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A new grain topology-size relationship in three-dimensional (3D) polycrystalline microstructures has recently been established by
considering the effects of non-random first nearest neighbor grains. In this contribution, a generalized form for this relationship is
presented by considering the interactions of kth (k=1, 2, 3...) nearest neighbor grains, and large scale Monte Carlo-Potts model
simulation is used to investigate the general neighborhood topological effect on the topology-size relationship. The results show
that, unlike their first nearest neighbors (k=1), the topological correlations of 3D grains with their kth layers (k>2) of near-

est-neighbors may have trivial effect on the topology-size relationship.
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Many macroscopic properties such as mechanical, thermal,
magnetic and conductive properties of the material can be
directly linked to microstructure; therefore, it is very im-
portant to predict the grain microstructure and its evolution
[1-4]. The size and the shape of grains and their spatial
correlation are likely to play a significant role in the micro-
structural evolution. Therefore, the grain topology-size rela-
tionship is of fundamental importance for a better under-
standing of polycrystalline materials. In 1985, by applying
the methods of statistical mechanics to the structure of ran-
dom, space-filling cellular structures, Rivier [5] revealed
that the maximum entropy inference under a few constraints
yields structural equations of state, relating the topology of
cells to their size. These equations of state are namely Pe-
rimeter law (for metallurgical grains) and Lewis’s law (for
ideal soap froths). According to Perimeter law, the average
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radius of grains is proportional to the number of their edges.
While, in three dimensions (3D), a parabolic relationship
exists between the grain size and grain topology. DeHoff
and Liu [6] have proposed a linear relationship between the
number of grain faces and the mean tangent diameter of
individual grains in 3D. Thereafter, Abbruzzese and Com-
popiano [7] and Thorvaldsen [8] proposed two independent
forms of quadratic relationships between the number of
grain faces and the sphere-equivalent radius of grains in 3D.
The DeHoff-Liu’s linear model has been verified experi-
mentally by Liu et al. [9] and strongly recommended it
when the mean tangent diameter is used for grain size.
Meanwhile, Abbruzzese-Compopiano’s quadratic model [7]
also agrees well with the experimental results of Liu et al. [9]
when the sphere equivalent radius is used for grain size in-
stead of mean tangent diameter. The Abbruzzese-Com-
popiano’s [7] and Thorvaldsen’s [8] quadratic models are
also consistent with the experimental results of S-titanium
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alloy [10] and aluminum alloy [11] as well as the results of
surface evolver simulation [12]. These studies considered a
mean field approach in describing topology-size relation-
ships while neglected the effects of the neighboring grains.

As neighborhood of grains define their topology [13,14]
and the interactions of grain neighbors play a vital role
within the grain networks, grains should not be considered
to exist in a mean field. The nonrandom nearest neighbor
correlations in 3D grain structures have been studied both
experimentally [10,15] and by simulations [12,16]. Recent
studies strongly suggested the importance of considering the
effects of first nearest-neighbor grains when studying grain
growth [10,16] and also predicting the grain topology-size
relationships. More recently, Luan et al. [17] introduced a
new grain topology-size equation in three dimensions by
considering the interactions of first nearest neighbor grains,
which states that the topologically averaged relative grain
size Ry /<R> depends on the difference between the number
of faces of a grain (f) and the mean face number of its near-
est neighbors (m,), that is

R, [(Ry=a(f-m)+C, (D

where R, is the sphere equivalent radius (grain size) of
f-faced grains, <R> is the average grain size in 3D system,
and a and C are constants.

However, eq. (1) is only concerned about the interactions
of first nearest neighbor grains (short range topological cor-
relations). For a more precise and unbiased estimation of
grain size or topology it would be better to consider the in-
teractions of other neighboring grains (long range topologi-
cal correlations) as well. In order to consider the effects of
kth (k=2, 3...) neighbor grains along with first neighbors, a
generalized form for eq. (1) is required. In this article, a
generalized form for grain topology-size relationship (eq.
(1)) is presented by considering the interactions of kth (k=1,
2, 3...) nearest neighbor grains, and large scale Monte Car-
lo-Potts model simulation is used to investigate the correla-
tions between grains and their different types of neighbors
for an ultimate object of studying the general neighborhood
topological effect on the topology-size relationship of 3D
grains.

