lower bound
e0 = 0.23ln(k) + 5.50

Chin [5]
Quang and Chai [42]
Lorenzo and Bergado [31]
Onitsuka et al. [35]

Fig. 2 Void ratio-permeability relationship for cement-admixed clays

from previously published literature

4010 Acta Geotechnica (2021) 16:4007–4026

123



will be adopted herein. Figure 3a and b compares the

strength ratio r and void ratios estimated using Eqs. 3, 10,

11, and 14 with previously published values, for various

combinations of wi and a. As seen, eu is slightly smaller

than ed for the same strength ratio r as the undrained

assumption postulates that the capillary pores in the

cement-admixed soil shrink as water is expended in the

chemical reaction [50]. The estimated e0-b relationships

correlate well with experimental data [4, 59], with eu giv-

ing slightly better agreement. This suggests that the actual

curing condition may be closer to an undrained condition.

Figure 3b also shows that using ei (Eq. 3) to estimate the

post-curing void ratio e0 will give erroneous results. The

values of eu predicted using Eq. 11 will be used to estimate

e0 hereinafter. Combining Eqs. 11 with 12 allows the

coefficient of permeability k of the cement-admixed clay

cured under undrained conditions to be related to its binder

mass fraction b by

ln kð Þ ¼ 1

x1

wi
1þa
1þwi

� �
1
b � 1
� 	

þ a� 0:23ht

1
Gs

� �
1þa
1þwi

� �
1
b � 1
� 	

þ 1
Gc

þ 0:1716ht
� x2

2
4

3
5

ð15Þ

where k is expressed in units of cm/s.

Combining Eqs. 14 and 15 allows the coefficient of

permeability k of the cement-admixed clay to be related to

its strength ratio r as

ln kð Þ ¼ 1

x1

1þmxþ mxð Þ2
r

h i1=n
�0:23ht

x
Gs
þ 1

Gc
þ 0:1716ht

� x2

2
664

3
775 ð16Þ

(a) (b)

Chew et al. [4] – wi = 1.2, a =1               wi = 1.2, a =1
Xiao et al. [59]  – wi = a = 1                    wi = a = 1 
Xiao et al. [59] – wi = 0.7, a = 0.8           wi = 0.7, a = 0.8
Xiao et al. [59] – wi = a = 1.5                  wi = a = 1.5

0.0

0.1

0.2

0.3

0.4

0.5

0.6

0.00 0.05 0.10 0.15 0.20

Bi
nd

er
 m

as
s 

fra
ct

io
n,

 b

Strength ratio, r

0.0

0.1

0.2

0.3

0.4

0.5

0.6

1.5 2.0 2.5 3.0 3.5 4.0 4.5

Bi
nd

er
 m

as
s 

fra
ct

io
n,

 b

Post-curing void ratio, e0

Fig. 3 Plots of binder mass fraction b versus a strength ratio r and b post-curing void ratio e0 for cement-admixed clays. Drained, undrained, and

as-mixed void ratios are represented by dashed, bold, and dotted lines, respectively. Specific gravity of soil solids Gs (Singapore marine

clay) = 2.67, and specific gravity of cement powder Gc (ordinary Portland cement) = 3.17
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)

Strength ratio, r

Chew et al. [4]
wi = 1.3 a = 0.6,
x1 = 0.23, x2 = 7.0

Latt and Giao [22]
wi = 0.81, a = 1, x1 = 0.215, x2 = 6.6

Chew et al. [4]
Latt and Giao [22]

wi = 0.6 a = 2.0,
x1 = 0.26, x2 = 6.86

Fig. 4 Strength ratio-permeability plot for cement-admixed clays.

Experimental data are obtained from Chew et al. [4] and Latt and

Giao [22]. Specific gravity of soil solids Gs (Singapore marine clay

and Bangkok soft clay) = 2.67, and specific gravity of cement powder

Gc (ordinary Portland cement) = 3.17. Assuming degree of hydration

ht = 1
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As Fig. 4 shows, the proposed strength ratio-permeability

relationship (Eq. 16) shows good agreement with the

experimental data of cement-admixed Singapore marine

clay [4] and Bangkok soft clay [22]). The reduction in

permeability with strength is also consistent with the

observations of Xue et al. [61] and Wu et al. [57]. This is

due to the increase in binder mass fraction which leads to

increased strength and decrease in post-curing void ratio.

