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Groundwater system is a complex and open system, which is affected by natural conditions and human activities. Natural hydro-
logical processes is conceptualized through relatively simple flow governing equations in groundwater models. Moreover, obser-
vation data is always limited in field hydrogeological conditions. Therefore, the predictive results of groundwater simulation often 
deviate from true values, which is attribute to the uncertainty of groundwater numerical simulation. According to the process of 
system simulation, the uncertainty sources of groundwater numerical simulation can be divided into model parameters, conceptual 
model and observation data uncertainties. In addition, the uncertainty stemmed from boundary conditions is sometimes refered as 
scenario uncertainty. In this paper, the origination and category of groundwater modeling uncertainty are analyzed. The recent 
progresses on the methods of groundwater modeling uncertainty analysis are reivewed. Furthermore, the researches on the com-
prehensive analysis of uncertainty sources, and the predictive uncertainty of model outputs are discussed. Finally, several pro-
spects on the deveolpment of groundwater modeling uncetainty analysis are proposed. 
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1  Conception of the uncertainty of groundwater 
numerical simulation 

Uncertainty is the inherent characteristics of the objective 
world, and it is widely presented in human daily life. Gen-
erally, uncertainty can be interpreted as the lack of certainty, 
that is, a future or existing state cannot be described accu-
rately because of limited information [1]. Regional ground- 
water system is a complex and open system, which is influ-
enced from hydrological and meteorological conditions, 
geological structure, topography feature, vegetation, and hu-
man activities, etc. Furthermore, some properties of ground-
water system cannot be measured directly, e.g. hydraulic 
conductivity and dispersivity, which are estimated indirectly 
by analyzing input and output measurements [2]. As the nat-
ural hydrological processes or groundwater movement is 
described by a group of simplified water flow governing 

equations, the predictions of groundwater system always 
deviate from observations. Therefore, the uncertainty of 
groundwater simulation is inevitable, which is the main 
difficulty for describing groundwater flow and solute 
transport activities accurately [2,3]. 

Groundwater numerical simulation is the basis for the 
quantitative analysis of groundwater resources. Successful 
assessment of groundwater resources depends on reliable 
and stable groundwater simulation. Therefore, as a result of 
the uncertainty of groundwater modeling, decision-makers 
have to face the risk of failure in making decisions [4]. Un-
certainty analysis includes studying the origin, transport and 
producing processes of uncertainties, describing and evalu-
ating the state and characteristics of uncertainties. In addi-
tion, the researches on controlling and reducing uncertain-
ties under the current conditions, and making prediction and 
response for unknown groundwater environment, which are 
the key problems for uncertainty analysis of groundwater 
modeling. Therefore, these works about the uncertainty is-
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sues are capable of supplying valuable reference for the 
management and planning of groundwater resources [5, 6]. 

2  Sources and classifications of the uncertainty 
of groundwater numerical simulation 

The result of groundwater modeling is affected by many 
factors, e.g. the errors arisen from the construction of 
groundwater conceptual model, the deviations caused by the 
approximate solution of groundwater mathematic model. 
Furthermore, the scarcity and observation error of meas-
urement data enhance the generation of modeling uncer-
tainty. In addition, trapped in unknown interaction mecha-
nism between various factors, it is hard to separate each part 
of uncertainty sources explicitly, and describe it inde-
pendently. 

The uncertainty sources of groundwater or hydrological 
model are classified inconsistently by different authors. Yen 
et al. [7] partitioned the modeling uncertainty into 5 parts: 
(1) the natural uncertainty caused by the inherent random-
ness of natural process; (2) the model uncertainty stemmed 
from defective model which is not able to represent the real 
physical processes; (3) the uncertainty of model parameter; 
(4) the uncertainty derived from observation error; and (5) 
the operating uncertainty caused by human factors. Van 
Asselt [8] proposed a classification upon the decision sup-
port management of groundwater model, the uncertainty 
sources could be cognized at three levels that are generation 
location, managing level and natural quality respectively. 
Liu and Shu [9] pointed out that, according to discipline 
nature, the source could be interpreted as stochastic, fuzzy, 
gray, and unknown uncertainties. In addition, according to 
the reason for generating, the source could be partitioned as 
the uncertainties that caused by natural processes, human 
activities and cognizing ability. Merz and Thieken [10] 
treated the modeling uncertainty as two types, aleatory and 
epistemic uncertainties. Furthermore, these researches 
[11–14], etc., summarized and discussed the uncertainty of 
groundwater numerical simulation from different points of 
view. 