1 Methods and parameters

To investigate the long range topological correlations of
grains, a definition of second, third and even kth nearest
neighbor grains is desired. As for as we are aware of, there
exist different opinions about the definition of second and
third nearest neighbors of grains (or bubbles, cells). Some
define them as, the grains which can be connected with the
central grain by a single edge are second nearest neighbors
and the third nearest neighbors are those which require two
edges to connect [18-20], while others define them as in
closed concentric layers of grains around the central grain
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and Some neighbor grains were defined as defects [21,22].
In a previous paper [23], the authors introduced a new defi-
nition of second, third or kth nearest neighbors to investi-
gate the topological correlations of 3D grains, which is
more suitable to study the interactions of kth (k=2, 3...)
nearest neighbors as compared to other definitions because
this definition covers the largest number of nearest neigh-
bors in each layer, which is more suitable to study the con-
tribution of all nearest neighbors. In what follows, we adopt
the same definition.

A grain structure divides space into N individual grains.
The neighborhoods of a grain can be thought of as in closed
concentric layers of grains around it (shell structure). The
kth layer of a given grain is the set of its kth nearest neigh-
bors. It is well understood that the grains which are adjacent
to a given grain are its first nearest neighbors. For k>1, the
kth nearest neighbors are those adjacent to (k—1)th layer, but
do not belong to (k-2)th layer (0 layer means the given grain
itself). For the sake of simplicity, we illustrated this defini-
tion here in two dimensions (2D) by using a micrograph of
pure iron, Figure 1 shows the first, second and third nearest
neighbors (colored orange, green and red respectively) of a
grain colored purple in concentric layers of grains around it.
In 3D, the definition of kth nearest neighbors is exactly the
same as in 2D. We consider there are ¢; neighboring grains
in kth layer and F;is their total number of faces, so the av-
erage number of faces of kth neighbor grains will be

mksz/Ck' 2)

We define L,_, as the mean face number for all neighbor
grains in (1-n)th layers, i.e.

c,m, 3)

k=1

where P, is the total number of grains in (1-n)th layers,
which equals the summation of ¢; (k=1-n). For example, for
first nearest neighbors (n=1), L,_j=m,; for both first and
second nearest neighbors (n=2), L, ,=(cim+c,my)/P,; and
similarly for first, second and third nearest neighbors (1n=3),
Ly_3=(cym+cymy+c3ms)/P3 and so on. Thus, with the help of
eq. (3), we can suggest a generalized form for the grain to-
pology-size relationship to consider the effect of both the
long and short range topological correlations of grains,

R, [(R)= a(f-L_,)+C. 4)

Here for n=1, we get L,_;=m,, which is the mean face
number of first nearest neighbor grains i.e. for n=1, eq. (4)
takes the form of eq. (1), the proposed grain topology-size
equation in [17]; which can serve as a special case of this
general grain topology-size equation (eq. (4)).

Now, to investigate the effects of kth nearest neighbors
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Figure 1 Representation of neighbors as concentric layers around a cen-
tral grain (0) colored purple.

on the central grain (here we take the average number of
faces of neighbors to describe the neighboring effects), we
use large scale Monte Carlo-Potts model simulation as de-
scribed in earlier works [24,25]. A continuum microstruc-
ture is mapped onto a cubic lattice with full periodic bound-
ary conditions and with N (400x400x400) sites. Each site in
the lattice is assigned an index S,(1-N) sequentially, corre-
sponding to the orientation of the grain that it belongs to.
Sites with the same index are considered to be part of the
same grain and grain boundary only exists between neigh-
bors with different orientations. The simulation temperature
is 0.5, and complete details of simulation are described in
ref. [24]. Large number of grains are sampled in steady-
state grain-growth structures at different simulation time.
The grain volume V is determined by counting the lattice
sites with the same index. The grain size R is defined as the
sphere-equivalent radius, R=(3V/4m)"”. Here, the normal-
ized sphere equivalent radius R/<R> is used to represent the
grain size. The number of faces f for a grain is obtained by
counting the grains which are adjacent to it. The average
number of faces of each grain’s first, second and third near-
est neighbors (/;, [, and /5 respectively) are counted and the
average values of /;, [, and I; for f~faced grains are then ob-
tained which are denoted by m,, m, and m; respectively.

