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Abstract
The description of the cyclic mobility observed prior to the liquefaction in geomaterials requires the sophisticated con-

stitutive formulation to describe the plastic deformation induced during the cyclic loading with the small stress amplitude

inside the yield surface. This requirement is realized in the subloading surface model, in which the surface enclosing a

purely elastic domain is not assumed, while a purely elastic domain is assumed in other elastoplasticity models. The

subloading surface model has been applied widely to the monotonic/cyclic loading behaviors of metals, soils, rocks,

concrete, etc., and the sufficient predictions have been attained to some extent. The subloading surface model will be

elaborated so as to predict also the cyclic mobility accurately in this article. First, the rigorous translation rule of the

similarity center of the normal yield and the subloading surfaces, i.e., elastic core, is formulated. Further, the mixed

hardening rule in terms of volumetric and deviatoric plastic strain rates and the rotational hardening rule are formulated to

describe the induced anisotropy of granular materials. In addition, the material functions for the elastic modulus, the yield

function and the isotropic hardening/softening will be modified for the accurate description of the cyclic mobility. Then,

the validity of the present formulation will be verified through comparisons with various test data of cyclic mobility.

Keywords Cyclic loading � Cyclic mobility � Constitutive equation � Elastoplastic deformation � Granular materials �
Liquefaction

Abbreviations
a, b Material constants for deviatoric hardening

br Material constant for rotational hardening

c Elastic core (similarity center of normal-

yield and subloading surfaces)

ce Material constant for evolution of elastic

core

Cn ð� n̂c : nÞ Scalar product of outward-normals of

elastic-core and subloading surfaces

dev Elastic volumetric strain rate

dpv Plastic volumetric strain rate

dps Plastic shear strain rate

d Strain rate tensor

de Elastic strain rate tensor

dp Plastic strain rate tensor

E Elastic modulus tensor

E Young’s modulus

f Yield stress function

F Isotropic hardening function

G Elastic shear modulus

H Isotropic hardening variable

H Second-order tensor-valued internal

variable

K Elastic bulk modulus

l Velocity gradient tensor

M Stress ratio in critical state

Mc Stress ratio in critical state in triaxial

compression state
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Md Stress ratio at boundary of deviatoric soft-

ening and hardening

Mr Stress ratio for the rotational hardening

limit surface

Mep Elastoplastic tangent modulus tensor

M
p Plastic modulus

n Power number for pressure dependence in

elastic shear modulus

n Normalized outward-normal tensor to

subloading surface

n̂c Normalized outward-normal tensor to

elastic-core surface

0 Second-order zero tensor

p Pressure

R ð� 1Þ Normal-yield ratio

<c ð� vÞ Elastic-core yield ratio

u; u; uc Material functions and constants regulating

normal-yield ratio

U Function for evolution of normal-yield

ratio

w Continuum spin tensor

a Conjugate point in subloading surface to a
in normal-yield surface

a ð¼ 0Þ Reference point in normal-yield surface,

which is fixed to the origin of the stress

space

b Rotational hardening tensor

e Accumulated strain

ep Accumulated plastic strain

/c Internal friction angle in triaxial compres-

sion state

/d Border angle of deviatoric hardening and

softening

/r Limitation angle of rotational hardening

n ð\0:5Þ Shifting ratio of yield surface to negative

pressure

~j Inclination of swelling line in both loga-

rithmic plane of volume and pressure
~k Inclination of normal-consolidation line in

both logarithmic plane of volume and

pressure
_�k Plastic multiplier in terms of stress rate

_�K Plastic multiplier in terms of strain rate

m Poisson’s ratio

r Cauchy stress tensor

rv Conjugate stress on limit elastic-core

surface

ry Conjugate stress on normal-yield surface

hr Lode’s angle

# ð[ nÞ Ratio of negative pressure to size of yield

surface at which volume becomes infinite

v ð\1Þ Maximum value of <c

1 Introduction

It should be noticed that soils exhibit complex deformation

behaviors, which are not observed in metals, e.g., the

pressure dependence of the elastic moduli and the plastic

deformation characteristics, the plastic compressibility, the

plastic volumetric expansion induced by the deviatoric

stress, i.e., the dilatancy and the rotational anisotropic

hardening instead of the kinematic hardening. Moreover,

granular materials such as sands exhibit not only volu-

metric but also deviatoric isotropic hardening, whereas

metals and clays exhibit only the deviatoric isotropic

hardening and volumetric isotropic hardening, respectively,

usually. Above all, one of the most peculiar phenomena

among various elastoplastic deformation behaviors in

solids would be the cyclic mobility observed prior to the

liquefaction induced in sandy ground during earthquakes.

Although the permeability of sands is high in general, the

shaking during earthquakes occurs at high frequencies so

that the deformation occurs under approximately undrained

condition. The butterfly-shaped stress loops in the mean

effective and deviatoric stress plane, and the S-shaped

deviatoric stress vs. axial strain loops with increasing strain

amplitude are engendered in sands subject to cyclic loading

of deviatoric stress under undrained condition. The cyclic

mobility received the focus of attention after the Chile

earthquake in May,1960, the Alaska earthquake in March,

1964, and the Niigata earthquake in June, 1964, while the

cyclic mobility is termed as cyclic strain softening in the

definition by ASCE [6].

The description of cyclic mobility requires one of the

most sophisticated formulations in the constitutive model-

ing. Numerous research reports have been published on the

cyclic mobility, e.g., Zienkiewicz et al. [81], Mroz

et al. [51], Prevost and Keane [59], Desai et al. [8], Elga-

mal et al. [10], Fang et al. [11], Hashiguchi and Chen [34],

Oka et al. [60], Zhang et al. [72], Hashiguchi [30], etc.,

within the framework of the elastoplasticity and Zienkie-

wicz et al. [82], Iai et al. [44], Akiyoshi et al. [1],

Gerolymos and Gazetas [17], Zhang and Wang [73] by the

empirical approaches. These extensive research efforts
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have made significant contribution toward elucidating the

fundamental mechanism and establishing accurate predic-

tion methods for cyclic mobility.

The description of the cyclic mobility requires the

sophisticated constitutive formulation to describe the

plastic deformation during the cyclic loading with a small

stress amplitude inside the yield surface. The formulation

to fulfill this requirement would be able to be attained in

the subloading surface model [19, 20, 28, 30], in which the

surface enclosing a purely elastic domain is not assumed,

while a purely elastic domain is assumed in the other

elastoplasticity models. The subloading surface, which

passes through the current stress and has a similar shape

and direction to the yield surface (renamed the normal-

yield surface), is assumed inside the normal-yield surface,

and then it is postulated that the plastic strain rate develops

as the stress approaches the yield surface, i.e., as the

subloading surface expands. Therefore, the smooth transi-

tion from the elastic to the plastic state, i.e., the smooth

elastic–plastic transition leading to the continuous varia-

tion of the tangent stiffness modulus tensor, is always

described in this model. The subloading surface model has

been applied to the descriptions of the elastoplastic defor-

mation behaviors of various solids, e.g., met-

als [2–4, 12, 39, 41–43, 45–47, 52], soils [15, 16,

34, 35, 38, 53–56, 58, 66, 70–77, 79], rocks and sedi-

ments [13, 14, 78, 80] and friction phenomena [36, 37, 40].

Here, it should be noted that only the elastic deformation is

induced in the unloading process and thus closed hysteresis

loop cannot be described in the unloading–reloading process

if the similarity center of the normal-yield and the

subloading surfaces is fixed to the origin of the stress space.

The similarity center is physically regarded as the elastic-

core because the purely elastic deformation is induced when

the stress coincides with the similarity center inside the yield

surface. Therefore, the elastic core must be translated with

the plastic deformation in order to describe the cyclic

loading behavior. The subloading surface model in which

the elastic-core is fixed is called the initial subloading sur-

face model and further the model in which the elastic-core is

translated is called the extended subloading surface model.

The initial subloading surface model has been applied to the

description of the cyclic mobility (e.g. [72]). However, the

cyclic mobility can be described by the extended subloading

surface model by incorporating the rigorous evolution rule

of the elastic-core.

The extended subloading surface model will be elabo-

rated so as to describe the cyclic mobility accurately in this

article. First, the rigorous translation rule of the elastic-core

is incorporated and the pertinent rotational hardening rule

is formulated to describe the induced anisotropy of gran-

ular materials. In addition, the material functions for the

elastic moduli, the yield function, the isotropic

hardening/softening, etc., will be extended for the accurate

description of the cyclic mobility. Then, the validity of the

present formulation will be verified through comparisons

with various test data of cyclic mobility for three kinds of

sands under various stress amplitudes and several loading

cycles up to eighty cycles.