Figure 4 also shows the strength ratio–permeability rela-

tionship computed based on wi of 0.60 which is the drier

end of typical values for Singapore marine clays [2, 62],

a of 2.0 which is on the higher end range of typical values

for deep mixing projects [2], and coefficients x1 = 0.26 and

x2 = 6.86 for void ratio–permeability relationship (Eq. 12)

adopted from Chew et al. [4] for cement-admixed clays.

While these parameters may be atypical of field conditions

encountered in deep mixing projects, the resulting strength

ratio–permeability relationship can replicate the increase in

treated clay permeability with strength as observed by

Zhang et al. [63]. This is because untreated clays of low wi

have low void ratios, which is associated with lower

k. Subsequently, addition of cement slurry increases the

strength of the mix. However, the high water-cement ratio

a of the cement slurry also increases the post-curing void

ratio of the mix, resulting in increased k.

The proposed strength–permeability relationship

(Eq. 16) is then coded into the finite element software

GeoFEA 9 (https://www.geosoft.sg), which allows the

variation in permeability to be specified as a random

variable that depends on the unconfined compressive

strength. The strength-permeability relationship can also

account for the changes in void ratio and permeability of

the cement-admixed clay in consolidation problems.

2.4 Scenarios I, II2, and II1

Figure 5 shows the permeability against the 28-day

strength for three scenarios, the parameters of which are

summarised in Table 1. Scenario I is more representative of

onshore deep mixing conditions, Table 2, whereas Sce-

narios II- and II? are more representative of dredged

clays stabilised using the pneumatic flow mixing method

for land reclamation purposes, Table 3. In Scenario II?,

coefficients x1 and x2 of Eq. 12 were prescribed such that a

more significant change in permeability is produced for the

same variation in strength than in Scenario II-. In all

scenarios, the permeability decreases as strength increases,

which agrees with trends reported in previous studies (e.g.

[22, 42, 57]). Furthermore, when the treated clay strength

approaches that of an untreated clay, the treated clay per-

meability approaches that of typical untreated marine clays

[62]. Hence, in the limit where the binder fraction

approaches zero, the permeability of the untreated clay is

approximately reflected in the proposed strength–perme-

ability relationship.

For Scenario I, using a mean binder mass fraction

b = 0.28 which is typical of deep-mixed columns [2],

Eqs. 14 and 15 give a mean 28-day strength qu = 2100 kPa

and a mean permeability k = 1.7 9 10-10 m/s, respec-

tively. For Scenarios II- and II?, the mean 28-day

strength is 200 kPa for a mean binder mass fraction

b = 0.09 corresponding to cement content Aw and total

water content Cw of 10 and 100%, respectively, which is

typical of stabilised dredged fills, Table 3, while the mean

permeability k = 1.7 9 10-10 m/s and 1.3 9 10-9 m/s for

Scenarios II- and II?, respectively.

2.5 Validation

Huang et al. [14] investigated the time-dependent beha-

viour of a poroelastic soil subjected to axial compression

using two-dimensional (2D) coupled-flow RFEM where

the permeability k and coefficient of volume compress-

ibility mv were spatially variable parameters with lognor-

mal distribution. Huang et al.’s [14] model, Fig. 6a, is re-

analysed using the Cohesive Cam Clay (C3) model,

Fig. 6b, incorporating randomised strength and perme-

ability using mix design parameters from Scenario I,

Table 1. Owing to spatial variation in properties, the set-

tlement is non-uniform. Following Huang et al. [14], the

average surface settlement is used to compute the average

degree of consolidation Ū, which is defined as the settle-

ment at the respective point of time normalised by the

ultimate settlement. The overall consolidation rate of each
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1.E-08

0 1000 2000 3000 4000 5000 6000

C
oe

ffi
ci

en
t o

f p
er

m
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y,
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 (m
/s

)

28-days unconfined compressive 
strength, qu (kPa)

Typical k of untreated marine clay

Scenario II+
(wi = a = 1.0, x1 = 0.205, x2 = 5.80)

Scenario II-
(wi = a = 1.0, x1 = 0.26, x2 = 6.86)

Scenario I
(wi = 0.75, a = 0.85, 
x1 = 0.15, x2 = 4.45)

Fig. 5 Strength-permeability plot for cement-admixed clays, using

Xiao et al.’s [58] values of q0 (28-days) = 20 MPa, m = 0.28, and

n = 2.93
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realisation is quantified by the equivalent coefficient of

consolidation cv,eq, determined using the root time method

[46] as such

cv;eq ¼
0:848 Hdð Þ2

t90
ð17Þ

where Hd is the drainage path length and t90 is the duration

corresponding to 90% average degree of consolidation. The

Table 1 Summary of parameters for the three scenarios

Scenario In-situ

water

content

wi

w/c ratio of
cement

slurry a

Mean

binder

mass

fraction b

*Mean

cement

content Aw

(%)