In recent years, researches on the uncertainty analysis of 
groundwater simulation emerge in large numbers. In order 
to obtain simplified and reasonable statistics for modeling 
uncertainty, and satisfy the actual needs of hydrogeological 
workers, more and more researchers, e.g. [3,6,15–21], ac-
cepted to use a framework to analyze groundwater modeling 
uncertainty. In general, according to the logical process of 
groundwater modeling, the uncertainty stems from three 
sources which are model parameter, conceptual model (or 
model structure) and observation data, respectively. 

Generally, the establishment of a groundwater numerical 
model requires inputting a set of parameters, e.g. the hy-
draulic conductivity, transmissivity, specific yield, storage 
coefficient and dispersivity. Hydrogeological data is always 

limited in the field, therefore, the parameter uncertainty is 
derived from unreasonable parameter division, the temporal 
and spatial variability and the scaling effect of parameters. 
Next, conceptual model is the basis of numerical model, and 
actual hydrogeological conditions are often simplified in-
correctly by groundwater conceptual model [6,22]. There-
fore, the model structure uncertainty is influenced by many 
factors, including the incorrect setting of model aquifers 
(location, type, number of layer, distribution, etc.), unrea-
sonable estimation of groundwater model’s boundary con-
ditions and sources and sinks, and the approximation of 
special groundwater processes. Furthermore, for groundwa-
ter simulation, observation data is often used for two aspects, 
the input data used for building groundwater model, and the 
conditioning data or calibration data applied to calibrate 
model. The observation uncertainty stems from a very wide 
range, including the error caused by the stochastic distribu-
tion of the observed variable, the sampling error of the ob-
served variable, indirect measurement error, the error of 
measuring device, and human recording error, etc. In addi-
tion, some authors regarded the uncertainty of model 
boundary conditions as the fourth uncertainty which is re-
ferred as scenario uncertainty [23,24]. 

3  Uncertainty analysis methods for groundwater 
numerical simulation 

According to the inherent structure’s statistical properties 
and the input of a system, the most direct method for as-
sessing the output uncertainty is to derive the statistical in-
formation of output directly [25]. However, this approach is 
restrained in two aspects, one is the troubles in mathematics 
and numerical solution when deriving statistical result, the 
other is actual condition that the detailed statistical proper-
ties on the system structure and input are unknown usually. 
Therefore, the direct method is always infeasible in practi-
cal application. 

Probability theory is traditionally used for the uncertainty 
analysis of hydrological processes and other fields of sci-
ence. Recently, many researchers [1,25] believe that the 
uncertainty can be effectively treated in a broad perspective, 
and the statistical information will be an important approach. 
According to the analysis methods for the uncertainties 
from model parameter, model structure and observation data, 
this paper summarized and discussed the developments of 
uncertainty analysis. 

3.1  Uncertainty analysis of groundwater model  
parameters 

As the groundwater model is used for groundwater re-
sources simulation and prediction, how to choose appropri-
ate model parameters becomes the most immediate problem 
which model users have to face. Moreover, the simulated 
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result depends on model parameters when the model struc-
ture is fixed. Hence, parametric uncertainty received the 
attention of hydrogeologists firstly, and it is an important 
part of groundwater modeling uncertainty. At present, the 
most popular and feasible methods for parametric uncer-
tainty including generalized likelihood uncertainty estima-
tion (GLUE), Markov Chain Monte Carlo (MCMC), Ba- 
yesian recursive estimation (BaRE), etc. 

Beven and Binley [26] firstly proposed the concept of 
equifinality in the uncertainty analysis of hydrological 
model. And then, they developed a generalized likelihood 
uncertainty estimation (GLUE) method based on regional-
ized sensitivity analysis. The key idea of GLUE method is 
getting rid of the framework of global optimal parameter 
solution. Moreover, GLUE believes that the reason for 
leading the performance of a groundwater model is not a 
single parameter, but the combination of model parameters 
[26,27]. Firstly, model parameters are defined in prescribed 
ranges, parameter set is randomly sampled from prior 
probability distributions, and the numerical model is run by 
Monte Carlo method. Secondly, an appropriate likelihood 
function is selected to evaluate the goodness of fit between 
simulated results and observations. The parameter set with 
the closer simulation to observation is given a higher confi-
dence, and it is assigned with a likelihood value or likeli-
hood weight. In addition, if the likelihood value of a simu-
lation result is below a prescribed critical value, the corre-
sponding parameter set is regarded as a non-behavioral or 
unacceptable parameter, and its likelihood value is set to 0. 
Lastly, all the likelihood values are normalized, the posteri-
or probability distributions of model parameters and outputs 
are obtained by analyzing the retained samples. 