Throughout this paper, the signs of stress and strain are

chosen positive for tension and extension, and all stresses

signify the so-called effective stress excluding pore pres-

sure. In addition, the direct notation A : B for ArsBrs, AB

for AirBrj, C : A for CijrsArs and A : C for ArsCrsij are used

for arbitrary second-order tensors A and B, fourth-order

tensors C, where Einstein’s summation convention is

applied for tensor components with repeated indices taking

1, 2, 3. Further, 0 stands for the second-order zero tensor, I

for the second-order identity tensor possessing the Kro-

necker delta components dij ðdij ¼ 1 for i ¼ j;

dij ¼ 0 for i 6¼ jÞ, trA ¼ Aijdij for the trace, A0 ¼
A� ðtrAÞ I=3 for the deviatoric part, A�1 for the inverse

tensor satisfying AA�1 ¼ I and kAk ¼
ffiffiffiffiffiffiffiffiffiffiffi

AijAij

p

for the

magnitude, and symbol AT for the transposed tensor. The

symmetric and the antisymmetric parts of A are denoted by

sym½A� � ðAþ ATÞ=2 and ant½A� � ðA� ATÞ=2, respec-
tively. ð�Þ and ð�Þ stand for the material-time derivative and

the proper objective time-derivative, respectively. The

symbol hi signifies the Macaulay’s bracket defined by

hsi¼ ðsþjsjÞ=2, specifically s\0 : hsi¼ 0 and s� 0 :

hsi¼s for an arbitrary scalar variable s. ðÞ0 denotes initial

values of variables.

2 Strain rate

Denoting the current position vector and the velocity vector

of a material particle by x and v, respectively, the velocity

gradient tensor is defined as l ¼ ov=ox. The strain rate

tensor and the continuum spin tensor are defined as d �
sym½l� and w � ant½l�, respectively. Limiting the elastic

deformation to be infinitesimal, the strain rate d can be

additively decomposed into an elastic strain rate de and a

plastic strain rate dp, i.e.

d ¼ de þ dp ð1Þ

as verified exactly based on the multiplicative decompo-

sition of the deformation gradient tensor

(Hashiguchi [32, 33]).

First, let de be given by the hypoelastic relation

(Truesdell [65]):

de ¼ E�1 : r
� ð2Þ

where E is the fourth-order tensor describing the elastic

stiffness modulus and r is the Cauchy stress, ð�Þ denoting
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the proper objective time-derivative [30, 42]. Let E be

given in the Hooke’s form as

Eijkl ¼
�

K � 2

3
G
�

dijdkl þ Gðdikdjl þ dildjkÞ

E�1
ijkl ¼ � 1

2G
dijdkl þ

3K � 2G

36KG
ðdikdjl þ dildjkÞ

8

>

<

>

:

ð3Þ

where K and G are the pressure-dependent elastic bulk

modulus and shear modulus, respectively, leading to the

nonlinear elasticity as will be formulated in Sect. 4.1.

3 Formulation of constitutive equation
of granular materials

The elastoplastic constitutive equation of granular materi-

als for describing cyclic loading behavior is formulated

below by modifying and elaborating the past formulations

based on the subloading surface

model [19, 20, 26, 28, 30, 34]. The incorporation of the

rigorous evolution rule of the elastic-core, in which the

most elastic response appears since the subloading surface

shrinks to a point in the stress space, is of crucial impor-

tance for the description of the cyclic loading behavior. In

addition, the incorporation of the rigorous evolution rule of

the rotational hardening is required for the description of

the induced anisotropy. The basic constitutive equation of

granular materials taking account of these phenomena will

be formulated in this section.

3.1 Normal-yield and subloading surfaces

For granular materials, the conventional yield surface,

renamed the normal-yield surface, is given by

f ðr; bÞ ¼ FðHÞ ð4Þ

where F is the stress-valued isotropic hardening function

of strain-valued isotropic hardening variable H. The rota-

tional hardening variable of the yield surface incorporated

first by Sekiguchi and Ohta [63] is denoted by b, while the
yield surface rotates around the origin of the stress space.

Consequently, the normal-yield surface expands or con-

tracts and rotates around the fixed reference point a which

is fixed to the origin of the stress space, i.e., a ¼ 0 in

geomaterials. f is assumed to be a function of r in

homogeneous degree-one fulfilling f ðjsjr; bÞ ¼ jsjf ðr; bÞ
for an arbitrary scalar variable s.

As described in Introduction, the mutual slips of solid

particles in materials are not induced simultaneously but

induced gradually exhibiting a smooth transition from the

elastic to the plastic state, which leads to the continuous

variation of the elastoplastic tangent stiffness modulus

tensor. Then, it is postulated that the plastic strain rate

develops gradually as the stress approaches the yield sur-

face. To describe the approaching degree of stress to the

yield surface, the subloading surface which passes through

the current stress and has a shape and a direction similar to

the yield surface, renamed the normal-yield surface, is

incorporated. Then, the approaching degree to the normal-

yield surface is represented by a scalar variable which is

defined by the ratio of the size of the subloading surface to

that of the normal-yield surface, while the ratio is called the

normal-yield ratio and designated by the symbol

R ð0�R� 1Þ. Further, to describe the cyclic loading

behavior, the similarity center of the normal-yield and the

subloading surfaces, denoted by the symbol c, is assumed

to translate with the plastic deformation. Here, it is called

the elastic-core because the most elastic response is

induced when the stress lies on it, i.e., r ¼ c leading to

R ¼ 0.

Consequently, the subloading surface for the normal-

yield surface in Eq. (4) is represented by (see Fig. 1)

f ðr; bÞ ¼ RFðHÞ ð5Þ

where the following relation holds by virtue of the simi-

larity of the subloading surface to the normal-yield surface.

r � r� a ð¼ RryÞ ¼ r
_ þ Rc ð6Þ

where

r
_ � r� c ð7Þ

It follows from Eq. (6) that

a � ð1� RÞc ða� c ¼ Rða� cÞ; a ¼ 0Þ ð8Þ

leading to

a
�
¼ ð1� RÞ c� � _Rc ð9Þ

a is the conjugate (similar) point in the subloading surface

to the reference point a ð¼ 0Þ in the normal-yield surface

as shown in the ðp; qÞ plane in Fig. 1, where p � �ðtr rÞ=3
and q � rl � ra, rl and ra representing the lateral and the

axial stresses, respectively. ry is the conjugate point on the

normal-yield surface to the current stress point r on the

subloading surface.

The material-time derivative of Eq. (5) reads:

of ðr; bÞ
or

: r
� � of ðr; bÞ

or
: a
�
þ of ðr; bÞ

ob
: b
�
¼ _RF þ R _F

ð10Þ

noting Eq. (6), which can be rewritten as
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n : r
� �n : a

�
þ

_F

F
rþ

_R

R
r� 1

RF

of ðr; bÞ
ob

: b
�

� �

r

� �

¼ 0

ð11Þ

where

n � of ðr; bÞ
or

,
	

	

	

	

	

of ðr; bÞ
or

	

	

	

	

	

ðknjj ¼ 1Þ ð12Þ

noting the following equation based on the Euler’s theorem

for the function of r in homogeneous degree-one.

1
of ðr;bÞ
or

¼
of ðr;bÞ
or : r

n : r
n ¼ f ðr; bÞ

n : r
n ¼ RF

n : r
n ð13Þ

3.2 Evolution rule of normal-yield ratio

The rate of the normal-yield ratio R is given by the fol-

lowing equation based on the fundamental concept of the

subloading surface described in Sect. 3.1.

_R ¼ UðRÞkdpk for dp 6¼ 0 ð14Þ

where U is a monotonically decreasing function of R,

satisfying the following conditions (see Fig. 2).