*Mean total

water content

Cw (%)

#Mean post-

curing void

ratio e0

Equation 12 ^Mean

28 days

strength qu
(kPa)

Mean

coefficient of

permeability

k (m/s)

x1 x2

I 0.75 0.85 0.28 37 78 1.77 0.150 4.45 2100 1.7 9 10–10

II- 1.0 1.0 0.09 10 100 2.55 0.260 6.86 200 6.3 9 10–10

II? 0.205 5.80 1.3 9 10–9

*Cement content Aw = mass ratio of cement to soil solids, total water content Cw = mass ratio of water to cement and soil solids

^ Assuming ht = 1, and Chew et al.’s [4] values of Gs = 2.67 (Singapore marine clay), Gc = 3.17 (ordinary Portland cement)

# Estimated using undrained curing void ratio eu

Table 2 Summary of design parameters from selected deep mixing projects

Site Prior to mixing After mixing References

Initial water content of

soft clay wi (%)

w/c ratio of

cement slurry a
Binder mass

fraction b
Cement

content Aw

(%)

Total water

content Cw (%)

Mean core

strength qu
(kPa)

Marina Bay

Financial

Centre

69 0.9 0.28 35 74 1700 Chen et al.

[2]

Marina One 47 1.0 0.19 17 55 2100 Liu et al.

[28]

Table 3 Summary of design parameters from selected projects which adopted the pneumatic flow mixing method

Project Prior to mixing After mixing References

Initial water content

of dredgings wi (%)

w/c ratio of

cement slurry

a

Cement

amount Cm

(kg/m3)

*Total water-

cement ratio

Cement

content Aw

(%)

Total water

content Cw

(%)

Reclamation fill in

Ishinomaki, Japan

– – 39–70 9–22 6–9 74–130 Porbaha et al.

[40]

Central Japan

International

Airport

64–116 1.0 52–87 9–14 6–9 67–115 Kitazume

and Satoh

[17]

Tokyo Haneda

Airport

– – 85–103 8–10 15–20 137–140 Watabe and

Noguchi

[54]

*Total water-cement ratio of the mix is taken as mass ratio of water to cement solids
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mean equivalent coefficient of consolidation is obtained

from 2000 realisations to ensure convergence of mean and

output COV, Fig. 7. Reference cases involving uniform

soil properties are also analysed; these are hereafter termed

deterministic cases.

The mean values normalised by values from corre-

sponding deterministic case, termed normalised mean

hereinafter, and the coefficient of variation of equivalent

coefficient of consolidation, termed output COV here-

inafter, show good agreement with the results of Huang

et al.’s [14], Fig. 8a and b. Due to the small magnitude of

the applied load, the response of the C3 material is within

its elastic region and agrees well with that of the poroe-

lastic material used by Huang et al. [14]. However, even in

its elastic regime, the C3 model is non-linear and its

modulus increases with the mean effective stress [38]. This

explains the minor differences between the results obtained

herein and those of Huang et al. [14].

3 Consolidation examples

Two plane-strain consolidation examples are analysed

using the software GEOFEA 9 (https://www.geosoft.sg/)

which has been modified for RFEM (e.g. [9–12]). The

plane-strain assumption implies that all variables are uni-

form in the out-of-plane direction and results obtained tend

to err on the conservative side when compared to the

corresponding 3D model [6, 39, 51]. As Fig. 9a shows,

example 1 represents a cement-admixed clay specimen

undergoing one-dimensional consolidation after an instan-

taneous surcharge is applied across a stiff cap at its top

boundary. The top and bottom edges of the mesh are

modelled as drainage boundaries, while the sides and

bottom are modelled as frictionless, impermeable bound-

aries. Example 2 deals with a cement-admixed soil layer

consolidating under uniform surcharge loading, Fig. 9b.

The top surface is a drainage boundary, while the bottom

and side boundaries are frictionless and impermeable.

Although both examples involve one-dimensional (1D)

consolidation, 2D seepage flow occurs within the soil body

owing to the spatial variation in stiffness and permeability.

(a) (b)

Permeable

D

W

Impermeable

Saturated soil

Surcharge load
100kPa

1m

1m

Fig. 6 a Schematic of the two-dimensional (2D) problem used in validation study (after Huang et al. [14]), and b corresponding plane-strain

finite element model. Element type: linear strain triangle, mesh size = 0.025 m

Fig. 7 Typical convergence plot for normalised mean and COV of

equivalent coefficient of consolidation cv,eq obtained from validation

study of Huang et al.’s [14] problem. Case with input COV = 0.8 and

normalised SOF = 0.5 shown
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Example 2 is also larger in areal extent; this allows the

effects of large-scale improvement to be examined.