GLUE has the advantage of simple structure, easy opera-
tion, and wide applicability, so that it can be applied to the 
uncertainty analysis of various water resources and envi-
ronmental models [15]. GLUE has been widely used for 
many purposes, such as precipitation-runoff model [27], 
distributed basin hydrological model [28], soil erosion 
model [29], groundwater model [3], unsaturated zone model 
[30], flood model [31]. Nevertheless, while GLUE is widely 
recognized in hydrology simulation, the critical and contro-
versial voices are also cannot be ignored. GLUE is con-
structed based on Monte Carlo technique, the efficiency and 
reliability of sampling algorithm is the key of method. Tra-
ditionally, GLUE takes advantage of a uniform sampling 
algorithm to obtain parameters’ posterior distributions. 
However, because of the ineffective sampling technique, 
this method requires a huge number of simulations to obtain 
the convergence of Monte Carlo simulation [15]. Further-
more, for complex and high-dimensional uncertainty issues, 
it is likely to generate unreliable and inconsistent result. 
From the points of extracting information and evaluating 
uncertainty for hydrological forecast, Mantovan and Todini 
[32,33] thought that GLUE is not a formal Bayesian infer-
ence method, it is lack of consistency and coherence. In the 

same way, Hassan et al. [3] and Beven et al. [34,35] made 
corresponding responses for these critism from the views of 
practical application. 

Markov Chain Monte Carlo (MCMC) is a dynamic sam-
pling technique. By constructing a Markov Chain with sta-
ble density distribution, the probability distribution space of 
target function is sufficiently searched in the process of 
evolving Markov Chain [2,15]. The searching process is 
constructed by two functions which are proposal and ac-
ceptance functions. Proposal function (or proposal distribu-
tion) is used for generating alternative samples of parameter 
set, and whether the parameter sample is accepted or re-
jected depends on acceptance function (or transition func-
tion). Sampling algorithm is the core of MCMC, which de-
termines the sampling efficiency and reliability of uncer-
tainty analysis. In addition, various MCMC methods can be 
established by designing different sampling techniques ac-
cording to specific objective [36]. 

Recently, the common used sampling techniques can be 
divided into two categories, single-chain and multi-chains 
techniques. Single-chain technique is developed in early 
MCMC methods. Metropolis [37] firstly raised the concept 
of MCMC sampling, and proposed the Metropolis algorithm 
to simulate energy level of atoms in crystal structure. Based 
on Metropolis algorithm, Hastings [38] developed Metropo-
lis-Hastings(M-H) algorithm which is able to make use of 
any form of transition function, and meet the requirement of 
detailed balance. Aim at the selection of proposal function, 
Haario et al. [39] developed an adaptive proposal distribu-
tion (AP) algorithm, AP is operated by a normal distribution 
of which the mean and variance are calculated by retained 
samples. Based on AP algorithm, Haario et al. [40] devel-
oped an Adaptive Metropolis (AM) algorithm, with respect 
to AP, AM is superior in updating the mean and covariance 
of proposal distribution by using previous sampling infor-
mation based on a regression formula. Moreover, other sin-
gle-chain techniques include MHBC [41], MHSS and 
MHBU [42], Gibbs algorithm [43], etc. 