UðRÞ

! þ1 forR ¼ 0 : quasi-elastic state

[ 0 forR\1 : sub-yield state

¼ 0 forR ¼ 1 : normal-yield state

ð\0 forR[ 1 : over normal-yield stateÞ

8

>

>

<

>

>

:

ð15Þ

Equation (14) with Eq. (15) is incorporated into a con-

sistency condition of the subloading surface so that the

stress is controlled to be attracted automatically to the

normal-yield surface during the plastic loading process,

even if it goes out from the normal-yield surface in

numerical calculations, because of _R\0 for R[ 1 by

Eq. (14) with Eq. (15) 4. Let function U satisfying Eq. (15)

be given simply by

UðRÞ ¼ u cot
p
2
R

� �

ð16Þ

where u is a material function in general, and its specific

form will be presented in Sects. 3.6 and 4.5. The smaller u

is, the gentler is the transition from the elastic to the plastic

state. Equation (14) with Eq. (16) can be analytically

integrated as follows:

p

Normal -yield surface

(1 )Fξ−0

Fξ−

Subloading surface

c

σ

( ,  ) = ( )f F Hβσ( ,  ) = ( )f RF Hβσ

( ) ( )=, cf F Hℜβc
Elastic-core surface

α

( = )' 0n
n

( = )'n 0
n

χσ

n

( ) ( )=,f F Hχβc
Limit elastic-core surface

n
( )=p'd 0

Compression side:

Extension side:

0aε• <

0aε• >

Compression side:

Extension side:

0aε• <

0aε• >

yσ

= p' βσ

= p' βσ
( )=p'd 0
n

σ

q

Fig. 1 Rotated normal-yield, subloading, elastic-core and limit elastic-core surfaces shown in the (p, q) plane

R1
0

( ) ( || ||)= / pRU R
• d

p ≠d 0

=p 0d

p ≠d 0

Fig. 2 Function U(R) in the evolution rule of normal-yield ratio
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R ¼ 2

p
cos�1 cos

2

p
R0 exp � 2

p
u ep � ep0

 �

� �� 
� �

ep � ep0 ¼
2

p
1

u
ln
cos

p
2
R0

� �

cos
p
2
R

� �

8

>

>

>

>

>

<

>

>

>

>

>

:

ð17Þ

for the initial condition R ¼ R0 for ep ¼ ep0, where

ep �
R t

0
kdpk dtðt: timeÞ.

3.3 Evolution rule of elastic-core

Let the rigorous evolution rule of the elastic-core be for-

mulated in this section based on the following facts.

(1) In the physical view point, a smooth elastic–plastic

transition is not described if the elastic-core lies on

the normal-yield surface at which a remarkable

plastic deformation is induced,

(2) In the mathematical view point, the subloading

surface is not determined uniquely if the elastic-

core, i.e., the similarity center lies on the normal-

yield surface, noting the fact: If the elastic-core lies

on the normal-yield surface and the stress coincides

with the elastic-core, R is indeterminate as known

from the relation 0 ¼ R0 which is induced by

substituting r ¼ c ¼ ry into r� c ¼ Rðry � cÞ
based on the similarity of the subloading surface to

the normal-yield surface.

Consequently, the elastic-core is not allowed to

approach the normal-yield surface unlimitedly.

To avoid the unlimited approach of the elastic-core to

the normal-yield surface, first let the following surface,

called the elastic-core surface, be introduced as shown in

Fig. 1, which passes through the elastic-core c and pos-

sesses a similar shape and orientation to the normal-yield

surface with respect to the null stress ðr ¼ a ¼ 0Þ.
f ðc; bÞ ¼ <cFðHÞ; <c ¼ f ðc; bÞ=FðHÞ ð18Þ

where the variable <c is the ratio of the size of the elastic-

core surface to that of the normal-yield surface, called the

elastic-core yield ratio. It plays the role of a measure for

the approaching degree of the elastic-core to the normal-

yield surface. Since the elastic-core must lie inside the

normal-yield surface as described above, the elastic-core

yield ratio has to be less than unity. Then, the inequality

f ðc; bÞ� vFðHÞ; i.e.<c � v ð19Þ

must hold, where v ð\1Þ is a material constant exhibiting

the maximum value of <c. The time-differentiation of

Eq. (19) at the limit state in which c lies on the limit

elastic-core surface f ðc; bÞ ¼ vFðHÞ yields

of ðc; bÞ
oc

: c
� þ of ðc; bÞ

ob
: b
�
�v _F� 0 for<c ¼ v

which can be rewritten as

of ðc; bÞ
oc

: c
� þ 1

vF
of ðc; bÞ

oc
: c

� �

of ðc; bÞ
ob

: b
�

� 1

vF
of ðc; bÞ

oc
: c

� �

v _F� 0 for<c ¼ v

ð20Þ

Making use of the relation
�

of ðc; bÞ=oc
�

: c ð¼ f ðc; bÞÞ ¼
vF on account of Euler’s homogeneous function f ðc; bÞ of
c in degree-one, Eq. (20) is further rewritten as

of ðc; bÞ
oc

: c
� þ 1

vF
of ðc; bÞ

ob
: b
�
�

_F

F

� �

c

� �

� 0 for<c ¼ v

ð21Þ

Equations (19) and (21) (rate form) are called the enclosing

condition of elastic-core. Let the following relation be

adopted.

c
� þ 1

vF
of ðc; bÞ

ob
: b
�
�

_F

F

� �

c ¼ cekdpkðrv � cÞ ð22Þ

where ce is the material constant controlling the transla-

tional rate of the elastic-core and rv is the stress on the

limit elastic-core surface conjugate to the current stress r
on the subloading surface (see Fig. 1), i.e.

rv ¼
v
R
r

r
R
¼ r� a

R
¼ rv � a

v

� �

ð23Þ

and ry is the conjugate point on the normal-yield surface to

the current stress on the subloading surface (see Fig. 1).

The inequality in Eq. (21) is fulfilled in Eq. (22) as verified

by

of ðc; bÞ
oc

:
h

cekdpkðrv � cÞ
i

¼ cekdpk
of ðc; bÞ

oc

: ðrv � cÞ� 0 for<c ¼ v
ð24Þ

noting that of ðc; bÞ=oc is the outward-normal of the elastic-

core surface at the current elastic-core c and makes an

obtuse angle with rv � c when c lies on the limit elastic-

core surface f ðc; bÞ ¼ vFðHÞ as far as it is the convex

surface, while rv lies on the limit elastic-core surface. The

irrational evolution rule adopting ry instead of rv by which

the enclosing condition cannot be satisfied in general was

proposed by Hashiguchi [26–28] and used by Hashiguchi

et al. [41] and Fincato and Tsutsumi [12]. Further, the

evolution rule
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c
� þ 1

vF
of ðc; bÞ

ob
: b
�
�

_F

F

� �

c ¼ ce dp � <c

v
n̂ckdpk

� �

¼ ce n�<c

v
n̂c

� �

kdpk ð25Þ

was used by Hashiguchi [30], Hashiguchi and Ueno [39],

Iguchi et al. [45–47], etc., where

n̂c �
of ðc; bÞ

oc

�
	

	

	

	

of ðc; bÞ
oc

	

	

	

	

ð26Þ

which is the normalized outward-normal of the elastic-core

surface at the current elastic-core c. It cannot be applicable

to the generic deformation behavior, since it depends only

on the unit outward-normal tensors n and n̂c independent of

the size and the shape of the normal-yield surface as seen in

the right-hand side of Eq. (25).

Consequently, the following evolution rule of c is given

from Eq. (22) with Eq. (23) as follows:

c
� ¼ cekdpk

v
R
r� c

� �

þ
_F

F
� 1

vF
of ðc; bÞ

ob
: b
�

� �

c ð27Þ

The substitution of Eq. (27) in Eq. (9) yields:

a
�
¼ ð1� RÞ cekdpk

v
R
r� c

� �

þ
_F

F
� 1

vF
of ðc; bÞ

ob
: b
�

� �

c

� �

� _Rc

ð28Þ

3.4 Consistency condition

The substitution of Eq. (28) in Eq. (11) leads to the con-

sistency condition:

n : r
� �n : ð1� RÞ cekdpk

v
R
r� c

� �hn

þ
_F

F
� 1

vF
of ðc; bÞ

ob
: b
�

� �

c
i

� _Rcþ
_F

F
rþ

_R

R
r

� 1

RF

of ðr; bÞ
ob

: b
�

� �

r
o

¼ 0

i.e.

n : r
� �n : ceð1� RÞkdpk v

R
r� c

� �

þ
_F

F
rþ ð1� RÞc½ �

�

þ
_R

R




r� Rc
�

� 1

RF

of ðr; bÞ
ob

: b
�

� �

r

� 1� R

vF
of ðc; bÞ

ob
: b
�

� �

c

�

¼ 0

ð29Þ

By virtue of the relations

rþ ð1� RÞc ¼ r
r� Rc ¼ r

_

�

deduced from Eq. (6), Eq. (29) is simplified to the

equation:

n : r
� �n :

�

ceð1� RÞkdpk v
R
r� c

� �

þ
_F

F
rþ

_R

R
r
_

� 1

RF

of ðr; bÞ
ob

: b
�

� �

r� 1� R

vF
of ðc; bÞ

ob
: b
�

� �

c

#

¼ 0

ð30Þ

3.5 Plastic strain rate

The associated flow rule is adopted for the subloading

surface, i.e.

dp ¼ _�k n ð _�k[ 0Þ ð31Þ

where _�k is the plastic multiplier, i.e., positive proportion-

ality factor. Here, note that the associated flow rule can be

applied to the subloading surface even for soils as will be

described in Sect. 3.7.