The cement-admixed clay is modelled using Pan et al.’s

[37] implementation of Xiao et al.’s [59] Cohesive Cam

Clay (C3) model, with parameters shown in Table 4. The

strength fitting parameters qo, m, and n of Eq. 13 are

adopted from Xiao et al. [58]. Mix design parameters wi, a,

and constants x1 and x2 for the cement-admixed clay in

examples 1 and 2 are adopted from Scenarios I and II (-

and ?) in Table 1, respectively.

The statistical input parameters are the mean unconfined

compressive strength qu, its coefficient of variation, here-

after termed ‘‘input COV’’, and scale of fluctuation (SOF)

[52] as well as the mean coefficient of permeability k. The

random strength field is generated using the modified linear

estimation method [26] and is assumed to follow a mar-

ginal lognormal distribution with squared exponential

autocorrelation function. Other soil parameters are corre-

lated to the soil strength.

As Table 5 shows, different random field characteristics

are investigated. The RxC series involves variable strength

but constant coefficient of permeability, whereas the RxV

series involves variable strength and permeability. The

SOF of the strength and permeability are identical as both

parameters are correlated. The ± x and ± y series involves

large SOF in the horizontal x- and vertical y-directions,

respectively; this effectively simulates a constant value in

the respective directions. Short-range SOFx may result

from in-situ mixing operations where the cement-admixed

soil possesses columnar structure [27, 29], whereas longer-

range SOFx may result from the layered re-deposition of

ex-situ stabilised dredged clays as reclamation fill (e.g.
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Fig. 8 Plots of a normalised mean and b output COV of equivalent coefficient of consolidation cv,eq against normalised SOF

(a)

(b)

W = 0.1m

Rollers

D = 0.2m

Surcharge load 800kPa

Stiff cap

W = 40 m

D = 7.5 m

Surcharge load 50kPa

Rollers

Fig. 9 Schematic of plane-strain finite element models under 1D

compression: a Example 1—top and bottom surfaces are free

draining, average mesh size: 0.005 m; b Example 2—top surface is

free draining, average mesh size: 0.25 m. Element type: 6-noded

linear strain triangle
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[18, 32, 44]). The ± xy series employs an isotropic SOF.

For the ± xy series in Example R2, the SOFx of 2 m is

adopted from Tang et al. [45]. Since less data are available

for the SOFy of ex-situ stabilised dredged fills, the SOFy

was assumed to be 2 m, which is larger than 0.5 m reported

by Tang et al. [45]. The ± x8y4 series of example R2

employ SOFx and SOFy of 8 m and 4 m, respectively. This

is because ex- and in-situ mixing processes are highly

operator dependent and may result in larger zones of

similar binder content. The SOFx is inspired from the

larger end range diameters of untreated clay clumps used as

reclamation fill [44], while the slightly smaller SOFy

attempts to account for possible slumping upon deposition.

The nominal input strength COVs of 0.4 used for the R1

and R2 series were adopted from core sample data from

Liu et al. [28] and Kitazume and Satoh [18], respectively.

Cases with larger COV up to 0.8 (e.g. [8]) were also

analysed to study the effect of greater variability.

Following Huang et al. [14], the overall consolidation

rate of each realisation was quantified by the equivalent

Table 4 Parameters for Cohesive Cam Clay (C3) material

Parameters j kr M a b m0 V0 rt p0py Ci

C3 model 0.01 0.25 2.4 2.2 0.28 0.2 1?*eu 0.13qu 0.62qu 0.36qu

*Undrained curing void ratio

Table 5 Parametric studies in random finite element method

Case Input statistical characteristics Remarks

Mean strength qu
(kPa)

Input strength

COV

Mean coefficient of permeability

k (m/s)

SOFx–SOFy (m)^ of

strength

R1Cx *2100 0.2, 0.4, 0.6, 0.8 *1.7 9 10–10 1000–0.04 Scenario I Constant

kR1Cy 0.04–1000

R1Cxy 0.04–0.04

R1Vx 1000–0.04 Variable

kR1Vy 0.04–1000

R1Vxy 0.04–0.04

R2C-x **200 **6.3 9 10–10 2000–2 Scenario

II-

Constant

kR2C-xy 2–2

R2C-x8y4 8–4

R2V-x 2000–2 Variable

kR2V-xy 2–2

R2V-x8y4 8–4

R2C?x ***1.3 9 10–9 2000–2 Scenario

II?