2 Results and discussion

The relationship between the number of grain faces f and
topologically averaged values of m,, m, and m3 are shown in
Figure 2(a)—(c) respectively. It is obvious from Figure 2(a)
that there exist a strong correlation between grains and their
first nearest neighbors, i.e. grains with many faces tend to
surround the grains that have fewer faces; grains with fewer
faces tend to surround the grains that have many faces, in
other words, large grains tend to be surrounded by smaller
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Figure 2 Plots of the number of faces f of grains vs. average number of
faces of their first neighbors m;, (a), second neighbors m, (b), and third
neighbors m; (c).

ones and vice versa. This is what the Aboav-Weaire law
[13,14] tells us about the grains and their first nearest
neighbors:

<f>+
m, =<f>—1+M,

&)
where m; is the average face number of first nearest neigh-
bors for f~faced grains, 4 is second moment in the distribu-
tion of the number of faces in the system, and <f> is average
number of faces in the system. The least squares fit of
Aboav-Weaire law shows a close correlation to the data of
800 Monte Carlo Steps (MCS) with a correlation coefficient



Asad U, et al.

of 0.975 (Figure 2(a)).

Figure 2(b) and (c) plot the relationship between grains
and their second and third neighbors respectively at differ-
ent simulation time (800 and 1500 MCS). It is clear that,
unlike first nearest neighbors, the grains have a very little
correlation with their second and third nearest-neighbors.
However, the fluctuation in data for large f-faced grains
(f >35 on average) is most related to the scatter of the data,
this is most likely due to a smaller set of statistics for large
faced grains since they have a much lower likelihood of
occurrence in the sample. It can also be observed from Fig-
ure 2 that, with increase in topological distance (k) the cor-
relation between grains and their kth neighbors decreases.

The evidence of strong correlations between grains and
their first nearest neighbors and very weak (negligible) cor-
relations between the grains and their second and third
nearest neighbors from the above investigation confirms the
feasibility of neglecting the topological correlations beyond
first nearest neighbor grains in obtaining eq. (1) from the
general grain topology-size relation (eq. (4)). Figure 3
shows the relationship between topologically averaged rela-
tive values, R;/<R>, and the difference between the grain
face numbers and the mean face number of their neighbors
in (1-3) layers, (f~L,_3). This relationship is similar to that
obtained between R;/<R> and (f~m,) in [17], this further
confirms that the effects of long range topological correla-
tions are trivial. The least squares fit of eq. (4) to the data of
800 MCS (17521 grains) depicts a linear relationship with a
correlation coefficient of 0.997. The values of o and C are
0.05 and 0.99 respectively. Here, we have included a large
number of grains (17521) than [17] to study the correlations
between grains more clearly. The results support the feasi-
bility of eq. (1), which considers only the interactions of
first nearest neighbor grains. Hence eq. (1) may be a suita-
ble choice for the estimation of grain topology or grain size
in 3D polycrystalline microstructures.
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Figure 3 Relationship between the topologically averaged values, R/<R>,
and the difference between the grain face numbers and the mean face
number of their neighboring grains in (1-3) layers.
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3 Conclusions

In this contribution, the general neighborhood topological
effect on the topology-size relationship of grains in 3D poly-
crystalline microstructures is investigated by using large
scale Monte Carlo-potts model simulation. The results re-
vealed that a strong correlation exist between grains and
their first nearest neighbors, while there exist very little
(negligible) correlation between grains and their kth (k>2)
nearest neighbors (on average). This confirms that the top-
ological correlations of 3D grains with their kth layers (k>2)
of nearest-neighbors may have trivial effect on the topology-
size relationship, and thus provides support to a new grain
topology-size equation [17] that only considered the non-
random first nearest-neighbor interactions.

This work was supported by the National Natural Science Foundation of
China (51071019, 50901008 and 50871017).