Based on the optimization algorithm SCE-UA [44], 
Vrugt et al. [36] developed a multi-chain evolving algo-
rithm, Shuffled Complex Evolution Metropolis algorithm 
(SCEM) which assembles the advantages of M-H algorithm, 
controlling random search, competition evolution and shuf-
fled complex evolution. The convergence rate is improved 
by adopting multiple parallel Markov chains, and exchang-
ing searching information between chains. Braak [45] re-
ported a genetic algorithm based differential evolution 
Markov Chain (DE-MC). This is a multi-chain parallel 
evolution technique by combining MCMC and differential 
evolution method. Based on DE-MC, Vrugt et al. [46] pro-
posed a differential evolution adaptive Metropolis algorithm 
(DREAM). This method generates a proposal sample based 
on the difference of one (or several) couple of parameter 
samples. In addition, the adopted strategies of DREAM in-
clude sampling from a group of updated random subspaces, 
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estimating the probability distribution of the cross probabil-
ities of random subspaces. Therefore, the convergence rate 
of DREAM is improved significantly. Moreover, the other 
multi-chain sampling technique include DREAM(D) [47] 
and DREAM(ZS) [48], NSMC [49], etc. 

With the development of mathematic statistics methods, 
the sampling algorithm of MCMC is improved continuously. 
In general, MCMC method is superior in strong flexibility, 
and high reliability in various environmental models’ un-
certainty analysis. Especially, MCMC method has a good 
performance on complex uncertainty issues which include 
high nonlinear, high dimensional and multimodal probabil-
ity distribution [2,15]. Furthermore, MCMC method is infe-
rior in huge computing time-consuming requirement. In 
addition, MCMC method is restricted in the application of 
parallel computing techniques because of its logic compu-
ting characteristics. 

For comparing and analyzing parameter uncertainty 
methods, GLUE and MCMC (DREAM) are compared 
based on a synthetic groundwater flow model [6] in this 
study. This model is a 3-dimensional transient groundwater 
field constructed by three heterogeneous layers, which are 
regarded as unconfined aquifer, aquitard, and confined aq-
uifer from top to bottom. Two cases of parameter uncer-
tainty that include 4-dimensional and 8-dimensional param-
eter spaces (groundwater models constructed with 4 and 8 

unknown parameters) are considered, and these two meth-
ods are compared for parameter identification and output 
prediction. 

Figures 1 and 2 show the predictions of groundwater 
budget terms of the 4-dimensional groundwater model 
based on GLUE and DREAM respectively. The results in-
dicate that the predictive variables can be appropriately pre-
dicted by both GLUE and DREAM methods. Figures 3 and 
4 represent the predictions of budget terms of the 
8-dimensional groundwater model based on GLUE and 
DREAM respectively. The results show that the predictive 
variables’ posterior distributions are almost uniformly dis-
tributed in the ranges of corresponding prior distributions 
for GLUE method. Therefore, the posterior distributions 
cannot provide any predictive information, which represents 
the prediction failure of GLUE. By contrast, the budget 
terms are appropriately predicted by DREAM method (ex-
cept for the OutRiv). In addition, the parameter identifica-
tions of GLUE and DREAM have the similar characteristics 
with output predictions, which are not shown here for lack 
of space. Therefore, GLUE method is only usable for 
low-dimensional parametric uncertainty analysis, and 
DREAM is more accurate and stable for high-dimensional 
and complex uncertainty problems. 

Thiemann et al. [50] firstly proposed the theory frame-
work of Bayesian recursive estimation (BaRE) which can 

 

 

Figure 1  Likelihood response surfaces of groundwater budget terms for the 4-dimensional model predicted by GLUE, the vertical line denotes corre-
sponding true value, and the horizontal axis labels groundwater budget terms. 

 

Figure 2  Frequency distributions of groundwater budget terms for the 4-dimensional model predicted by DREAM, the vertical line denotes corresponding 
true value, and the horizontal axis labels groundwater budget terms. 
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Figure 3  Likelihood response surfaces of groundwater budget terms for the 8-dimensional model predicted by GLUE, the vertical line denotes corre-
sponding true value, and the horizontal axis labels groundwater budget terms. 

 

Figure 4  Frequency distributions of groundwater budget terms for the 8-dimensional model predicted by DREAM, the vertical line denotes the corre-
sponding value, and the horizontal axis labels groundwater budget terms. 

treat the uncertainties of hydrological model parameters and 
outputs simultaneously. The model output is predicted in 
the form of probability, and the new added observations are 
incorporated into prediction by recursive updating. Moreo-
ver, the common used analysis software or code also in-
clude UCODE [51] and PEST [52], etc. 