Constant

kR2C?xy 2–2

R2C?x8y4 8–4

R2V?x 2000–2 Variable

kR2V?xy 2–2

R2V?x8y4 8–4

R1 and R2 denote the randomised versions of examples 1 and 2

*Mean values obtained from Scenario I

**Mean values obtained from Scenario II-

***Mean values obtained from Scenario II?
^The former value is horizontal SOF, and the latter value is vertical SOF e.g., R2C?x: horizontal SOF is 2000 m and vertical SOF is 2 m;

R2V?x8y4: horizontal SOF is 8 m, and vertical SOF is 4 m

The – and ? symbols in the series identifiers indicate that the permeability-strength relation used pertain to those of Scenarios II- and II?,

respectively
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coefficient of consolidation cv,eq, which was computed

using the t90 obtained from the settlement–root time curves,

Fig. 10a, b. For the R1 series, the rigid cap ensures uniform

surface settlement throughout consolidation. For the R2

series, the surface settlement may be non-uniform owing to

spatial variability and the imposed surcharge load.

Element size effects were studied using cases R1V0.8xy

and R2V ? 0.8xy, which have input COVs of 0.8 and the

smallest isotropic SOF, to ensure that small-scale hetero-

geneity can be adequately modelled by the mesh. The study

shows that an element size–SOF ratio of 0.25 is sufficient

to model the shortest range variation adequately for

examples R1 and R2.
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Fig. 10 Settlement–root time curves and t90 for deterministic and random realisations for a case R1C0.6y (R1 series, Scenario I, mean

qu = 2100 kPa, constant permeability k = 1.7 9 10-10 m/s with input strength COV of 0.6, SOFx = 1000 m, SOFy = 0.04 m) and b case R2C-

0.8xy (R2 series, Scenario II-, mean qu = 200 kPa, constant permeability k = 6.3 9 10-10 m/s with input strength COV of 0.8,

SOFx = SOFy = 2 m). Average settlement s normalised by ultimate settlement sult, t90 obtained using Taylor’s [46] root time method
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Fig. 11 Convergence plots for normalised mean and output COV of equivalent coefficient of consolidation for a case R1C0.6xy (R1 series,

Scenario I, mean qu = 2100 kPa, constant permeability k = 1.7 9 10-10 m/s with input strength COV of 0.6, SOFx = SOFy = 0.04 m), and

b case R2C-0.8xy (R2 series, Scenario II-, mean qu = 200 kPa, constant permeability k = 6.3 9 10-10 m/s with input strength COV of 0.8,

SOFx = SOFy = 2 m, Fig. 10b)
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4 Results and discussion

4.1 Convergence study

As Fig. 11a, b shows, the normalised mean and COV of the

cv,eq stabilise when the number of random realisations

exceeds * 1000 and * 200 for the R1 and R2 series,

respectively. The large difference in number of realisations

is because the domain in series R2 is much larger than that

in series R1 and therefore has greater averaging effect. At

least 1500 and 300 realisations were analysed for each

random case of series R1 and R2, respectively. The
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Fig. 12 Histograms of ultimate settlement of random realisations, normalised by ultimate settlement of corresponding deterministic case, for

a case R1C0.6xy (R1 series, Scenario I, mean qu = 2100 kPa, constant permeability k = 1.7 9 10-10 m/s with input strength COV of 0.6,

SOFx = SOFy = 0.04 m, Fig. 11a) and b case R2C-0.8xy (R2 series, Scenario II-, mean qu = 200 kPa, constant permeability

k = 6.3 9 10-10 m/s with input strength COV of 0.8, SOFx = SOFy = 2 m, Fig. 11b)
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Fig. 13 Effect of input strength COV = 0.2, 0.4, 0.6, and 0.8 on the a normalised mean values and b output COV of equivalent coefficient of

consolidation cv,eq for R1 series (Scenario I, mean qu = 2100 kPa, mean permeability k = 1.7 9 10-10 m/s)
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normalised mean values are also less than 1, Fig. 11a, b.

This implies that, on average, the random realisations take

longer to consolidate than the deterministic case. Owing to

the presence of soft untreated zones, the random realisa-

tions also generally have larger average settlement than the

deterministic realisation, Fig. 12a, b.