Substitution of Eqs. (14) and (31) in Eq. (30) yields:

n : r
� � _�kM

p ¼ 0 ð32Þ

where

M
p � n :

F0h

F
rþ U

R
r
_ þ cð1� RÞ r

R
� c

v

� ��

� 1

RF

of ðr; bÞ
ob

: b

� �

r� 1� R

vF
of ðc; bÞ

ob
: b

� �

c

� ð33Þ

F0 � dF=dH; h � _H= _�k; b � b
�
= _�k ð34Þ

The explicit functions of F0; h; and b will be formulated

later in Eqs. (68), (77) and (81), respectively, in Sect. 4 for

granular materials.

It follows from Eq. (32) that

_�k ¼ n : r
�

M
p ; dp ¼ n : r

�

M
p n ð35Þ

The strain rate is given from Eq. (35) along with Eqs. (1)

and (2) as follows:

d ¼ E�1 : r
� þ n : r

�

M
p n ð36Þ

from which the proportionality factor described in terms of

the strain rate in the flow rule (31), denoted by _�K instead of
_�k, is derived as follows:
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_�K ¼ n : E : d

M
p þ n : E : n

ð37Þ

Using Eq. (37), the stress rate is given from Eq. (36) as

follows:

r
� ¼ E : d� n : E : d

M
p þ n : E : n

E : n

¼ E� ðE : nÞ 	 ðn : EÞ
M

p þ n : E : n

� �

: d

ð38Þ

The loading criterion is given as follows

(Hashiguchi [21, 22]):

dp 6¼ 0 for _�K[ 0;
dp ¼ 0 for other

�

ð39Þ

or

dp 6¼ 0 for n : E : d[ 0,

dp ¼ 0 for other

�

ð40Þ

where the judgment of yielding whether the stress reaches

the yield surface is not required because the plastic strain

rate develops continuously as the stress approaches the

yield surface.

3.6 Modification of unloading–reloading
response

The variation of the accumulated plastic strain epb � epa
ðep ¼

R t

0
kdpk dtÞ for a certain variation Rb � Ra of the

normal-yield ratio induced during the plastic deformation

process from the state a to the state b is identical regardless

of loading processes, e.g. initial loading, reloading and

inverse loading, proportional and non-proportional load-

ings as known from Eq. (17), if the parameter u in Eq. (16)

is a constant. It leads to the impertinent description that the

reloading stress–strain curve after a partial unloading

returns to the preceding stress–strain curve too gently.

Therefore, it leads to the inadequate prediction of cyclic

loading behavior, resulting in an unrealistically large

plastic strain accumulation during cyclic loading. The

material parameter u is then extended to describe the

generalized Masing effect [50] as follows:

u ¼ u expðuc<cCnÞ



u expð�ucvÞ� u� u expðucvÞ
�

ð41Þ
 

¼
u expðucvÞ ðlargestÞ for <c ¼ v and Cn ¼ 1

u ðaverageÞ for <c ¼ 0 or Cn ¼ 0

u expð�ucvÞ ðsmallestÞ for <c ¼ v and Cn ¼ �1

8

>

<

>

:

1

C

A

where

Cn � n̂c : n ð�1�Cn � 1Þ ð42Þ

u (average value of u) and uc are material constants and u is

a continuous function of variables <c and Cn. The forms of

the function u for particular states are shown in the bracket.

Cn ¼ 1, 0 and �1 indicate states for which the plastic strain

rate is directed outward-normal, tangential and inward-

normal, respectively, to the elastic-core surface. By this

modification, a realistic description is given for the phe-

nomenon in which the reloading curve after a partial

unloading returns rapidly to the preceding loading curve

and instead the curvature of the inverse loading curve

decreases leading to the generalized Masing effect.

3.7 Basic characteristics of subloading surface
model

The subloading surface model possesses the following

distinguished features.

(1) The plastic deformation is not induced abruptly but

develops gradually. In fact, mutual slips between

material particles, e.g., crystal particles in metals and

soil particles in sands and clays, are not induced

simultaneously but induced gradually from parts in

which mutual slips can be induced easily. Therefore,

the plastic strain rate develops continuously as the

stress approaches the yield surface. Then, the

elastoplastic constitutive equation is required to sat-

isfy the following smoothness condition

(Hashiguchi [21, 22, 24]).

lim
dr!0

r
�ðrþ dr;H;H; dÞ ! r

�ðr;H;H; dÞ ð43Þ

where H and H are the second-order tensor-valued

and the scalar-valued internal variables, respectively,

and dðÞ stands for an infinitesimal variation. The

rate-linear constitutive equation is described as

r
� ¼ Mepðr;H;HÞ : d ð44Þ

where the fourth-order tensor Mep is the tangent

stiffness modulus tensor, which is the function of the

stress and internal variables, and can be described

generally by

Mep ¼ or
oe

ð45Þ

where

e �
Z t

0

d dt ð46Þ

Consequently, Eq. (44) can be rewritten as

lim
dr!0

Mepðrþ dr;H;HÞ ! Mepðr;H;HÞ ð47Þ

The smoothness condition is satisfied in the
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subloading surface model, while it is violated in the

yield point by the other elastoplastic models because

they assume the purely elastic domain.

(2) The smooth transition from the elastic to the plastic

state and the continuous variation of the tangent

stiffness modulus tensor are described by the

subloading surface model. However, it is violated

at the yield point in any other elastoplasticity models

because they assume a purely elastic domain inher-

iting the conventional elastoplasticity model.

(3) The yield judgment whether the stress reaches the

yield surface is unnecessary since the plastic strain

rate develops continuously as the stress approaches

the normal-yield surface. In contrast, a yield judg-

ment is required in the other elastoplasticity models

because they assume a surface enclosing a pure

elastic domain, while the determination of the yield

stress is accompanied with an arbitrariness because

the tested stress vs. strain curve are usually smooth.

(4) The tangent stiffness modulus changes always con-

tinuously, while it changes abruptly at the yield point

in the other elastoplasticity model.

(5) The plastic strain rate can be described for any small

stress variation and for cyclic loading under any

small stress amplitudes since a pure elastic domain is

not assumed. However, it cannot be described during

the stress variation inside the yield surface enclosing

a purely elastic domain in the other elastoplasticity

models.

(6) The automatic stress-controlling function is fur-

nished such that the stress is always attracted to the

normal-yield surface. In particular, it is noticeable

that the stress is automatically pulled back to the

normal-yield surface when it goes over the surface in

numerical calculation because of _R\0 for R[ 1

from Eq. (14) with Eq. (15)4 (see Fig. 3). In contrast,

the particular operation to pull back the stress is

required in the other elastoplasticity models.

(7) The outward-normal n at the peak stress point in the

subloading surface is approximately coincides with

the outward-normal of the plastic potential surface

adopted in the Drucker–Prager model [9] as shown

in Fig. 4 in which nDP designates the outward-

normal of the Drucker–Prager yield surface. There-

fore, the associated flow rule can be adopted in the

subloading surface model. On the other hand, the

non-associated flow must be adopted in the Cap

model composed of the Drucker–Prager model in the

over-consolidated state and the Cam-clay

model [61, 62] in the normal-consolidated state in

order to suppress the excessive volumetric expansion

in the over-consolidated state, which leads to the

asymmetry of the elastoplastic tangent modulus

tensor.

(8) The exact finite strain elastoplastic constitutive

equation, i.e., the multiplicative hyperelastic-based

plastic constitutive equation can be formulated only

by incorporating the subloading surface model

(Hashiguchi [29, 32, 33], Hashiguchi and

Yamakawa [42]).

4 Material functions for granular materials

The material functions included in the subloading surface

model described above are now formulated for a wide

range of granular materials involving clays and sands,

generalizing the past formulations to achieve the accurate

description of cyclic loading behavior up to the cyclic

mobility.