3.2  Uncertainty analysis of groundwater conceptual 
model 

The uncertainty of groundwater conceptual model (model 
structure) had not given enough attention in traditional un-
certainty analysis of groundwater modeling. Usually, 
groundwater system is represented by only one hydrogeo-
logical conceptual model [6]. It is prone to obtain incorrect 
simulation results based on a single model structure by ne-
glecting the possible of others conceptual models. In addi-
tion, the model’s predictive power is overestimated, and 
output is likely predicted with statistical deviation. Espe-
cially, it is riskier to ignore conceptual model uncertainty 
when predictive variable is not applied to model calibration. 
In addition, the results of [53] demonstrated that the cor-
rectness of groundwater conceptual model cannot be as-
sured by an excellent model calibration. Based on a syn-
thetical groundwater model, the result of [6] showed that the 
5%30% of predictive uncertainty is derived from model 

structure. Therefore, conceptual model uncertainty should 
be given sufficient attention for groundwater uncertainty 
analysis. 

As the development of uncertainty analysis in ground-
water conceptual model, the multi-model method has be-
come an important theory in treating groundwater modeling 
uncertainty. The groundwater system is represented by a set 
of conceptual models which are weighted by their corre-
sponding performance on reproducing the groundwater sys-
tem [6,54]. In addition, the behavior of unknown ground-
water system is described by the combination of outputs of 
alternative models. In general, multi-model analysis in-
cludes following steps: (1) constructing a group of plausible 
conceptual models based on prior information; (2) calibrat-
ing these alternative conceptual models by obtained condi-
tioning data; (3) weighting or ranking these conceptual 
models by using a criterion; (4) removing these models with 
significantly unreasonable performances; and (5) ensemble 
prediction by combining the weighted predictions of re-
tained conceptual models. 

Poeter and Anderson [55] proposed a Kullback-Leibler 
information based multi-model theory, this method can 
evaluate the weight of alternative models, but the prior in-
formation cannot be formally incorporated into assembled 
predictions. Refsgaard et al. [56] developed a pedigree 
analysis method to assess conceptual model uncertainty, this 
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method is able to integrate various kinds of prior knowledge. 
However, each part of predictive uncertainty cannot be de-
lineated quantitatively. Bayesian Model Averaging (BMA) 
method is firstly proposed by [57,58], this method infers the 
posterior probabilities of alternative conceptual models 
based on Bayesian inference, and each part of predictive 
uncertainty can be described separately. The formula of 
BMA is given as: 
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where ∆ denotes a predictive variable, p(∆|Z) is the ensem-
ble probability of ∆, and p(∆|Z, Mk) represents the probabil-
ity of ∆ given observation Z and model Mk. p(Mk|Z) is the 
posterior probability of model Mk, which can be computed 
using Bayesian theorem: 

 

1

( | ) ( )
( | )

( | ) ( )

k k
k K

i i
i

p M p M
p M

p M p M





Z

Z
Z

,   (2) 

where p(Mk) denotes the prior probability of model Mk, and 
p(Z|Mk) is the integrated likelihood measure of conceptual 
model Mk. 

Conceptual model’s posterior probability is obtained by 
combining conceptual model’s prior probability and inte-
grated likelihood value p(Z|Mk) which indicates the perfor-
mance on reproducing groundwater observations [23,58]. 
Moreover, the variance of groundwater model’s prediction 
is divided into within-model and between-model variances 
which represent the uncertainties of model parameter and 
structure respectively [6,24]. According to the method for 
calculating conceptual model’s integrated likelihood value, 
BMA methods can be divided into two broad categories: the 
Monte Carlo based BMA method (MC-BMA) and the in-
formation criteria (or model selection criteria) based BMA 
method (IC-BMA) [14]. 

Kullback-Leibler (K-L) information is the base of model 
selection theory. When information criteria is used for se-
lecting models, each conceptual model will obtain a K-L 
value which represents the loss of information as the real 
groundwater system is represented by this model [56]. Nev-
ertheless, K-L value cannot be calculated directly because 
of the unknown groundwater system [56]. Therefore, a se-
ries of model selection criteria are developed for estimating 
K-L value, e.g. Akaike Information Criterion (AIC) [59], 
AICc [60], BIC [61], HQC [62], KIC [63]. 