4.2 R1 series

Figure 13a, b shows the normalised mean and COV of the

cv,eq for the R1 series, respectively. When the input

strength COV is 0.4 and below, the mean values are

approximately equal to that of the deterministic case,

indicating that the spatial variability does not significantly

affect overall consolidation behaviour. At larger input

COVs however, significant changes in consolidation

behaviour are observed.

4.2.1 Effects of spatially variable permeability
on horizontally layered soils

The steeper decrease in mean values for the R1x series with

input strength COV, Fig. 13a, is due to the yielding of the

soft parts. In the R1x series, the non-uniformities are

manifested as horizontal layers, Fig. 14. The decrease in

soil stiffness after yielding reduces the overall rate of

consolidation. The excess pore pressure build-up in these

yielded layers, Fig. 15a, impedes subsequent excess pore

pressure dissipation in the inner layers, Fig. 15b, thereby

generating a ‘‘soft layer screening effect’’. Moreover, for

the variable permeability case R1Vx, the decrease in void

ratio with compression results in decreased permeability,

further reducing the consolidation rate as reflected in the
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Fig. 14 Unconfined compressive strength contour for a typical

random realisation of case R1x (mean qu = 2100 kPa, mean perme-

ability k = 1.7 9 10-10 m/s, SOFx = 1000 m, SOFx = 0.04 m) with

input strength COV of 0.6. Soft parts with qu\ 1050 kPa (1/2 the

mean strength) demarcated in black
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Fig. 15 a Yield point contour at t = t90 for the random realisation of

case shown in Fig. 14. Yield points represented in blue. b Corre-

sponding excess pore pressure contour
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Fig. 16 Comparison of material strength and excess pore pressure.

a Unconfined compressive strength contour for a typical random

realisation of case R1y (mean qu = 2100 kPa, mean permeability

k = 1.7 9 10-10 m/s, SOFx = 0.04 m, SOFy = 1000 m) with input

strength COV of 0.6. b Corresponding excess pore pressure contour at

instant of loading. Soft and stiff parts demarcated in bold and dashed,

respectively
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slightly lower mean values, Fig. 13a. The large output

COV for the R1x series can be attributed to the presence of

soft layers yielding in some realisations and not yielding in

others, Fig. 13b.

4.2.2 Effects of spatially variable permeability on vertically
panelled soils

For the R1y series, the heterogeneity takes the form of

vertical panels, Fig. 16a. Upon load application, the load-

ing is concentrated onto the stiffer panel(s). Thus, the

excess pore pressure distribution is also panel-like,

Fig. 16b. The ground’s ability to redistribute load decrea-

ses the likelihood of soft part yielding, as reflected in the

larger mean values, Fig. 13a.

To investigate the effect of spatially variable perme-

ability, a typical random realisation of case R1y is exam-

ined, Fig. 16a, b. The stiffer panels in the constant

permeability case R1Cy facilitate excess pore pressure

dissipation in the softer adjacent panels, Fig. 17a. For the

variable permeability realisation R1Vy, the softer panels

are more permeable, while the stiffer panels are less per-

meable, Fig. 18. These softer panels act as permeable

channels to hasten the dissipation of excess pore pressure

in the stiffer, more impermeable panels, Fig. 17b, resulting

in larger overall consolidation rates, Fig. 17d. Thus, the

overall consolidation rate for the constant permeability

case R1Cy is dominated by the slower response of the
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Fig. 17 Comparison of excess pore pressure for the same random

realisation with strength contour shown in Fig. 16a. Excess pore

pressure contours at t = t50 for a constant and b variable permeability

realisations. Excess pore pressure contours at t = t90 for c constant

and d variable permeability realisations. Soft and stiff parts demar-

cated in bold and dashed, respectively
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Fig. 19 Ultimate settlement contours for a typical random realisation

for case a R2V?0.4xy (R2 series, Scenario II?, mean qu = 200 kPa,

mean permeability k = 1.3 9 10-9 m/s, variable permeability,

SOFx = SOFy = 2 m, input strength COV of 0.4) and

b R2V?0.4x8y4 (R2 series, Scenario II?, mean qu = 200 kPa, mean

permeability k = 1.3 9 10-9 m/s, variable permeability, SOFx = 8

m, SOFy = 4 m, input strength COV of 0.4). Negative values indicate

settlement
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Fig. 20 a Normalised mean and b output COV of equivalent coefficient of consolidation against input strength COV = 0.2, 0.4, 0.6, and 0.8 for

R2- series (Scenario II-, mean qu = 200 kPa, mean permeability k = 6.3 9 10-10 m/s). Values computed using average and maximum

settlement criteria are denoted as ave (bold lines) and max (dashed lines), respectively
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Fig. 21 a Normalised mean and b output COV of equivalent coefficient of consolidation against input strength COV = 0.2, 0.4, 0.6, and 0.8 for
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settlement criteria are denoted as ave (bold lines) and max (dashed lines), respectively
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softer panels, while the overall consolidation rate for the

variable permeability series R1Vy is dominated by the

consolidation response of the less permeable, stiffer panels.