4.1 Elastic moduli

The elastic bulk modulus K and the elastic shear modulus

G are given by Hashiguchi [31], modifying the former

equations to describe the pressure-dependency (Hashi-

guchi [23, 32], Hashiguchi and Chen [34]) as follows:

K ¼ � _p

dev
¼ pþ #F

~j
; G ¼

	

	r
� 0	
	

2
	

	de0
	

	

¼ G0

pþ #F

p0 þ #F0

� �n

ð48Þ

where ~j represents the slope of the swelling curve in the

linear relation ln v� ln p with both logarithms of volume v

and pressure p in the isotropic consolidation. The term #F

is incorporated so that K and G are applicable even for the

negative pressure range. Here, # is a material constant

0
|| ||  f)( or= p pRR  U

• ≠ 0d d

•

•

  = 0 for  = 1
< 0

> 0  for

  for 

1
( )

> 1

 <

R

R
U RR

⎧
⎪
⎨
⎪⎩

|| ||σ

|| || dt∫ d

Subloading surface model

Fig. 3 Stress is automatically attracted to the normal-yield surface in

subloading surface model
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leading to eev ! 1 (infinite volume expansion) for

p ! �#F, while # ð0�#\0:1Þ for common clays and

sands (Hashiguchi and Chen [34], Hashiguchi and

Mase [35]). dev is the elastic volumetric strain rate

dev � tr de. The power function of the pressure in Eq. (48)

for the shear modulus is referred to Tatsuoka et al. [64].

n ð� 1Þ is a material constant, while n ffi 0:5 is chosen for

most sands. Consequently, the elastic tangent modulus

depends naturally on pressure p and isotropic hardening

function F. The elastic moduli in Eq. (48) hold for granular

materials consistently in the frameworks of the infinitesi-

mal elasticity, the hypoelasticity and multiplicative

hyperelasticity as was verified by Hashiguchi [31].

4.2 Yield and subloading functions

Let the normal-yield surface be given by the modified

Cam-clay model (Burland [7], Roscoe and Burland [61]):

p 1þ
�

kr0k=p
M

�2
" #

¼ F ð49Þ

i.e.

p� ð1=2ÞF
F=2

� �2

þ kr0k
MF=2

� �2

¼ 1 ð50Þ

where M is the stress ratio kr0k=p in the critical state. To

take account of the influence of the third deviatoric stress

invariant, M is extended as follows (Hashiguchi [25]):

M ¼ 7

8þ cos 3hr
Mc ¼

14
ffiffiffi

6
p

sin/c

ð3� sin/cÞð8þ cos 3hrÞ
ð51Þ

where hr is the so-called Lode angle defined by

cos 3hr �
ffiffiffi

6
p

trðq0Þ3; q0 � r0

kr0k ð52Þ

and

Mc �
2
ffiffiffi

6
p

sin/c

3� sin/c

ð53Þ

/c being the angle of internal friction in the critical state

for the axisymmetric, i.e., triaxial compression stress state

ðhr ¼ p=3� nð2p=3ÞÞ ðn: integerÞ. The section of the

normal-yield surface at the critical state given by Eq. (49)

with Eq. (51) always fulfills the convexity condition as

shown in Fig. 5 for the section of the critical state surface

in the deviatoric stress plane. Equation (51) would be the

simplest equation taking account of the third deviatoric

stress invariant and fulfilling the convexity among various

conical surface equations in the principal stress space [25].

σ

n

Drucker-Prager yield surface

q

p0

Normal-yield
surface

Subloading
surface

DPn

Plastic potential surface assumed
in non-associated Drucker-Prager model

Fig. 4 Outward-normal of subloading surface, which coincides approximately with the plastic potential surface assumed in the Drucker–Prager

model [9]

0

= 45cφ

σθ

1σ 2σ

3σ

Fig. 5 Section of the critical state surface in p-plane. (Coulomb–

Mohr criterion is shown by dotted lines for reference)
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Sands possess quite small strength in the negative

pressure range. However, it is of crucial importance to shift

the yield surface to the negative pressure range in order to

describe rigorously the cyclic mobility, in which the stress

changes actively around the null stress state. Here, it should

be noticed that the shift of the yield surface is of the

importance also in the computational aspect.

To shift the yield surface to the negative pressure range,

Eq. (50) is modified by nFðp ! pþ nFÞ as follows

(Hashiguchi and Mase [35]).
�

p� ðð1=2Þ � nÞF
F=2

�2

þ
�

kr0k
MF=2

�2

¼ 1 ð54Þ

where n is the material constant, while it must fulfill

n� 1=2 since the tensile yield stress is smaller than the

compression yield stress, and further the inequality n\# is

required since the volume does not become infinite by the

elastic deformation inside the yield surface, satisfying

p� � nF[ � #F. The yield surface in Eq. (54) is shown

in Fig. 6 in the pressure-deviatoric stress plane.

Equation (54) is extended by taking account of the

rotation of the yield surface around the origin of the stress

space into account and thus by replacing r0 with r0 � pb,
where b is referred to as the rotational hardening variable

represented by a deviatoric tensor, the evolution rule of

which will be formulated in Sect. 4.4. This extension leads

to

�

p� ðð1=2Þ � nÞF
F=2

�2

þ
�

	

	r
_0	
	

M
_
F=2

�2

¼ 1 ð55Þ

where

r
_0 � r0 � pb ð56Þ

M
_
ðcos 3hr_Þ ¼

14
ffiffiffi

6
p

sin/c

ð3� sin/cÞð8þ cos 3hr_Þ
Mc ð57Þ

cos 3hr_ �
ffiffiffi

6
p

tr



t0
r
_

�3
; t0

r
_ � r

_0
	

	r
_0
	

	

ð58Þ

Equation (55) is rewritten as follows:

ð1� nÞnF2 þ ð1� 2nÞpF � ðp2 þ q
_2Þ ¼ 0 ð59Þ

where

q
_ �

	

	r
_0	
	

M
_ ð60Þ

Equation (59) is the quadratic equation of the hardening

function F. By solving this equation, it can be described in

the separated form to the function f ðp; q_Þ and the hardening
function F as follows:

f ðp; q_Þ ¼ F;

f ðr; bÞ ¼ f ðp; q_Þ ¼
p
�

1þ ðq_=pÞ2
�

for n ¼ 0

1

~n




p
_

q � np
�

for n 6¼ 0

8

>

<

>

:

ð61Þ

where

~n � 2ð1� nÞn; n � 1� 2n; p
_

q �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

p2 þ 2~nq
_
2

q

ð62Þ

Note that an analytically separated form cannot be derived

from the yield conditions other than the modified Cam-clay

model, e.g. the original Cam-clay model (Schofield and

Wroth [62]) which is shifted to the negative pressure range

by p ! pþ nF leading to p exp
�

kr0k=ðpMÞ
�

¼ F !
ðpþ nFÞ exp

�

kr0k= fðpþ nFÞMg
�

¼ F.

Further, let the subloading stress function f ðr; bÞ in

Eq. (5) be given from Eq. (61) by replacing r for the

normal-yield surface to r for the subloading surface, i.e.,

r
_0 to r

_0 as follows:

f ðr; bÞ ¼ f ðp; q
_
Þ ¼

p
�

1þ



q
_
=p
�2�

for n ¼ 0
1

~n




p
_

q � np
�

for n 6¼ 0

8

>

<

>

:

ð63Þ

where

0p
0yp

1

0 p

1

 ( (1=yp Fξ− ) )Fξ−

M

p

v

Swelling line

Critical state line

Normal-consolidation line

0

(1/ 2 )Fξ− / 2F
F

1
1 2

Mξ−

(1 ) MFξ ξ−

|| ||'σ
/2MF

yp

0v

p

v

v

Swelling line

 ( )F Fξϑ− −<

Fig. 6 Yield surface of granular materials with tensile strength

Acta Geotechnica (2022) 17:699–719 709

123



p
_

q �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

p2 þ 2~nq
_
2

q




p � �ðtr rÞ=3
�

ð64Þ

q
_
�
	

	r
_0	
	

M
_ ; r

_0 � r0 � pb ð65Þ

M
_



cos 3h
r
_

�

¼ 14
ffiffiffi

6
p

sin/c

ð3� sin/cÞð8þ cos 3h
r
_Þ ð66Þ




cos 3h
r
_

�

�
ffiffiffi

6
p

tr



q
_0�3; q

_0 � r
_0

	

	r
_
0
	

	

ð67Þ

4.3 Isotropic hardening by volumetric
and deviatoric plastic strain rates

The hardening function in Eqs. (4) or (5) is given as fol-

lows (Hashiguchi [32]):

FðHÞ ¼ F0 exp
H

~k� ~j

� �

; F0 � dF

dH
¼ 1

~k� ~j
F ð68Þ

where ~k and ~j stand for the slopes of the normal-consoli-

dation curve and the swelling curve, respectively, in the

ln v� lnðpþ #FÞ plane (Hashiguchi [23]), which is based

on the following isotropic consolidation characteristics.

eev ¼ ln
v

v
¼ �~j ln

pþ #py
p0 þ #py0

epv ¼ ln
v

v0
¼ �ð~k� ~jÞ ln py

py0

8

>

>

<

>

>

:

ð69Þ

where eev and epv are the elastic and the plastic logarithmic

volumetric strains, respectively; v, v0 and v are the current

volume, the initial volume and the volume unloaded state

to the initial pressure, respectively; and p, p0, py and py0 are

the current, the initial and the current yield and the initial

yield pressure, respectively, as shown in Fig. 6. Replacing

the pressures py and py0 to the isotropic hardening function

F and its initial value F0, respectively, in Eq. (69), one has

eev ¼ �~j ln
pþ #F

p0 þ #F0

epv ¼ �ð~k� ~jÞ ln F

F0

8

>

<

>

:

ð70Þ

The isotropic hardening function is given from Eq. (70)

by choosing the isotropic hardening variable H to be the

plastic volumetric contraction, i.e., H ¼ �epv as follows:

FðHÞ ¼ F0 exp
H

~k� ~j

� �

ð71Þ

The rate of isotropic hardening/softening variable H was

extended by Nova [57] and Wilde [67] to incorporate the

influence of the deviatoric plastic strain rate, called the

deviatoric (isotropic) hardening, in addition to the

volumetric plastic strain rate described above. Here, aiming

at establishing a quantitative description of cyclic mobility,

let _H be extended to depend on the plastic volumetric strain

rate dpv and the plastic shear rate dps for a wide range of

stress up to the negative pressure as follows (Fig. 6):

_H ¼ �dpv þ dps ¼ _�kh ð72Þ

dpv � tr dp; dp0 � dp � ðdpv=3Þ I ð73Þ

dps ¼ ldkdp0k
vad � 1

vad � 1þ b

[ 0 (deviatoric hardening) for vd [ 1

¼ 0 (deviatoric non-hardening) for vd ¼ 1

\0 (deviatoric softening) for vd\1

8

>

<

>

:

ð74Þ

vd �
kr0k=ðpþ #FÞ

Md

ð75Þ

Mdðcos 3hrÞ �
14

ffiffiffi

6
p

sin/d

ð3� sin/dÞð8þ cos 3hrÞ
ð76Þ

h ¼ � tr nþ ldkn0k
vad � 1

vad � 1þ b
ð77Þ

where ld, /d ð\/cÞ, a ð� 1Þ and b ð[ 1Þ are material

constants. Here, /d\/c holds in general since the deviatoric

stress can increase over the critical state

(tr n ¼ 0 , tr dp ¼ 0) when the stress ratio increases at a low

pressure under the undrained condition even in loose sands.Md

in Eq. (76) is formulated analogously to M in Eq. (51). Har-

dening and softening are induced outside and inside, respec-

tively, the conical surface kr0k ¼ Mdðpþ #FÞwhich is called
the deviatoric hardening boundary surface. It is extended to

accommodate the negative pressure p ð�#F\p� 0Þ by

replacing the normalized stress ratio ðkr0k=pÞ=Md to vd
defined in Eq. (75). The deviatoric hardening rate depends

nonlinearly on the modified stress ratio vd with the upper limit

ldkdp0k of the plastic shear rate dps (Fig. 7).

4.4 Rotational hardening: Anisotropic hardening
by rotation of yield surface

The rotational hardening rule is formulated by

(1) postulating that the central axis r0=p ¼ b of the

normal-yield surface rotates towards the conjugate

generating line r0=p ¼ M
_

r q
_
0 on the rotational limit

surface kr0k=p ¼ M
_

r,

(2) noting that the anisotropic hardening is induced only

by the deviatoric plastic strain rate as follows (Fig. 8):
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b
�
¼ br

�

dp0 � 1

Mr

_ kdp0k b
�

¼ b _�k ð78Þ

where

M
_



cos 3h
r
_

�

¼ 14
ffiffiffi

6
p

sin/r

ð3� sin/rÞð8þ cos 3h
r
_Þ ð79Þ

r
_0 � r0 � pb; t0

r
_ � r

_0

	

	r
_
0
	

	

; cos 3h
r
_ �

ffiffiffi

6
p

tr



t0
r
_

�3

ð80Þ

b ¼ br

�

n0 � 1

M
_

r

kn0k b
�

ð81Þ

br is the material constant regulating the rate of the rota-

tion. M
_

r is formulated analogously to M in Eqs. (51), (57)

and (76), where /r is the material constant denoting the

limit of the rotational angle of the normal-yield and

subloading surfaces. Note here that Eq. (78) takes a form

analogous to the evolution equation of back stress tensor in

the nonlinear kinematic hardening rule [5]. For the

subloading surface in Eq. (63) based on the modified Cam-

clay model, the rotation does not occur, i.e., b
�
¼ 0 when

the stress lies on the central axis of the subloading surface,

fulfilling r0 ¼ pb, for which n0 ¼ 0 leading to dp0 ¼ 0 holds

as shown in Fig. 1.

4.5 Extension of material parameter
for evolution of normal-yield ratio

The material parameter u in the evolution equation (41) of

the normal-yield ratio is extended as follows (Fig. 9):

1 || || =( )/ dd Mp F
'χ
ϑ+
σ

1/1 ab−( − )

0

|| ||pd
b 'μ

− −1
d

|| ||p
d 'μ d

p
sd

Deviatoric hardening
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u ¼ u0

M
_

m exp



ueep0
�

ð82Þ

where

ep0 �
Z t

0

kdp0k dt ð83Þ

u0, m and ue are material constants. The material parameter

u becomes smaller inducing a larger plastic strain rate as

the accumulation of the deviatoric plastic strain rate pro-

ceeds, while this trend is more notable for larger values of

ue. In addition, u is inversely proportional to M
_

and

therefore a larger plastic strain rate is induced in the

compression side than in the tension side, while this trend

is more notable for larger value of m.

5 Summary of material parameters
and their physical meanings

Not a few material parameters, i.e., nineteen material

constants and three initial values of internal variables are

incorporated in the present elastoplastic constitutive

equation in order to describe the cyclic mobility accurately.

They are shown collectively in the following.

Material constants:

Elastic moduli ~j; G0; n

Yield surface (ellipsoid)/c; n ð\0:5Þ
Isotropic hardening/softening

volumetric: ~k; # ð[ nÞ
deviatoric: ld; /d ð\/cÞ; a ð� 1Þ; b ð� 1Þ;

�

Anisotropic (rotational) hardening: br; /r

Normal - yield ratio uc; u; ue; m

Similarity - center : ce; v ð\1Þ

Initial values of internal variables:

Isotropic hardening function F0.

Rotational hardening b0.
Elastic-core c0.

F0, G0, #, /c, n, u, ce and v are larger but /d,
~k and ~j are

smaller in denser granular materials with higher strength

for same arrangement of particles.

The main influences of the material constants on the

deformation behavior are described below.

1. The transition from the elastic to plastic state is gentler

for smaller u0 values.

2. Axial strain is induced more intensely in the triaxial

compression side for larger m values.

3. Strain rate increases more rapidly with the accumulated

deviatoric plastic strain for larger ue values.

4. The difference between the tangent stiffness moduli in

reloading and reverse loading is larger and thus the

difference between the curvatures of the stress–strain

curves in them is larger for larger uc values.

5. Plastic deformation begins sooner after unloading for

larger ce values for which the closed hysteresis loop is

depicted so that the strain accumulation is suppressed.

On the other hand, the open hysteresis loop is depicted

for ce ¼ 0, returning to the initial subloading surface

model.

6. The material constant /d, which regulates the bound-

ary of the deviatoric hardening and softening, is larger

for a looser material with a wider range of deviatoric

softening.

7. The normal-yield and subloading surfaces rotates in a

wider range for a larger /r value. They rotate more

Table 1 Physical properties of tested sands, test condition and

material parameters in simulations

Figure Figure 10 Figure 11 Figure 12 Figure 13

Material Toyoura sand Tone river

sand

Edo river

sand

Initial void ratio e0 0.722 0.718 0.739 0.762

Relative density

Dr ð%Þ
76 77 84 88

Confining pressure

pcðkPaÞ
100 100 160

Stress ratio

amplitude q=pc

� 0.39 � 0.44 � 0.80 � 0.60

Cyclic number 9 7 87 20

~k 0.004 0.002 0.002

~j 0.0005 0.001 0.001

G0(MPa) 100 10 100

# 0.1 0.1 0.04

/c ð�Þ 30 32 32

n 0.005 0.05 0.01

ld 5 3 3

/d ð�Þ 25 20 22

a 1 3 3

b 6 18 13

br 30 1 50

/r ð�Þ 28 10 29

uc 3 1 2

u 20 46.5 45

ue 9 0.975 6

m 12.5 3.4 3.8

ce 20 20 40

F0(kPa) 350 400 460

c0(kPa) -60 I -60 I -60 I
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rapidly with the deviatoric plastic strain for larger

value of br.