IC-BMA is the main idea for current multi-model aver-
aging methods. Neuman and Wierenga [64] proposed a suit 
of strategies for constructing and selecting conceptual mod-
els, assembling models’ outputs and making optimum pre-
dictions. However, this method concerns the optimum pre-
diction, which is lack of formality. And then, Neuman [65] 
proposed a KIC based maximum likelihood Bayesian mod-
eling average (MLBMA) to overcome this defect. MLBMA 
can integrate the information on field conditions and obser-
vations, and the final outcome depends on the combination 

of model outputs and prior information. Ye et al. [66] ap-
plied MLBMA to analyze the groundwater flow modeling 
uncertainty of the unsaturated fracture tuff at a testing site, 
Apache Leap, middle of Arizona. Tsai and Li [67] used 
BIC-BMA to evaluate the uncertainty of seawater intru-
sion-groundwater management model at Baton Rouge, 
Louisiana. Furthermore, Refs. [24,68,69], etc. also have 
studied conceptual model uncertainty based on IC-BMA 
method. In addition, the software Multi-Model Analysis 
(MMA) [70] is a convenient and efficient tool for conceptu-
al model’s uncertainty analysis. 

MC-BMA method calculates conceptual model’s inte-
grated likelihood value p(Z|Mk) by Monte Carlo simulation 
which is applied to inverse model’s parameter space. Rojas 
et al. [6] firstly proposed GLUE based BMA method, for 
which GLUE is used for estimating conceptual model’s 
parametric uncertainty. The summation of all retained sam-
ples’ weights is regarded as conceptual model’s integrated 
likelihood value. In addition, Rojas et al. [23] pointed that, 
for IC-BMA method, the application of information criteria 
includes a step of model calibration. Thus, model structure’s 
deviation could be compensated by model calibration, 
which will cause statistical bias of conceptual model’s pos-
terior probability. By contrast, MC-BMA determines poste-
rior weight based on the likelihood distribution of corre-
sponding conceptual model and its prior probability. There-
fore, MC-BMA prevents multi-model average prediction 
from the erosion of biased parameter estimation. 

MC-BMA method is not popular in current multi-model 
researches, and it is mainly seen in Rojas’s studies, such as 
[6,23,71–73]. Furthermore, Raftery et al. [74] proposed an 
expectation maximization (EM) method to solve the weight 
and variance of conceptual models iteratively. However, 
EM-BMA assumes that model’s prediction follows normal 
distribution, and it is hard to assure that EM algorithm con-
vergences to global optimum model’s weight and variance. 
Harp and Vesselinov [75] proposed an approach of hydro-
geological acceptance probability to analysis the possibility 
of a groundwater model, and the hydrogeological accept- 
ance probability is estimated to the sample mean of a Ber-
noulli distribution.  

3.3  Uncertainty analysis of groundwater observation 
data 

Observation error includes system and random errors which 
are produced in the processes of measuring, collecting, re-
cording, storing, and importing data. When groundwater 
model is calibrated and verified based on a group of biased 
observation data, the uncertainties related to model output, 
parameter inversion, output prediction, etc., are regarded as 
observation error. In addition, observation error is always 
merged with other sources, such as model parameter and 
structure uncertainties, to affect model output simultane-
ously. Therefore, it is difficult to separate these uncertain-
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ties from integrated affection accurately.  
Generally, groundwater model observation error has not 

given enough attention with respect to model parameter and 
conceptual model uncertainties. Observation data is always 
assume to be accurate, or given a simplified error structure 
[76,77]. Moreover, groundwater model observation uncer-
tainty is assessed combined with the uncertainty analysis of 
model parameter and (or) structure. Furthermore, ground-
water is a special system, the simulation errors stem from 
multiple sources, and data scarcity is the especial factor 
which enhances the uncertainty of groundwater numerical 
simulation. Therefore, the residuals will often have a com-
plicated structure that is hard to delineate or interpret. 

At present, observation uncertainty is usually assessed by 
comprehensive evaluation methods. The common used 
methods include Bayesian forecasting system (BFS) [78], 
integrated Bayesian uncertainty estimator (IBUNE) [18], 
Bayesian total error analysis (BATEA) [79,80], and data 
fusion method [73], etc. Troldborg et al. [73] proposed an 
assembled method which combines Bayesian model aver-
aging, Bayesian geostatistics method and Kalman ensemble 
generator to account for conceptual model and measurement 
uncertainties. The method was used for assessing the uncer-
tainty of mass discharge from a contaminated site located at 
northern Copenhagen. In addition, the observation error is 
assumed to be normal and independent with zero mean and 
a fixed covariance matrix. Renard et al. [21] evaluated the 
predictive uncertainty of a conceptual rainfall-runoff model 
based on BATEA. Furthermore, the total uncertainty was 
divided into input and structure uncertainties, and they were 
described and assessed quantitatively. Renard et al. [77] 
made a comparison between IBUNE and BATEA, and drew 
a conclusion that these two methods are both constructed 
based on the hierarchical generalized processing of input 
uncertainty. Moreover, for the first type of IBUNE, the like-
lihood function and posterior distribution are predictive 
variable’s stochastic functions, which is inconsistent with 
the standard essential condition of probability density func-
tion. In addition, the second type of IBUNE is inferior in 
sampling efficiency and convergence rate. 