This explains the consistently higher mean and lower

output COV values for the variable permeability series

R1Vy, Fig. 13a, b.

4.2.3 Effects of spatially variable permeability on clustered
soils

For the R1xy series, the SOF in the x- and y-directions are

equal and smaller than the dimensions of the problem.

Thus, the overall consolidation rate is highly dependent on

whether load distribution can occur. As Fig. 13a, b shows,

the normalised mean and output COV values lie between

those of the two extreme random alignments discussed

above.

4.3 R2 series

4.3.1 Comparison between average and maximum
settlement criteria

The surface settlement observed in the R2 series is non-

uniform, Fig. 19a, b. Thus, using the average settlement

alone to quantify the progress of consolidation may

obscure important information and trends. To augment this,

the settlement of the node with the maximum ultimate

settlement is also used to estimate the equivalent cv. As

Figs. 20 and 21 show, using the average and maximum

settlement to compute the mean and output COV for the

R2x series give similar results since heterogeneity is

manifested as horizontal layers.

For the R2xy series, the mean and output COV com-

puted using the maximum settlement is significantly larger

than that using average settlement, particularly for larger

input strength COVs, Figs. 20 and 21. This is because in

many realisations, the surface soft parts undergo the same

ultimate settlement but return a higher equivalent coeffi-

cient of consolidation due to shorter drainage paths. The

domain averaging effects [52] also become more signifi-

cant with input strength COV, resulting in larger differ-

ences in maximum and average ultimate settlement,

Fig. 22a.

For the R2x8y4 series, the average settlement gives

larger mean values than the maximum settlement, Figs. 20a

and 21a. This is because locations with maximum settle-

ment correspond to the largest soft cluster. This soft cluster

consolidates slowly upon yielding, giving a low localised

equivalent cv, whereas the adjacent stiffer parts can help

increase the overall consolidation rate based on average

settlement. Drainage paths of larger soft clusters are more

similar regardless of location, as seen in the smaller dif-

ference between mean values obtained from the average
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and maximum settlement, Figs. 20a and 21a. Nevertheless,

local averaging effects [52] are significant, especially at

larger input strength COVs, Fig. 22b.

Increased local averaging with input strength COV also

results in larger differences in output COV between the

average and maximum settlement criteria, Figs. 20b and

21b. Thus, using the maximum settlement criterion to

predict overall consolidation rate can be misleading. The

average settlement criterion is the more reliable represen-

tation of the overall consolidation rate and is adopted

herein.

4.3.2 Mean and output COV

The mean equivalent cv for the R2 series remains similar to

the deterministic case when input strength COV is small,

Figs. 20a and 21a. As input strength COV increases, the

mean values generally reduce and at different rates for

series R2x, R2xy, and R2x8y4. Similarly, the output COV

increment with input COV is SOF dependent, Figs. 20b and

21b.

4.3.3 Effects of spatially variable permeability
on horizontally layered soils

As in the R1x series, the mean equivalent cv for the R2x

series decreases with input COV, Figs. 20a and 21a. A

typical random realisation of series R2x is examined to

investigate the time-dependent pore pressure dissipation in

layers of different strengths. Excess pore pressures were

monitored at points A to D, Fig. 23a. Figure 23b shows the

excess pore pressure dissipation with time of these four

points, normalised by the initial induced excess pore

pressure. As seen, excess pore pressure stagnation occurs

after * 150 days despite on-going surface settlement,

Fig. 23c. The decrease in stiffness of the softer layers after

yielding causes excess pore pressure build-up in the inner

layers, retarding subsequent excess pore pressure dissipa-

tion. This reduces the overall consolidation rate, thereby

generating a ‘‘soft layer screening effect’’. This soft layer

screening effect may also explain the excess pore pressure

stagnation in the consolidating marine clay under surcharge

loads observed in the Changi Airport reclamation works

[7, 25, 43]. Throughout consolidation, the variable per-

meability realisation consistently manifests slower excess

pore pressure dissipation and overall consolidation rate,

Fig. 23b and c, respectively. This can be attributed to the

lower initial permeability of the stiff overlying layers;

permeability of the soil layer located near the drainage

boundary affects the overall consolidation behaviour more

than that of the underlying layers. This is further accen-

tuated by the reduction in permeability of the treated

ground with compression for the variable permeability

case.