The identifications of the material parameters are com-

mented below.
~k and ~j are determined by the curve-fitting to the test

data of the isotropic consolidation. Also, they can be

known easily by ~k ¼ k=ð1þ e0Þ; ~j ¼ j=ð1þ e0Þ, if there
is past data of k and j in the e� log p linear relation.

G0 and n are determined from the stress vs. strain curve

under constant pressure inside the yield surface, while we

may use n ¼ 0:5 usually.

/c is determined by the inclination of the critical state

line in the triaxial compression.

n is determined from the pressures in the isotropic

compression and the extension test.

ld; /d; a; and b are determined from the undrained

triaxial compression test data.

br and /r are determined from the loading and unloading

process in the triaxial compression or extension test.

uc; u; ue; and m are inferred from the reloading curve

in the drained test.

ce and v are determined from the loading–unloading

curve, while we may put v ¼ 0:7 usually.

F0 can be determined from the initial normal-consoli-

dation stress.

b0 may be chosen to be b0 ¼ 0 in isotropic-consolidated

sands but it can be calculated from K0-value in a K0-

consolidation.

c0 is determined from the stress at which the most elastic

behavior is observed.

6 Simulations of test data for cyclic mobility

The constitutive equation of granular materials formulated

in the previous sections is applied to the simulations of

various test data on the cyclic mobility under the undrained

condition with the constant deviatoric stress amplitudes.

All the test data adopted for the simulations were

obtained by the cyclic triaxial compression/extension tests

with symmetric constant deviatoric stress amplitudes from

the isotropic stress state under constant total lateral con-

fining pressures denoted by pc. The initial isotropy, i.e.,

b0 ¼ 0 is assumed and the typical values n ¼ 0:5 and v ¼
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Fig. 10 Simulation of test data for Toyoura sand after Yamada and Noda [68] (e0 = 0.722, Dr = 76%, pc = 100 kPa, stress ratio amplitude = �
0.39, cyclic number = 9)
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0:7 are used for all test data. Further, the substructure spin

is set to be zero because of the triaxial test in which the

rotation of material is not induced so that the corotational-

time derivative coincides with the material-time derivative.

The physical properties of the tested sands, the test con-

dition and the material parameters used in the simulations

are listed in Table 1.

The simulation results of the Toyoura sand with the

almost same initial void ratio ðe0 ¼ 0:722 and 0:718Þ are

shown for Figs. 10 and 11, while the same values of the

material parameters are used in these simulations. Further,

the simulations of the Tone river sand and the Edo river

sand are shown for Figs. 12 and 13, respectively. The

butterfly-shaped stress paths after the gradual decreases of

the pressure and the deviatoric stress vs. axial strain curves

with the increasing amplitudes of axial strain are simulated

in these figures. The test results are simulated well in these

calculations, where various stress ratios and numbers of

loading cycles are applied. The maximum amplitudes of

the axial strain are simulated well even for the high loading

cycles up to the eighty-seven cycles. However, the decea-

ses of the pressure are more gradual in the simulations than

in the test results. The amplitudes of the axial strain in the

simulations are smaller at the beginnings and later become

larger compared with the test results in Figs. 10 and 11 for

the Toyoura sand. The stress paths in the simulations are

warped inversely to the test results in Figs. 12 and 13 for

the Tone river sand and the Edo river sand. Further

improvements would be required for a more accurate pre-

diction of cyclic mobility.

Since seismic waves cause the cyclic loading at high

frequency, the ground deformation occurs under fully or

nearly undrained condition during an earthquake. However,

when the earthquake ceases, the vertical load due to the

weight of the ground and the gravity of the building

floating during the earthquake acts to the soil grounds

pushing out the pore water, and thus the soil skeleton

deforms under the drained conditions. Therefore, it is

required to describe both the cyclic mobility under

undrained condition and the monotonic loading behavior

under drained condition by a unique elastoplastic consti-

tutive equation with a unified set of material parameters.

On the other hand, although there are few test results of

cyclic mobility and drained tests on specimens of the same

material and the same void ratio, the results of drained tests

obtained using Toyoura used in the above-mentioned

cyclic mobility are provided from the same experimenter to

the authors [69]. The simulation result under the drained

0.0 0.2 0.4 0.6 0.8 1.0 1.2
-0.6

-0.3

0.0

0.3

0.6

-8 -4 0 4 8-0.6

-0.3

0.0

0.3

0.6

Normalized mean effective pressure, p/pc

No
rm

ali
ze

d 
de

vi
ato

ric
 st

re
ss

, q
/p

c

Axial strain, a (%)

No
rm

ali
ze

d d
ev

iat
or

ic 
str

es
s, 

q/
p c

Test result Test result

0.0 0.2 0.4 0.6 0.8 1.0 1.2-0.6

-0.3

0.0

0.3

0.6

-8 -4 0 4 8-0.6

-0.3

0.0

0.3

0.6

Normalized mean effective pressure, p/pc

No
rm

ali
ze

d d
ev

iat
or

ic 
str

es
s, 

q /
p c

Axial strain, a (%)

No
rm

ali
ze

d d
ev

iat
or

ic 
str

es
s, 

q/
p c

Calculated result Calculated result

Fig. 11 Simulation of test data for Toyoura sand after Yamada and Noda [68] (e0 = 0.718, Dr = 77%, pc = 100 kPa, stress ratio amplitude = �
0.44, cyclic number = 7)
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condition is shown in Fig. 14, where the tested and the

calculated stress and volume strain curves are shown.

Therein, since the initial void ratio e0 ¼ 0:748 in the

drained test is sufficiently close to e0 ¼ 0:722 and 0.718 in

the above-mentioned cyclic mobility test, the material

parameters shown in Table 1 (which are used in Figs. 10

and 11) are used. A fairly good simulation to the test result

is seen in this figure.

Incidentally, for reference, the simulation to the drained

test result with the initial void ratio e0 ¼ 0:924 (looser than

in Fig. 14) of the Toyoura sand is shown in Fig. 15,

choosing the material parameters as follows:

~k ¼ 0:02; ~j ¼ 0:0007; G0 ¼ 100MPa; # ¼ 0:1; /c

¼ 30�;

n ¼ 0:005; ld ¼ 1; /d ¼ 18�; a ¼ 1; b ¼ 6; br ¼ 1; /r

¼ 5�;

uc ¼ 3; u ¼ 10; ue ¼ 9; m ¼ 10; ce ¼ 5;

F0 ¼ 170 kPa; c0 ¼ �60 I

7 Conclusion

In this article, the subloading surface model is elaborated to

describe the cyclic mobility observed prior to the lique-

faction induced by earthquakes. The results obtained in this

study are summarized as follows:

1. The elastoplastic constitutive equation of geomaterials

is elaborated by the formulations of

2. the rigorous evolution rule of the elastic-core, which is

of crucial importance for the description of cyclic

loading behavior,

3. the evolution rule of the rotational hardening, which is

of crucial importance for the description of the

anisotropic hardening behavior of granular materials,

4. the material functions for the elastic moduli extended

to the pressure dependence, the yield condition

extended to the negative pressure range, the isotropic

hardening rule based on not only the volumetric but

also the deviatoric plastic deformations for the accurate

description of the cyclic loading behavior up to the

cyclic mobility.

5. Then, the validity of the proposed constitutive equation

based on the subloading surface model for granular

materials was verified by the comparisons with the test
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Fig. 12 Simulation of test data for Tone river sand after Kiyota et al [48, 49]. (e0 = 0.739, Dr = 84%, pc = 100 kPa, stress ratio amplitude = �
0.80, cyclic number = 87)
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data on the cyclic mobility in three kinds of sands for

various numbers of cycles under various stress ampli-

tudes. The butterfly-shaped stress path in the pressure

vs. deviatoric stress plane and the S-shaped deviatoric

stress vs. axial strain loops were reproduced accurately.

6. The present formulation would provide the substantial

foundation for the elastoplastic description of cyclic

mobility, although further elaboration is desirable for a

highly accurate description of the cyclic mobility.
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Fig. 13 Simulation of test data for Edo river sand after Kiyota et al [48, 49]. (e0 = 0.762, Dr = 88%, pc = 160 kPa, stress ratio amplitude = �
0.60, cyclic number = 20)
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Fig. 14 Simulation of test data for Toyoura sand in drained condition after Yamada [69] (e0 = 0.748, Dr = 69%, pc = 98.1 kPa)
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7. The present constitutive model would be applicable to

the predictions of the deformation behavior not only

during the earthquake but also after it.