4  Conclusion and prospect 

In conclusion, the uncertainty analysis of groundwater nu-
merical simulation has received extensive researches and 
attention, and produced a series of valuable achievements. 
Nevertheless, most of researches rest on theory analysis or 
simplified artificial case, which are not enough powerful 
and reliable for practical application, such as the risk as-
sessment of a contaminant site’s remediation, water re-
sources management of a watershed under global climate 
change, etc. Therefore, the following aspects should give 
sufficient attention: 

(1) Effective and reliable sampling algorithm. Monte 

Carlo method is always treated as the framework of uncer-
tainty analysis of groundwater modeling, and groundwater 
numerical model has to be run for tens of thousands times to 
achieve output convergence. Thus, the heavy computing 
time-consuming is the main restriction for this kind of 
methods. Especially, for some field site groundwater system, 
the time-consuming of single numerical model is also not 
ignorable because of the complex hydrogeological condi-
tions. Therefore, an effective and reliable sampling algo-
rithm can directly overcome this problem, which makes it 
possible to apply the uncertainty analysis theory to some 
practice cases. 

(2) Determination of conceptual model’s prior probabil-
ity. Conceptual model’s prior probability is determined 
based on previous research data or expertise, which is be-
longs to the scope of subjective judgment. Moreover, con-
ceptual model’s posterior probability and averaging predic-
tion are significantly influenced by prior probability. 
Therefore, the quantity and quality of current prior infor-
mation is crucial for groundwater modeling uncertainty 
analysis. In addition, geophysical survey methods (e.g. 
high-density resistivity method, induced polarization meth-
od, seismic method) are able to provide plentiful and 
full-scale detection information for regional hydrogeologi-
cal conditions at a low cost. 

(3) Calculating method for conceptual model’s posterior 
probability. The multi-model averaging prediction depends 
on conceptual model’s posterior probability. However, the 
calculating methods for model’s posterior probability have 
not received a consistent acknowledgement, and different 
calculating methods will cause diverse assessment results. 
Therefore, it is crucial to adopt a reasonable method to cal-
culate conceptual model’s integrated likelihood value. 

(4) Integrated assessment of the uncertainty sources of 
groundwater modeling. The uncertainty sources are always 
assessed separately, and some sources are often simplified 
or ignored in present groundwater modeling uncertainty 
analysis. Moreover, some methods used in the uncertainty 
assessment of hydrologic models are not applicable for 
groundwater modelling. These hydrologic models are al-
ways referring as precipitation-runoff models, the error in 
precipitation is considered as the main uncertainty source of 
model input, but that is not truth for groundwater modelling. 
Groundwater numerical simulation is influenced by more 
factors. Therefore, an integrated evaluation method is re-
quired to account for all uncertainty sources simultaneously 
for obtaining accurate and reliable assessment result. 

(5) Quantitative assessment of the uncertainty of 
groundwater numerical simulation. Variance is currently 
used as the measurement method for groundwater modeling 
uncertainty. However, variance method is only appropriate 
for univariate probability distribution, it is extended as a 
disperse matrix for multivariate distribution. Thus, the tar-
get probability distribution cannot be uniquely represented 
by a scalar function. Moreover, variance is not a general 
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method for representing the concentrate extent of a proba-
bility distribution, except for normal distribution. By con-
trast, information entropy method satisfies with all the de-
rivative properties and Shannon rules of an uncertainty 
measurement function [81]. In addition, information entropy 
method is constructed based on stable theory foundation, 
and it is applicable to multivariate and any forms of proba-
bility distributions. Therefore, it is feasible to apply infor-
mation entropy theory to assess the uncertainty of ground-
water numerical simulation. 
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