Figure 23b and c also show that using the excess pore

pressure to estimate the time-dependent settlement of

heterogeneous soils can give erroneous predictions, as

noted by Pyrah [41] and Huang et al. [14]. In most cases,

the constant and variable permeability cases of the R2x

series show similar mean values and output COVs, Figs. 20

and 21. This suggests that the effect of variable
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permeability is neutralised by the equal number of reali-

sations with stiffer and softer overlying layers.

4.3.4 Effects of spatially variable permeability on clustered
soils

For the R2xy and R2x8y4 series, spatially variable per-

meability has less significance on the mean equivalent cv as

compared to the R1xy series, Figs. 20a and 21a. This is due

to two reasons. Firstly, the R2 series have smaller varia-

tions in strength and permeability than the R1 series. This

is due to the lower mean strength used in the former,

Table 5. Secondly, the larger width-to-horizontal SOF ratio

(W/SOFx) in the R2xy and R2x8y4 series results in a more

homogenised overall consolidation rate due to increased

local averaging. The larger W/SOFx in the R2xy series also

introduces soil arching effects [13, 19, 48, 60], where the

applied stresses are redistributed onto the stiffer parts that

extend across the depth of the layer. The softer parts

experience less stresses which reduces the likelihood of

forming yielded zones, thus resulting in an increase in

mean equivalent cv when the input strength COV increases

to 0.6, Figs. 20a and 21a. However, when the input COV

increases to 0.8, the low yield strengths of the soft clusters

are exceeded despite load redistribution, leading to a steep

reduction in the mean values. Thus, the input strength COV

has an important impact on the mean values.

The R2xy series have larger mean equivalent cv than the

R2x and R2x8y4 series, Figs. 20a and 21a. The output

COV of the R2xy series is also lower, Figs. 20b and 21b.

This is due to the larger averaging effect of using the

average settlement for the R2xy series. Moreover, in the

R2x series, yielded horizontal layers cause blanket block-

ages spanning across the entire improved soil width since

all draining excess pore water must permeate through these

horizontal layers. Similar observations were noted by

Huang et al. [14], who reported that low permeability

elements caused blanket blockages for the one-dimensional

(1D) consolidation cases. On the other hand, in addition to

soil arching, blockages in the R2xy series are more loca-

lised and only affect the global consolidation rates at higher

input COVs.

Despite local averaging, the mean and output COV

values for the R2x8y4 series are closer to that of the R2x

series than to the R2xy series. Like in the R2x series, the

large overlying clusters in series R2x8y4 also present as

blanket blockages. Moreover, upon yielding, thicker clus-

ters require longer consolidation durations, which explains

the smaller mean values of the R2x8y4 series at large input

strength COVs.

5 Conclusion

In the foregoing discussion, a framework for relating the

unconfined compressive strength of cement-admixed clays

to its permeability is proposed. The correlations of coeffi-

cient of permeability with strength of the cement-admixed

clay are based on the notion that both are related to the

binder content in the mix. The results show that the effect

of spatially variable permeability on the overall consoli-

dation rate depends largely on the scale of fluctuation

configuration. For cases where load redistribution is per-

mitted and yielding is less likely to occur, the uniform and

spatially variable permeability cases exhibit different

mechanisms and trends in overall consolidation behaviour,

which is further exacerbated with increased strength vari-

ability. This may be crucial when estimating the consoli-

dation settlement of soil masses such as embankments

stabilised using in-situ deep mixing methods [64]. How-

ever, for cases where the soft parts yield, the stiffness

reduction of the yielded soils causes excess pore pressure

stagnation in the inner soils, thereby dominating the overall

consolidation rate. Thus, the effect of spatially variable

permeability, which also accounts for the reduction in soil

permeability after yielding, becomes less significant across

all input strength COVs. Increased strength variability also

generally led to lower mean and increased variability in the

overall consolidation rates.

The approach shows that the random variation in per-

meability in cement-admixed soil can be considered in a

rational manner based on first principles, which may better

predict the settlement of cement-admixed clays undergoing

1D consolidation. Although the focus of this study is on

cement-admixed clays, it may be applied to assess the final

permeability of cement-admixed sands [55], where the

variation in permeability with binder content is likely to be

even greater. This is likely to be crucial, for instance, in

scenarios where overlapping cement-admixed sand col-

umns are used as seepage cut-off walls in locations with

permeable soil and high groundwater table.
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