Not a few material constants are incorporated in order to

describe the cyclic mobility accurately by the elastoplastic

constitutive equation because it is to be one of the most

complicated mechanical phenomena in the natural world.

Further study is required to clarify their definite physical

meanings for formulating a more sophisticated constitutive

equation of geomaterials.

The formulation falls within framework of the hypoe-

lastic-based plasticity which is limited to the description of

the infinitesimal elastic deformation and requires the

cumbersome time-integrations of corotational rates of

stress and internal variables. Then, it should be extended to

the multiplicative hyperelastic-based plasticity (Hashi-

guchi [29, 33], Hashiguchi and Yamakawa [42]) with a

rigorous description of hyperelastic equation of granular

materials (Hashiguchi [31]) for further accurate description

of cyclic mobility up to the finite deformation.
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Géotech 15:211–214

8. Desai CS, Park I, Shao C (1998) Fundamental yet simplified

model for liquefaction instability. Int J Numer Anal Methods

Geomech 22:721–748

9. Drucker DC, Prager W (1952) Soil mechanics and plastic anal-

ysis for limit design. Quart Appl Math 10:157–165

10. Elgamal A, Yang Z, Parra E, Ragheb A (2003) Modeling of

cyclic mobility in saturated cohesionless soils. Int J Plast

19:883–905

11. Fang HL, Zheng H, Zheng J (2017) Micromechanics-based multi

mechanism bounding surface model for sands. Int J Plast

90:242–266

0 5 10 150

150

300

450

600

0 5 10 15-10

-5

0

5

10

Axial strain, a (%)

De
vi

ato
ric

 st
re

ss
(k

Pa
), 

(
a-

r)

Axial strain, a (%)

Vo
lu

me
tri

c s
tra

in
(%

), 
v

Test result
Calculated result

Test result
Calculated result

Fig. 15 Simulation of test data for Toyoura sand in drained condition after Yamada [69] (e0 = 0.924, Dr = 18%, pc = 98.1 kPa)

Acta Geotechnica (2022) 17:699–719 717

123

http://creativecommons.org/licenses/by/4.0/
http://creativecommons.org/licenses/by/4.0/
https://doi.org/10.1299/transjsme.16-00029
https://doi.org/10.1299/transjsme.16-00029
https://doi.org/10.1299/transjsme.18-00327


12. Fincato R, Tsutsumi S (2018) A return mapping algorithm for

elastoplastic and ductile damage constitutive equations using the

subloading surface method. Int J Numer Methods Eng

113:1729–1754. https://doi.org/10.1002/nme.5718

13. Fu Y, Iwata M, Ding W, Zhang F, Yashima A (2012) An

elastoplastic model for soft sedimentary rock considering inher-

ent anisotropy and confining-stress dependency. Soils Found

52:575–589

14. Fuente MDL, Vaunat J, Marin-Moreno H (2019) A densification

mechanism to model the mechanical effect of methane hydrates

in sandy sediments. Int J Numer Anal Methods Geomech 27:1–21

15. Gang W, Horikoshi K, Akiyoshi A (2020) Effects of internal

erosion on parameters of subloading Cam-Clay model. Geotech

Geol Eng 38:1323–1335

16. Ghasemzadeh H, Ghoreishian Amiri SA (2013) A hydro-me-

chanical elastoplastic model for unsaturated soils under isotropic

loading conditions. Comput Geotech 51:91–100

17. Gerolymos N, Gazetas G (2005) Constitutive model for 1-D

cyclic soil behaviour applied to seismic analysis of layered

deposits. Soils Found 45(3):147–159

18. Hashiguchi K. (1975) Plastic constitutive equation of soils with

hardening/softening behavior. Dr. Thesis (Engineering), Tokyo

Institute of Technology, Tokyo, pp. 1–365.

19. Hashiguchi K (1980) Constitutive equations of elastoplastic

materials with elastic–plastic transition. J Appl Mech (ASME)

47:266–272

20. Hashiguchi K (1989) Subloading surface model in unconven-

tional plasticity. Int J Solids Struct 25:917–945

21. Hashiguchi K (1993) Fundamental requirements and formulation

of elastoplastic constitutive equations with tangential plasticity.

Int J Plast 9:525–549

22. Hashiguchi K (1993) Mechanical requirements and structures of

cyclic plasticity models. Int J Plast 9:721–748

23. Hashiguchi K (1995) On the linear relations of V–ln p and ln v–ln
p for isotropic consolidation of soils. Int J Numer Anal Methods

Geomech 19:367–376

24. Hashiguchi K (1997) The extended flow rule in plasticity. Int J

Plast 13:37–58

25. Hashiguchi K (2002) A proposal of the simplest convex-conical

surface for soils. Soils Found 42(3):107–113

26. Hashiguchi, K. (2009) Elastoplasticity Theory, First edition,

Lecture Note in Appl. Compt. Mech., Springer–Verlag.

27. Hashiguchi K (2013) General description of elastoplastic defor-

mation/sliding phenomena of solids in high accuracy and

numerical efficiency: Subloading surface concept. Arch Compt

Methods Eng 20:361–417

28. Hashiguchi K (2013) Elastoplasticity Theory. Second edition

Lecture Note in Appl. Compt. Mech. Springer–Verlag

29. Hashiguchi K (2016) Exact formulation of subloading surface

model: Unified constitutive law for irreversible mechanical phe-

nomena in solids. Arch Comput Methods Eng 23:417–447

30. Hashiguchi K (2017) Foundations of Elastoplasticity: Subloading

Surface Model. Springer-Verlag

31. Hashiguchi K (2018) Hypo- and hyper-elastic equations of soils.

Int J Numer Anal Methods Geomech 42:1554–1564

32. Hashiguchi K (2019) Multiplicative hyperelatic-based plasticity

for finite elastoplastic deformation/sliding: A comprehensive

review. Arch Compt Methods Eng 26:597–637

33. Hashiguchi K (2020) Nonlinear Continuum Mechanics for Finite

Elasticity-plasticity: Multiplicative Decomposition with

Subloading Surface Model. Elsevier

34. Hashiguchi K, Chen Z-P (1998) Elastoplastic constitutive equa-

tions of soils with the subloading surface and the rotational

hardening. Int J Numer Anal Methods Geomech 22:197–227

35. Hashiguchi K, Mase T (2007) Extended yield condition of soils

with tensile strength and rotational hardening. Int J Plast

23:1939–1956

36. Hashiguchi K, Ozaki S (2008) Constitutive equation for friction

with transition from static to kinetic friction and recovery of static

friction. Int J Plast 24:2102–2124

37. Hashiguchi K, Ozaki S, Okayasu T (2005) Unconventional fric-

tion theory based on the subloading surface concept. Int J Solids

Struct 42:1705–1727

38. Hashiguchi K, Saitoh K, Okayasu T, Tsutsumi S (2002) Evalu-

ation of typical conventional and unconventional plasticity

models for prediction of softening behavior of soils. Géotech-
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nique 31:451–469

52. MSC Software Corporation (2017) User manual for Hashiguchi

model, Marc and Mentat Release Guide 2017.1, Material

Behavior.

53. Nakai T, Hinokio M (2004) A simple elastoplastic model for

normally and over consolidated soils with unified material

parameters. Soils Found 44(2):53–70

718 Acta Geotechnica (2022) 17:699–719

123

https://doi.org/10.1002/nme.5718
https://doi.org/10.1098/rspa.2016.0212
https://doi.org/10.1299/transjsme.16-00197
https://doi.org/10.1299/transjsme.17-00008


54. Nakai T, Farias MM, Bastos D, Sato Y (2007) Simulation of

conventional and inverted braced excavations using subloading

model. Soils Found 47(3):597–612

55. Nakai T, Shahin HM, Kikumoto M, Kyokawa H, Zhang F, Farias

MM (2011) A simple and unified three-dimensional model to

describe various characteristics of soils. Soils Found

51(6):1149–1168

56. Noda T, Xu B, Asaoka A (2013) Acceleration generation due to

strain localization of saturated clay specimen based on dynamic

soil–water coupled finite deformation analysis. Soils Found

53(5):653–670

57. Nova R (1977) On the hardening of soils. Arch Mech Stos

29:445–458

58. Pedroso DM (2014) The subloading isotropic plasticity as a

variable modulus model. Comput Geotech 61:230–240

59. Prevost JH, Keane CM (1994) Multimechanism elasto-plastic

model for soils. J Eng Mech Div 116(9):1924–1944

60. Oka F, Yashima A, Tateishi Y, Taguchi Y, Yamashita A (1999)

A cyclic elasto-plastic constitutive model for sand considering a

plastic-strain dependence of the shear modulus. Géotechnique
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