1 Wang X J, Luo X X, Cong F G, et al. Research progress of
microstructure control for aluminium solidification process. Chin Sci
Bull, 2013, 58: 468473

2 Qi W, Xue T, Li X, et al. Microstructure of Bag ¢1551035Mg0.035 1103
dielectric ceramics via X-ray spectrum analysis. Chin Sci Bull, 2012,
57:4510-4512

3 Zhai W, Wei B B. Thermodynamic properties and microstructural
characteristics of binary Ag-Sn alloys. Chin Sci Bull, 2013, 58:
938-944

4 Song X, Liu G, Gu N. A new Monte Carlo simulation of three-
dimensional microstructures and their evolution in polycrystalline.
Chin Sci Bull, 1999, 44: 1432-1436

5 Rivier N. Statistical crystallography structure of random cellular
networks. Philos Mag B-Phys Condens Matter Stat Mech Electron
Opt Magn Prop, 1985, 52: 795-819

6 DeHoff R T, Liu G Q. On the relation between grain size and grain
topology. Metall Trans A, 1985, 16: 2007-2011

7  Abbruzzese G, Campopiano A. Topological aspects of grain growth
microstructure: The two-dimensional and three-dimensional cases.
STERMAT’94, Proceedings of the 4th International Conference on
Stereology and Image Analysis in Material Science, 1994, Beskidy
Mountains, Poland. Krakow: Fotobit-Design, 1994. 51-63

8 Thorvaldsen A. The number of contiguous neighbors of grains in
polycrystalline materials. J Appl Phys, 1993, 73: 7831-7839

9 Liu G Q, Yu H B, Qin X G. Three-dimensional grain topology-size
relationships in a real metallic polycrystal compared with theoretical
models. Mater Sci Eng A, 2002, 326: 276-281

10 Rowenhorst D J, Lewis A C, Spanos G. Three-dimensional analysis
of grain topology and interface curvature in a fS-titanium alloy. Acta
Mater, 2010, 58: 5511-5519

11 Rhines F N, Patterson B R. Effect of the degree of prior cold work on
the grain volume distribution and the rate of grain growth of recry-
stallized aluminum. Metall Trans A, 1982, 13: 985-993

12 Wakai F, Enomoto N, Ogawa H. Three-dimensional microstructural
evolution in ideal grain growth—General statistics. Acta Mater, 2000,
48: 1297-1311

13 Aboav D A. The arrangement of grains in a polycrystal. Metallography,
1970, 3: 383-390

14 Weaire D. Some remarks on the arrangement of grains in a polycrystal.
Metallography, 1974, 7: 157-160

15 Zhang C, Enomoto M, Suzuki A, et al. Characterization of three-
dimensional grain structure in polycrystalline iron by serial sectioning.
Metall Trans A-Phys Metall Mater Sci, 2004, 35: 1927-1933



3708

16

18

19

20

Open Access

Asad U, et al.

Wang H, Liu G Q, Song X Y, et al. Topology-dependent description
of grain growth. EPL, 2011, 96: 38003

Luan J H, Liu G Q, Wang H, et al. A note on grain topology-size
relationship of three-dimensional polycrystalline microstructures.
EPL, 2012, 99: 28001

Dubertret B, Rivier N, Peshkin M A. Long-range geometrical
correlations in two-dimensional foams. J Phys A: Math Gen, 1998,
31: 879-900

Dubertret B, Szeto K Y, Tam W Y. Tj-correlations in two-
dimensional cellular systems. EPL, 1999, 45: 143

Lazar E A. The evolution of cellular structures via curvature flow.
Dissertation for Doctoral Degree. New Jersey: Princeton University,
2011

Chin Sci Bull

October (2013) Vol.58 No.30

21

22

23

24

25

Ohlenbusch H M, Aste T, Dubertret B, et al. The topological
structure of 2D disordered cellular systems. Eur Phys J B, 1998, 2:
211-220

Oguey C. Long range topological correlations in cellular patterns.
Colloid Surf A-Physicochem Eng Asp, 2011, 382: 32-35

Wang H, Liu G Q, Ullah A, et al. Topological correlations of
three-dimensional grains. Appl Phys Lett, 2012, 101: 041910

Wang H, Liu G Q. Evaluation of growth rate equations of three-
dimensional grains using large-scale Monte Carlo simulation. Appl
Phys Lett, 2008, 93: 131902

Luan J H, Liu G Q, Wang H, et al. On the sampling of three-
dimensional polycrystalline microstructures for distribution determin-
ation. J Microsc, 2011, 244: 214-222

This article is distributed under the terms of the Creative Commons Attribution License which permits any use, distribution, and reproduction
in any medium, provided the original author(s) and source are credited.



